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XVI.  ARISTARCHUS  OF  SAMOS 

(a)  General 

Aet.  i.  15.  5  ;  Doxographi  Oraeci,  ed.  Diels  313.  16-18 

*Αρίσταρχος  Σιάμιος  μαθηματικός  ακουστής 
Ίίτράτωνος  φως  etvai  το  χρώμα  τοις  νποκ€ΐμ€νοις 
ΐτηττΐπτον. 

Archim.  Aren.  1,  Archim.  ed.  Heiberg  ii.  218.  7-18 

^Αρίσταρχος  δε  d  Σιάμιος  υττοθ^σίων  τινών  €ζ- 
ίΖωκςν  γραφάς,  iv  αΐς  €Κ  τών  υποκειμένων  συμ- 
βαίνει τον  κόσμον  ττολλαπλάσιον  εΐμεν  του  νυν 
(Ιρημενου.  υποτίθεται  γαρ  τά  μεν  άπλανεα  τών 
άστρων  και  τον  αλιον  μενειν  άκίνητον,  τάν  δε  γαν 
ττεριφερεσθαι  περί  τον  αλιον  κατά  κύκλου  περι- 
φερειαν,  δς  εστίν  εν  μέσω  τω  Βρόμω  κείμενος, 
τάν   Βε   τών    άπλανεων    άστρων    σφαΐραν   περί    το 


"  Strato  of  I^ampsacus  was  head  of  the  Lyceum  from 
288/287  to  270/269  b.c.  The  next  extract  shows  that  Aris- 
tarchus  formulated  his  hehocentric  hypothesis  before 
Archimedes  wrote  the  Sand-Reckoner,  which  can  be  shown 
to  have  been  written  before  216  b.c.  From  Ptolemy,  Syntaxis 
iii.  2,  Aristarchus  is  known  to  have  made  an  observation  of 
the  summer  solstice  in  281/280  b.c  He  is  ranked  by 
Vitruvius,  De  Architectura  i.  1.  17  among  those  rare  men, 
such    as    Philolaus,    Archytas,    Apollonius,    Eratosthenes, 
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XVI.  ARISTARCHUS  OF  SAMOS 

(a)  General 

Agtius  i.  15.  5  ;  Doxographi  Graeci,  ed.  Diels  313.  16-18 

Aristarchus  of  Samos,  a  mathematician  and  pupil 
of  Strato,*  held  that  colour  was  light  iirpinging  on  a 
substratum. 

Archimedes,  Sand-Reckoner  1,  Archim.  ed.  Heiberg 
ii.  218.  7-18 

Aristarchus  of  Samos  produced  a  book  based  on 
certain  hypotheses,  in  which  it  follows  from  the 
premises  that  the  universe  is  many  times  greater 
than  the  universe  now  so  called.  His  hypotheses  are 
that  the  fixed  stars  and  the  sun  remain  motionless, 
that  the  earth  revolves  in  the  circumference  of  a 
circle  about  the  sun,  which  lies  in  the  middle  of  the 
orbit,  and  that  the  sphere  of  the  fixed  stars,  situated 

Archimedes  and  Scopinas  of  Syracuse,  who  were  equally- 
proficient  in  all  branches  of  science.  Vitruvius,  loc.  cit.  ix. 
8.  1,  is  also  our  authority  for  believing  that  he  invented  a 
sun-dial  with  a  hemispherical  bowl.  His  greatest  achieve- 
ment, of  course,  was  the  hypothesis  that  the  earth  moves 
round  the  sun,  but  as  that  belongs  to  astronomy  it  can  be 
mentioned  only  casually  here.  A  full  and  admirable  dis- 
cussion will  be  found  in  Heath,  Aristarchus  of  Samos  :  The 
Ancient  Copernicus,  together  with  a  critical  text  of  A.ris- 
tarchus's  only  extant  work. 
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GREEK  MATHEMATICS 

αυτό  κίντρον  τω  άλίω  κβιμέναν  τω  /xcye^et  ταλι- 
καυταν  €Ϊμ€ν,  ώστε  τον  κυκλον,  καθ^  δν  τάν  γαν 
ύττοτίθζται  ττζριφέρβσθαι,  τοιαύταν  €χ€ΐν  άναλογίαν 
ποτΐ  τάν  των  αττΧανέων  άποστασίαν,  οΐαν  €χ€ί  το 
κέντρον  τα?  σφαίρας  ποτΐ  τάν  €7ηφάν€ίαν. 

Plut.  De  facie  in  orb«  lunae  6,  922  f-923  a 

ΚαΙ  ό  Λεύκιο?  γέλασα?,  "  Μόνον,"  εΓττεν,  "  ω 
τάν,  μη  κρίσιν  ημΐν  άσζββίας  ζπαγγβίλης,  ώσπερ 
*Αρίσταρ)(ον  ω€το  δεΓν  Κλεάν^ΐ]?  τον  Σάμ,ιον 
άσφζίας  ττροσκαλβΐσθαι  tovs  "Ελληνα?,  ώ?  κι,νονντα 
του  κόσμου  την  εστιαν,  οτι  τα  φαινόμβνα  σωζειν 
άνηρ  επειρατο,  /χε'νειν  τον  ούρανον  ύποτιθίμξνος, 
ε^ελίττεσ^αι  δε  κατά  λοζοΰ  κύκλου  την  γην,  άμα 
και  7T€pl  τον  αύτης  άζονα  Βινουμβνην." 

(ό)  Distances  of  the  Sun  and  Moon 

Aristarch.  Sam.  De  Mag.  et  Dist.  Solis  et  Lunae,  ed. 
Heath  (^WsiarcAws  of  Samos  :  The  Ancient  Copernicus) 
352.  1-354.  6 

^'Υττο^ε'σει?^^ 

α'.  Την  σεληνην  παρά  του  ηλίου  το  φως  λαμβά- 
νειν. 

β'.  Ύην  γην  σημείου  τ€  και  κέντρου  λόγον  εχειν 
Ίτρος  την  της  σελήνης  σφαΐραν. 

y  .  "Οταν   η    σελήνη    Βιχότομος    ημΐν    φαίνηται, 

^  imodeaeis  add.  Heath. 

•  Aristarchus's  last  hypothesis,  if  taken  literally,  would 
mean  that  the  sphere  of  the  fixed  stars  is  infinite.  AH  that 
he  implies,  however,  is  that  in  relation  to  the  distance  of  the 
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about  the  same  centre  as  the  sun,  is  so  great  that 
the  circle  in  which  he  supposes  the  earth  to  revolve 
has  such  a  proportion  to  the  distance  of  the  fixed 
stars  as  the  centre  of  the  sphere  bears  to  its  surface." 

Plutarch,  On  the  Face  in  the  Moon  6,  922  f^923  a 

Lucius  thereupon  laughed  and  said  :  "  Do  not,  my 
good  fellow,  bring  an  action  against  me  for  impiety 
after  the  manner  of  Cleanthes,  who  held  that  the 
Greeks  ought  to  indict  Aristarchus  of  Samos  on  a 
charge  of  impiety  because  he  set  in  motion  the  hearth 
of  the  universe  ;  for  he  tried  to  save  the  phenomena 
by  supposing  the  heaven  to  remain  at  rest,  and  the 
earth  to  revolve  in  an  inclined  circle,  while  rotating 
at  the  same  time  about  its  own  axis."  ^ 

(b)  Distances  of  the  Sun  and  Moon 

Aristarchus  of  Samos,  On  the  Sizes  and  Distances  of  the  Sun 
and  Moon,  ed.  Heath  {Aristarchus  of  Samos  :  The 
Ancient  Copernicus)  352.  1-354.  6 

HYPOTHESES 

1.  The  moon  receives  its  light  from  the  sun. 

2.  The  earth  has  the  relation  of  a  point  and  centre 
to  the  sphere  in  which  the  moon  moves." 

3.  When  the  moon  appears  to  us  halved,  the  great 

fixed  stars  the  diameter  of  the  earth's  orbit  may  be  neglected. 
The  phrase  appears  to  be  traditional  {v.  Aristarchus's  second 
hypothesis,  infra). 

•  Heraclides  of  Pontus  (along  with  Ecphantus,  a  Pytha- 
gorean) had  preceded  Aristarchus  in  making  the  earth 
revolve  on  its  own  axis,  but  he  did  not  give  the  earth  a  motion 
of  translation  as  well. 

•  Lit.  "  sphere  of  the  moon." 
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V€V€iV  els  την  ημ^τίραν  οφιν  τον  διορίζοντα  τό  τ€ 
OKiepov  καϊ  το  λαμττρον  της  σ€λήνης  μέγιστον 
κύκλον, 

δ'.  "Οταν  ή  σελήνη  διχότο/χο?  ημΐν  φαίνηται, 
τότ€  αύτην  άπεχειν  του  ηλίου  έλασσον  τεταρτη- 
μορίου τω  του  τεταρτημορίου  τριακοστω. 

€  .  Το  τηζ  σκιάς  πλάτος  σεληνών  είναι  δυο. 

γ'.  Ύην  σελήνην  ύποτείνειν  ύττο  ττεντεκαιΖεκατον 
μέρος  ζωΒίου. 

^Ειττιλογίζεται  ουν  το  τοϋ  ηλίου  απόστημα  άπο 
της  γης  τοΰ  της  σελήνης  αποστήματος  μείζον  μεν 
η  όκτωκαώεκαπλάσιον,  έλασσον  δέ  η  είκοσα- 
πλάσιον,  δια  της  περί  την  ^ιχοτομίαν  υποθέσεως' 
τον  αύτον  δε  λόγον  εχειν  την  τοΰ  ηλίου  Βιάμετρον 
προς  την  της  σελήνης  Βιάμετρον.  την  Βε  τοΰ 
ηλίου  Βιάμετρον  προς  την  της  γης  Βιάμετρον 
μείζονα  μεν  λόγον  εχειν  η  ον  τα  ιθ  προς  γ,  ελάσσονα 
Βε  η  ον  μγ  προς  Γ,  δια  του  ευρεθέντος  περί  τα 
αποστήματα  λόγου,  της  (τε^y  περί  την  σκιάν 
υποθέσεως,  και  τοΰ  την  σελήνην  ύπο  πεντεκαι- 
Βεκατον  μέρος  ζωδίου  ύποτείνειν. 

Ibid.,  Prop.  7,  ed.  Heath  376.  1-380.  28 

To  απόστημα  ο  άπεγει  6  ήλιος  από  της  γης  τοΰ 
^  re  add.  Heath. 

"  Lit.  "  verges  towards  our  eye."  For  "  verging,"  v.  vol.  i. 
p.  244  n.  a.  Aristarchus  means  that  the  observer's  eye  lies 
in  the  plane  of  the  great  circle  in  question.  A  great  circle  is 
a  circle  described  on  the  surface  of  the  sphere  and  having  the 
same  centre  as  the  sphere;  as  the  Greek  implies,  a  great 
circle  is  the  "  greatest  circle  "  that  can  be  described  on  the 
sphere. 
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circle  dividing  the  dark  and  the  bright  portions  of 
the  moon  is  in  the  direction  of  our  eye." 

4.  When  the  moon  appears  to  us  halved,  its 
distance  from  the  sun  is  less  than  a  quadrant  by 
one-thirtieth  of  a  quadrant.^ 

5.  The  breadth  of  the  earth's  shadow  is  that  of 
two  moons." 

6.  The  moon  subtends  one-fifteenth  part  of  a  sign 
of  the  zodiac. <* 

It  may  now  be  proved  that  tL•  distance  of  the  sun 
from  the  earth  is  greater  than  eighteen  times,  but  less  than 
twenty  times,  the  distance  of  the  moon — this  follows  from 
the  hypothesis  about  the  halved  moon  ;  that  the 
diameter  of  the  sun  has  the  aforesaid  ratio  to  the  diameter 
of  the  moon  ;  and  that  the  diameter  of  the  sun  has  to  the 
diameter  of  the  earth  a  ratio  which  is  greater  than  19  i  3 
hut  less  than  43  : 6 — this  follows  from  the  ratio  dis- 
covered about  the  distances,  the  hypothesis  about 
the  shadow,  and  the  hypothesis  that  the  moon  sub- 
tends one-fifteenth  part  of  a  sign  of  the  zodiac. 

Ibid.,  Prop.  7,  ed.  Heath  376.  1-380.  28 
The  distance  of  the  sun  from  the  earth  is  greater  than 

»  i.e.,  is  less  than  90°  by  3°,  and  so  is  87°.  The  true  value 
is  89°  50'. 

*  i.e.,  the  breadth  of  the  earth's  shadow  where  the  moon 
traverses  it  during  an  eclipse.  The  figure  is  presumably 
based  on  records  of  eclipses.  Hipparchus  made  the  figure  2  J 
for  the  time  when  the  moon  is  at  its  mean  distance,  and 
Ptolemy  a  little  less  than  2f  for  the  time  when  the  moon  is  at 
its  greatest  distance. 

^  i.e.,  the  angular  diameter  of  the  moon  is  one-fifteenth 
of  30°,  or  2°.  The  true  value  is  about  i°,  and  in  the  Sand- 
Reckoner  (Archim.  ed.  Heiberg  ii.  222.  6-8)  Archimedes  says 
that  Aristarchus  "  discovered  that  the  sun  appeared  to  be 
about  7^^th  part  of  the  circle  of  the  Zodiac" ;  as  he  believed 
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GREEK  MATHEMATICS 
αποστήματος    ου    άπ€χ€ΐ   η    σζληνη    άττο    της   γης 
μείζον  μίν  εστίν  η  όκτωκαιδεκαπλάσιον,  έλασσον 
δε  η  είκοσαττλάσιον. 

"Εστω  γαρ  ηλίου  μεν  κίντρον  το  Α,  γης  δε  το 
Β,  και  ε'τΓίζευχ^εΓσα  η  ΑΒ  ΐκβεβλησθω,  σβληνης 
δε  Kevrpov  Βιχοτόμου  οϋσης  το  Γ,  και  εκβίβλ-ησθω 
δια  T7J?  ΑΒ  /cai  τοί;  Γ  εττιττέδον,  και  ττοί^ίτω 
τομην  εν  τ^  σφαίρα,  καθ*  "ής  φέρεται  το  κίντρον 
του  "ηλίου,  μίγιστον  κύκλον  τον  ΑΔΕ,  καΐ  in- 
εζζυχθωσαν  αΐ  Α  Γ,  ΓΒ,  και  (κβφλησθω  -η  Β  Γ 
ετΓΐ  το  Δ. 

Έσται  δτ),  δια  το  το  Γ  σημεΐον  κέντρον  εΓναι 
τη?    σελήνη?    Βιχοτόμου    ούσης,    ορθή    -η    νττο   των 


that  the  sun  and  moon  had  the  same  angular  diameter  he 
must,  therefore,  have  found  the  approximately  correct  angular 
diameter  of  i°  after  writing  his  treatise  On  the  Sizes  and 
Dutancee  of  the  Sun  and  Moon, 
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eighteen  times,  hut  less  than  twenty  times,  the  distance  of 
the  moon  from  the  earth. 

For  let  A  be  the  centre  of  the  sun,  Β  that  of  the 
earth  ;  let  AB  be  joined  and  produced  ;  let  Γ  be  the 
centre  of  the  moon  when  halved  ;  let  a  plane  be 
drawn  through  AB  and  Γ,  and  let  the  section  made 
by  it  in  the  sphere  on  which  the  centre  of  the  sun 
moves  be  the  great  circle  ΑΔΕ,  let  ΑΓ,  ΓΒ  be  joined, 
and  let  ΒΓ  be  produced  to  Δ, 

Then,  because  the  point  Γ  is  the  centre  of  the 
moon  when  halved,  the  angle  ΑΓΒ  will  be  right. 


GREEK  MATHEMATICS 

ΑΓΒ.     ηχθω   Βη   άπο  του  Β   ττ}  ΒΑ  προς  ορθας 

η    BE.       εσται    δή    V    ^^    Trepi^epeia    τη?    ΕΔΑ 

ττεριφερείας    λ'•    υπόκειται    yctp,    όταν    η    σελήνη 

διχότο/χο?   ^jLttv   φαίνηταί,  αττ4γ€ΐν  αττο  του   ήλιου 

έ'λασσον  τεταρτημορίου  τω  τοΰ  τεταρτημορίου  λ'• 

ώστε  και  η  υπό  των  ΕΒΓ  γωνία  ορθής  εστί  λ'. 

συμττεπληρώσθω    δή    το    ΑΕ    τταραλληλόγραμμον, 

και  επεζευχθω  η  ΒΖ.     Ισται  δη  η  υττό  των  ΖΒΕ 

γωνία    ημ,ίσεια     ορθής.       τετμησθω    η     ύττο    των 

ΖΒΕ  γωνία  Βίχα  τ^  ΒΗ   ευθεία•  η  άρα  ύπο  των 

Η  BE  γωνία  τέταρτον  μέρος  εστίν  όρθης.     άλλα  και 

η  ύττο  των  ΔΒΕ  γωνία  λ'  εστί  μέρος  ορθής'  λόγος 

άρα  της  ύπο  των  ΗΒΕ  γωνίας  προς  την  ύπο  των 

ΔΒΕ    γωνίαν    {εστιν^)   ον   (εχει^\  τα   ϊε   προς   τα 

hoo•  οίων  γάρ  εστίν  ορθή  γωνία  ζ,  τοιούτων  εστίν 

η  μεν  ύπο  των  ΗΒΕ  ΐε,  η  hk  ύπο  των  ΔΒΕ  διίο. 

και  επεί  η   HE  προς  την  ΕΘ  μείζονα  λόγον  έχει 

ηπερ  η   ύπο  των   ΗΒΕ  γωνία  προς  την  ύπο  των 

ΔΒΕ   γωνίαν,   η   άρα   HE   προς   την  ΕΘ   μείζονα 

λόγον  έχει  ηπερ  τα  ΐε  προς  τα  β.     και  επει  ιση 

εστίν  ή  BE  τη  ΕΖ,  και  εστίν  ορθή  η  προς  τω  Ε, 

το  άρα  άπο  της  ΖΒ  του  άπο  BE  διττλάσιόν  εστίν 

ώς  δε  το  άπο  ΖΒ  προς  το  άπο  BE,  ούτω?  εστί 

το  άπο   Ζ  Η    προς   το  άπο   HE*  το   αρα   αττο   Ζ  Η 

τοΰ  άπο   HE   διττλάσιόν  εστί.     τα  δε  μθ  των  κε 

ελάσσονα  εστίν  η  διττλάσια,  ώστε  το  άπο  Ζ  Η  προς 

το  άπο  HE  μείζονα  λόγον  έχει  η  (ον  τα*)  μθ  προς 

κε'  και  ή    Ζ  Η   αρα  προς  την    HE   μείζονα  λόγον 

^  ^στίν  add.  Nizze.  *  ex«  add.  Wallis. 

•  Sv  τά  add.  Wallis. 

•  Lit.  "  circumference,"  as  in  several  other  places  in  this 
proposition. 
10 
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From  Β  let  BE  be  drawn  at  right  angles  to  BA. 
Then  the  arc  <»  ΕΔ  will  be  one-thirtieth  of  the  arc 
ΕΔΑ  ;  for,  by  hypothesis,  when  the  moon  appears 
to  us  halved,  its  distance  from  the  sun  is  less  than  a 
quadrant  by  one-tliirtieth  of  a  quadrant  [Hypothesis 
4].  Therefore  the  angle  ΕΒΓ  is  also  one-thirtieth  of 
a  right  angle.  Let  the  parallelogram  A  Ε  be  com- 
pleted, and  let  BZ  be  joined.  Then  the  angle  Ζ  BE 
will  be  one-half  of  a  right  angle.  Let  the  angle 
ZEE  be  bisected  by  the  straight  line  BH  ;  then  the 
angle  Η  BE  is  one-fourth  part  of  a  right  angle.  But 
the  angle  ΔΒΕ  is  one-thirtieth  part  of  a  right  angle  ; 
therefore  angle  Η  BE  :  angle  ABE  =  15:2;  for,  of 
those  parts  of  which  a  right  angle  contains  60,  the 
angle  Η  BE  contains  15  and  the  angle  ABE  contains  2. 
Now  since 

HE  :  Εθ>  angle  HBE  :  angle  ΔΒΕ,» 

therefore     HE  :  Εθ>  15  :  2. 

And  since  BE  =  EZ,  and  the  angle  at  Ε  is  right, 
therefore 

ZB2  =  2BE2. 

But  ZB2  :  BE2     =  ZH2  :  HE». 

Therefore  ZH2  =  2HE2. 

Now  49<2.25, 

so  that  ZH2  :  HE2>  49  :  25. 

Therefore  ZH  :  HE>   7:5. 

*  Aristarchus's  assumption  is  equivalent  to  the  theorem 
tan  α     α 
tan"^^^• 

where  β<α^^π.     Euclid's  proof  in    Optics  8  is  given   in 
vol.  i.  pp.  502-505. 
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€χ€ί  Ύ]  (^ov^y  τά  ζ  προς  τα  e•  και  συνθέντι  -η  ΖΕ 
αρα  ττρος  την  ΕΗ  μείζονα  Χόγον  €χ€ί  η  ον  τά  φ 
ττρος  τά  6,  TovreaTLV,  η  ον  (raJ^y  λς  ττρος  τά  ΐ€. 
ΐΒζίχθη  δε  /cat  τ]  HE  ττρος  την  ΕΘ  μείζονα  Χόγον 
€χουσα  η  ον  τά  le  ττρός  τά  δυο•  δι'  ίσου  άρα  η 
ΖΕ  ττρό?  την"  ΕΘ  μείζονα  Χόγον  €χ€ΐ  η  ον  τα  Xs" 
ττρός  τά  Βύο,  τουτέστιν,  η  ον  τά  Γη  ττρός  α*  η 
άρα  ΖΕ  της  ΕΘ  μείζων  εστίν  η  ίη.  ή  Se  ΖΕ 
ϊση  εστίν  τη  ΒΕ•  καΐ  η  BE  άρα  της  ΕΘ  μείζων 
εστίν  η  νη'  ποΧΧω  άρα  η  Β  Η  της  Θ  Ε  μείζων  εστίν 
η  Γη.  αλλ'  ώ?  η  ΒΘ  ττρός  την  ΘΕ,  όντως  εστίν 
η  ΑΒ  ττρό?  τ•)7ν  ΒΓ,  διά  την  ομοιότητα  των  τρι- 
γώνων και  η  ΑΒ  άρα  τη?  Β  Γ  μείζων  εστίν  η  Γη. 
και  eoTtv  η  μεν  ΑΒ  τό  ανάστημα  ο  άττεχει  ό  ηΧιος 
άττό  της  γης,  η  δε  ΓΒ  το  αττοστημα  ο  απέχει  η 
σεΧηνη  από  της  γης'  το  άρα  απόστημα  ο  απέχει 
6  ηΧιος  από  της  γης  του  αποστήματος,  οδ  απέχει, 
η  σεΧηνη  από  της  γης,  μείζον  εστίν  η  Γη. 

Αεγω  Srj  δτι  και  εΧασσον  η  κ.  ηχθω  γάρ  διά 
του  Δ  τη  ΕΒ  παράΧληΧος  η  ΔΚ,  και  περί  τό  ΔΚΒ 
τρίγωνον  κύκΧος  γεγράφθω  6  ΔΚΒ*  εσται  δη 
αυτού  Βιάμετρος  ή  ΔΒ,  διά  το  όρθην  είναι  την 
προς  τω  Κ  γωνίαν.  και  ενηρμόσθω  η  ΒΛ 
εξαγώνου,  και  επει  η  υπό  των  ΔΒΕ  γωνία  Χ' 
εστίν  ορθής,  και  η  υπό  των  ΒΔΚ  άρα  λ'  εστίν 
ορθής'  η  άρα  ΒΚ  περιφέρεια  ζ'  εστίν  τον  δΧον 
κνκΧον.  εστίν  δε  και  η  ΒΑ  έκτον  μέρος  του 
δΧου  κυκΧου•  η  άρα  ΒΑ  περιφέρεια  της  ΒΚ  περι- 
φέρεια? ι  εστίν,  και  έχει  η  ΒΑ  περιφέρεια  προς 
την    ΒΚ    περιφερειαν   μείζονα   Χόγον   ηπερ   η   ΒΛ 

»  δν  add.  WaUis.  «  τά  add.  Wallis. 

12 


ARISTARCHUS  OF  SAMOS 

Therefore,  componendo,       ZE  :  EH>  12  :  5, 

that  is,  ZE:EH>36:15. 

But  it  was  also  proved  that 

HE  :  Εθ>  15  :  2. 

Therefore,  ex  aequali,<*        ZE  :  Εθ>  36  :  2, 

that  is,  ZE  :  Εθ>  18  :  1. 

Therefore  ZE  is  greater  than  eighteen  times  ΕΘ. 
And  ZE  is  equal  to  BE.  Therefore  BE  is  also  greater 
than  eighteen  times  ΕΘ.  Therefore  BH  is  much 
greater  than  eighteen  times  ΘΕ. 

But  ΒΘ:ΘΕ  =  ΑΒ•.ΒΓ, 

by  similarity  of  triangles.  Therefore  A  Β  is  also 
greater  than  eighteen  times  ΒΓ.  And  A  Β  is  the 
distance  of  the  sun  from  the  earth,  while  ΓΒ  is 
the  distance  of  the  moon  from  the  earth  ;  therefore 
the  distance  of  the  sun  from  the  earth  is  greater 
than  eighteen  times  the  distance  of  the  moon  from 
the  earth. 

I  say  now  that  it  is  less  than  twenty  times.  For 
through  Δ  let  ΔΚ  be  drawn  parallel  to  EB,  and  about 
the  triangle  Δ  KB  let  the  circle  ΔΚΒ  be  drawn  ;  its 
diameter  will  be  ΔΒ,  by  reason  of  the  angle  at  Κ 
being  right.  Let  ΒΛ,  the  side  of  a  hexagon,  be  fitted 
into  the  circle.  Then,  since  the  angle  ΔΒΕ  is  one- 
thirtieth  of  a  right  angle,  therefore  the  angle  ΒΔΚ  is 
also  one-thirtieth  of  a  right  angle.  Therefore  the  arc 
BK  is  one-sixtieth  of  the  whole  circle.  But  BA  is 
one-sixth  part  of  the  whole  circle. 

Therefore  arc  BA  =  10  .  arc  BK. 

And  the  arc  Β  A  has  to  the  arc  BK  a  ratio  greater 
"  For  the  proportion  ex  aequali,  v.  vol.  i.  pp.  448-451. 

IS 
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evueia  προς  την  BK  ευθείαν  ή  άρα  ΒΛ  evdeta  της 
ΒΚ  €νθζίας  ζλάσσων  εστίν  η  ΐ.  καΐ  eariv  αύτης 
Βιπλη  ή  ΒΔ•  η  άρα  ΒΔ  της  ΒΚ  Ιλάσσων  €στΙν  η 
κ.  ώς  he  η  ΒΔ  ττρος  την  ΒΚ,  η  ΑΒ  προς  (την^) 
Β  Γ,  ώστ€  καΐ  ή  ΑΒ  της  Β  Γ  ελάσσων  βστίν  η  κ. 
και  €στιν  η  μ€ν  ΑΒ  το  απόστημα  ο  άπάγζΐ  6  ήλιος 
απο  της  γης,  η  Be  Β  Γ  το  απόστημα  ο  άττεχει  η 
σ€ληνη  από  της  γης'  το  άρα  απόστημα  δ  απέχει 
6  ήλιος  από  της  γης  του  αποστήματος ,  ου  άπ4χ€ΐ 
η  σελήνη  από  της  γης,  έλασσον  εστίν  η  κ.  48είχθη 
δε  και  μείζον  η  Γη. 

(c)  Continued  Fractions  (?) 
Ibid.,  Prop.  13,  ed.  Heath  396.  1-2 


"Εχει  δε  και  τα  ^ζ~^κα  προς  βν  μείζονα  λόγον 
ηπερ  τά  πη  προς  pie. 

Ibid.,  Prop.  15,  ed.  Heath  406.  23-24 

,ζροΐ  fS'poy 

"Εχει  δε  και  ό     Μ     ,εωοε  προς    Μ    ^εφ  μείζονα 
λόγον  η  ον  τά  μγ  προς  λζ. 

^  τψ  add.  Wallis. 

"  This  is  proved  in  Ptolemy's  Syntaxis  i.  10,  v.  infra,  pp. 

435-439. 

7921 
'  If  TTTiA  is  developed  as  a  continued  fraction,  we  obtain 
4050 

111  88 

the  approximation  1  +  γ-  ^ j-—   ψ  which  is  j^^.    Similarly, 

71755875       21261 
^  6Ϊ735500  °^  1^92  '^  developed  as  a  continued  fraction,  we 
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than  that  which  the  straight  hne  BA  has  to  the 
straight  line  BK." 

Therefore  BA<10.BK. 

And  ΒΔ  =  2ΒΑ. 

Therefore  ΒΔ<20.ΒΚ. 

But  ΒΔ:ΒΚ  =  ΑΒ:ΒΓ. 

Therefore  AB  <20  .  ΒΓ. 

And  A  Β  is  the  distance  of  the  sun  from  the  earth, 
while  ΒΓ  is  the  distance  of  the  moon  from  the  earth  ; 
therefore  the  distance  of  the  sun  from  the  earth  is 
less  than  twenty  times  the  distance  of  the  moon  from 
the  earth.  And  it  was  proved  to  be  greater  than 
eighteen  times. 

(c)  Continued  Fractions  (?) 

Ibid.,  Prop.  13,  ed.  Heath  396.  1-2 

But  7921  has  to  4050  a  ratio  greater  than  that  which 
88  has  to  45. 

Ibid.,  Prop.  15,  ed.  Heath  406.  23-24 

But  71755875  has  to  61735500  a  ratio  greater  than 
that  which  43  has  to  37. ^^ 

1      1  4iS 

obtain  the  approximation  1  +— -  -  or  5=.     The  latter  result 

was  first  noticed  in  1823  by  the  Comte  de  Fortia  D'Urban 
{Traite  d" Aristarque  de  Samos,  p.  186  n.  1),  who  added  : 
"  Ainsi  les  Grecs,  malgro  I'lmperfection  de  leur  numeration, 
avaient  des  methodes  semblables  aux  notres."  Though 
these  relations  are  hardly  sufficient  to  enable  us  to  say  that 
the  Greeks  knew  how  to  develop  continued  fractions,  they 
lend  some  support  to  the  theory  developed  by  D'Arcy  W. 
Thompson  in  Mind,  xxxviii.  pp.  43-35,  1929. 
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XVII.  ARCHIMEDES 

(α)  General 

Tzetzes,  Chil.  ii.  103-144 

*0  *Αρχιμ'ήΒης  6  σοφός,  μ,ηχαϊηί)της  €Κ€Ϊνοζ, 
Τω  yeVct  Συρακούσιο?  ην,  γέρων  γ€ωμ€τρης, 
Πρόνοος  τ€  €β8ομ'ηκοντα  καΐ  irivre  τταρ^Χαύνων, 
"Οστίς  elpyaaaro  ττολλά?  μηχανικάς  ^υνάμας. 
Και  TTJ  τρισττάστω  μ-ηγαν?]  χ^ιρί  λαια  καΐ  μόντ] 
ΐ]εντ€μνριομ48ιμνον  καθ^ίλκνσ^ν  όλκάδα 
Και     του     Μάρκελλου     στρατηγού    ttotc     δε     των 

'Ρωμαίων 
Ύη     Σιυρακονστι     κατά     γην     προσβάλλοντος     καΐ 

ττόντον. 
Τινά?  μ^ν  πρώτον  /ίΐηΧ"^°•'•5'  άνΐίλκυσβν  ολκάΒας 
Και  προς  το  Συρακουσιον  Τ€Ϊχος  /χετεωρισα? 
Αύτάν^ρονς  πάλιν  τω  βυθω  κατεπίμπβν  αθρόως, 
Μάρκελλου  δ'  άποστησαντος  μικρόν  τι  τάς  ολκάδα? 
*0  γέρων  πάλιν  απαντάς  ττοιεΓ  Συρακούσιου? 

"  Α  life  of  Archimedes  was  written  by  a  certain  Heraclides 
—perhaps  the  Heraclides  who  is  mentioned  by  Archimedes 
himself  in  the  preface  to  his  book  On  Spirals  (Archim.  ed. 
Heiberg  ii.  2. 3)  as  having  taken  his  books  to  Dositheus.  We 
know  this  from  two  references  by  Eutocius  (Archim.  ed. 
Heiberg  iii.  228.  20,  Apollon.  ed.  Heiberg  ii.  16S.  3,  where, 
however,  the  name  is  given  as  Ηράκλειο?),  but  it  has  not 
survived.  The  surviving  writings  of  Archimedes,  together 
with  the  commentaries  of  Eutocius  of  Ascalon  (fl.  a.d.  520), 
have  been  edited  by  J.  L.  Heiberg  in  three  volumes  of  the 
Teubner  series  (references  in  this  volume  are  to  the  2nd  ed., 
Leipzig,  1910-1915).  They  have  been  put  into  mathematical 
notation  by  T.  L.  Heath,  The  Works  of  Archimedes  (Cam• 
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(α)  General 

Tzetzes,  Book  of  Histories  ii.  103-144' 

Archimedes  the  wise,  the  famous  maker  of  engines, 
was  a  Syracusan  by  race,  and  worked  at  geometry 
till  old  age,  surviving  five-and-seventy-years  "  ;  he 
reduced  to  his  service  many  mechanical  powers,  and 
with  his  triple-pulley  device,  using  only  his  left 
hand,  he  drew  a  vessel  of  fifty  thousand  medimni 
burden.  Once,  when  Marcellus,  the  Roman  general, 
was  assaulting  Syracuse  by  land  and  sea,  first  by  his 
engines  he  drew  up  some  merchant-vessels,  lifted 
them  up  against  the  wall  of  Syracuse,  and  sent  them 
in  a  heap  again  to  the  bottom,  crews  and  all.  When 
Marcellus  had  withdrawn  his  ships  a  little  distance, 
the  old  man  gave  all  the  Syracusans  power  to  lift 

bridge,  1897),  supplemented  by  The  Method  of  Archimedes 
(Cambridge,  192i3),  and  have  been  translated  into  French 
by  Paul  Ver  Eecke,  Les  CEuvres  completes  d'Archimede 
(Brussels,  1921). 

*  The  lines  which  follow  are  an  example  of  the  "  political " 
{πολιτικοί,  popular)  verse  which  prevailed  in  Byzantine  times. 
The  name  is  given  to  verse  composed  by  accent  instead  of 
quantity,  with  an  accent  on  the  last  syllable  but  one, 
especially  an  iambic  verse  of  fifteen  syllables.  The  twelfth- 
century  Byzantine  pedant,  John  Tzetzes,  preserved  in  his 
Book  of  Histories  a  great  treasure  of  literary,  historical, 
theological  and  scientific  detail,  but  it  needs  to  be  used  with 
caution.  The  work  is  often  called  the  Chiliades  from  its 
arbitrary  division  by  its  first  editor  (N.  Gerbel,  1546)  into 
books  of  1000  lines  each — it  actually  contains  12,674  lines. 

*  As  he  perished  in  the  sack  of  Syracuse  in  212  b.c,  he 
was  therefore  born  about  287  b.c. 
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Μ6Τ6ωριζ€ΐν  δϋί/ασ^αι  λίθους  άμαζίαίους 

Και  τον  καθβνα  ττέμττοντας^  βυθίζζΐν  τάς  6λκά8ας. 

Ω?  Μάρκελλο?  δ'  άπεστησε  βολην  e/cetVas•  τόζου, 
'Έιζάγωνόν  τι  κάτοτττρον  €Τ€Κτην€ν  6  γέρων, 

Α.ΤΤΟ  δε  διαστήματος  συμμέτρου  του  κατόπτρου 
Μικρά  τοιαύτα  κάτοπτρα  0ets  τετραπλά  γωνίαις 
}ίινούμ€να  λεττίσι  τ€  /cat  τισι  γι^^λυ/Αίοι?} 
Μέσον  €Κ€Ϊνο  τε'^εικεν  ακτινών  των  ηλίου 
Μζσημβρινης  καΐ  θζρινής  καΐ  χ€ΐμ€ρίωτάτης. 

Ανακλωμένων  δε  λοιττον  ει?  τοϋτο  των  ακτινών 

Έζαφίζ  ήρθη  φοβερά  πύρωσης  ταΐς  όλκάσι. 
Και  ταύτα?  αποτέφρωσαν  έκ  μήκους  τοζοβόλου. 
Οϋτω  νίκα  τον  Μάρκελλον  ταΓ?  μηγαναΧς  6  γέρων. 
"Ελεγε  δε  καϊ  δωριστι,  φωνή  Συρακτουσία• 

Πα  βώ,  καΐ  γαριστίωνι  τάν  γάν  κινήσω  πασαν." 

^  ιτ€μποντα$  Gary,  πΐμττοντα  codd. 

"  Unfortunately,  the  earliest  authority  for  this  story  is 
Lucian,  Hipp.  2  :  rov  8e  (sc.  Άρχψη8ην)  τάς  των  πολίμίων 
τριηρ€ΐ5  καταφλίξαντα  rfj  τ4γνχι.  It  is  also  found  in  Galen, 
IJept  κρασ.  iii.  2,  and  Zonaras  xiv.  3  relates  it  on  the  authority 
of  Dion  Cassius,  but  makes  Proclus  the  hero  of  it. 

'  Further  evidence  is  given  by  Tzetzes,  Chil.  xii.  995  and 
Eutocius  (Archim.  ed.  Heiberg  iii.  132.  5-6)  that  Archimedes 
wrote  in  the  Doric  dialect,  but  the  extant  text  of  his  best- 
known  works,  On  the  Sphere  and  Cylinder  and  the  Measure- 
ment of  a  Circle,  retains  only  one  genuine  trace  of  its  original 
Doric — the  form  rrjvov.  Partial  losses  have  occurred  in  other 
books,  the  Sand-Reckoner  having  suffered  least.  The  sub- 
ject is  fully  treated  by  Heiberg,  Quaestiones  Archimedean, 
pp.  69-94,  and  in  a  preface  to  the  second  volume  of  his  edi- 
tion of  Archimedes  he  indicates  the  words  which  he  has 
restored  to  their  Doric  form  despite  the  manuscripts ;  his 
text  is  adopted  in  this  selection. 

The  loss  of  the  original  Doric  is  not  the  only  defect  in  the 
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stones  large  enough  to  load  a  waggon  and,  hurling 
them  one  after  the  other,  to  sink  the  ships.  When 
Marcellus  withdrew  them  a  bow-shot,  the  old  man 
constructed  a  kind  of  hexagonal  mirror,  and  at  an 
interval  proportionate  to  the  size  of  the  mirror  he  set 
similar  small  mirrors  with  four  edges,  moved  by  links 
and  by  a  form  of  hinge,  and  made  it  the  centre  of 
the  sun's  beams — its  noon-tide  beam,  whether  in 
summer  or  in  mid-winter.  Afterwards,  when  the 
beams  were  reflected  in  the  mirror,  a  fearful  kindling 
of  fire  was  raised  in  the  ships,  and  at  the  distance  of 
a  bow-shot  he  turned  them  into  ashes."  In  this  way 
did  the  old  man  prevail  over  Marcellus  with  his 
weapons.  In  his  Doric  *  dialect,  and  in  its  Syracusan 
variant,  he  declared  :  "  If  I  have  somewhere  to  stand, 
I  will  move  the  whole  earth  with  my  ckaristion."  " 

text.  The  hand  of  an  interpolator — often  not  particularly 
skilful — can  be  repeatedly  detected,  and  there  are  many  loose 
expressions  which  Archimedes  would  not  have  used,  and 
occasional  omissions  of  an  essential  step  in  his  argument. 
Sometimes  the  original  text  can  be  inferred  from  the  com- 
mentaries written  by  Eutocius,  but  these  extend  only  to 
the  books  On  the  Sphere  and  Cylinder,  the  Measurement 
of  a  Circle,  and  On  Plane  Equilibriums.  A  partial  loss  of 
Doric  forms  had  already  occurred  by  the  time  of  Eutocius, 
and  it  is  believed  that  the  works  most  widely  read  were  com- 
pletely recast  a  little  later  in  the  school  of  Isidorus  of  Miletus 
to  make  them  more  easily  intelligible  to  pupils. 

"  The  instrument  is  otherwise  mentioned  by  Simplicius  (in 
Aristot.  Phys.,  ed.  Diels  1110.  2-5)  and  it  is  implied  that  it 
was  used  for  weighing  :  rain-ij  δε  τ^  άναλογί^.  τοΰ  κινοΰντος  και 
τον  κινουμένου  και  τοΰ  8ιαστηματθ5  το  σταθμιστικον  όργανον  τον 
καλονμίνον  χαριστίωνα  συστι^σα?  6  Αρχιμήδης  ώ?  Μ^ΧΡ'  τταντός 
τ•η5  αναλογίας  προχωροΰσης  €κόμττασ€ν  ϊκίΐνο  το  πα  βω  καΐ 
κινώ  τάν  yfiv."  As  Tzetzes  in  another  place  (Chil.  iii.  61  : 
6  γην  άνασπών  μηχανή  ττ]  τριαττάστω  βοών  "  δπα  βώ  και  σαλίυσω 
την  χθόνα  ")  writes  of  a  triple-pulley  device  in  the  same  con- 
nexion, it  may  be  presumed  to  have  been  of  this  nature. 

VOL.  II  Β  21 


GREEK  MATHEMATICS 

OvTOS,  κατά  Αίό8ωρον,  της  ϋνρακονσης  ταύτης 
Προδότου  77pos'  τον  MapKcXXov  αθρόως  γ€νομ€νης, 
Eire,  κατά  τον  Δίωνα,  'Ρωμαίοις  ττορθηθζίσης, 
Αρτ€μώι  των  ττολιτών  τότ€  παννυχιζόντων, 
Ύοιουτοτρόττως  τ€θνηκ€ν  υπό  τίνος  'Ρωμχιίον. 
"^Υίν  Κ€κνφώς,  διάγραμμα  μηχανίκόν  τι  γράφων^ 
Τι?  δ€  'Ρωμαίο?  e^τLστάς  etA/cev  αίχμαλωτίζων. 
Ό  Be  του  διαγράμματος  όλος  υπάρχων  τότ€, 
Ύίς  6  καθβλκων  ουκ  εΙΒώς,  eAeye  προς  €Κ€Ϊνον• 
"  Άπόστηθί,  ώ  άνθρωπε,  του  διαγράμματος  μου." 
Ώ?  δ'  €Ϊλκ€  τούτον  συστραφζΐς  και  γνούς 

Ύωμαΐον  ctvai, 
*Ε)8όα,  "  τι  μηχάνημα  τις  των  έμών  μοι  δότω/* 
Ό  δ€  'Ρωμαίος  πτοηθείς  ευθύς  εκείνον  κτείνει, 
"Ανδρα  σαθρον  καΐ  γέροντα,  Βαιμόνιον  τοις  εργοις. 

Plut.  Marcellus  xiv.  7-xvii.  7 

Και  μεντοι  και  ^ΑρχιμηΒης,  Ίερωνι  τω  jSaaiAct 
συγγενής  ων  και  φίλος,  εγραφεν  ως  τη  Βοθείση 
Βυνάμει  το  Βοθεν  βάρος  κινησαι  Βυνατόν  εστί'  και 
νεανιευσάμενος,  ως  φασι,  ρώμη  της  άποΒεΙξεως 
εΐπεν  ως,  εΐ  γην  εΐχεν  ετεραν,  εκίνησεν  άν  ταυτην 
μεταβάς  εις  εκείνην.  θαυμάσαντος  Βε  του  Ιέρωνος, 
και  Βεηθ εντός  εις  έργον  εξαγαγεΐν  το  πρόβλημα 
και  Βεΐζαι  τι  των  μεγάλων  κινούμενον  υπό  σμικράς 
Βυνάμεως,  όλκάΒα  τριάρμενον  των  βασιλικών  πόνω 
μεγάλω  και  χειρι  πολλή  νεωλκηθεΐσαν,  εμβαλών 
ανθρώπους  τε  ποΧλούς  και  τον  συνήθη  φόρτον, 
αύτος  άπωθεν  καθήμενος,  ου  μετά  σπουΒής,  άλλα 

"  Diod.  Sic.  Frag.  Book  xxvi. 
'  The  account  of  Dion  Cassius  has  not  survived. 
*  Zonaras  ix.  5  adds  that  when  he  heard  the  enemy  were 
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\\Tiether,as  Diodorus*  asserts,  Syracuse  was  betrayed 
and  the  citizens  went  in  a  body  to  Marcellus,  or,  as 
Dion  ''  tells,  it  was  plundered  by  the  Romans,  while 
the  citizens  were  keeping  a  night  festival  to  Artemis, 
he  died  in  this  fashion  at  the  hands  of  one  of  the 
Romans.  He  was  stooping  down,  drawing  some 
diagram  in  mechanics,  when  a  Roman  came  up  and 
began  to  drag  him  away  to  take  him  prisoner.  But 
he,  being  wholly  intent  at  the  time  on  the  diagram, 
and  not  perceiving  who  was  tugging  at  him,  said  to 
the  man  :  "  Stand  away,  fellow,  from  my  diagram."  " 
As  the  man  continued  pulling,  he  turned  round  and, 
realizing  that  he  was  a  Roman,  he  cried,  "  Somebody 
give  me  one  of  my  engines."  But  the  Roman,  scared, 
straightway  slew  him,  a  feeble  old  man  but  wonderful 
in  his  works. 

Plutarch,  Marcellus  xiv.  7-xvii.  7 

Archimedes,  who  was  a  kinsman  and  friend  of  King 
Hiero,  wrote  to  him  that  with  a  given  force  it  was 
possible  to  move  any  given  weight ;  and  emboldened, 
as  it  is  said,  by  the  strength  of  the  proof,  he  averred 
that,  if  there  were  another  world  and  he  could  go  to 
it,  he  would  move  this  one.  Hiero  was  amazed  and 
besought  him  to  give  a  practical  demonstration  of  the 
problem  and  show  some  great  object  moved  by  a 
small  force  ;  he  thereupon  chose  a  three-masted 
merchantman  among  the  king's  ships  which  had  been 
hauled  ashore  with  great  labour  by  a  large  band  of 
men,  and  after  putting  on  board  many  men  and  the 
usual  cargo,  sitting  some  distance  away  and  without 
any  special  effort,  he  pulled  gently  with  his  hand  at 

coming  "trap  Κ€φαλάν"  ίφη  "και  μη  τταρά  γραμμάν" — "Let 
them  come  at  my  head,"  he  said,  "  but  not  at  my  line." 
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"ήρεμα  rfj  χ^ιρί  σ^ίων  άρχην  τίνα  πολυσπάστου 
ττροσηγάγβτο  λ^ίως  και  απταίστως  και  ωσπ€ρ 
δια  θαλάττης  επιθβονσαν.  εκπλαγείς  ονν  6  βασι- 
λεύς και  σνννοησας  της  τέχνης  την  Swa/niv, 
έπεισε  τον  ^ ΑρχιμήΒην  όπως  αύτω  τά  μεν  άμυνο- 
μένω,  τά  δ'  επιχειροΰντι  μηχανήματα  κατασκενάση 
προς  ττασαν  ihiav  πολιορκίας,  οίς  αυτό?  μεν  ουκ 
εχρησατο,  του  βίου  το  πλείστον  άπόλεμον  και 
πανηγυρικον  )8ιώσα?,  τότε  δ'  υπήρχε  τοις  Συρα- 
κούσιοι? εΙς  Sdov  η  παρασκευή  καΐ  μετά.  της 
παρασκευής  6  δημιουργός. 

Ώ.ς  οΰν  προσεβαλον  οΐ  'Ρωμαίοι  Βιχόθεν,  εκ- 
πληζις  ην  των  Συρακούσιων  και  σιγή  δια  ^εος, 
μη^εν  αν  άνθεζειν  προς  βίαν  και  δυΐ'α/χιν  οίομένων 
τοσαύτην.  σχάσαντος  δε  τας  μηχανάς  του  *Αρχι- 
μηΒους  αίμα  τοις  μεν  πεζοΐς  άπηντα  τοζεύματά 
τε  παντο^απά  και  λίθων  υπέρογκα  μεγέθη,  ροίζω 
και  τάχει  καταφερομενων  άπίστω,  και  μηΒενος 
δλως  το  βριθος  στεγοντος  αθρόους  άνατρεπόντων 
τους  υποπίπτοντας  και  τάς  τά^ει?  συγχεόντων, 
ταΐς  δε  ναυσιν  από  των  τειχών  αφνω  ύπεραιωρου- 
^evat  κεραΐαι  τάς  μεν  ύπο  βρίθους  στηρίζοντος 
άνωθεν  ώθονσαι  κατεΒυον  εις  βυθόν,  τάς  Βε  χερσι 
σώηραΐς  η  στόμασιν  είκασμενοις  γερανών  άνα- 
σττώσαι   πρώραθεν   όρθάς   επι   πρύμναν   εβάπτιζον, 

■  πολύσπαστο?.  Galen,  in  Hipp.  De  Artie,  iv.  47  uses  the 
same  word.  Tzetzes  {loc.  cit?)  speaks  of  a  triple-pulley 
device  (τ^  τρισπάστω  μηχαντ})  in  the  same  connexion,  and 
Oribasius,  Coll.  med.  xlix.  22  mentions  the  rpicmaaros  as  an 
invention  of  Archimedes  ;  he  says  that  it  was  so  called 
because  it  had  three  ropes,  but  Vitruvius  says  it  was  thus 
named  because  it  had  three  wheels.  Athenaeus  v.  207  a-b 
says  that  a  helix  was  used.    Heath,  The  Works  of  Archimedes, 
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the  end  of  a  compound  pulley  "  and  drew  the  vessel 
smoothly  and  evenly  towards  himself  as  though  she 
were  running  along  the  surface  of  the  water. 
Astonished  at  this,  and  understanding  the  power  of 
his  art,  the  king  persuaded  Archimedes  to  construct 
for  him  engines  to  be  used  in  every  type  of  siege 
warfare,  some  defensive  and  some  offensive  ;  he  had 
not  himself  used  these  engines  because  he  spent  the 
greater  part  of  his  life  remote  from  war  and  amid  the 
rites  of  peace,  but  now  his  apparatus  proved  of  great 
advantage  to  the  Syracusans,  and  with  the  apparatus 
its  inventor.* 

Accordingly,  when  the  Romans  attacked  them  from 
two  elements,  the  Syracusans  were  struck  dumb  with 
fear,  thinking  that  nothing  would  avail  against  such 
violence  and  power.  But  Archimedes  began  to  work 
his  engines  and  hurled  against  the  land  forces  all 
sorts  of  missiles  and  huge  masses  of  stones,  which 
came  down  with  incredible  noise  and  speed  ;  nothing 
at  all  could  ward  off  their  weight,  but  they  knocked 
down  in  heaps  those  who  stood  in  the  way  and  threw 
the  ranks  into  disorder.  Furthermore,  beams  were 
suddenly  thrown  over  the  ships  from  the  walls,  and 
some  of  the  ships  were  sent  to  the  bottom  by  means 
of  weights  fixed  to  the  beams  and  plunging  down 
from  above  ;  others  were  drawn  up  by  iron  claws,  or 
crane-like  beaks,  attached  to  the  prow  and  were 

p.  XX,  suggests  that  the  vessel,  once  started,  was  kept  in 
motion  by  the  system  of  pulleys,  but  the  first  impulse  was 
given  by  a  machine  similar  to  the  κοχλίας  described  by 
Pappus  viii.  ed.  Hultsch  1066,  1108  ff.,  in  which  a  cog-wheel 
with  oblique  teeth  moves  on  a  cylindrical  helix  turned  by 
a  handle. 

*  Similar  stories  of  Archimedes'  part  in  the  defence  are 
told  by  Polybius  viii.  5.  3-5  and  Livy  xxiv.  34. 

25 


GREEK  MATHEMATICS 

7)  OL  άντιτόνων  evSov  Ιπιστρζφόμξναι  και  7Γ€ριαγό- 
jaevat  τοις  νττο  το  τ€Ϊχος  ττζφυκόσι  κρημνοΐς  και 
σκοττελοις  ττροσηρασσον,  α^αα  φθόρω  ττολλω  των 
Ιττιβατών  συντρφομβνων.  πολλάκις  Be  μετέωρος 
ίζαρθζΐσα  ναΰς  άπο  της  Θαλάσσης  heOpo  κάκ€Ϊσ€ 
π€ρώινονμ4νη  καΐ  κρζμαμενη  ^€α/χ.α  φρικώΒζς  ην, 
μ€χρι  οΰ  των  άντρων  άττορριφέντων  καΙ  Βιασφζν- 
8ονηθ4ντων  Κ€νη  ττροσττ^σοι  τοις  Τ€ίχ€σιν  η  ττζρι- 
ολίσθοί  της  λαβής  άνζίσης.  ην  δε  6  Μάρκελλος 
άπο  του  ζζύγματος  €πήγ€  μηχανην,  σαμβύκη  μβν 
€καλ€Ϊτο  δι*  ομοιότητα  τίνα  σχήματος  ττρος  το 
μουσικον  όργανον,  €τι  δε  άττωθεν  αι5τη?  προσφερό- 
μενης προς  το  τείχος  εζηλατο  λίθος  8εκατάλαντος 
ολκην,  είτα  έτερος  επί  τούτω  και  τρίτος,  ων  oi 
μεν  αΰτί^^  εμπεσόντες  μεγάλω  κτυπώ  και  κλυΒωνι 
της  μηχανής  την  τ€  βάσιν  συνηλόησαν  και  το 
γόμφωμα  διεσεισαν  και  διεσττασαν  τοΰ  ζεύγματος, 
ώστ€  τον  Μ,άρκελλον  άπορούμενον  αυτόν  τε  ταΓ? 
ναυσιν  άποπλεΐν  κατά  τάχος  και  τοις  πεζοΐς  άνα~ 
χώρησιν  παρεγγυησαι. 

Βουλευομενοις  he  εΒοζεν  αύτοΐς  ετι  νυκτός,  άν 
Βυνωνται,  προσμΐζαι  τοις  τείχεσΐ'  τους  γαρ  τόνους, 
οΐς  χρησθαι  τον  *ΑρχιμηΒην,  ρυμην  έχοντας 
ύπερπετεΐς  ποιήσεσθαι  τάς  των  βελών  αφέσεις, 
^γγυθεν  δε  και  τελεως  άπρακτους  ειΐ'αι  διάστημα 
της  πληγής  ουκ  εχοΰσης.  6  δ'  ην,  ως  εοικεν,  επι 
ταΰτα  πάλαι  παρεσκευασμενος  οργάνων  τε  συμ- 
μέτρους προς  παν  Βιάστημα  κινήσεις  και  βέλη 
βραχέα,  και  δια  (j6  τεΐχoς'y  ου  μεγάλων,  πολλών 

^  airfj  Coraes,  αυτ^?  codd. 
•  το  τεΓχοϊ  add.  Sintenis  ex  Polyb. 
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plunged  down  on  their  stems,  or  were  twisted  round 
and  turned  about  by  means  of  ropes  within  the  city, 
and  dashed  against  the  cUfFs  set  by  Nature  under  the 
wall  and  against  the  rocks,  with  great  destruction  of 
the  crews,  who  were  crushed  to  pieces.  Often  there 
was  the  fearful  sight  of  a  ship  lifted  out  of  the  sea  into 
mid-air  and  whirled  about  as  it  hung  there,  until  the 
men  had  been  thrown  out  and  shot  in  all  directions, 
when  it  would  fall  empty  upon  the  walls  or  slip  from 
the  grip  that  had  held  it.  As  for  the  engine  which 
Marcellus  was  bringing  up  from  the  platform  of  ships, 
and  which  was  called  samhuca  from  some  resemblance 
in  its  shape  to  the  musical  instrument,"  while  it  was 
still  some  distance  away  as  it  was  being  carried  to  the 
wall  a  stone  ten  talents  in  weight  was  discharged  at 
it,  and  after  this  a  second  and  a  third  ;  some  of  these, 
falling  upon  it  with  a  great  crash  and  sending  up  a 
wave,  crushed  the  base  of  the  engine,  shook  the 
framework  and  dislodged  it  from  the  barrier,  so  that 
Marcellus  in  perplexity  sailed  away  in  his  ships  and 
passed  the  word  to  his  land  forces  to  retire. 

In  a  council  of  war  it  was  decided  to  approach  the 
walls,  if  they  could,  while  it  was  still  night ;  for  they 
thought  that  the  ropes  used  by  Archimedes,  since 
they  gave  a  powerful  impetus,  would  send  the  missiles 
over  their  heads  and  would  fail  in  their  object  at 
close  quarters  since  there  was  no  space  for  the  cast. 
But  Archimedes,  it  seems,  had  long  ago  prepared  for 
such  a  contingency  engines  adapted  to  all  distances  and 
missiles  of  short  range,  and  through  openings  in  the 

""  The  σαμβυκη  was  a  triangular  musical  instrument  with 
four  strings.  Polybius  (viii.  6)  states  that  Marcellus  had 
eight  quinqueremes  in  pairs  locked  together,  and  on  each 

Ε  air  a  "  sambuca  "  had  been  erected  ;    it  served  as  a  pent- 
ouse  for  raising  soldiers  on  to  the  battlements. 
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he  και  σννζχών  τρημάτων  (^οντων^^,  oi  σκορττίοι 
βραχντονοι  μ4ν,  iyyvdev  he  πληξαί  napeoT-qKeaav 
αόρατοι  τοις  πoλeμίoις. 

Ώ?  οΰν  ττροσίμιζαν  olόμevoι  λανθάν€ΐν,  αι50ι?  αί; 
βeλeσι  ττολλοΓ?  evTuy^avovre?  /cat  ττ\Ύ]γαΖς,  π€τρών 
μ€ν  €Κ  κeφaX'ηs  err'  αυτού?  φepoμevωv  ώσπ€ρ  προς 
KaOeTov,  του  he  τ€ίχους  τοζ€νματα  TravTa^odev 
άναττίμττοντος ,  άν€χώρουν  όττίσω.  κάντανθα  πάλιν 
αυτών  €ΐς  μήκος  €κτ€ταγμ€νων,  βeλώv  eκθe6vτωv 
καϊ  καταλαμβανόντων  άπιόντας  eyiVero  πολύς  μίν 
αυτών  φθόρος,  πολύς  he  τών  veώv  συγκρουσμός, 
ovhev  avTihpdaai  τους  πολ€μίους  hυvaμevωv.  τα 
γαρ  πλeΐστa  τών  οργάνων  ύπο  το  τeLχoς  €σκ€υο- 
ποίητο  τω  *Apχιμ'ηheι,  και  θeoμaχoΰσιv  iwKeaav 
οι  'Ρωμαίοι,  μυρίων  αύτοΐς  κακών  Ιζ  αφανούς 
eπιχeoμevωv. 

Ον  μην  αλλ'  6  Mάpκeλλoς  απέφυγα  τ€  και  τους 
σύν  εαυτω  σκώπτων  τ€χνίτας  και  μηχανοποιούς 
eλeγev'  "  ου  πaυσόμeθa  προς  τον  γeωμeτpικ6v 
τούτον  Bpιάpeωv  πoλeμoΰvτeς,  ος  τάΐς  μ^ν  ναυσίν^ 
ημών  κυaθiζeι  €κ  της  θαλάσσης,  την  he  σαμβύκην 
ραπίζων^  μeτ  αΙσχυνης  eκβeβληκe,  τους  he  μυθικούς 
eκaτόγχeιpaς  ύπepaίpeι  τοσαΰτα  βάλλων  άμα  βίλη 
καθ^  ημών;  "  τω  γαρ  οντι  πάvτeς  οι  λοιποί  Σιυρα- 
κούσιοι  σώμα  της  * Αρχιμτβους  πapaσκeυης  ήσαν, 
η  he  κινούσα  ττάντα  και  στρέφουσα  φυχη  μία,  τών 
μ^ν  άλλων  οπλών  άτρομα  κeιμevωv,  μόνοις  he  τοις 
iκeίvoυ  TOTe  της  πόλζως  χρωμίνης  και  προς 
άμυναν  και  προς  άσφάλ€ΐαν.  τ€λος  he  τους 
'Ρωμαίους  ούτω  πepιφόβoυς  γ€γονότας  ορών  6 
Μάρκελλο?   ώστ  ,   el   κaλωhιov  η   ζύλον   νπ€ρ   του 

*  όντων  add.  Sintenis  ex  Polyb. 
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wall,  small  in  size  but  many  and  continuous,  short- 
ranged  engines  called  scorpions  could  be  trained  on  ob- 
jects  close  at  hand  without  being  seen  by  the  enemy. 

When,  therefore,  the  Romans  approached  the  walls, 
thinking  to  escape  notice,  once  again  they  were  met 
by  the  impact  of  many  missiles  ;  stones  fell  down 
on  them  almost  perpendicularly,  the  wall  shot  out 
arrows  at  them  from  all  points,  and  they  withdrew 
to  the  rear.  Here  again,  when  they  were  drawn  up 
some  distance  away,  missiles  flew  forth  and  caught 
them  as  they  were  retiring,  and  caused  much  destruc- 
tion among  them  ;  many  of  the  ships,  also,  were 
dashed  together  and  they  could  not  retaliate  upon 
the  enemy.  For  Archimedes  had  made  the  greater 
part  of  his  engines  under  the  wall,  and  the  Romans 
seemed  to  be  fighting  against  the  gods,  inasmuch  as 
countless  evils  were  poured  upon  them  from  an 
unseen  source. 

Nevertheless  Marcellus  escaped,  and,  twitting  his 
artificers  and  craftsmen,  he  said  :  "  Shall  we  not 
cease  fighting  against  this  geometrical  Briareus,  who 
uses  our  ships  like  cups  to  ladle  water  from  the  sea, 
who  has  whipped  our  samhuca  and  driven  it  off  in 
disgrace,  and  who  outdoes  all  the  hundred-handed 
monsters  of  fable  in  hurhng  so  many  missiles  against 
us  all  at  once  ?  "  For  in  reality  all  the  other  Syra- 
cusans  were  only  a  body  for  Archimedes'  apparatus, 
and  his  the  one  soul  moving  and  turning  everything  : 
all  other  weapons  lay  idle,  and  the  city  then  used  his 
alone,  both  for  offence  and  for  defence.  In  the  end 
the  Romans  became  so  filled  with  fear  that,  if  they 
saw  a  little  piece  of  rope  or  of  wood  projecting  over 

'  ταΐ?  μ€ν  ναυσίν  .  .  .  ραπίζων  an  anonymous  correction  from 
Polybius,  tos  /acv  vavs  ημών  καθίζων  npos  την  βάΛασσαν  ιταίζων 
codd. 
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τ€ίχονς  μικρόν  οφθζίη  προτ€ΐνόμ€νον ,  τοντο  ζκβΐνο, 
μηχανην  ηνα  KLvetv  eV  αυτού?  *  Αρχιμήδη  βοώντας 
αποτρ€π€σθαι  και  φ€υγ€ΐν,  ά7Τ€σχ€το  μάχης  άπάσης 
και  προσβολής,  το  λοιπόν  €πι  τω  χρόνω  την 
πολιορκίαν  θ^μ^νος. 

Ύηλικοΰτον  μίντοι  φρόνημα  και  βάθος  φνχης 
και  τοσούτον  €κ4κτητο  θβωρημάτων  πλοΰτον 
ΑρχιμηΒης  ώστ€,  €φ*  οΐς  όνομα  και  Βόξαν  ουκ 
ανθρωπινής,  άλλα  δαιμονίου  τίνος  €σχ€  συνέσεως, 
μηθέν  ε^βλησαι  σύγγραμμα  περί  τούτων  άπολιπέΐν, 
άλλα  την  π€ρι  τα  μηχανικά  πραγματ^ίαν  και  πάσαν 
δλως  τβχνην  χρείας  ζφαπτομένην  άγ^ννη  καΧ 
βάνανσον  ηγησάμ^νος,  et?  e/ceiva  καταθεσθαι  μόνα 
την  αύτοΰ  φιλοτιμιάν  οΐς  το  καλόν  και  π€ριττόν 
αμιγές  του  αναγκαίου  πρόσ€στιν,  ασύγκριτα  μεν 
οντά  τοις  άλλοις,  epiv  δε  παρέχοντα  προς  την  ύλην 
τη  άτΓοδει^ει,  της  μέν  το  μέγεθος  και  το  κάλλος, 
της  Se  την  άκρίβειαν  και  την  8wa/xtv  ύπερφυη 
παρεχομένης•  ου  γαρ  εστίν  εν  γεωμετρία  χαλεπω- 
τερας  και  βαρυτερας  υποθέσεις  εν  άπλουστεροις 
λαβείν  και  καθαρωτεροις  στοιχείοις  γράφο μενας. 
και  τοΰθ'  οι  μεν  ευφυΐα  του  άνΒρός  προσάπτουσιν, 
οι  δε  υπερβολή  τινι  πόνου  νομίζουσιν  άπόνως 
πεποιημενω  και  ρα^ίως  εκαστον  εοικός  γεγονεναι. 
ζητών  μεν  γάρ  ουκ  άν  τις  εύροι  δι'  αύτοΰ  την 
άπόΒειξιν,  άμα  δε  τη  /ααβτ^σει  παρίσταται  8όξα 
του  καν  αυτόν  εύρεΐν  ούτω  λείαν  ό8όν  άγει^  και 
ταχεΐαν  επι  τό  Βεικνύμενον.  ούκουν  ούδε  άπιστησαι 
τοις  περί  αύτοΰ  λεγομενοις  εστίν,  ώς  υπ*  οικείας 
Βή  τίνος  και  συνοίκου  θελγόμενος  άει  σειρηνος 
ελεληστο  και  σίτου  και  θεραπείας  σώματος  εζ- 
ελειπε,  βία  δε  πολλάκις  ελκόμενος  εττ'  αλει/ζ/χα  και 
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the  wall,  they  cried,  "  There  it  is,  Archimedes  is 
training  some  engine  upon  us,"  and  fled  ;  seeing  this 
Marcellus  abandoned  all  fighting  and  assault,  and  for 
the  future  relied  on  a  long  siege. 

Yet  Archimedes  possessed  so  lofty  a  spirit,  so  pro- 
found a  soul,  and  such  a  wealth  of  scientific  inquiry, 
that  although  he  had  acquired  through  his  inventions 
a  name  and  reputation  for  divine  rather  than  human 
intelligence,  he  would  not  deign  to  leave  behind  a 
single  writing  on  such  subjects.  Regarding  the 
business  of  mechanics  and  every  utilitarian  art  as 
ignoble  and  vulgar,  he  gave  his  zealous  devotion  only 
to  those  subjects  whose  elegance  and  subtlety  are 
untrammelled  by  the  necessities  of  hfe ;  these  sub- 
jects, he  held,  cannot  be  compared  with  any  others  ; 
in  them  the  subject-matter  vies  with  the  demonstra- 
tion, the  former  possessing  strength  and  beauty,  the 
latter  precision  and  surpassing  power  ;  for  it  is  not 
possible  to  find  in  geometry  more  difficult  and  weighty 
questions  treated  in  simpler  and  purer  terms.  Some 
attribute  this  to  the  natural  endowments  of  the  man, 
others  think  it  was  the  result  of  exceeding  labour  that 
everything  done  by  him  appeared  to  have  been  done 
without  labour  and  with  ease.  For  although  by  his 
own  efforts  no  one  could  discover  the  proof,  yet  as 
soon  as  he  learns  it,  he  takes  credit  that  he  could  have 
discovered  it  :  so  smooth  and  rapid  is  the  path  by 
which  he  leads  to  the  conclusion.  For  these  reasons 
there  is  no  need  to  disbelieve  the  stories  told  about 
him — how,  continually  bewitched  by  some  familiar 
siren  dwelUng  with  him,  he  forgot  his  food  and 
neglected  the  care  of  his  body  ;  and  how,  when  he 
was  dragged  by  main  force,  as  often  happened,  to  the 

*  άγΐΐ,  Bryan,  ayetv  codd. 
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λοντρόν,  iv  ταΓ?  €σχάραις  €γραφ€  σχήματα  των 
γ€ωμ€τρικών,  και  του  σώματος  άληλιμμ€νου  Βιηγ€ 
τω  δακτυλω  γραμμάς,  υττο  ηδονής  μ€γάλης  κάτοχος 
ων  και  μουσόληπτος  αληθώς.  πολλών  8e  καΐ 
καλών  €νρ€Τ'ης  γ€γονώς  Aeyerat  τών  φίλων  Seiy- 
^τ^ναι  και  τών  σχτ/γενών  δπως  αύτοΰ  /xera  την 
τ^λευτην  €πιστησωσι  τω  τάφω  τον  περιλαμβάνοντα 
την  σφαΐραν  εντός  κνλινΒρον,  επιγράφαντες  τον 
λόγον  της  υπεροχής  του  περιέχοντος  στέρεου  προς 
το  περιεχόμενον. 

Ibid.  xix.  4-6 

Μάλιστα  8e  το  ^ Αρχιμη^ους  πάθος  ηνίασε  Μάρ- 
κελλον.  έτυχε  μεν  γαρ  αυτός  τι  καθ^  εαυτόν 
άνασκοπών  επί  διαγράμματος'  και  τη  θεωρία 
ΒεΒωκώς  α/^α  την  τε  Βιάνοιαν  και  την  προσοφιν 
ου  προησθετο  την  καταΒρομην  τών  Ρω/χαιων 
ούΒέ  την  άλωσιν  της  πόλεως,  άφνω  δε  επισταντος 
αύτώ  στρατιώτου  και  κελεύοντος  άκολουθεΐν  προς 
Μάρκελλον  ουκ  εβούλετο  πριν  ή  τελεσαι  το  πρό- 
βλημα και  καταστήσαι  προς  την  άπό^ειζιν.  6  δε 
όργισθεις  και  σπασάμενος  το  ζίφος  άνειλεν  αύτον. 
έτεροι  μεν  ουν  λεγουσιν  επιστήναι  μεν  ευθύς  ώς 
άποκτενοΰντα  ζιφηρη  τον  'Ρωμαΐον,  εκείνον  δ 
ΙΒόντα  δεΓσθαι  και  άντιβολεΐν  ava/xetvat  βραχυν 
χρόνον,  ώς  μη  καταλίπη  το  ζητούμενον  άτελβ? 
και  άθεώρητον,  τον  δε  ου  φροντίσαντα  Βιαχρη- 
σασ^αι.  και  τρίτος  εστί  λόγος,  ώς  κομιζοντι 
προς  Μ,άρκελλον  αύτώ  τών  μαθηματικών  οργάνων 
σκιόθηρα  και  σφαίρας  και  γωνίας,  αΐς  εναρμοττει 

"  Cicero,  when  quaestor  in  Sicily,  found  this  tomb  over- 
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place  for  bathing  and  anointing,  he  would  draw  geo- 
metrical figures  in  the  hearths,  and  draw  lines  with  his 
finger  in  the  oil  with  which  his  body  was  anointed, 
being  overcome  by  great  pleasure  and  in  truth  in- 
spired of  the  Muses.  And  though  he  made  many 
elegant  discoveries,  he  is  said  to  have  besought  his 
friends  and  kinsmen  to  place  on  his  grave  after  his 
death  a  cylinder  enclosing  a  sphere,  with  an  inscrip- 
tion giving  the  proportion  by  which  the  including 
solid  exceeds  the  included.*• 

Ibid.  xix.  4-6 

But  what  specially  grieved  Marcellus  was  the  death 
of  Archimedes.  For  it  chanced  that  he  was  alone, 
examining  a  diagram  closely  ;  and  having  fixed  both 
his  mind  and  his  eyes  on  the  object  of  his  inquiry,  he 
perceived  neither  the  inroad  of  the  Romans  nor  the 
taking  of  the  city.  Suddenly  a  soldier  came  up  to 
him  and  bade  him  follow  to  Marcellus,  but  he  would 
not  go  until  he  had  finished  the  problem  and  worked 
it  out  to  the  demonstration.  Thereupon  the  soldier 
became  enraged,  drew  his  sword  and  dispatched 
him.  Others,  however,  say  that  the  Roman  came 
upon  him  with  drawn  sword  intending  to  kill  him  at 
once,  and  that  Archimedes,  on  seeing  him,  besought 
and  entreated  him  to  wait  a  little  while  so  that  he 
might  not  leave  the  question  unfinished  and  only 
partly  investigated  ;  but  the  soldier  did  not  under- 
stand and  slew  him.  There  is  also  a  third  story,  that 
as  he  was  carrying  to  Marcellus  some  of  his  mathe- 
matical instruments,  such  as  sundials,  spheres  and 

grown  with  vegetation,  but  still  bearing  the  cylinder  with 
the  sphere,  and  he  restored  it  {Tusc.  Disp.  v.  64-66).  The 
theorem  proving  the  proportion  is  given  infra,  pp.  124-127. 
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TO  του  "ηλίου  μέγεθος  ττροζ  την  οφιν,  στρατιώται 
π€ρίτυχόντ€ς  καΐ  χρνσιόν  iv  τω  τ€νχ€(.  8όζαντ€ς 
φερζίν  άττβκτειναν .  οτι  μέντοι  Μάρκβλλο?  ηλγησ€ 
καΐ  τον  αντόχ^ιρα  του  avSpos  άπ€στράφη  καθάπ€ρ 
€ναγη,  τους  Be  οικείους  άνευρων  €τίμησ€ν,  ομο- 
Χογ€Ϊται. 

Papp.  Coll.  viii.  11.  19,  ed.  Hultsch  1060.  1-4 

Τη?  αύτη?  8e  εστίν  θξωρίας  το  BoOev  βάρος  ττ) 
hoOeiar)  Βυνάμ€ΐ  κυνησαΐ'  τοΰτο  γαρ  *ΑρχίμηΒους 
μζ,ν  ζϋρημα  [AeycTai]^  μηχανίκόν,  €^'  ω  AeycTat 
€ΐρηκ€ναί'  "  Βός  μοί  {φηοι)  που  στώ  καΐ  κινώ  την 
γψ." 

Diod.  Sic.  i.  34.  2 

ΪΙοταμόχωστος  γαρ  ούσα  καΐ  κατάρρυτος  ττολ- 
λού?  και  ττανταΒαττούς  ΙκφΙρ€ΐ  καρπούς,  του  μβν 
ποταμού  δια  την  κατ'  έτος  avajSaatv  veapav  Ιλύν 
aei  καταγ^έοντος ,  των  δ'  ανθρώπων  ραΒιως  α77ασαν 
άρΒευόντων  δια  τινο?  μηχοΛήίς,  ην  €π€νόησ€  μεν 
'ΑρχιμηΒης  6  Σιυρακόσιος,  ονομάζεται  Be  άπο  τοΰ 
σχήματος  κοχλίας. 

Ibid.  ν.  37.  3 

Το  ττάντων  τταραδο^ότατον,  άπαρυτουσι  τάς 
ρύσεις  των  ύΒάτων  τοις  ΑΙγυπτιακοΐς  λεγομενοις 
κοχλίαις,  ους  ΆρχιμήΒης  6  Σιυρακόσιος  εΰρεν, 
δτε  παρεβαλεν  εις  Αιγυπτον. 

^  Aeyerai  om.  Hultsch. 

»  Diodorus  is  writing  of  the  island  in  the  delta  of  the  Nile. 

*  It  may  be  inferred  that  he  studied  with  the  successors 
of  Euclid  at  Alexandria,  and  it  was  there  perhaps  that  he 
made  the  acquaintance  of  Conon  of  Samos,  to  whom,  as 
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angles  adjusted  to  the  apparent  size  of  the  sun,  some 
soldiers  fell  in  with  him  and,  under  the  impression 
that  he  carried  treasure  in  the  box,  killed  him.  What 
is,  however,  agreed  is  that  Marcellus  was  distressed, 
and  turned  away  from  the  slayer  as  from  a  polluted 
person,  and  sought  out  the  relatives  of  Archimedes  to 
do  them  honour. 

Pappus,  Collection  viii.  11.  19,  ed.  Hultsch  1060.  1-4 

To  the  same  type  of  inquiry  belongs  the  problem : 
To  move  a  given  weight  by  a  given  force.  This  is  one 
of  Archimedes'  discoveries  in  mechanics,  whereupon 
he  is  said  to  have  exclaimed  :  "  Give  me  somewhere 
to  stand  and  I  will  move  the  earth." 

Diodorus  Siculus  i.  34.  9 

As  it  is  made  of  silt  watered  by  the  river  after 
being  deposited,  it "  bears  an  abundance  of  fruits  of 
all  kinds  ;  for  in  the  annual  rising  the  river  continu- 
ally pours  over  it  fresh  alluvium,  and  men  easily 
irrigate  the  whole  of  it  by  means  of  a  certain  instru- 
ment conceived  by  Archimedes  of  Syracuse,  and 
which  gets  its  name  because  it  has  the  form  of  a 
spiral  or  screw. 

Ibid.  v.  37.  3 

Most  remarkable  of  all,  they  draw  off  streams  of 
water  by  the  so-called  Egyptian  screws,  which 
Archimedes  of  Syracuse  invented  when  he  went  by 
ship  to  Egypt.^ 

the  preface  to  his  books  On  the  Sphere  and  Cylinder  shows, 
he  used  to  communicate  his  discoveries  before  publication, 
and  Eratosthenes  of  Cyrene,  to  whom  he  sent  the  Method 
and  probably  the  Cattle  Problem. 
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Vitr,  De  Arch,  ix.,  Praef,  9-12 

Archimedis  vero  cum  multa  miranda  inventa  et 
varia  fuerint,  ex  omnibus  etiam  infinita  sollertia  id 
quod  exponam  videtur  esse  expressum.  Nimium 
Hiero  Syracusis  auctus  regia  potestate,  rebus  bene 
gestis  cum  auream  coronam  votivam  diis  immortalibus 
in  quodam  fano  constituisset  ponendam,  manupretio 
locavit  faciendam  et  aurum  ad  sacoma  adpendit  re- 
demptori.  Is  ad  tempus  opus  manu  factum  subtiliter 
regi  adprobavit  et  ad  sacoma  pondus  coronae  visus 
est  praestitisse.  Posteaquam  indicium  est  factum 
dempto  auro  tantundem  argenti  in  id  coronarium 
opus  admixtum  esse,  indignatus  Hiero  se  contemptum 
esse  neque  inveniens  qua  ratione  id  furtum  depre- 
henderet,  rogavit  Archimeden  uti  insumeret  sibi  de 
eo  cogitationem.  Tunc  is  cum  haberet  eius  rei 
curam,  casu  venit  in  balineura  ibique  cum  in  solium 
descenderet,  animadvertit  quantum  corporis  sui  in  eo 
insideret  tantum  aquae  extra  solium  effluere.  Idque 
cum  eius  rei  rationem  explicationis  ostendisset,  non 
est  moratus  sed  exsiluit  gaudio  motus  de  solio  et 
nudus  vadens  domum  versus  significabat  clara  voce 
invenisse  quod  quaereret.  Nam  currens  identidem 
graece  clamabat  ίΐψηκα  (νρηκα, 

Tum  vero  ex  eo  inventionis  ingressu  duas  fecisse 
dicitur  massas  aequo  pondere  quo  etiam  fuerat 
corona,  unam  ex  auro  et  alteram  ex  argento.  Cum 
ita  fecisset,  vas  amplum  ad  summa  labra  implevit 

•  "  I  have  found,  I  have  found." 
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Vitruvius,  On  Architecture  ix.,  Preface  9-1 

Archimedes  made  many  wonderful  discoveries  of 
different  kinds,  but  of  all  these  that  which  I  shall  now 
explain  seems  to  exhibit  a  boundless  ingenuity.  When 
Hiero  was  greatly  exalted  in  the  royal  ροΛνβΓ  at 
Syracuse,  in  return  for  the  success  of  his  policy  he  de- 
termined to  set  up  in  a  certain  shrine  a  golden  crown 
as  a  votive  oifering  to  the  immortal  gods.  He  let  out 
the  work  for  a  stipulated  payment,  and  weighed  out 
the  exact  amount  of  gold  for  the  contractor.  At  the 
appointed  time  the  contractor  brought  his  work  skil- 
fully executed  for  the  king's  approval,  and  he  seemed 
to  have  fulfilled  exactly  the  requirement  about  the 
weight  of  the  crown.  Later  information  was  given 
that  gold  had  been  removed  and  an  equal  weight  of 
silver  added  in  the  making  of  the  crown.  Hiero  was 
indignant  at  this  disrespect  for  himself,  and,  being 
unable  to  discover  any  means  by  which  he  might  un- 
mask the  fraud,  he  asked  Archimedes  to  give  it  his 
attention.  While  Archimedes  was  turning  the  pro- 
blem over,  he  chanced  to  come  to  the  place  of  bathing, 
and  there,  as  he  was  sitting  down  in  the  tub,  he 
noticed  that  the  amount  of  water  which  flowed  over 
the  tub  was  equal  to  the  amount  by  which  his  body 
was  immersed.  This  indicated  to  him  a  means  of 
solving  the  problem,  and  he  did  not  delay,  but  in  his 
joy  leapt  out  of  the  tub  and,  rushing  naked  towards 
his  home,  he  cried  out  with  a  loud  voice  that  he  had 
found  what  he  sought.  For  as  he  ran  he  repeatedly 
shouted  in  Greek,  heureka,  heureka.'^ 

Then,  following  up  his  discovery,  he  is  said  to  have 
made  two  masses  of  the  same  weight  as  the  crown, 
the  one  of  gold  and  the  other  of  silver.  When  he  had 
so  done,  he  filled  a  large  vessel  right  up  to  the  brim 
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aqua,  in  quo  demisit  argenteam  massam.  Cuius 
quanta  magnitude  in  vase  depressa  est,  tantum  aquae 
effluxit.  Ita  exempta  massa  quanto  minus  factum 
fuerat  refudit  sextario  mensus,  ut  eodem  modo  quo 
prius  fuerat  ad  labra  aequaretur.  Ita  ex  eo  invenit 
quantum  pondus  argenti  ad  certam  aquae  mensuram 
responderet. 

Cum  id  expertus  esset,  tum  auream  massam  simi- 
liter pleno  vase  demisit  et  ea  exempta  eadem  ratione 
mensura  addita  invenit  deesse  aquae  non  tantum  sed 
minus,  quanto  minus  magno  corpora  eodem  pondere 
auri  massa  esset  quam  argenti.  Postea  vero  repleto 
vase  in  eadem  aqua  ipsa  corona  demissa  invenit  plus 
aquae  defluxisse  in  coronam  quam  in  auream  eodem 
pondere  massam,  et  ita  ex  eo  quod  defuerit  plus 
aquae  in  corona  quam  in  massa,  ratiocinatus  depre- 
hendit  argenti  in  auro  mixtionem  et  manifestum 
furtum  redemptoris. 


•  The  method  maybe  thus  expressed  analytically. 
Let  w  be  the  weight  oft  he  crown,  and  let  it  be  made  up  of 
a  weight  Wj  of  gold  and  a  weight  Wj  of  silver,  so  that 

Let  the  crown  displace  a  volume  ν  of  water. 

Let  the  weight  w  of  gold  displace  a  volume  v^  of  water; 

then  a  weight  w^  of  gold  displaces  a  volume  —  .  t>i  of  water. 

Let  the  weight  to  of  silver  displace  a  volume  tj,  of  water ; 
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with  water,  into  which  he  dropped  the  silver  mass. 
The  amount  by  which  it  was  immersed  in  the  vessel 
was  the  amount  of  water  which  overflowed.  Taking 
out  the  mass,  he  poured  back  the  amount  by  which 
the  water  had  been  depleted,  measuring  it  with  a  pint 
pot,  so  that  as  before  the  water  was  made  level  with 
the  brim.  In  this  way  he  found  what  Aveight  of  silver 
answered  to  a  certain  measure  of  water. 

When  he  had  made  this  test,  in  like  manner  he 
dropped  the  golden  mass  into  the  full  vessel.  Taking 
it  out  again,  for  the  same  reason  he  added  a  measured 
quantity  of  water,  and  found  that  the  deficiency  of 
water  was  not  the  same,  but  less  ;  and  the  amount 
by  which  it  was  less  corresponded  with  the  excess  of 
a  mass  of  silver,  having  the  same  weight,  over 
a  mass  of  gold.  After  filling  the  vessel  again,  he 
then  dropped  the  crown  itself  into  the  water,  and 
found  that  more  water  overflowed  in  the  case  of  the 
crown  than  in  the  case  of  the  golden  mass  of  identical 
weight  ;  and  so,  from  the  fact  that  more  water  was 
needed  to  make  up  the  deficiency  in  the  case  of  the 
crown  than  in  the  case  of  the  mass,  he  calculated  and 
detected  the  mixture  of  silver  with  the  gold  and  the 
contractor's  fraud  stood  revealed." 

then  a  weight  w^  of  silver  displaces  a  volume  —  .  v,  of  water. 
It  follows  that        «=  —  .  v,  +  -  .  v, 

so  that  — * = ~ , 

For  an  alternative  method  of  solving  the  problem,  v.  infra, 
pp.  248-251. 
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(6)  Surface  and  Volume  of  the  Cylinder  and 
Sphere 

Archim.  Oe  Sphaera  et  Cyl.  i.,  Archim.  ed.  Heiberg 
i.  2-132.  3 

*ΑρχίμηΒης  Αοσιθεω  χαίρειν 

UpSrepov  /xev  άπ€σταλκά  σοι  των  ύφ*  ημών 
τΐθζωρημίνων  γράφας  μ€τά  άττοδει^βω?,  οτι  πάν 
τμήμα  το  7Γ€ρΐ€χόμ€νον  υπό  re  evdelas  και  ορθο- 
γωνίου κώνου  τομής  Ιττίτριτόν  εστί  τριγώνου  του 
βάσιν  την  αύτην  έχοντος  τω  τμηματι  και  ΰφος 
ίσον  ύστερον  he  ημΐν  ύποττεσόντων  θεωρημάτων 
άζίων  λόγου^  ττεπραγματευμεθα  ττερί  τας  άττο^είζεις 
αυτών,  εστίν  δε  τάδε*  πρώτον  μεν,  οτι  πάσης 
σφαίρας  η  επιφάνεια  τετραπλάσια  εστίν  του  μεγί- 
στου κύκλου  τών  εν  αύτη'  έπειτα  δε,  οτι  παντός 
τμήματος  σφαίρας  τη  επιφάνεια  ΐσος  εστί  κύκλος, 
ου  ή  εκ  τοΰ  κέντρου  ΐση  εστί  τη  ευθεία  τη  άπο 
της  κορυφής  τοΰ  τμήματος  αγομένη  επι  την  περι- 
φερειαν  τοΰ  κύκλου,  δς  εστί  βάσις  τοΰ  τμήματος' 

*  άξιων  λόγον  cod.,  άνΐλ€γκτων  coni.  Heath. 

"  The  chief  results  of  this  book  are  described  in  the  pre- 
fatory letter  to  Dositheus.  In  this  selection  as  much  as 
possiole  is  given  of  what  is  essential  to  finding  the  proportions 
between  the  surface  and  volume  of  the  sphere  and  the  surface 
and  volume  of  the  enclosing  cylinder,  which  Archimedes 
regarded  as  his  crowning  achievement  (supra,  p.  32).  In 
the  case  of  the  surface,  the  whole  series  of  propositions  is 
reproduced  so  that  the  reader  may  follow  in  detail  the  majestic 
chain  of  reasoning  by  which  Archimedes,  starting  from 
seemingly  remote  premises,  reaches  the  desired  conclusion ; 
in  the  case  of  the  volume  only  the  final  proposition  (34)  can 
be  given,  for  reasons  of  space,  but  the  reader  will  be  able  to 
prove  the  omitted  theorems  for  himself.  Pari  passu  with 
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ι 

(6)  Surface  and  Volume  of  the  Cylinder  and 
Sphere 

Archimedes.  On  the  Sphere  and  Cylinder  i.,  Archim.  ed. 
Heibergi,  2-132.  3" 

Archimedes  to  Dositheus  greeting 

On  a  previous  occasion  I  sent  you,  together  with 
the  proof,  so  much  of  my  investigations  as  I  had  set 
down  in  writing,  namely,  that  any  segment  hounded  by  a 
straight  line  and  a  section  of  a  right-angled  cone  is  Jour- 
thirds  of  the  triangle  having  the  same  base  as  the  segment 
and  equal  height  J'  Subsequently  certain  theorems  de- 
serving notice  occurred  to  me,  and  I  have  worked  out 
the  proofs.  They  are  these  :  first,  that  the  surface  of 
any  sphere  is  four  times  the  greatest  of  the  circles  in  it " ; 
then,  that  the  surface  of  any  segment  of  a  sphere  is 
equal  to  a  circle  whose  radius  ts  equal  to  the  straight  line 
drawn  from  the  vertex  of  the  segment  to  the  circumference 
of  the  circle  which  is  the  base  of  the  segment  ^  ;    and, 

this  demonstration,  Archimedes  finds  the  surface  and  volume 
of  any  segment  of  a  sphere.  The  method  in  each  case  is  to 
inscribe  in  the  sphere  or  segment  of  a  sphere,  and  to  circum- 
scribe about  it,  figures  composed  of  cones  and  frusta  of 
cones.  The  sphere  or  segment  of  a  sphere  is  intermediate  in 
surface  and  volume  between  the  inscribed  and  circumscribed 
figures,  and  in  the  limit,  when  the  number  of  sides  in  the 
inscribed  and  circumscribed  figures  is  indefinitely  increased, 
it  would  become  identical  with  them.  It  will  readily  be  appre- 
ciated that  Archimedes'  method  is  fundamentally  the  same  as 
integration,  and  on  p.  116  n.  6  this  will  be  shown  trigono- 
metrically. 

*  This  is  proved  in  Props.  17  and  24  of  the  Quadrature  of 
the  Parabola,  sent  to  Dositheus  of  Pelusium  with  a  prefatory 
letter,  v.  pp.  228-243,  infra. 

"  De  Sphaera  et  Cyl.  i.  30.  *'  The  greatest  of  the  circles," 
here  and  elsewhere,  is  equivalent  to  "  a  great  circle." 

«»  Ibid.  i.  42,  43. 
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Trpoff  Be  τούτοις,  οτί  ττάσης  σφαίρας  6  κύλίν^βος  ο 
βάσιν  μζ,ν  €χων  ΐσην  τω  μ^γίστω  κύκλω  των  iv  τί] 
σφαίρα,  νφος  δε  ίσον  τύ)  δια/χετρω  της  σφαίρας 
αυτός  τ€  ημίόλιός  βστι,ν  της  σφαίρας,  και  η  €ττι- 
φάν€ΐα  αντον  της  €ττιφαν€ίας  της  σφαίρας,  ταντα 
δε  τα  συμπτώματα  τη  φυσ€ΐ  ττρουπηρχεν  Trepi  τα 
ζίρημίνα  σχήματα,  ηγνο€Ϊτο  δε  ύττο  των  ττρο  ημών 
π€ρι  γ€ωμ€τρίαν  ανεστραμμένων  ουδενό?  αυτών 
€πιν€νοηκότος,  οτι  τούτων  τών  σχημάτων  εστίν 
συμμετρία.  .  .  .  εζεσται  δε  περί  τούτων  επι- 
σκεφασθαι  τοις  Βυνησομενοις.  ώφειλε  μεν  ουν 
Κ,όνωνος  ετι  ζώντος  εκΒί^οσθαι  ταύτα•  τηνον  γαρ 
ύπολαμβάνομεν  που  μάλιστα  αν  δυνασθαι  κατα- 
νοησαι  ταύτα  και  την  άρμόζουσαν  ύπερ  αυτών 
άπόφασιν  ποιησασθαΐ'  Βοκιμάζοντες  δε  καλώ? 
εχειν  )Μεταδιδόναι  τοΐς  οικείοις  τών  μαθημάτων 
άποστελλομεν  σο*,  τάς  άποΒείζεις  άναγράφαντες, 
ύπερ  ών  εζεσται  τοΐς  περί  τα  μαθήματα  ανάστρε- 
φα μενοις  επισκεφασθαι.     ερρωμενως. 

V ράφονται  πρώτον  τά  τε  άζιώματα  και  τά  λαμβα- 
νόμενα εις  τάς  άποΒείζεις  αυτών. 

Ά^ιώ/ΐατα 

α'.  Έιίσί  Ttve?  εν  επιπεΖω  καμπύλαι  γραμμοΧ 
πεπερασμεναι,  α?  τών  τά  πέρατα  επιζευγνυουσών 
αυτών  ευθειών  ήτοι  ολαι  επι  τά  αυτά  εισιν  η  ούΒεν 
εχουσιν  επι  τά  έτερα. 

β'.  'Έιπι  τά  αυτά  Βη  κοίλην  καλώ  την  τοιαύτην 
γραμμην,    ίν    ^    εάν    Brio    σημείων    λαμβανομένων 

»  De  Sphaera  et  Cyl.  i.  34  coroll.     The  surface  of  the 
cylinder  here  includes  the  bases. 
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further,  that,  in  the  case  of  any  sphere,  the  cylinder 
having  its  base  equal  to  the  greatest  of  the  circles  in  the 
sphere,  and  height  equal  to  the  diameter  of  the  sphere,  is 
one-and-a-half  times  the  sphere,  and  its  surface  is  one- 
and-a-half  times  the  surface  of  the  sphere.'*  Now  these 
properties  were  inherent  in  the  nature  of  the  figures 
mentioned,  but  they  were  unknown  to  all  who  studied 
geometry  before  me,  nor  did  any  of  them  suspect  such 
a  relationship  in  these  figures.^  .  .  .  But  now  it  will  be 
possible  for  those  who  have  the  capacity  to  examine 
these  discoveries  of  mine.  They  ought  to  have  been 
published  while  Conon  was  still  alive,  for  I  opine  that 
he  more  than  others  would  have  been  able  to  grasp 
them  and  pronounce  a  fitting  verdict  upon  them  ; 
but,  holding  it  well  to  communicate  them  to  students 
of  mathematics,  I  send  you  the  proofs  that  I  have 
written  out,  which  proofs  will  now  be  open  to  those 
who  are  conversant  with  mathematics.     Farewell. 

In  the  first  place,  the  axioms  and  the  assumptions 
used  for  the  proofs  of  these  theorems  are  here 
set  out. 

AXIOMS  * 

1.  There  are  in  a  plane  certain  finite  bent  lines 
which  either  lie  wholly  on  the  same  side  of  the 
straight  lines  joining  their  extremities  or  have  no  part 
on  the  other  side. 

2.  I  call  concave  in  the  same  direction  a  line  such  that, 
if  any  two  points  whatsoever  are  taken  on  it,  either 

*  In  the  omitted  passage  which  follows,  Archimedes  com- 
pares his  discoveries  with  those  of  Eudoxus  ;  it  has  already 
been  given,  vol.  i.  pp.  408-411. 

'  These  so-called  axioms  are  more  in  the  nature  of  de- 
finitions. 
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όποιωνοΰν  al  μ€ταζύ  των  σημείων  evOetai  •ητοι 
πάσαι  επι  τα  αυτά  ττίτττονσιν  της  γραμμής,  η 
τινβς  μεν  €πΙ  τα  αυτά,  rtves  δβ  κατ'  αυτή?,  €7τΙ  τα 
€Τ€ρα  δε  μηΒεμία. 

y' .  'Ομοίως  δη  καΐ  εττιφάνειαί  τινές  είσιν  rre- 
ττερασμεναί,  αύται  μεν  ουκ  iv  εττιττεδω,  τα  δε 
πέρατα  εχονσαι  εν  επιπεΒω,  at  του  ε'πιττε'δου,  εν 
φ  τά  πέρατα  εχουσιν,  ητοί  oXat  επΧ  τά  αυτά 
έσονται  η  ού^εν  εχουσιν  επι  τά  έτερα. 

δ'.  Έ77ΐ  τά  αυτά  δη  κοίλας  καλώ  τάς  τοιαύτας 
επιφανείας,  εν  αΐς  αν  δυο  σημείων  λαμβανομένων 
αί  μεταζύ  των  σημείων  εύ^ειαι  ήτοι  ττασαι  επι  τά 
αυτά  πίπτουσιν  της  επιφανείας,  η  τίνες  μεν  επι 
τα  αυτά,  τίνες  οε  κατ  αυτής,  επι  τα  έτερα  οε 
μηΒεμία. 

ε'.  Ύομεα  δε  στερεον  καλώ,  επειΒάν  σφαΐραν 
κώνος  τεμντ)  κορυφην  έχων  προς  τω  κεντρω 
της  σφαίρας,  το  εμπεριεγόμενον  σχήμα  υπό  τε 
της  επιφανείας  του  κώνου  καΐ  της  επιφανείας  της 
σφαίρας  εντός  του  κώνου. 

ζ' .  'Ρόμβον  δε  καλώ  στερεόν,  επειΒάν  8ύο  κώνοι 
την  αύτην  βάσιν  έχοντες  τάς  κορυφάς  εχωσιν  εφ* 
εκάτερα  του  επίπεδου  της  βάσεως,  όπως  οι  άζονες 
αυτών  επ*  ευθείας  ώσι  κείμενοι,  το  εζ  άμφοΐν  τοΐν 
κώνοιν  συγκείμενον  στερεόν  σχήμα. 


Ααμβαν6μ€να 
Aa/AjSafCi)  δε  ταύτα* 

α  .  Ύών    τά    αυτά    πέρατα    εχουσών    γραμμών 
ελαχίστην  εΓναι  την  ευθείαν. 
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all  the  straight  lines  joining  the  points  fall  on  the 
same  side  of  the  line,  or  some  fall  on  one  and  the 
same  side  while  others  fall  along  the  line  itself,  but 
none  fall  on  the  other  side. 

3.  Similarly  also  there  are  certain  finite  surfaces, 
not  in  a  plane  themselves  but  having  their  extremities 
in  a  plane,  and  such  that  they  will  either  lie  wholly 
on  the  same  side  of  the  plane  containing  their  ex- 
tremities or  will  have  no  part  on  the  other  side. 

4.  I  call  concave  in  the  same  direction  surfaces  such 
that,  if  any  two  points  on  them  are  taken,  either  the 
straight  lines  between  the  points  all  fall  upon  the 
same  side  of  the  surface,  or  some  fall  on  one  and 
the  same  side  while  others  fall  along  the  surface 
its(  If,  but  none  falls  on  the  other  side. 

5.  When  a  cone  cuts  a  sphere,  and  has  its  vertex  at 
the  centre  of  the  sphere,  I  call  the  figure  compre- 
hended by  the  surface  of  the  cone  and  the  surface  of 
the  sphere  within  the  cone  a  solid  sector. 

6.  When  two  cones  having  the  same  base  have 
their  vertices  on  opposite  sides  of  the  plane  of  the 
base  in  such  a  way  that  their  axes  lie  in  a  straight 
line,  I  call  the  solid  figure  formed  by  the  two  cones 
a  solid  rhombus. 

POSTULATES 

I  make  these  postulates  : 

1.  Of  all  lines  which  have  the  same  extremities  the 
straight  line  is  the  least." 

"  Proclus  {in  EucL,  ed.  Friedlein  110.  10-14)  saw  in  this 
statement  a  connexion  with  Euclid's  definition  of  a  straight 
line  as  lying  evenly  with  the  points  on  itself:  ό  δ'  αυ 
■"PX'A'''?0''?5  την  evdeiav  ώρίσατο  γραμμην  ίλαχίστην  των  τά  αυτά 
nepara  ΐχουσών.  διότι  γάρ,  ws  ό  Έιύκλΐίδιος  λόγος  φησίν,  ΐξ  'σου 
κείται  τοις  ΐφ  ΐαυτηί  σημ€ίοις,  δια  τοΰτο  ίλαχίστη  ioTiv  των  το 
αντα  irtpara  4χουσών. 
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β\  Ύών  8e  άλλων  γραμμών,  iav  iv  «ττιπεδω 
ουσαι  τά  αυτά  ττβρατα  ζχωσιν,  άνισους  ctvat.  τάς . 
τοιαύτας,  εττειδάν  ώσιν  άμφότ€ραι  €πι  τά  αυτά 
κοΐλαι,  και  ήτοι  ολη  7Τ€ριλαμβάνηται  η  ίτίρα 
αυτών  υττο  της  ίτίρας  καΐ  της  ^ύθ^ίας  της  τά 
αυτά  π4ρατα  €χουσης  αύτη,  η  τινά  μβν  περιλαμ- 
βάνηται,  τινά  δε  κοινά  ^χη,  καΐ  ελάσσονα  efvai 
την  7Τ€ριλαμβανομ€νην. 

γ'.  'Ομοίως  δε  και  των  €πιφαν€ΐών  τών  τά 
αυτά  ττερατα  ζχουσών,  εάν  εν  ετηττε'δω  τά  πέρατα 
€χωσιν,  ελάσσονα  elvai  την  επιττεδον. 

δ'.  Τών  δε  ά'λλων  Ιττιφαν^ιών  και  τά  αυτά  ττε- 
ρατα  €χουσών,  iav  εν  επιττε'δω  τά  ττερατα  fj, 
άνισους  είναι  τάς  τοιαύτας,  εττειδάν  ωσιν  άμφότζραι 
ετΓΐ  τά  αυτά  κοΓλαι,  και  ήτοι  ολη  ττζριλαμβάνηται 
υπό  της  έτερα?  η  έτερα  εττκ^άνεια  και  της  εττιττε'δου 
της  τά  αυτά  πέρατα  €χούσης  αύτη,  η  τινά  μεν 
ττεριλαμβάνηται,  τινά  δε  κοινά  €χη,  και  ελάσσονα 
είναι  την  ττεριλαμβανομενην. 

ε'.  "Ετι  δε  τών  άνισων  γραμμών  και  τών  άνισων 
επιφανειών  και  τών  άνισων  στερεών  το  μείζον  του 
ελάσσονος  ύπερεχειν  τοιούτω,  ο  συντιθεμενον  αυτό 
εαυτω  δυνατόν  εστίν  ύπερεχειν  παντός  τοΰ  προ- 
τεθεντος  τών  προς  άλληλα  λεγομένων. 

Τούτων  δε  υποκείμενων,  εάν  εις  κύκλον  πολχίγω- 
νον  έγγραφη,  φανερόν,  δτι  η  περίμετρος  τοΰ 
εγγραφέντος  πολυγώνου  ελάσσων  εστίν  της  του 
κύκλου  περιφερείας'  εκάστη  γάρ  τών  τοΰ  πολυ- 
γώνου πλευρών  ελάσσων  εστί  της  τοΰ  κύκλου 
περιφερείας  της  υπό  της  αύτης  άποτεμνομενης. 

"  This  famous  "  Axiom  of  Archimedes  "  is,  in  fact,  gener- 
ally used  by  him  in  the  alternative  form  in  which  it  is  proved 
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2.  Of  other  lines  lying  in  a  plane  and  having  the 
same  extremities,  [any  two]  such  are  unequal  when 
both  are  concave  in  the  same  direction  and  one  is 
either  wholly  included  between  the  other  and  the 
straight  line  having  the  same  extremities  with  it,  or 
is  partly  included  by  and  partly  common  with  the 
other  ;  and  the  included  line  is  the  lesser. 

3.  Similarly,  of  surfaces  which  have  the  same 
extremities,  if  those  extremities  be  in  a  plane,  the 
plane  is  the  least. 

4.  Of  other  surfaces  having  the  same  extremities, 
if  the  extremities  be  in  a  plane,  [any  two]  such  are 
unequal  when  both  are  concave  in  the  same  direction, 
and  one  surface  is  either  wholly  included  between 
the  other  and  the  plane  having  the  same  extremities 
with  it,  or  is  partly  included  by  and  partly  common 
with  the  other  ;  and  the  included  surface  is  the  lesser. 

5.  Further,  of  unequal  lines  and  unequal  surfaces 
and  unequal  solids,  the  greater  exceeds  the  less  by 
such  a  magnitude  as,  when  added  to  itself,  can  be 
made  to  exceed  any  assigned  magnitude  among  those 
comparable  with  one  another.*• 

With  these  premises,  if  a  polygon  be  inscribed  in  a 
circle,  it  is  clear  that  the  perimeter  of  the  inscribed  polygon 
is  less  than  the  circumference  of  the  circle  ;  for  each  of 
the  sides  of  the  polygon  is  less  than  the  arc  of  the 
circle  cut  off  by  it. 

in  Euclid  x.  1,  for  which  v.  vol.  i,  pp.  452-455.  The  axiom 
can  be  shown  to  be  equivalent  to  Dedekind's  principle,  that 
a  section  of  the  rational  points  in  which  they  are  divided  into 
two  classes  is  made  by  a  single  point.  Applied  to  straight 
lines,  it  is  equivalent  to  saying  that  there  is  a  complete 
correspondence  between  the  aggregate  of  real  numbers  and 
the  aggregate  of  points  in  a  straight  line;  v.  E.  W.  Hobson, 
The  Theory  of  Functions  of  a  Real  Variable,  2nd  ed.,  vol.  i. 
ρ.ΰΰ. 
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/ 
α 

*Έιαν  ττ€ρι  κνκλον  πολυγωνον  ττίριγραφτΐ,  η  τοΰ 
τηριγραφζντος  πολυγώνου  π€ρίμ€τρος  μείζων  εστίν 
της  περιμέτρου  τοΰ  κύκλου. 

Ylepi  γαρ  κύκλον  πολυγωνον  περιγεγράφθω  το 
νποκείμξνον.  λέγω,  δτι  η  περίμετρος  τοΰ  πολυ- 
γώνου μείζων  εστίν  της  περιμέτρου  τοΰ  κύκλου. 

Έττει  γαρ  συναμφότερος  η  ΒΑΛ  μείζων  εστί 
της  ΒΛ  περιφερείας  δια  το  τά  αυτά.  πέρατα 
εχουσαν  περιλαμβάνειν  την  περιφέρειαν,  ομοίως 
Βε  και  σνναμφότερος  μεν  η  Δ  Γ,  ΓΒ  της  ΔΒ, 
συναμφότερος  Βε  η  ΛΚ,  ΚΘ  της  ΑΘ,  συναμφό- 
τερος  8ε  η  ΖΗΘ  της  ΖΘ,  έτι  Βε  συναμφότερος  ή 
ΔΕ,  ΕΖ  της  ΔΖ,  δλη  αρα  η  περίμετρος  τοΰ 
πολυγώνου  μείζων  εστί  της  περιφερείας  τοΰ 
κύκλου. 


•  It  is  here  indicated,  as  in  Prop.  3,  that  Archimedes  added 
a  figure  to  his  own  demonstration. 
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Prop.  1 

If  a  polygon  be  circumscribed  about  a  circle,  the  peri- 
meter of  the  circumscribed  polygon  is  greater  tha?i  the 
circumference  of  the  circle. 

For  let  the  polygon  be  circumscribed  about  the 
circle  as  below."  I  say  that  the  perimeter  of 
the  polygon  is  greater  than  the  circumference  of 
the  circle. 


For  since  BA  +AA>  arc  ΒΛ, 

owing  to  the  fact  that  they  have  the  same  extremities 
as  the  arc  and  include  it,  and  similarly 

ΔΓ  +  ΓΒ  >  [arc]  ΔΒ, 

ΛΚ+ΚΘ>  [arc]A0, 

ΖΗ+ΗΘ>  [arc]Z0, 

and  further  ΔΕ  +  EZ  >  [arc]  ΔΖ. 

therefore   the   whole   perimeter  of  the   polygon  is 
greater  than  the  circumference  of  the  circle. 
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Η 


β' 

Δυο  μ^γ^θών  άνισων  δοθέντων  Ζυνατόν  icmv 
evpeiv  δυο  evOeias  άνισους,  ώστε  την  μείζονα 
evdeiav  ττρος  την  ελάσσονα  λόγον  ^χειν  ελάσσονα 
η  το  μείζον  μέγεθος  προς  το  έλασσον. 

"Εστω   δυο  μεγέθη  άνισα  τα  ΑΒ,  Δ,   και  έστω 
μείζον    το    ΑΒ.       λέγω,    δτι    Βυνατόν    εστί    δύο 
ευθείας   άνισους   εύρεΐν  το   είρη- 
μενον  εττίταγμα  ττοιούσας. 

Κεισ^ω  δια  το  β'  του  α'  των 
Εύ/ίλειδου  τω  Δ  ϊσον  το  Β  Γ,  καΐ 
κείσθω  τις  ευθεία  γραμμή  ι^  ΖΗ• 
το  8η  ΓΑ  εαυτω  επισυντιθεμενον 
ύπερεξει  τοΰ  Δ.  7Γ€77θλλα7Γλασι- 
ασθω  ονν,  και  έστω  το  ΑΘ,  /cat 
οσαττλάσιον  eoTt  το  Α  Θ  τοΰ  ΑΓ, 
τοσαυταττλάσιο?  έστω  η  ΖΗ  της 
ΗΕ•  εστίν  άρα,  ως  το  ΘΑ  ττρος 
ΑΓ,  οϋτως  η  ΖΗ  ττρος  ΗΕ•  και 
άνάπαλίν  εστίν,  ως  ή  Ε  Η  ττρος 
ΗΖ,  οϋτως  το  ΑΓ  ττρος  ΑΘ. 
Β Ι  και  eVei  μεΐζόν  εστίν  το  ΑΘ  τοΰ 

Δ,  τουτεστι  τοΰ  ΓΒ,  το  άρα  ΓΑ 
7Γ/)ο?  το  ΑΘ  λόγον  ελάσσονα  έχει 
ηττερ  το  ΓΑ  ττρος  ΓΒ.  άλλ'  ώ? 
το  ΓΑ  ττρος  ΑΘ,  οϋτως  η  ΕΗ  ττρό?  ΗΖ•  -j^  EH 
άρα  ττρος  Η  Ζ  ελάσσονα  λόγον  έχει  ηττερ  το  ΓΑ 
ττρός  ΓΒ•  και  συνθεντι  η  ΕΖ  [αρα]^  Tr/ao?  Ζ  Η 
ελάσσονα  λόγον  έχει  ηττερ  το  ΑΒ  ττρος  Β  Γ  [δια 
λη/ίζ/χα].*  ίσον  δε  το  ΒΓ  τω  Δ•  η  ΕΖ  άρα  ττρό? 
Ζ  Η  ε'λάσσονα  λόγον  έχει  ηττερ  το  ΑΒ  τιρός  το  Δ. 
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Prop.  2 

Given  two  unequal  magnitudes,  it  is  possible  to  find  two 
unequal  straight  lines  such  that  the  greater  straight  line 
has  to  the  less  a  ratio  less  than  the  greater  magnitude  has 
to  the  less. 

Let  AB,  Δ  be  two  unequal  magnitudes,  and  let 
AB  be  the  greater.  I  say  that  it  is  possible  to  find 
two  unequal  straight  lines  satisfying  the  aforesaid 
requii'ement. 

By  the  second  proposition  in  the  first  book  of 
EucUd  let  ΒΓ  be  placed  equal  to  Δ,  and  let  ZH  be 
any  straight  line  ;  then  ΓΑ,  if  added  to  itself,  will 
exceed  Δ.  [Post.  5.]  Let  it  be  multiplied,  there- 
fore, and  let  the  result  be  ΑΘ,  and  as  ΑΘ  is  to  ΑΓ, 
so  let  ZH  be  to  HE  ;  therefore 

[of.  Eucl.  V.  15 

V.  7,  coroU. 
[Eucl.  V.  8 


ΘΑ; 

;ΑΓ=ΖΗ ; 

;ΗΕ      [cj 

and  conversely, 

EH  ; 

:ΗΖ=ΑΓ; 

:ΑΘ. 

[Eucl, 

And  since 

ΑΘ>Δ 
>ΓΒ, 

therefore 

ΓΑ 

•.ΑΘ<ΓΑ 

:ΓΒ. 

But 

ΓΑ 

:ΑΘ=ΕΗ 

:ΗΖ; 

therefore 

EH; 

:ΗΖ<ΓΑ: 

:ΓΒ; 

componendo, 

EZ; 

;ΖΗ<ΑΒ: 

:ΒΓ.« 

Now 

ΒΓ  =  Δ; 

therefore 

EZ; 

;  ΖΗ  <ΑΒ  : 

Δ. 

"  This  and  related  propositions  are  proved  by  Eutocius 
[Archim.  ed.  Heiberg  ill.  16.  11-18.  22]  and  by  Pappus,  Coll. 
ed.  Hultsch  684.  20  ff.  It  may  be  simply  proved  thus.  If 
α  :  b<c  :  d,  it  is  required  to  prove  that  a  +  6  :  b<c  +d:  d. 
Let  e  be  taken  so  that  a  :  b  :  e  :  d.  Then  e  :  d<c  :  d.  There- 
fore e<c,  and  e-¥d-.  d<c  +  d  :  d.  But  e:  d:  d=a  +  b  :  b  {ex 
hypothesis  componendo).     Therefore  a  +  b  ibKc  +  di  d. 

*  ipa  om.  Heiberg,  •  δ«χ  λήμμα  cm.  Heiberg. 
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Έιύρημεναί  elalv  apa  Svo  eu^etat  avLaot  ττοιοΰσαι 
TO  βίρημ^νον  βπίταγμα  [rovrearLV  την  μείζονα 
ττρός  την  ελάσσονα  Χόγον  €χ€ίν  ελάσσονα  η  το 
μείζον  μέγεθος  προς  το  έλασσον].^ 


Δυο  μεγεθών  άνισων  δοθέντων  καΐ  κύκλου  δυνα- 
τόν εστίν  εΙς  τον  κύκλον  πολυγωνον  εγγράφαι  καΐ 
άλλο  περίγράφαι,  δπως  η  του  ττερυγραφομενου 
"Πολυγώνου  ττλευρά  ττρός  την  του  εγγραφόμενου 
ΤΓολυγώνου  πλευράν  ελάσσονα  λόγον  εχη  η  το 
μείζον  μέγεθος  προς  το  ελαττον. 

"Εστω  τα  Βοθεντα  διίο  μεγέθη  τα  Α,  Β,  ό  δε 
δο^€ΐ?  κύκλος  ό  υποκείμενος,  λέγω  ονν,  otl 
δυΐ'ατον  eoTt  ποιείν  το  επίταγμα. 

Έίύρησθωσαν  γαρ  δυο  εύθεΐαι  αΐ  Θ,  ΚΑ,  ών 
μείζων    έστω    ή    Θ,    ώστε    την    Θ    προς    την    ΚΑ 
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Accordingly  there  have  been  discovered  two  un- 
equal straight  hues  fulfilling  the  aforesaid  require- 
ment. 

Prop.  3 

Given  two  unequal  magnitudes  and  a  circle,  it  is  possible 
to  inscribe  a  [regular^  polygon  in  the  circle  and  to  circum- 
scribe another,  in  such  a  manner  that  the  side  of  the 
circumscribed  polygon  has  to  the  side  of  the  inscribed 
polygon  a  ratio  less  than  that  which  the  greater  magnitude 
has  to  the  less. 

Let  A,  Β  be  the  two  given  magnitudes,  and  let  the 


given  circle  be  that  set  out  below.     I  say  then  that 
it  is  possible  to  do  what  is  required. 

For  let  there  be  found  two  straight  lines  Θ,  ΚΛ,  of 
which  θ  is  the  greater,  such  that  θ  has  to  ΚΛ  a  ratio 

*  τουτέστιν  .  ,  .  ίλασσον  verba   subditiva  esse   suspicatur 
Heiberg. 
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ελάσσονα  λόγον  €χ€ΐν  η  το  μ€Ϊζον  μ,βγζθος  προς  το 
eXarrov,  καΐ  ηχθω  άττο  του  Α  rfj  ΛΚ  ττρος  ορθάς 
η  ΛΜ,  καΐ  άπο  τοΰ  Κ.  rfj  θ  "ίση  κατηχθω  η  KM 
[δυνατοί'  γαρ  τοΰτο]/  και  ηχθωσαν  τοΰ  κύκλου 
Βύο  Βίάμετροι  προς  ορθας  άλλι^λαι?  αΐ  ΓΕ,  ΔΖ. 
τέμνοντες  οΰν  την  ύττο  των  ΔΗ  Γ  γωνίαν  Βίχα 
καΐ  την  -ημίαζίαν  αυτής  Βίχα  καΐ  aUl  τοΰτο 
ττοίθΰντ€ς  λζίφομεν  τίνα  γωνίαν  ελάσσονα  η  δι- 
ττλασίαν  της  ύττο  ΛΚΜ.  λελείφθω  και  έστω  ή 
ύπο  ΝΗΓ,  και  €7Γ€ζ€ύχθω  η  ΝΓ•  -^  αρα  ΝΓ 
πολυγώνου  €στΙ  πλευρά  Ισοπλεύρου  [επείπερ  ή 
υπό  ΝΗΓ  γωνία  μετρεΐ  την  υπό  ΔΗ  Γ  όρθην 
ουσαν,  και  ή  ΝΓ  άρα  περιφέρεια  μετρεΐ  την  ΓΔ 
τέταρτον  ουσαν  κύκλου'  ώστ€  και  τον  κύκλον 
μετρεΐ.  πολυγώνου  άρα  εστί  πλευρά  ισοπλεύρου' 
φανερόν  γαρ  εστί  τούτο].*  και  τετμησθω  η  υπό 
ΓΗΝ  γωνία  8ίχα  tjj  Η  Ξ  ευθεία,  και  από  τοΰ  Ξ 
εφαπτεσθω  τοΰ  κύκλου  η  ΟΞΠ,  και  εκβεβλή- 
σθωσαν  αί  ΗΝΠ,  ΗΓΟ*  ώστε  και  η  ΠΟ  πολυ- 
γώνου εστί  πλευρά  τοΰ  περιγραφομένου  περί  τόν 
κύκλον  και  ισοπλεύρου  [φανερόν,  ότι  καΧ  ομοίου 
τω  εγγραφόμενα},  οΰ  πλευρά  ή  ΝΓ].'  επεί  δε 
ελάσσων  εστίν  "η  διττλασια  -η  υπό  ΝΗΓ  της  υπό 
ΑΚΜ,  διπλάσια  δε  της  υπό  ΤΗ  Γ,  ελάσσων  άρα 
η  υπό  ΤΗ  Γ  της  υπό  ΑΚΜ.  και  είσιν  όρθαι  αί 
προς  τοις  Α,  Τ*  η  άρα  ΜΚ  προς  ΑΚ  μείζονα  λόγον 
έχει  ηπερ  ή  ΓΗ  προς  ΗΤ.  ΐση  δε  η  ΓΗ  τη  ΗΞ* 
ώστε  η  Η  Ξ  προς  Η  Τ  ελάσσονα  λόγον  έχει,  του- 
τέστιν η  Π  Ο  προς  Ν  Γ,  ηπερ  ή  ΜΚ  προς  ΚΑ• 
€τι  δε  η  ΜΚ  προς  ΚΑ  ελάσσονα  λόγον  έχει  ηπερ 
τό  Α  προς  το  Β.     και'  εστίν  η  μεν   Π  Ο  πλευρά 
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less  than  that  which  the  greater  magnitude  has  to 
the  less  [Prop.  2],  and  from  Λ  let  ΛΜ  be  drawn  at 
right  angles  to  ΛΚ,  and  from  Κ  let  KM  be  drawn 
equal  to  Θ,  and  let  there  be  drawn  two  diameters  of 
the  circle,  TE,  ΔΖ,  at  right  angles  one  to  another. 
If  we  bisect  the  angle  ΔΗΓ  and  then  bisect  the  half 
and  so  on  continually  we  shall  leave  a  certain  angle 
less  than  double  the  angle  ΛΚΜ.  Let  it  be  left  and 
let  it  be  the  angle  ΝΗΓ,  and  let  ΝΓ  be  joined  ;  then 
ΝΓ  is  the  side  of  an  equilateral  polygon.  Let  the 
angle  ΓΗΝ  be  bisected  by  the  straight  line  HH,  and 
through  Ξ  let  the  tangent  ΟΞΠ  be  drawn,  and  let 
ΗΝΠ,  ΗΓΟ  be  produced;  then  Π0  is  a  side  of  an 
equilateral  polygon  circumscribed  about  the  circle. 
Since  the  angle  ΝΗΓ  is  less  than  double  the  angle 
ΛΚΜ  and  is  double  the  angle  ΤΗΓ,  therefore  the 
angle  ΤΗΓ  is  less  than  the  angle  ΛΚΜ.  And  the 
angles  at  Λ,  Τ  are  right ;  therefore 

ΜΚ:ΛΚ>ΓΗ:ΗΤ.« 

But  ΓΗ  =  ΗΞ. 

Therefore  ΗΞ  :  HT  <MK  :  ΚΛ, 

that  is,  no  :  ΝΓ  <MK  :  ΚΛ.» 

Further,  MK  :  KA  <A  :  B.» 

[Therefore  Π0  :  ΝΓ  < A  :  B.] 

"  This  is  proved  by  Eutocius  and  is  equivalent  to  the 

assertion  that  if  α<β<.φ,  cosec  β  >  cosec  a. 

"  For     ΗΞ  :  HT  =  Π0  :  ΝΓ,    since     ΗΞ  :  HT  =  0Ξ  :  ΓΤ  =» 
20Ξ:2ΓΤ=ΠΟ:ΓΝ. 

«  For  by  hypothesis  Θ  :  ΚΛ<Α  :  B,  and  Θ=ΜΚ. 

^  δίΛ-ατον  .  .  .  τοΰτο  cm.  Heiberg. 
•  ineinep  .  .  .  τοΰτο  cm.  Heiberg. 
^  φανΐρόν  .  .  .  •η  ΝΓ  om.  Heiberg. 
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του    π€ρίγραφομ€νου    πολυγώνου,    η    δε    ΓΝ    του 
εγγραφόμενου'  orrep  προεκειτο  εύρεΐν. 


ιίυκλου  SoOevTos  καΐ  δυο  μεγεθών  άνισων  περι- 
γράφαι  περί  τον  κυκλον  πολύγωνον  καΐ  άλλο 
εγγραφαι,  ώστε  το  περιγραφέν  προς  το  εγγραφέν 
ελάσσονα  λόγον  εχειν  η  το  μείζον  μέγεθος  προς 
το  έλασσον. 

^Εκκείσθω    κύκλος   6   Α    και   δυο   μεγέθη    άνισα 


Η 

τα  Ε,  Ζ  και  μείζον  το  Ε•  8εΐ  οΰν  πολύγωνον 
εγγράφαι  εις  τον  κυκλον  και  άλλο  περιγράφαι, 
ίνα  γενηται  το  επιταχθεν. 

AajUjSavw  γαρ  ^ύο  ευθείας  άνισους  τάς  Γ,  Δ, 
ων  μείζων  έστω  rj  Γ,  ώστε  την  Γ  προς  την  Δ 
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And  no  is  a  side  of  the  circumscribed  polygon,  ΓΝ  of 

the  inscribed  ;  which  was  to  be  found. 

Prop.  5 

Given  a  circle  and  two  unequal  magnitudes,  to  circum- 
scribe a  polygon  about  the  circle  and  to  inscribe  another, 
so  that  the  circumscribed  polygon  has  to  the  inscribed 
polygon  a  ratio  less  than  the  greater  magnitude  has  to 
the  less. 

Let  there  be  set  out  the  circle  A  and  the  two  un- 
equal magnitudes  E,  Z,  and  let  Ε  be  the  greater ; 
it  is  therefore  reqpired  to  inscribe  a  polygon  in  the 
circle  and  to  circumscribe  another,  so  that  what  is 
required  may  be  done. 

For  I  take  two  unequal  straight   lines  Γ,  Δ,  of 

which  let  Γ  be  the  greater,  so  that  Γ  has  to  Δ  a  ratio 
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ελάσσονα  λόγον  ζχ^ιν  η  την  Ε  ττρος  την  Ζ•  καΐ 
των  Γ,  Δ  μ,ζσης  άνάλογον  ληφθζίσης  της  Η  μ€ίζων 
άρα  και  η  Γ  της  Η.  ττεριγζγράφθω  8η  Trepl 
κυκλον  πολυγωνον  καΐ  άλλο  €γγ€γράφθω,  ώστ€ 
την  του  ττ€ριγραφ4ντος  πολυγώνου  ττΧ^υραν  ττρος 
την  του  €γγραφέντος  ελάσσονα  Χόγον  €χ€ΐν  η  την 
Γ  ττρος  την  Η  [καθώς  εμ,άθομζν]^•  δια,  τοϋτο  Βη 
καΐ  ό  διπλάσιο?  λόγος  του  διπλασίου  ελάσσων 
εστί.  και  του  μ^ν  της  πλζυρας,  προς  την  πλευράν 
διττλάσιό?  εστί  6  του  πολυγώνου  προς  τον  πολυ- 
γωνον [δμοια  γάρ]'  της  δε  Γ  προς  την  Η  6  της 
Γ  προς  την  Δ•  και  το  π^ριγραφβν  άρα  πολυγωνον 
προς  το  βγγραφβν  ελάσσονα  λόγον  €χ€ΐ  ηπ€ρ  η 
Γ  προς  την  Δ•  ττολλω  άρα  το  π€ριγραφξ.ν  προς  το 
εγγραφών  ελάσσονα  λόγον  e^ei  ηπβρ  το  Ε  προς 
το  Ζ. 


*Εάν  ττερι  κώνον  Ισοσκελή  ττυραμίς  περιγραφή, 
η  επιφάνεια  της  πυραμβος  χωρίς  της  βάσεως  ίση 
εστίν  τριγώνω  βάσιν  μεν  εχοντι  την  ΐσην  τη  περί" 
μετρώ  της  βάσεως,  ϋφος  Βε  την  πλευράν  του 
κώνου.  .  •  • 

θ' 

*Εάν  κώνου  τινός  Ισοσκελούς  εις  τον  κυκλον, 
δς  εστί  βάσις  του  κώνου,  ευθεία  γραμμή  εμπεση, 
από  δε  των  περάτων  αύτης  εύθεΐαι  γραμμαΐ 
άχθώσιν  επι  την  κορυφην  του  κώνου,  τό  περιληφθεν 
τρίγωνον  υπό  τε  της  εμπεσουσης  και  των  επι- 
ζευχθεισών  επι  την  κορυφην  έλασσον  εσται  της 
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less  than  that  which  Ε  has  to  Ζ  [Prop.  2] ;  if  a  mean 
proportional  Η  be  taken  between  Γ,  Δ,  then  Γ  will 
be  greater  than  Η  [Eucl,  vi.  13].  Let  a  polygon  be 
circumscribed  about  the  circle  and  another  inscribed, 
so  that  the  side  of  the  circumscribed  polygon  has  to 
the  side  of  the  inscribed  polygon  a  ratio  less  than 
that  which  Γ  has  to  Η  [Prop,  3]  ;  it  follows  that  the 
duplicate  ratio  is  less  than  the  duplicate  ratio.  Now 
the  duplicate  ratio  of  the  sides  is  the  ratio  of  the 
polygons  [Eucl,  vi.  20],  and  the  duplicate  ratio  of 
Γ  to  Η  is  the  ratio  of  Γ  to  Δ  [Eucl.  v.  Def.  9]  ;  there- 
fore the  circumscribed  polygon  has  to  the  inscribed 
polygon  a  ratio  less  than  that  which  Γ  has  to  Δ  ;  by 
much  more  therefore  the  circumscribed  polygon  has 
to  the  inscribed  polygon  a  ratio  less  than  that  which 
Ε  has  to  Z. 

Prop,  8 

If  a  pyramid  he  circumscribed  about  an  isosceles  cone, 
the  surface  of  the  pyramid  without  the  base  is  equal  to  a 
triangle  having  its  base  equal  to  the  perimeter  of  the  base 
[of  the  pyramid]  and  its  height  equal  to  the  side  of  the 
cone.  .  ,  ,•* 

Prop.  9 

If  in  an  isosceles  cmie  a  straight  line  [chord]  fall  in  the 
circle  which  is  the  base  of  the  cone,  and  from  its  extremi- 
ties straight  lines  be  drawn  to  the  vertex  of  the  cone,  the 
triangle  formed  by  the  chord  and  the  lines  joining  it  to 

•  The  "  side  of  the  cone  "  is  a  generator.  The  proof  is 
obvious. 

*  καθώί  ίμάθομΐν  om.  Heiberg. 
*  ό/χοια  γάρ  cm.  Heiberg. 
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€Ήίφαν€ΐας   του    κώνου    της    μ€ταξύ    των    €πΙ    την 
κορυφην  έττιζ^υχθ^ισών . 

"Εστω  κώνου  Ισοσκελούς  βάσίς  6  ΑΒΓ  κύκλος, 
κορυφή  8e  το  Δ,  καΐ  Βιηχθω  τις  εΙς  αύτον  ΐύθζΐα 
η  ΑΓ,  καΐ  άπο  της  κορυφής  ίττΐ  τα  Α,  Γ  ίπεζευ- 
χθωσαν  at  ΑΔ,  ΔΓ•  Aeyw,  οτι  το  ΑΔΓ  τρίγωνον 


έλασσον    εστίν    της    επιφανείας    της    κωνικής    της 
jtiera^y  των  ΑΔΓ, 

Ύετμήσθω  η  ΑΒΓ  περιφέρεια  8ίχα  κατά  το  Β, 
και  επεζευχθωσαν  αί  ΑΒ,  ΓΒ,  ΔΒ•  εσται  8η  τα 
ΑΒΔ,  ΒΓΔ  τρίγωνα  μείζονα  του  ΑΔΓ  τριγώνου} 
ω  8η  υπερέχει  τα  είρημενα  τρίγωνα  του  ΑΔΓ 
τριγώνου,  έστω  το  Θ.  το  Βη  Θ  ήτοι  των  ΑΒ, 
Β  Γ  τμημάτων  έλασσον  εστίν  η  ου. 
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the  vertex  rvill  he  less  than  the  surface  of  the  cone  between 
the  lines  drawn  to  the  vertex. 

Let  the  circle  ΑΒΓ  be  the  base  of  an  isosceles  cone, 
let  Δ  be  its  vertex,  let  the  straight  line  ΑΓ  be  drawn 
in  it,  and  let  ΑΔ,  ΔΓ  be  drawn  from  the  vertex  to 
A,  Γ  ;  I  say  that  the  triangle  ΑΔΓ  is  less  than  the 
surface  of  the  cone  between  ΑΔ,  ΔΓ. 

Let  the  arc  ΑΒΓ  be  bisected  at  B,  and  let  AB, 
ΓΒ,  ΔΒ  be  joined  ;  then  the  triangles  ΑΒΔ,  ΒΓΔ  will 
be  greater  than  the  triangle  ΑΔΓ."  Let  θ  be  the 
excess  by  which  the  aforesaid  triangles  exceed  the 
triangle  ΑΔΓ.  Now  θ  is  either  less  than  the  sum  of 
the  segments  AB,  ΒΓ  or  not  less. 


»  For  if  h  be  the  length  of  a  generator  of  the  isosceles  cone, 
triangle  ΑΒΔ  =  ρ.ΑΒ,  triangle  ΒΓΔ  =  |Λ.ΒΓ,  triangle 
ΑΔΓ  =  μ  .  ΑΓ,  and  AB  +ΒΓ>  ΑΓ. 


^  €σται  .  .  .  τριγώνου :  ex  Eutocio  videtur  Archimedem 
scripsisse  :  μείζονα  άρα  earl  τα  ΑΒΔ,  ΒΔΓ  τρίγωνα  τοΰ  ΑΔΓ 
τριγώνου. 
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"Εστω  μη  eXaaaov  ττρότίρον.  εττεί  οΰν  δυο 
elalv  €πιφάν€ΐαι  η  re  κωνική  rj  μ€ταζύ  των  ΑΔΒ 
μ€τά  του  ΑΕΒ  τμήματος  καΐ  η  του  ΑΔΒ  τριγώνου 
το  αυτό  ττέρας  €χουσαι  την  π€ρίμ€τρον  του  τρι- 
γώνου του  ΑΔΒ,  μείζων  εσται  η  περιλαμβάνουσα 
της  ττβριλαμβανομίνης•  μείζων  άρα  εστίν  η  κωνική 
επιφάνεια  η  μεταξύ  των  ΑΔΒ  μετά  του  ΑΕΒ 
τμήματος  του  ΑΒΔ  τριγώνου,  ομοίως  δε  και  ή 
/χετα^ύ  των  ΒΔ  Γ  μετά  του  ΓΖΒ  τμήματος  μείζων 
εστίν  του  ΒΔ  Γ  τριγώνου•  ολη  άρα  ή  κωνική 
επιφάνεια  μετά  του  Θ  χωρίου  μείζων  εστί  των 
είρημενων  τριγώνων.  τα  δε  είρημενα  τρίγωνα 
ϊσα  εστίν  τω  τε  ΑΔΓ  τ  ριγώνω  και  τω  Θ  χωρίω. 
κοινόν  άφηρήσθω  το  Θ  χωρίον  λοιπή  άρα  η 
κωνική  επιφάνεια  ή  )Μετα^υ  των  ΑΔΓ  μείζων 
εστίν  του  ΑΔΓ  τριγφνου. 

"Εστω  hή  το  Θ  έλασσον  των  ΑΒ,  ΒΓ  τμημάτων, 
τέμνοντες  Βή  τάς  ΑΒ,  Β  Γ  περιφερείας  διχα  και 
τάς  η/^ισεια?  αυτών  δι;^α  λείφομεν  τμήματα 
ελάσσονα  οντά  του  Θ  χωρίου,  λελείφθω  τα  επι 
των  ΑΕ,  ΕΒ,  ΒΖ,  Ζ  Γ  ευθειών,  καΐ  επεζευχθωσαν 
αϊ  ΔΕ,  ΔΖ.  πάλιν  τοίνυν  κατά  τά  αυτά  ή  μεν 
επιφάνεια  τοΰ  κώνου  ή  μεταξύ  των  ΑΔΕ  μετά 
του  επι  της  ΑΕ  τμήματος  μείζων  εστίν  του  ΑΔΕ 
τριγώνου,  ή  δε  /^ετα^υ  των  ΕΔΒ  μετά  τοΰ  επι 
της  ΕΒ  τμήματος  μείζων  εστίν  τοΰ  ΕΔΒ  τρι- 
γώνου* ή  άρα  επιφάνεια  ή  /^ιετα^υ  των  ΑΔΒ  μετά 
των  επι  των  ΑΕ,  ΕΒ  τμημάτων  μείζων  εστίν 
των  ΑΔΕ,  ΕΒΔ  τριγώνων.  επει  δε  τά  ΑΕΔ, 
ΔΕΒ  τρίγωνα  μείζονα  εστίν  τοΰ  ΑΒΔ  τριγώνου, 
καθώς  δε'δεικται,  πολλω  άρα  ή  επιφάνεια  τοΰ 
κώνου  ή  ρ,ετα^υ  των  ΑΔΒ  μετά  των  επι  των  ΑΕ, 
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Firstly,  let  it  be  not  less.  Then  since  there  are 
two  surfaces,  the  surface  of  the  cone  between  ΑΔ, 
ΔΒ  together  with  the  segment  AEB  and  the  triangle 
ΑΔΒ,  having  the  same  extremity,  that  is,  the  peri- 
meter of  the  triangle  ΑΔΒ,  the  surface  which  includes 
the  other  is  greater  than  the  included  surface 
[Post.  3]  ;  therefore  the  surface  of  the  cone  between 
the  straight  lines  ΑΔ,  ΔΒ  together  with  the  segment 
AEB  is  greater  than  the  triangle  ΑΒΔ.  Similarly  the 
[surface  of  the  cone]  between  ΒΔ,  ΔΓ  together  with 
the  segment  ΓΖΒ  is  greater  than  the  triangle  ΒΔΓ  ; 
therefore  the  whole  surface  of  the  cone  together  with 
the  area  θ  is  greater  than  the  aforesaid  triangles. 
Now  the  aforesaid  triangles  are  equal  to  the  triangle 
ΑΔΓ  and  the  area  Θ.  Let  the  common  area  θ  be 
taken  away ;  therefore  the  remainder,  the  surface 
of  the  cone  between  ΑΔ,  ΔΓ  is  greater  than  the 
triangle  ΑΔΓ. 

Now  let  θ  be  less  than  the  segments  AB,  ΒΓ. 
Bisecting  the  arcs  AB,  ΒΓ  and  then  bisecting  their 
halves,  we  shall  leave  segments  less  than  the  area  θ 
[Eucl.  xii.  2].  Let  the  segments  so  left  be  those  on 
the  straight  hnes  AE,  EB,  BZ,  ΖΓ,  and  let  ΔΕ,  ΔΖ  be 
joined.  Then  once  more  by  the  same  reasoning  the 
surface  of  the  cone  between  ΑΔ,  ΔΕ  together  with 
the  segment  AE  is  greater  than  the  triangle  ΑΔΕ, 
while  that  between  ΕΔ,  ΔΒ  together  with  the  seg- 
ment EB  is  greater  than  the  triangle  ΕΔΒ  ;  therefore 
the  surface  between  ΑΔ,  ΔΒ  together  with  the  seg- 
ments AE,  EB  is  greater  than  the  triangles  ΑΔΕ, 
ΕΒΔ.  Now  since  the  triangles  ΑΕΔ,  ΔΕΒ  are 
greater  than  the  triangle  ΑΒΔ,  as  was  proved,  by 
much  more  therefore  the  surface  of  the  cone  between 
ΑΔ,  ΔΒ   together  with    the   segments   AE,  EB    is 
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EB  τμημάτων  μείζων  εστί  τον  ΑΔΒ  τριγώνου. 
Ota  τα  αυτά  hr]  και  -η  €πιφάν€ΐα  η  μεταξύ  των 
ΒΔΓ  μ€τα  των  €πι  των  ΒΖ,  Ζ  Γ  τμημάτων  μείζων 
εστίν  του  ΒΔΓ  τριγώνου•  δλη  άρα  η  επιφάνεια  η 
μεταξύ  των  ΑΔΓ  μετά  των  είρημενων  τμημάτων 
μείζων  εστί  των  ΑΒΔ,  ΔΒΓ  τριγώνων,  ταντα 
8e  εστίν  ϊσα  τω  ΑΔΓ  τ  ριγώνω  και  τω  Θ  χωρίω' 
ων  τα  είρημενα  τμήματα  ελάσσονα  του  Θ  χωρίου' 
λοιττη  άρα  η  επιφάνεια  η  μεταξύ  των  ΑΔΓ  μείζων 
εστίν  του  ΑΔΓ  τριγώνου. 


Έιαν  επιφαυουσαι  άγθώσιν  τον  κνκλον,  ος  εστί 
βάσις  τον  κώνον,  εν  τω  αντω  επιπε8ω  οΰσαι  τω 
κύκλω  και  συμπίπτουσαι  άλληλαις,  άπο  8e  των 
αφών  και  της  συμπτώσεως  επι  την  κορυφην  του 
κώνου  ei)^etat  άχθώσιν,  τά  περιεχόμενα  τρίγωνα 
νπο  των  επιφαυουσών  και  των  επι  την  κορυφην 
του  κώνου  επιζευχθεισών  ευθειών  μείζονα  εστίν 
της   του   κώνου   επιφανείας   της   απολάμβανα μενης 


Φ' 

.  .  .  Ύουτων  δη  8ε8ειγμενων  φανερον  [επι  μεν 
των  προειρημενων],^  δτι,  εάν  εις  κώνον  ισοσκελή 
πυραμις  έγγραφη,  ή  επιφάνεια  της  πνραμί8ος 
χωρίς  της  βάσεως  ελάσσων  εστί  της  κωνικής 
επιφάνειας  [εκαστον  γαρ  των  περιεχόντων  την 
πνραμί8α  τριγώνων  έλασσον  εστίν  της  κωνικής 
επιφανείας  της  μεταξύ  των  τον  τριγώνου  πλευρών 
ώστε  και  δλη  η  επιφάνεια  της  πυραμί8ος  χωρίς  της 
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greater  than  the  triangle  ΑΔΒ.  By  the  same  reason- 
ing the  surface  between  ΒΔ,  ΔΓ  together  with  the 
segments  BZ,  ΖΓ  is  greater  than  the  triangle  ΒΔΓ  ; 
therefore  the  whole  surface  between  ΑΔ,  ΔΓ  together 
with  the  aforesaid  segments  is  greater  than  the 
triangles  ΑΒΔ,  ΔΒΓ.  Now  these  are  equal  to  the 
triangle  ΑΔΓ  and  the  area  θ  ;  and  the  aforesaid 
segments  are  less  than  the  area  θ  ;  therefore  the 
remainder,  the  surface  between  ΑΔ,  ΔΓ  is  greater 
than  the  triangle  ΑΔΓ. 

Prop.  10 

If  tangents  be  dramn  to  the  circle  which  is  the  base  of 
an  \isosceles^  cone,  betYig  in  the  same  plane  as  the  circle 
and  meeting  one  another,  and  from  the  points  of  contact 
and  the  point  of  meeting  straight  lines  be  drawn  to  the 
vertex  of  the  cone,  the  triangles  formed  by  the  tangents 
and  the  lines  drawn  to  the  vertex  of  the  cone  are  together 
greater  than  the  portion  of  the  surface  of  the  cone  included 
by  them.  .  .  ." 

Prop.  12 

.  .  .  From  what  has  been  proved  it  is  clear  that,  if 
apjrramid  is  inscribed  in  an  isosceles  cone,  the  surface 
of  the  pyramid  without  the  base  is  less  than  the 
surface  of  the  cone  [Prop.  9]>  and  that,  if  a  pyramid 

"  The  proof  is  on  lines  similar  to  the  preceding  proposition. 

^  em  .  .  .  Ίτροΐφημίνων  om.  Heiberg. 
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βασ€ϋ}ζ  ζλάσσων  iarl  rrjs  €πιφαν€ίας  του  κώνου 
χωρίζ  της  βάσ€ως],^  καΐ  οτι,  iav  nepl  κώνον 
ίσοσκζλή  πυραμίς  π€ρίγραφΎ],  ή  επιφάνεια  της 
ττυραμίΒος  χωρίς  της  βάσεως  μείζων  εστίν  της 
επιφανείας  του  κώνον  χωρίς  της  βάσεως  [κατά  το 
συνεχές  εκείνω].* 

Φανερόν  δε  εκ  των  άποΒεΒειγμενων,  οτι  τε,  εάν 
els  KvXivSpov  ορθόν  πρίσμα  έγγραφη,  η  επιφάνεια 
του  πρίσματος  η  εκ  των  παραλληλογράμμων 
συγκείμενη  ελασσων  εστί  της  επιφανείας  του 
κυλίνδρου  χωρίς  της  βάσεως  [έλασσον  γαρ  εκαστον 
παραλληλόγραμμον  του  πρίσματος  εστί  της  καθ^ 
αύτο  του  κυλίνδρου  επιφανείας],^  και  οτι,  εάν  περί 
κύλιν8ρον  ορθόν  πρίσμα  περιγραφή,  η  επιφάνεια 
του  πρίσματος  η  εκ  των  παραλληλογράμμων  συγ- 
κείμενη μείζων  εστί  της  επιφανείας  του  κυλίνΒρου 
χωρίς  της  βάσεως• 


ιγ 

Παντό?  κυλίνΒρου  όρθοΰ  η  επιφάνεια  χωρίς  της 
βάσεως  ίση  εστί  κύκλω,  οΰ  ή  εκ  του  κέντρου  μέσον 
λόγον  έχει  της  πλευράς  του  κυλίνΒρου  και  της 
Βιαμετρου  της  βάσεως  τοΰ  κυλίνΒρου. 

"Εστω  κυλίνΒρου  τίνος  όρθοΰ  βάσις  6  Α  κύκλος, 
και  έστω  τη  μεν  Βιαμετρω  τοΰ  Α  κύκλου  ΐση  ή 
ΓΔ,  τη  Βέ  πλευρά  τοΰ  κυλίνΒρου  η  ΈιΤλ,  εχετω  Βε 
μέσον  λόγον  των  ΔΓ,  ΕΖ  η  Η,  και  κείσθω  κύκλος, 
οΰ  η  εκ  τοΰ  κέντρου  ΐση  εστί  τη  Η,  6  Β*  Βεικτεον, 
οτι  6  Β  κύκλος  ϊσος  εστί  τη  επιφανεία  τοΰ  κυλίνΒρου 
χωρίς  της  βάσεως. 

Ε»\  /»  »  W  /ν  >»« 

ι    γαρ    μη    εστίν    ίσος,    ήτοι    μείζων    €στΙ    i) 
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is  circumscribed  about  an  isosceles  cone,  the  surface 
of  the  p)'ramid  without  the  base  is  greater  than  the 
surface  of  the  cone  without  the  base  [Prop.  10]. 

From  what  has  been  demonstrated  it  is  also  clear 
that,  if  a  right  prism  be  inscribed  in  a  cylinder,  the 
surface  of  the  prism  composed  of  the  parallelograms 
is  less  than  the  surface  of  the  cylinder  excluding 
the  bases  *  [Prop.  11],  and  if  a  right  prism  be  circum- 
scribed about  a  cylinder,  the  surface  of  the  prism 
composed  of  the  parallelograms  is  greater  than  the 
surface  of  the  cyUnder  excluding  the  bases. 

Prop.  13 

The  surface  of  any  right  cylinder  excluding  the  bases  * 
is  equal  to  a  circle  rvhose  raditcs  is  a  jtiean  proportional 
between  the  side  of  the  cylinder  and  the  diameter  of  the 
base  of  the  cylinder. 

Let  the  circle  A  be  the  base  of  a  right  cyUnder,  let 
ΓΔ  be  equal  to  the  diameter  of  the  circle  A,  let  EZ 
be  equal  to  the  side  of  the  cylinder,  let  Η  be  a  mean 
proportional  between  ΔΓ,  EZ,  and  let  there  be  set 
out  a  circle,  B,  whose  radius  is  equal  to  Η  ;  it  is 
required  to  prove  that  the  circle  Β  is  equal  to  the 
surface  of  the  cylinder  excluding  the  bases. *> 

For  if  it  is  not  equal,  it  is  either  greater  or  less. 

"  Here,  and  in  other  places  in  this  and  the  next  proposi- 
tion, Archimedes  must  have  written  χωρίς  των  βάσεων,  not 
χωρίζ  rrjs  βάσεως. 

•  See  preceding  note. 

^  ίκαστον  .  .  .  βάσΐως.  Heiberg  suspects  that  this  de- 
monstration is  interpolated.  Why  give  a  proof  of  what  is 
φαν€ρόν  ? 

•  κατά  .  .  .  eKeivq)  om.  Heiberg. 

•  Ιλασσον  .  .  ,  έ-πιφανίίαί.  Heiberg  suspects  that  this 
proof  is  interpolated. 
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ΐλάσσων.  έστω  Trporepov,  el  Swarov,  βλασσων. 
Βΰο  Sr)  μεγεθών  όντων  άνισων  της  re  επιφανείας 
του  κυλίνδρου  καΙ  του  Β  κύκλου  Βυνατόν  εστίν  εΙς 
τον  Β  κύκΧον  ίσόπλευρον  πολύγωνον  εγγράφαι 
καΐ  άλλο  Ίτεριγράφαι,  ώστε  το  περιγραφέν  προς 
το  εγγραφεν  ελάσσονα  λόγον  ^χειν  του,  ον  έχει 
Ύΐ  επιφάνεια  του  κυλίνδρου  προς  τον  Β  κύκλον. 
νοείσθω  δή  ττεριγεγραμμενον  και  εγγεγραμμενον, 
και  περί  τον  Α  κύκλον  περιγεγράφθω  εύθύγραμμον 
ομοιον  τω  περί  τον  Β  περιγεγραμμένα),  καΐ 
άναγεγράφθω  άπο  του  ευθυγράμμου  πρίσμα'  εσται 
δη  περί  τον  κύλινΒρον  περιγεγραμμενον.  έστω 
δε   και  Tjj   περίμετρο)   του   ευθυγράμμου   του   περί 


"  One   MS.   has   the   marginal   note,   "  equalis  altitudinis 

chylindro,"    on    which    Heiberg   comments :      "  nee     hoc 

omiserat   Archimedes."     Heiberg    notes    several    places   in 

which  the  text  is  clearly  not  that  written  by  Archimedes. 
G8 
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Let  it  first  be,  if  possible,  less.  Now  there  are  two 
unequal  magnitudes,  the  surface  of  the  cylinder  and 
the  circle  B,  and  it  is  possible  to  inscribe  in  the  circle  Β 
an  equilateral  polygon,  and  to  circumscribe  another, 
so  that  the  circumscribed  has  to  the  inscribed  a  ratio 


less  than  that  which  the  surface  of  the  cylinder  has 
to  the  circle  Β  [Prop.  5].  Let  the  circumscribed  and 
inscribed  polygons  be  imagined,  and  about  the  circle 
A  let  there  be  circumscribed  a  rectilineal  figure 
similar  to  that  circumscribed  about  B,  and  on  the 
rectilineal  figure  let  a  prism  be  erected  "  ;  it  will  be 
circumscribed  about  the  cylinder.     Let  ΚΔ  be  equal 
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τον  A  κΰκλον  ίση  η  ΚΔ  καΐ  rfj  ΚΔ  ΐση  ή  ΛΖ,  rfjs 
δε  ΓΔ  ημίσζία  βστω  ή  ΓΤ*  €σται  δη  το  ΚΔΤ 
τρίγωνον  Ισον  τω  π€ριγ€γραμμ€νω  ενθυγράμμω 
ττζρΐ  τον  Α  κυκλον  [ineiSrj  βάσιν  μεν  €χα  ttj  rrepL• 
μ€τρω  ΐσην,  νφος  δε  ΐσον  τύ\  εκ  του  κέντρου  του 
Α  κύκλοι»]/  το  δε  ΕΛ  τταραλληλόγραμμον  τη 
επιφάνια  του  πρίσματος  του  ττερι  τον  κύλίνΒρον 
περιγεγραμμένου  [εττειδη  περιέχεται  υπό  της 
πλευράς  του  κυλίνδρου  και  της  ΐσης  τη  περιμετρω 
της  βάσεως  του  πρίσματος].^  κείσθω  δη  τη  ΕΖ 
ΐση  η  ΕΡ*  ΐσον  άρα  εστίν  το  ΖΡΛ  τρίγωνον  τω 
ΕΛ  παραλληλόγραμμα),  ώστε  και  τη  επιφάνεια 
του  πρίσματος.  και  επει  ομοιά  εστίν  τα  ευθύ- 
γραμμα τα  περί  τους  Α,  Β  κύκλους  περιγεγραμ- 
μένα, τον  αυτόν  ε^ει  λόγον  [τα  ευθύγραμμα],^  ονπερ 
at  εκ  των  κέντρων  δυνάμει'  έζει  άρα  το  ΚΤΔ 
τρίγωνον  προς  το  περί  τον  Β  κυκλον  εύθύγραμμον 
λόγον,  δν  ή  ΤΔ  προς  Η  Βυνάμει  [αϊ  γαρ  ΤΔ,  Η 
ισαι  είσΐν  ταΐς  εκ  των  κέντρων],  αλλ'  δν  έχει 
λόγον  η  ΤΔ  προς  Η  Βυνάμει,  τούτον  έχει  τον  λόγον 
η  ΤΔ  προς  ΡΖ  μηκει  [ή  γαρ  Η  των  ΤΔ,  ΡΖ  μέση 
εστί  άνάλογον  δια  το  και  των  ΓΔ,  ΕΖ•  πώς  δέ 
τούτο;  επει  γαρ  ιση  εστίν  η  μεν  ΔΙ  τη  11,  ^ 
δε  ΡΕ  τη  ΕΖ,  διττλασια  άρα  εστίν  ή  ΓΔ  της  ΤΔ, 
και  η  ΡΖ  της  ΡΕ•  εστίν  αρα,  ώ§•  η  ΔΓ  ττρό?  ΔΤ, 
ούτως  η  ΡΖ  ττρό?  ΖΕ.  το  αρα  υπό  τών  ΓΔ,  ΕΖ 
taov  εστίν  τω  υπο  των  1  Δ,  FZ,.  τω  οε  υπο  των 
ΓΔ,  ΕΖ  ίσον  έστιν  τό  από  Η•  και  τω  υπό  τών 
ΤΔ,  ΡΖ  άρα  ΐσον  εστί  τό  από  της  Η.     έστιν  άρα^ 

^  €7Tei8ri  .  .   .  κυκλον  cm.  Heiberg. 

•  ineiSv  .  .  .  ιτρίσματος  cm.  Heiberg, 

•  τα  ευθύγραμμα  om.  Torellius. 
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to  the  perimeter  of  the  rectilineal  figure  about  the 
circle  A,  let  ΛΖ  be  equal  to  ΚΔ,  and  let  ΓΤ  be  half 
of  ΓΔ  ;  then  the  triangle  ΚΔΤ  will  be  equal  to  the 
rectilineal  figure  circumscribed  about  the  circle  A," 
while  the  parallelogram  ΕΛ  will  be  equal  to  the 
surface  of  the  prism  circumscribed  about  the  cylinder.'' 
Let  EP  be  set  out  equal  to  EZ  ;  then  the  triangle 
ΖΡΛ  is  equal  to  the  parallelogram  ΕΛ  [Eucl.  i.  4-1], 
and  so  to  the  surface  of  the  prism.  And  since  the 
rectilineal  figures  circumscribed  about  the  circles  A, 
Β  are  similar,  they  will  stand  in  the  same  ratio  as  the 
squares  on  the  radii "  ;  therefore  the  triangle  ΚΤΔ 
will  have  to  the  rectilineal  figure  circumscribed  about 
the  circle  Β  the  ratio  ΪΔ^  :  H^. 
But  ΤΔ2:Η2  =  ΤΔ•.ΡΖ.* 

•  Because  the  base  ΚΔ  is  equal  to  the  perimeter  of  the 
polygon,  and  the  altitude  ΔΤ  is  equal  to  tne  radius  of  the 
circle  A,  i.e.,  to  the  perpendiculars  drawn  from  the  centre  of 
A, to  the  sides  of  the  polygon. 

*  Because  the  base  AZ  is  made  equal  to  ΔΚ  and  so  is  equal 
to  the  perimeter  of  the  polygon  forming  the  base  of  the  prism, 
while  the  altitude  EZ  is  equal  to  the  side  of  the  cylinder  and 
therefore  to  the  height  of  the  prism. 

"  Eutocius  supplies  a  proof  based  on  Eucl.  xii.  1,  which 
proves  a  similar  theorem  for  inscribed  figures. 
"  For,  by  hypothesis,  H»  =  ΔΓ  .  EZ 

=2TA . iPZ 
=TA  .  PZ 

Heiberg  would  delete  the  demonstration  in  the  text  on  the 
ground  of  excessive  verbosity,  as  Nizze  had  already  perceived 
to  be  necessary. 
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ώς  η  ΤΔ  -προς  Η,  όντως  η  Η  προς  ΡΖ•  εστίν  άρα, 
ώς  -η  ΤΔ  ττρος  ΡΖ,  το  άττό  τη?  ΤΔ  ττρό?  το  άπο 
της  Η•  eav  yap  τρ€Ϊς  ev9etai  ανάλογον  ώσιν,  €στιν, 
ώς  η  πρώτη  προς  την  τρίτην,  το  άπο  της  πρώτης 
€?δο?  προς  το  άπο  της  ^^ντύρας  etSo?  το  ομοιον  καΐ 
ομοίως  άναγεγραμμενονΥ•  δν  δε  λόγον  €χ€ΐ  η  ΤΔ 
προς  ΡΖ  μηκ€ΐ,  τούτον  €χ€ΐ  το  ΚΤΔ  τρίγωνον 
προς  το  ΡΛΖ  [€π€ώηπ€ρ  ισαι  elalv  αϊ  ΚΔ,  ΛΖ]*• 
τον  αυτόν  άρα  λόγον  €χ€ΐ  το  ΚΤΔ  τρίγωνον  προς 
το  €νθύγραμμον  το  π^ρΐ  τον  Β  κιίκλον  πβριγβγραμ- 
μένον,  ονπζρ  το  ΤΚΔ  τρίγωνον  προς  το  ΡΖΛ 
τρίγωνον.  ίσον  άρα  ΙστΙν  το  ΖΛΡ  τρίγωνον  τω 
π€ρΙ  τον  Β  κυκλον  π€ριγ€γραμμένω  €νθνγράμμω' 
ώστ€  καΐ  η  επιφάνεια  του  πρίσματος  του  περί  τον 
Α  KvXivhpov  περιγεγραμμένου  τω  εύθχτγράμμω  τω 
περί  τον  Β  κύκΧον  ίση  εστίν,  καΐ  επεί  ελάσσονα 
λόγον  εχεί  το  εύθυγραμμον  το  περί  τον  Β  κυκλον 
προς  το  εγγεγραμμενον  εν  τω  κύκλω  του,  6ν  εχεί 
η  επιφάνεια  του  Α  κυλίνδρου  προς  τον  Β  κυκλον, 
ελάσσονα  λόγον  εζει  και  η  επιφάνεια  του  πρίσματος 
του  περί  τον  κύλιν8ρον  περιγεγραμμένου  προς  το 
εύθυγραμμον  το  εν  τω  κύκλω  τω  Β  εγγεγραμμενον 
ηπερ  η  επιφάνεια  του  κυλίνΒρου  προς  τον  Β  κυκλον 
και  εναλλάζ•  όπερ  αδύνατον  [τ^  μεν  γαρ  επιφάνεια 
του  πρίσματος  του  περιγεγραμμένου  περί  τον 
κύλιν^ρον  μείζων  οΰσα  8ε8εικται  της  επιφανείας 
του  κυλίνδρου,  το  δε  εγγεγραμμενον  εύθυγραμμον 
iv  τω  Β  κύκλω  έλασσον  εστίν  του  Β  κύκλοι»].' 
ούκ  άρα  εστίν  ό  Β  κύκλος  ελάσσων  της  επιφανείας 
του  κυλίνδρου. 

*  η  γαρ  .  .  .  όμοίωί  αναγ f γ ραμμένον  om.  Heiberg. 
*  fvtih^Ttep  .  .  .  ΚΔ,  ΛΖ  cm.  Heiberg, 
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And  ΤΔ  :  PZ  =  triangle  ΚΤΔ  :  triangle  PAZ.» 

Therefore  the  ratio  which  the  triangle  ΚΤΔ  has  to 
the  rectilineal  figure  circumscribed  about  the  circle  Β 
is  the  same  as  the  ratio  of  the  triangle  ΤΚΔ  to  the 
triangle  ΡΖΛ.  Therefore  the  triangle  ΤΚΔ  is  equal 
to  the  rectilineal  figure  circumscribed  about  the 
circle  Β  [Eucl.  v.  9]  ;  and  so  the  surface  of  the  prism 
circumscribed  about  the  cylinder  A  is  equal  to  the 
rectilineal  figure  about  B.  And  since  the  rectilineal 
figure  about  the  circle  Β  has  to  the  inscribed  figure 
in  the  circle  a  ratio  less  than  that  which  the  surface 
of  the  cylinder  A  has  to  the  circle  Β  [ex  hypothest], 
the  surface  of  the  prism  circumscribed  about  the 
cylinder  will  have  to  the  rectilineal  figure  inscribed 
in  the  circle  Β  a  ratio  less  than  that  which  the 
surface  of  the  cylinder  has  to  the  circle  Β ;  and, 
permutando,  [the  prism  will  have  to  the  cylinder  a 
ratio  less  than  that  which  the  rectilineal  figure  in- 
scribed in  the  circle  Β  has  to  the  circle  B] '' ;  which 
is  absurd."  Therefore  the  circle  Β  is  not  less  than 
the  surface  of  the  cylinder. 

«  By  Eucl.  vi.  1,  since  ΛΖ=ΚΔ. 

*  From  Eutocius's  comment  it  appears  that  Archimedes 
wrote,  in  place  of  καΐ  εναλλάξ•  onep  άΒΰνατον  in  our  text : 
εναλλάξ  άρα  ελάσσονα  λόγον  ίχίΐ  το  -πρίσμα  προς  τον  κνλι.ν8ρον 
ηπίρ  το  €γγ€γραμμ4νον  ei?  τον  Β  κνκλον  πολΰγωνον  προς  τον  Β 
κΰκλον  Snep  άτοπον.     This  is  what  I  translate. 

"  For  the  surface  of  the  prism  is  greater  than  the  surface 
of  the  cylinder  [Prop.  12],  but  the  inscribed  figure  is  less  than 
the  circle  Β  ;  the  explanation  in  our  text  to  this  effect  is 
shown  to  be  an  interpolation  by  the  fact  that  Eutocius  sup- 
plies a  proof  in  his  own  words. 

•  ή  μεν  .  .  .  τοΰ  Β  κύκλου  om.  Heiberg  ex  Eutocio. 
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Έστω  Βη,  el  δυνατόν,  μείζων.  πάλιν  δη 
νοβίσθω  els  τον  Β  κνκλον  ευθύγραμμον  εγγΐγραμ- 
μένον  καΐ  άλλο  ττζριγζγραμμίνον ,  ωστ€  το  rrepi' 
γζγραμμενον  ττρος  το  εγγεγραμμένον  ελάσσονα 
λόγον  εχειν  η  τον  Β  κύκλον  ττρος  την  επιφάνειαν 
του  κυλίνδρου,  και  εγγεγράφθω  εΙς  τον  Α  κνκλον 
πολνγωνον  ομοιον  τω  εΙς  τον  Β  κύκλον  εγγεγραμ- 
μένα), /cat  ττρίσμα  άναγεγράφθω  άττο  του  εν  τω 
κύκλω  εγγεγραμμένου  πολυγώνου'  καΐ  πάλιν  η 
ΚΔ  ίση  έστω  τη  περιμετρω  του  ευθυγράμμου  του 
εν  τω  Α  κύκλω  εγγεγραμμένου,  και  η  ΖΛ  ΐση 
αύτη  έστω.  εσται  8η  το  μεν  ΚΤΔ  τριγωνον 
μείζον  του  ευθυγράμμου  του  εν  τω  Α  κύκλω  εγ- 
γεγραμμένου [διότι  βάσιν  μεν  έχει  την  περίμετρον 
αύτον,  ύφος  δε  μείζον  της  απο  τοΰ  κέντρου  επι 
μίαν  πλευράν  τοΰ  πολυγώνου  αγομένης  καθετου^,^ 
το  8ε  ΕΑ  παραλληλόγραμμον  ΐσον  τη  επιφάνεια 
τοΰ  πρίσματος  τη  εκ  των  παραλληλογράμμων 
συγκείμενη  [διότι  περιέχεται  ύπό  της  πλευράς  τοΰ 
κυλίνδρου  και  της  Ισης  τη  περιμετρω  τοΰ  ευθυ- 
γράμμου, ο  εστίν  βάσις  τοΰ  πρίσματος]•  ώστε  και 
το  ΡΛΖ  τρίγωνον  'ίσον  εστί  τη  επιφάνεια  τοΰ 
πρίσματος,  καΐ  επει  ομοιά  εστί  τά  ευθύγραμμα 
τα  εν  τοις  Α,  Β  κύκλοις  εγγεγραμμένα,  τον  αυτόν 
έχει  λόγον  προς  άλληλα,  ον  αί  εκ  των  κέντρων 
αυτών  Βυνάμει.  έχει  Βε  και  τά  ΚΤΔ,  ΖΡΛ 
τρίγωνα  προς  άλληλα  λόγον,  ον  at  εκ  των  κέντρων 
τών   κύκλων   Βυνάμει'   τον   αύτον   άρα   λόγον   έχει 

*  Siari  .  .  .  καθέτου  om.  Heiberg. 

"  For  the  base  ΚΔ  is  equal  to  the  perimeter  of  the  polygon 
and  the  altitude  ΔΤ,  which  is  equal   to  the  radius  of  the 
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Now  let  it  be,  if  possible,  greater.  Again,  let  there 
be  imagined  a  rectilineal  figure  inscribed  in  the 
circle  B,  and  another  circumscribed,  so  that  the  cir- 
cumscribed figure  has  to  the  inscribed  a  ratio  less 
than  that  which  the  circle  Β  has  to  the  surface  of 
the  cylinder  [Prop.  5],  and  let  there  be  inscribed  in 
the  circle  A  a  polygon  similar  to  the  figure  inscribed 
in  the  circle  B,  and  let  a  prism  be  erected  on  the 
polygon  inscribed  in  the  circle  [A]  ;  and  again 
let  ΚΔ  be  equal  to  the  perimeter  of  the  rectilineal 
figure  inscribed  in  the  circle  A,  and  let  ZA  be  equal 
to  it.  Then  the  triangle  ΚΤΔ  will  be  greater  than 
the  rectilineal  figure  inscribed  in  the  circle  A,**  and 
the  parallelogram  ΕΛ  will  be  equal  to  the  surface 
of  the  prism  composed  of  the  parallelograms  ^  ;  and 
so  the  triangle  PAZ  is  equal  to  the  surface  of  the 
prism.  And  since  the  rectilineal  figures  inscribed 
in  the  circles  A,  Β  are  similar,  they  have  the  same 
ratio  one  to  the  other  as  the  squares  of  their  radii 
[Eucl.  xii.  1].  But  the  triangles  ΚΤΔ,  ZPA  have 
one  to  the  other  the  same  ratio  as  the  squares  of  the 
radii " ;    therefore  the  rectilineal  figure  inscribed  in 

circle  A,  is  greater  than  the  perpendiculars  drawn  from  the 
centre  of  the  circle  to  the  sides  of  the  polygon  ;  but  Heiberg 
regards  the  explanation  to  this  effect  in  the  text  as  an  inter- 
polation. 

*  Because  the  base  ΖΛ  is  made  equal  to  ΚΔ,  and  so  is 
equal  to  the  perimeter  of  the  polygon  forming  the  base  of 
the  prism,  while  the  altitude  EZ  is  equal  to  the  side  of  the 
cylinder  and  therefore  to  the  height  of  the  prism. 

•  For  triangle  ΚΤΔ  :  triangle  ΖΡΛ=ΤΔ  :  ZP 

=TA'' ;  H» 

[cf.  p.  71  n.  d. 

But  ΤΔ  is  equal  to  the  radius  of  the  circle  A,  and  Η  to  the 
radius  of  the  circle  B. 
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TO  βύθνγραμμον  το  iv  τω  A  κνκλω  Ιγγ^γραμμΙνον 
ττρος  το  βνθνγραμμον  το  iv  τω  Β  εγγίγραμμβνον 
και  το  ΚΤΔ  τρίγωνον  προς  το  ΛΖΡ  τρίγωνον. 
ζλασσον  8e  Ιστι  το  ξύθυγραμμον  το  iv  τω  Α  κύκλω 
βγγζγραμμβνον  τοΰ  ΚΤΔ  τριγώνου'  έλασσον  άρα 
καΐ  το  €νθύγραμμον  το  iv  τω  Β  κύκλω  iγγeγpaμ- 
μ€νον  τοΰ  ΖΡΑ  τρίγωνον  ωστ€  /cat  της  iπιφav€Laς 
τοΰ  πρίσματος  τοΰ  iv  τω  κνλίνΒρω  iγγeγ ραμμένου' 
OTTep  αδύνατον  [βπβι  γαρ  iλάσσova  λόγον  €χ€ί  το 
π^ριγβγραμμβνον  ζίιθύγραμμον  π€ρΙ  τον  Β  κυκλον 
προς  το  iγγeγpaμμ€vov  η  ό  Β  κύκλος  προς  την 
iπLφάveι,av  τοΰ  κυλίνδρου,  καΐ  ivaλλάζ,  μείζον  he 
ioTL  το  π€ριγ€γραμμ€νον  περί  τον  Β  κύκλον  τοΰ  Β 
κύκλου,  μ€Ϊζον  άρα  εστίν  το  βγγεγραμμενον  iv 
τώ  Β  κύκλω  της  iπ^,φaveίaς  τοΰ  κυλίνδρου•  ώστε 
καΐ  της  iπιφav€ίaς  τοΰ  πρίσματος].^  ουκ  άρα 
μζίζων  ioTiv  6  Β  κύκλος  της  iπ^φaveίaς  τοΰ 
κυλίνδρου,  iheί■)(θη  δε,  οτι  ουδέ  ελάσσων  ΐσος 
άρα  ioTLV. 

ιδ' 

Υίαντος  κώνου  ισοσκελοΰς  χωρίς  της  βάσεως 
Ύ]  iπιφάveιa  Ιση  iστl  κύκλω,  ου  η  iK  τοΰ  κέντρου 
μέσον  λόγον  έχει  της  πλευράς  τοΰ  κώνου  και  της 
εκ  τοΰ  κέντρου  τοΰ  κύκλου,  ος  ioTiv  βάσις  τοΰ 
κώνου. 

"Εστω  κώνος  Ισοσκελής,  ου  βάσις  6  Α  κύκλος, 
η  δε  εκ  τοΰ  κέντρου  έστω  η  Γ,  τη  δε  πλευρά  τοΰ 
^  inel  .  .  .  πρίσματος  om.  Heiberg. 

"  For  since  the  figure  circumscribed  about  the  circle  Β  has 
to  the  inscribed  figure  a  ratio  less  than  that  which  the  circle  Β 
has  to  the  surface  of  the  cylinder  [ex  hypothesi],  and  the 
circle  Β  is  less  than  the  circumscribed  figure,  therefore  the 
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the  circle  A  has  to  the  rectiUneal  figure  inscribed 
in  the  circle  Β  the  same  ratio  as  the  triangle  ΚΤΔ 
has  to  the  triangle  ΛΖΡ.  But  the  rectilineal  figure 
inscribed  in  the  circle  A  is  less  than  the  triangle 
ΚΤΔ  ;  therefore  the  rectilineal  figure  inscribed  in 
the  circle  Β  is  less  than  the  triangle  ΖΡΛ  ;  and  so  it 
is  less  than  the  surface  of  the  prism  inscribed  in  the 
cylinder ;  which  is  impossible.*•  Therefore  the  circle 
Β  is  not  greater  than  the  surface  of  the  cylinder. 
But  it  was  proved  not  to  be  less.  Therefore  it  is 
equal. 

Prop.  14 

The  surface  of  any  cone  without  the  base  is  equal  to 
a  circle,  whose  radius  is  a  mean  proportional  between 
the  side  of  the  cone  and  the  radius  of  the  circle  which  is 
the  base  of  the  cone. 

Let  there  be  an  isosceles  cone,  whose  base  is  the 
circle  A,  and  let  its  radius  be  Γ,  and  let  Δ  be  equal 

inscribed  figure  is  greater  than  the  surface  of  the  cylinder, 
and  a  fortiori  is  greater  than  the  surface  of  the  prism  [Prop. 
12].  An  explanation  on  these  lines  is  found  in  our  text,  but 
as  the  corresponding  proof  in  the  first  half  of  the  proposition 
was  unknown  to  Eutocius,  this  also  must  be  presumed  an 
interpolation. 
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κώνου  €στω  ίση  η  Δ,  των  δε  Γ,  Δ  μ€ση  άνάλογορ 
η  Ε,  ό  δε  Β   κύκλος   εχετω  την  e/c  του  κίντρου 
τη  Ε  "(την  λέγω,  οτι  6  Β  κύκλος  4στΙν  ίσος  τη 
βπιφανβία  τον  κώνου  χωρίς  της  βάσεως. 

Et  γαρ  μη  εστίν  ΐσος,  ήτοι  μείζων  εστίν  η 
ελάσσων.  έστω  ττρότερον  ελάσσων.  εστί  Βη  δυο 
μεγέθη  άνισα  η  τε  επιφάνειχι  τοΰ  κώνου  καΐ  6  Β 
κύκλος,  και  μείζων  η  επιφάνεια  τοΰ  κώνον  δυνα- 
τόν άρα  εις  τον  Β  κυκλον  ττολυγωνον  ισόττλευρον 
έγγραφοι  και  άλλο  ττεριγράφαι  δμοιον  τω  εγγε- 
γραμμένα), ώστε  το  περιγεγραμμενον  προς  το  εγ- 
γεγραμμενον  ελάσσονα  λόγον  εχειν  τοΰ,  ον  έχει  η 
επιφάνεια  τοΰ  κώνου  προς  τον  Β  κυκλον.  νοείσθω 
δη  και  περί  τον  Α  κυκλον  πολνγωνον  περιγε- 
γραμμενον δμοιον  τω  περί  τον  Β  κυκλον  περι- 
γεγραμμένα), και  άπο  τοΰ  περί  τον  Α  κυκλον 
περιγεγραμμένου  πολυγώνου  πυραμίς  άνεστάτω 
άναγεγραμμενη    την    αύτην    κορυφην    έχουσα    τω 

κώνω.     επεί  ουν  όμοια  εστίν  τα  πολύγωνα  τα  περί 
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to  the  side  of  the  cone,  and  let  Ε  be  a  mean  propor- 
tional between  Γ,  Δ,  and  let  the  circle  Β  have  its 


radius  equal  to  Ε  ;  I  say  that  the  circle  Β  is  equal  to 
the  surface  of  the  cone  without  the  base. 

For  if  it  is  not  equal,  it  is  either  greater  or  less. 
First  let  it  be  less.  Then  there  are  two  unequal 
magnitudes,  the  surface  of  the  cone  and  the  circle  B, 
and  the  surface  of  the  cone  is  the  greater  ;  it  is 
therefore  possible  to  inscribe  an  equilateral  polygon 
in  the  circle  Β  and  to  circumscribe  another  similar 
to  the  inscribed  polygon,  so  that  the  circumscribed 
polygon  has  to  the  inscribed  polygon  a  ratio  less  than 
that  which  the  surface  of  the  cone  has  to  the  circle  Β 
[Prop.  5].  Let  this  be  imagined,  and  about  the 
circle  A  let  a  polygon  be  circumscribed  similar  to 
the  polygon  circumscribed  about  the  circle  B,  and  on 
the  polygon  circumscribed  about  the  circle  A  let  a 
pyramid  be  raised  having  the  same  vertex  as  the 
cone.     Now  since  the  polygons  circumscribed  about 
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Tovs  A,  Β  κύκλους  περιγεγραμμένα,  τον  αύτον 
€χ€ΐ  λόγον  προς  άλληλα,  ον  at  €κ  του  κβντρου 
Συνάμα  προς  άλληλα?,  τουτέστιν  ον  έχει  η  Γ  προς 
Ε  8ύναμει,  τουτέστιν  η  Γ  προς  Δ  μηκει.  ον  δε 
λόγον  έχει  η  Γ  προς  Δ  μηκει,  τούτον  έχει  το 
περιγεγραμμενον  πολυγωνον  περί  τον  Α  κύκλον 
προς  την  επιφάνειαν  της  πυραμί8ος  της  περι- 
γεγραμμένης περί  τον  κώνον  [η  μεν  γαρ  Γ  ΐση 
εστί  τη  από  του  κέντρου  καθετω  επι  μίαν  πλευράν 
τοΰ  πολυγώνου,  η  8έ  Α  τη  πλευρά  του  κώνου' 
κοινον  δε  ΰφος  η  περίμετρος  τοΰ  πολυγώνου  προς 
τα  ημίση  των  επιφανειών]^'  τον  αύτον  άρα  λόγον 
έχει  το  εύθύγραμμον  το  περί  τον  Α  κύκλον  προς 
το  εύθύγραμμον  το  περί  τον  Β  κύκλον  και  αυτό  το 
εύθύγραμμον  προς  την  επιφάνειαν  της  πυραμί8ος 
της  περιγεγραμμένης  περί  τον  κώνον  ώστε  ΐση 
εστίν  η  επιφάνεια  της  πυραμιΒος  τω  εύθυγράμμω 
τω  περί  τον  Β  κύκλον  περιγεγραμμένα),  επει  ούν 
ελάσσονα  λόγον  έχει  το  εύθύγραμμον  το  περί  τον  Β 
κύκλον  περιγεγραμμενον  προς  το  εγγεγραμμενον 
ηπερ  η  επιφάνεια  τοΰ  κώνου  προς  τον  Β  κύκλον, 
ελάσσονα  λόγον  εζει  η  επιφάνεια  τη;  πυραμί8ος 
της  περί  τον  κώνον  περιγεγραμμένης  προς  το 
εύθύγραμμον  το  εν  τω  Β  κύκλω  εγγεγραμμενον 
ηπερ  η  επιφάνεια  τοΰ  κά)νου  προς  τον  Β  κύκλον 
όπερ  αδύνατον  [τ]  μεν  γαρ  επιφάνεια  της  πυρα- 
μί8ος  μείζων  ούσα  8ε8εικται  της  επιφανείας  τοΰ 
κώνου,  το  δε  εγγεγραμμενον  εύθύγραμμον  εν  τω  Β 
κύκλω  έλασσον  εσται  τοΰ  Β  κύκλοι»].*  ούκ  άρα  ό  Β 
κύκλος  ελάσσων  εσται  της  επιφανείας  τοΰ  κώνου. 
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the  circles  A,  Β  are  similar,  they  have  the  same  ratio 
one  toward  the  other  as  the  square  of  the  radii  have 
one  toward  the  other,  that  is  Γ^  ;  E2^  or  Γ  :  Δ  [Eucl. 
vi.  20,  coroll.  2].  But  Γ  :  Δ  is  the  same  ratio  as  that 
of  the  polygon  circumscribed  about  the  circle  A  to 
the  surface  of  the  pyramid  circumscribed  about  the 
cone  "  ;  therefore  the  rectilineal  figure  about  the 
circle  A  has  to  the  rectilineal  figure  about  the  circle  Β 
the  same  ratio  as  this  rectilineal  figure  [about  A]  has 
to  the  surface  of  the  pyramid  circumscribed  about  the 
cone  ;  therefore  the  surface  of  the  pyramid  is  equal 
to  the  rectilineal  figure  circumscribed  about  the 
circle  B.  Since  the  rectilineal  figure  circumscribed 
about  the  circle  Β  has  towards  the  inscribed  [recti- 
lineal figure]  a  ratio  less  than  that  which  the  surface 
of  the  cone  has  to  the  circle  B,  therefore  the  surface 
of  the  pyramid  circumscribed  about  the  cone  will 
have  to  the  rectilineal  figure  inscribed  in  the  circle  Β 
a  ratio  less  than  that  which  the  surface  of  the  cone 
has  to  the  circle  Β  ;  which  is  impossible,''  Therefore 
the  circle  Β  will  not  be  less  than  the  surface  of  the 


"  For  the  circumscribed  polygon  is  equal  to  a  triangle, 
whose  base  is  equal  to  the  perimeter  of  the  polygon  and 
whose  height  is  equal  to  Γ,  while  the  surface  of  the  pyramid 
is  equal  to  a  triangle  having  the  same  base  and  height  Δ 

tProp.  8].     There  is  an  explanation  to  this  effect  in  the  Greek, 
lut  so  obscurely  worded  that  Heiberg  attributes  it  to  an 
interpolator. 

*  For  the  surface  of  the  pyramid  is  greater  than  the  surface 
of  the  cone  [Prop.  12],  while  the  inscribed  polygon  is  less 
than  the  circle  B. 


^  ή  μ€ν  .  .  .  επιφανειών  om.  Heiberg. 
*  ή  μέν  .  .  .  τον  Β  κύκλου  om.  Heiberg. 
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ΑΙγω  ^Tf,  ΟΤΙ  ovhk  μείζων.  el  γαρ  δυνατόν 
icrnv,  €στω  μείζων,  πάλιν  δη  νοείσθω  els  τον  Β 
κνκλον  πολύγωνον  εγγεγραμμενον  καΐ  άλλο  irepi,- 
γ€γραμμ4νον,  ώστ€  το  περιγεγραμμενον  ττρος  το 
εγγεγραμμένον  ελάσσονα  λόγον  €χ€ίν  του,  δν  εχα 
6  Β  κύκλος  προς  την  επιφάνειαν  του  κώνου,  καΐ 
εΙς  τον  Α  κύκλον  νοείσθω  εγγεγραμμενον  πολύ- 
γωνον δμοιον  τω  εΙς  τον  Β  κύκλον  εγγεγραμμένα) , 
καΐ  άναγεγράφθω  αττ-'  αύτοΰ  πυραμίς  την  αΰτην 
κορυφην  έχουσα  τω  κώνω.  εττεί  ούν  δμοιά  εστί 
τα  εν  τοΙς  Α,  Β  κύκλοίς  εγγεγραμμένα,  τον  αύτον 
εζει  λόγον  προς  άλληλα,  δν  αϊ  εκ  των  κέντρων 
Βυνάμει  προς  άλλτ^λα?'  τον  αυτόν  άρα  λόγον  έχει 
το  πολύγωνον  προς  το  πολύγωνον  καΐ  η  Γ  προς 
την  Δ  μηκει.  η  8ε  Τ  προς  την  Δ  μείζονα  λόγον 
€χ€ΐ  η  το  πολύγωνον  το  εν  τω  Α  κύκλω  εγγεγραμ- 
μενον προς  την  επιφανειαν  της  πυραμί8ος  της 
εγγεγραμμένης  εΙς  τον  κώνον  [η  γαρ  εκ  του  κέν- 
τρου του  Α  κύκλον  προς  την  πλευράν  του  κώνου 
μείζονα  λόγον  έχει  ηπερ  η  από  του  κέντρου  αγο- 
μένη κάθετος  επι  μίαν  πλευράν  του  πολυγώνου 
προς  την  επι  την  πλευράν  του  πολυγώνου  κάθε- 
τον  άγομενην  από  της  κορυφής  του  κώνου^'  μεί- 

*  η  γαρ  ,  ,  .  του  κώνου  om.  Heiberg. 

•  Eutocius  supplies  a  proof.  ΖΘΚ  is  the  polygon  inscribed 
in  the  circle  A  (of  centre  A),  AH  is  drawn  perpendicular  to 
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I  say  now  that  neither  will  it  be  greater.  For  if  it 
is  possible,  let  it  be  greater.  Then  again  let  there 
be  imagined  a  polygon  inscribed  in  the  circle  Β  and 
another  circumscribed,  so  that  the  circumscribed  has 
to  the  inscribed  a  ratio  less  than  that  which  the 
circle  Β  has  to  the  surface  of  the  cone  [Prop.  5],  and 
in  the  circle  A  let  there  be  imagined  an  inscribed 
polygon  similar  to  that  inscribed  in  the  circle  B,  and 
on  it  let  there  be  drawn  a  pyramid  having  the  same 
vertex  as  the  cone.  Since  the  polygons  inscribed  in 
the  circles  A,  Β  are  similar,  therefore  they  λ\ί11  have 
one  toward  the  other  the  same  ratio  as  the  squares  of 
the  radii  have  one  toward  the  other  ;  therefore  the 
one  polygon  has  to  the  other  polygon  the  same  ratio 
as  Γ  to  Δ  [Eucl.  vi.  20,  coroll.  2].  But  Γ  has  to  Δ  a 
ratio  greater  than  that  which  the  polygon  inscribed 
in  the  circle  A  has  to  the  surface  of  the  pyramid 
inscribed  in  the  cone  " ;    therefore  the  polygon  in- 


ΚΘ  and  meets  the  circle  in  M,  Λ  is 
the  vertex  of  the  isosceles  cone  (so 
that  ΛΗ  is  perpendicular  to  ΚΘ), 
and  HN  is  drawn  parallel  to  ΜΛ  to 
meet  ΛΑ  in  N.  Then  the  area  of  the 
polygon  inscribed  in  the  circle  =  J 
perimeter  of  polygon  .  AH,  and  the 
area  of  the  pyramid  inscribed  in 
the  cone = J  perimeter  of  poly 
gon  .  ΛΗ,  so  that  the  area  of  the 
polygon  has  to  the  area  of  the 
pyramid  the  ratio  AH  :  AH.  Νολν, 
by  similar  triangles,  AM  :  MA  = 
AH  :  HN,  and  AH  :  HN>  AH  :  HA, 
for  HA>HN.  Therefore  AM  :  MA 
>  AH  :  HA ;  that  is,  Γ  :  Δ  exceeds 
the  ratio  of  the  polygon  to  the  sur- 
face of  the  pyramid. 
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ζονα  dpa  λόγον  e^et  το  ττολνγωνον  το  iv  τω  A 
κύκλω  βγγζγραμμβνον  προς  το  ττολνγωνον  το  iv 
τω  Β  βγγ€γραμμ€νον  rj  αυτό  το  ττολνγωνον  προς 
την  €7ηφάν€ίαν  της  ττνραμίΒος'  μείζων  άρα  icrrlv 
η  επιφάναα  της  ττνραμίΒος  του  iv  τω  Β  πολνγώ- 
νον  €γγ€γραμμ€νον .  ελάσσονα  Be  λόγον  έχει  το 
ττολνγωνον  το  ττερί  τον  Β  κνκλον  ττεριγεγραμμε- 
νον  προς  το  εγγεγραμμβνον  η  6  Β  κνκλος  προς  την 
επι,φάνζίαν  του  κώνον  πολλω  αρα  το  πολνγωνον 
το  περί  τον  Β  κύκλον  περιγεγραμμένον  προς  την 
iπίφάve^av  της  πυραμί8ος  της  iv  τω  κώνω  εγ- 
γεγραμμένης ελάσσονα  λόγον  έχει  η  ό  Β  κνκλος 
προς  την  επιφάνειαν  τον  κώνον  όπερ  αδύνατον 
[το  μεν  γαρ  περιγεγραμμενον  πολνγωνον  μείζον 
εστίν  του  Β  κύκλου,  η  δε  επιφάνεια  της  πνραμίΒος 
της  εν  τω  κώνω  iλάσσωv  iστl  της  iπLφavείaς  τον 
κώνου'\}  ουκ  άρα  ovhk  μείζων  iστlv  6  κύκλος  της 
επιφανείας  του  κώνον.  iSeίχθη  8ε,  δτι  ούΒε 
ελάσσων  'ίσος  άρα. 

Έάν  κώνος  Ισοσκελής  επιπεΒω  τμηθη  παραλ- 
λήλω τη  βάσει,  τη  jLterafu  των  παραλλήλων  iπι- 
ττεΒων  iπιφaveίa  τον  κώνον  ίσος  εστί  κύκλος,  αν 
η  εκ  τοΰ  κεντρον  μέσον  λόγον  έχει  της  τε  πλενράς 
τον  κώνον  της  μεταξύ  των  παραλλήλων  iπιπεhωv 
και  της  Ίσης  αμφοτεραις  ταΐς  iK  των  κέντρων  των 
κύκλων  των  iv  τοις  παραλλήλοις  iπιπε8oις. 

"Εστω  κώνος,  ον  το  δια  τοΰ  άζονος  τρίγωνον 
ίσον  τω  ΑΒΓ,  και  τετμήσθω  παραλλήλω  iπιπεBω 
τη  βάσει,  και  ποιείτω  τομήν  την  ΔΕ,  άζων  δε  τοΰ 
κώνον  έστω  ό  ΒΗ  κύκλος  8ε  τις  εκκείσθω,  ου  η 
84 


ARCHIMEDES 

scribed  in  the  circle  A  has  to  the  polygon  inscribed  in 
the  circle  Β  a  ratio  greater  than  that  which  the  same 
polygon  [inscribed  in  the  circle  A]  has  to  the  surface 
of  the  pyramid  ;  therefore  the  surface  of  the  pyramid 
is  greater  than  the  polygon  inscribed  in  B.  Now 
the  polygon  circumscribed  about  the  circle  Β  has  to 
the  inscribed  polygon  a  ratio  less  than  that  which 
the  circle  Β  has  to  the  surface  of  the  cone  ;  by  much 
more  therefore  the  polygon  circumscribed  about  the 
circle  Β  has  to  the  surface  of  the  pyramid  inscribed 
in  the  cone  a  ratio  less  than  that  which  the  circle  Β 
has  to  the  surface  of  the  cone  ;  which  is  impossible." 
Therefore  the  circle  is  not  greater  than  the  surface 
of  the  cone.  And  it  was  proved  not  to  be  less  ; 
therefore  it  is  equal. 

Prop.  16 

If  an  isosceles  cone  be  cut  by  a  plane  parallel  to  the 
base,  the  portion  of  the  surface  of  the  cone  between  the 
parallel  planes  is  equal  to  a  circle  whose  radius  is  a  mean 
proportional  between  the  portion  of  the  side  of  the  cone 
between  the  parallel  planes  and  a  straight  line  equal  to 
the  sum  of  the  radii  of  the  circles  in  the  parallel  planes. 

Let  there  be  a  cone,  in  which  the  triangle  through 
the  axis  is  equal  to  ΑΒΓ,  and  let  it  be  cut  by  a  plane 
parallel  to  the  base,  and  let  [the  cutting  plane]  make 
the  section  ΔΕ,  and  let  BH  be  the  axis  of  the  cone, 

*  For  the  circumscribed  polygon  is  greater  than  the 
circle  B,  but  the  surface  of  the  inscribed  pyramid  is  less  than 
the  surface  of  the  cone  [Prop.  12]  ;  the  explanation  to  this 
effect  in  the  text  is  attributed  by  Heiberg  to  an  interpolator. 

^  TO  μίν  ...  TotJ  κώνου  om.  Heiberg. 
VOL.  Η  D  85 


GREEK  MATHEMATICS 


€Κ  rov  Kevrpov  μβση  άνάλογόν  εστί  της  re  ΑΔ  καΐ 
συναμφοτ€ρον  rrjs  ΔΖ,  Η  Α,  €στω  δε  κύκλος  6  Θ• 


λέγω,  οτι  6  Θ  κύκλος  ίσος  €στΙ  rfj  ίτηφανεία  του 
κώνου  ΤΎ)  μζταζύ  των  ΔΕ,  ΑΓ. 

^Έικκείσθωσαν  γαρ  κύκλου  οι  Α,  Κ,  καΐ  του  μεν  Κ 
κύκλου  "η  €κ  του  κέντρου  Βυνάσθω  το  υπό  ΒΔΖ, 
τοϋ  Se  Α  η  €κ  του  κέντρου  Βυνάσθω  το  υπό  ΒΑΗ• 
6  μεν  άρα  Α  κύκλος  "σος  εστίν  Tjj  επιφάνεια  τοΰ 
ΑΒΓ  κώνου,  ο  8ε  Κ  κύκλος  ΐσος  εστί  ttj  επιφάνεια 
τοΰ  ΔΕΒ.  καΐ  επει  τό  υπό  των  ΒΑ,  ΑΗ  Ισον 
εστί  τω  τε  υπό  των  ΒΔ,  ΔΖ  καΐ  τω  υπό  της  ΑΔ 
και  συναμφοτερου  της  ΔΖ,  ΑΗ  δια  τό  παράλληλον 
είναι  την  ΔΖ  τ^  ΑΗ,  άλλα  τό  μεν  υπό  ΑΒ,  Α  Η 
δύναται  η  εκ  τοϋ  κέντρου  τοΰ  Α  κύκλου,  τό  he 
υπό  ΒΔ,  Δ  Ζ  δύναται  η  εκ  τοϋ  κέντρου  τοϋ  Κ 
κύκλου,  τό  δε  υπό  της  ΔΑ  και  συναμφοτερου  της 
IS!Z•,  ΑΗ  δύναται  η  εκ  τοϋ  κέντρου  τοϋ  Θ,  τό  αρα 
ατΓο  της  εκ  τοϋ  κέντρου  τοϋ  Α  κύκλου  Χσον  εστί 
τοις  από  των  εκ  των  κέντρων  των  Κ,  Θ  κύκλων 
ώστε  και  6  Α  κύκλος  ΐσος  εστί  τοις  Κ,  Θ  κύκλοι?. 
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and  let  there  be  set  out  a  circle  whose  radius  is  a 
mean  proportional  between  ΑΔ  and  the  sum  of  ΔΖ, 
HA,  and  let  θ  be  the  circle  ;  I  say  that  the  circle  θ 
is  equal  to  the  portion  of  the  surface  of  the  cone 
between  ΔΕ,  ΑΓ. 

For  let  the  circles  A,  Κ  be  set  out,  and  let  the 
square  of  the  radius  of  Κ  be  equal  to  the  rectangle 
contained  by  ΒΔ,  ΔΖ,  and  let  the  square  of  the  radius 
of  A  be  equal  to  the  rectangle  contained  by  BA,  AH ; 
therefore  the  circle  A  is  equal  to  the  surface  of  the 
cone  ΑΒΓ,  while  the  circle  Κ  is  equal  to  the  surface 
of  the  cone  ΔΕΒ  [Prop.  14].     And  since 

BA  .  ΑΗ  =  ΒΔ  .  ΔΖ  +ΑΔ  .  (ΔΖ  +AH) 

because  ΔΖ  is  parallel  to  AH,'*  while  the  square  of 
the  radius  of  A  is  equal  to  AB  .  AH,  the  square  of  the 
radius  of  Κ  is  equal  to  ΒΔ  .  ΔΖ,  and  the  square  of 
the  radius  of  θ  is  equal  to  ΔΑ .  (ΔΖ  +  AH),  therefore  the 
square  on  the  radius  of  the  circle  A  is  equal  to  the 
sum  of  the  squares  on  the  radii  of  the  circles  K,  Θ; 
so  that  the  circle  A  is  equal  to  the  sum  of  the  circles 


•  The  proof  is 

given  by  Eutocius  as  follows 

It 

BAi 

:  AH  = 

=ΒΔ  :  ΔΖ 

.•. 

BA 

.  ΔΖ  = 

=  ΒΔ  .  AH. 

[Eucl.  vi.  16 

But 

BA. 

,ΔΖ- 

^ΒΔ.ΔΖ+ΑΔ.ΔΖ. 

[Eucl, 

,ii.  1 

.•. 

ΒΔ. 

AH  = 

=ΒΔ.ΔΖ+ΑΔ.ΔΖ. 

Let 

ΔΑ 

.  AH  be  added  to  both  sides. 

Then 

ΒΔ.ΑΗ+ΔΑ  +  ΑΗ, 

i.6. 

ΒΑ.ΑΗ=ΒΔ.ΔΖ+ΑΔ. 

ΔΖ+ΑΔ. 

AH. 
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αλλ*  ό  μ€ν  Λ  ίσος  iarl  rfj  ^τηφανζία  τον  ΒΑΓ 
κώνου,  ό  δε  Κ  τ^  €τηφαν€ία  του  ΔΒΕ  κώνον 
λοιττη  αρα  η  €πίφάν€ΐα  τον  κώνον  ή  μβταξν  των 
παράλληλων  €πητ€8ων  των  ΔΕ,  Α  Γ  ίση  €στΙ  τω 
Θ  κνκλω. 


*Εάν  els  κνκλον  πολυγωνον  έγγραφη  άρτιο- 
ττλβνρόν  τ€  καΐ  Ισοττλ^νρον,  και  Ζιαχθώσιν  evdeiai 
€τηζ€υγννονσαί  τάς  πλ€νράς  τον  πολυγωνον,  ώστβ 
αυτά?  παραλληλονς  etvat  juia  όποιαοΰν  των  νπο 
δυο  πλευράς  του  πολυγώνου  ύποτβινουσών,  αί  €πι- 
ζ€υγνύουσαι  ττασαι  προς  την  του  κύκλου  Βιάμετρον 
τούτον  εχουσι  τον  λόγον,  ον  €χ€ΐ  η  υποτείνουσα  τάς 
ju,ia  ελάσσονα?  των  ημίσεων  προς  την  πλευράν  του 
πολυγώνου. 

"Εστω  κνκλος  6  ΑΒΓΔ,  καΐ  iv  αΰτώ  πολυγωνον 
^γγεγράφθω  το  ΑΕΖΒΗΘΓΜΝΔΛΚ,  καΐ  ε'π- 
εζεύχθωσαν  αί  ΕΚ,  ΖΛ,  ΒΔ,  ΗΝ,  ΘΜ•  ^ηλον  ^, 
ΟΤΙ  παράλληλοι  είσιν  τη  ύπο  δυο  πλευράς  του 
πολυγώνου  ύποτεινούση'  λέγω  ουν,  otl  αί  είρημέναι 
πασαι  προς  την  του  κύκλου  ^ιάμετ ρον  την  Α  Γ  τον 
αύτον  λόγον  εχουσι  τω  της  ΓΕ  προς  ΕΑ. 

Έπεζεύχθωσαν  γάρ  αί  ΖΚ,  ΑΒ,  ΗΔ,  ΘΝ• 
παράλληλος  άρα  η  μεν  ΖΚ  τη  ΕΑ,  η  δε  ΒΛ  τη 
ΖΚ,  καΐ  ετι  η  μεν  ΔΗ  τη  ΒΛ,  η  U  ΘΝ  τη  ΔΗ, 
καΐ  η  ΓΜ  τη  ΘΝ  [και  επεί  δυο  παράλληλοι  είσιν 
αί  ΕΑ,  ΚΖ,  και  δυο  ^ιηγμέναι  είσιν  αί  ΕΚ,  ΑΟ]^• 
εστίν  άρα,  ως  η  ΕΞ  προς  ΞΑ,  ό  ΚΞ  ττρο?  ΞΟ. 
ώς  δ'   η   ΚΞ   προς  ΞΟ,   η   Ζ  Π    προς   00,   ώς  δε 

*  κοΛ  iva  .  ,  .  ΕΚ,  ΑΟ  om.  Heiberg. 
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Κ,  θ.  But  Λ  is  equal  to  the  surface  of  the  cone  ΒΑΓ, 
while  Κ  is  equal  to  the  surface  of  the  cone  Δ  BE  ; 
therefore  the  remainder,  the  portion  of  the  surface 
of  the  cone  between  the  parallel  planes  ΔΕ,  ΑΓ,  is 
equal  to  the  circle  Θ. 

Prop.  21 

If  a  regular  polygon  tvith  an  even  number  of  sides  be 
inscribed  in  a  circle,  and  straight  lines  be  drawn  joining 
the  angles  "  of  the  polygon,  in  such  a  manner  as  to  be 
parallel  to  any  one  whatsoever  of  the  lines  subtended  by 
two  sides  of  the  polygon,  the  sum  of  these  connecting  lines 
bears  to  the  diameter  of  the  circle  the  same  ratio  as  the 
straight  line  subtended  by  half  the  sides  less  one  bears  to 
the  side  of  the  polygon. 

Let  ΑΒΓΑ  be  a  circle,  and  in  it  let  the  polygon 
ΑΕΖΒΗΘΓΜΝΔΑΚ  be  inscribed,  and  let  EK,  ΖΛ, 
ΒΔ,  HN,  ΘΜ  be  joined  ;  then  it  is  clear  that  they 
are  parallel  to  a  straight  line  subtended  by  two  sides 
of  the  polygon  *  ;  I  say  therefore  that  the  sum  of  the 
aforementioned  straight  lines  bears  to  ΑΓ,  the  dia- 
meter of  the  circle,  the  same  ratio  as  ΓΕ  bears  to  EA. 

For  let  ZK,  AB,  ΗΔ,  ΘΝ  be  joined  ;  then  ZK  is 
parallel  to  Ε  A,  BA  to  ZK,  also  ΔΗ  to  BA,  ΘΝ  to  ΔΗ 
and  ΓΜ  to  ΘΝ  «  ;  therefore 

ES:HA=KH:HO. 
But  KH  :  HO  =Zn  :  Π0,         [Eucl.  vi.  4 

•  "  Sides "  according  to  the  text,  but  Heiberg  thinks 
Archimedes  probably  wrote  γωνίας  where  we  have  nXevpas. 

*  For,  because  the  arcs  ΚΛ,  EZ  are  equal,  δΕΚΖ  =  lKZA 
[Eucl.  iii.  27]  ;   therefore  EK  is  parallel  to  ΛΖ  ;  and  so  on. 

"  For,  as  the  arcs  AK,  EZ  are  equal,  ^AEK  =  ^EKZ, 
and  therefore  AE  is  parallel  to  ZK  ;  and  so  on. 
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■η  ΖΠ  ττρος  ΠΟ,  η  ^^  ττρος  Π  Ρ,  ώς  Be  η  ΑΠ 
ττρος  Π  Ρ,  ούτως  "η  ΒΣ  ττρο?  ΣΡ,  καί  έτι,  ώ?  tJ 
ju,ev  ΒΣ  ττρό?  ΣΡ,  ι^  ΔΣ  ττρος  ΣΤ,  cos  Se  -η  ΔΣ 
7Γ/30ϊ  ΣΤ,  τ^  ΗΥ  Ίτρος  ΤΤ,  /cat  en,  ώς  tj  μεν  ΗΤ 


ττρο?  ΤΤ,  Tf  NT  προ?  ΤΦ,  ώς  he  -η  NT  ττρό?  ΤΦ, 
•η  ΘΧ  ττρό?  ΧΦ,  και  ert,  ώς  μεν  η  ΘΧ  ττρος  ΧΦ,  ij 
MX  ττρος  ΧΓ  [/cat  πάντα  άρα  ττρος  ττάντα  εστίν, 
ώς  εις  των  λόγων  ττρος  eva]^•  ώς  άρα  η  ΕΞ  προς 
ΞΑ,  οϋτως  αί  ΕΚ,  ΖΛ,  ΒΔ,  ΗΝ,  ΘΜ  προς  την 
ΑΓ  8ίάμ€τρον.  ώς  8e  ij  ΕΞ  προς  ΞΑ,  οϋτως  η 
ΓΕ  7Γ/3θ?  ΕΑ•  εσται  αρα  /cat,  ώ?  τ^  ΓΈ  ττρό?  Ε  Α, 
οΰτω  πασαι  αΐ  ΕΚ,  ΖΛ,  ΒΔ,  ΗΝ,  ΘΜ  προς 
rrjv  ΑΓ  Βιάμετρον. 
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while 

ΖΠ; 

:ΠΟ  =  ΛΠ:ΠΡ, 

[ibid. 

and 

ΛΠ 

:  ΠΡ  =  ΒΣ:ΣΡ. 

[ibid. 

Again, 

ΒΣ: 

ΣΡ   =ΔΣ:ΣΤ, 

[ibid. 

while 

ΔΣ: 

ΣΤ  =ΗΥ:ΥΤ. 

[ibid. 

Again, 

HY 

:ΥΤ  =  ΝΥ•.ΥΦ, 

[ibid. 

while 

NY 

:ΥΦ  =  ΘΧ:ΧΦ. 

[ibid. 

Again, 

ΘΧ; 

;ΧΦ  =  ΜΧ:ΧΓ, 

[ibid. 

therefore 

EE: 

;ΞΑ=ΕΚ+ΖΑ+ΒΔ 

+  ΗΝ 

+ 

ΘΜ  :  ΑΓ." 

[Eucl. 

v.  12 

But 

EH 

:ΞΑ=ΓΕ:ΕΑ; 

[Euc] 

I.  vi.  4 

therefore 

ΓΕ 

:ΕΑ  =  ΕΚ+ΖΛ+ΒΔ 
ΘΜ  :  ΑΓ.» 

+  ΗΝ 

+ 

•  By  adding  all  the  antecedents  and  consequents,  for 

ΕΞ:ΞΑ  =  ΕΞ  +  ΚΞ+ΖΠ+ΛΠ  +  ΒΣ+ΔΣ+ΗΤ  +  ΝΤ  +  ΘΧ  + 
MX:  ΞΑ  +  ΞΟ  +  ΠΟ  +  ΠΡ  +  ΣΡ+ΣΤ+ΥΤ+ΤΦ 
+ΧΦ+ΧΓ 

=  ΕΚ  +  ΖΛ  +  ΒΔ  +  ΗΝ  +  ΘΜ:  ΑΓ. 

*  If  the  polygon  has  4n  sides,  then 

ζ.ΕΓΚ  =  ^  and  EK:Ar  =  sin^. 
lZVK~  and  ZA:Ar=sin|^, 
^ΘΓΜ  =  (2n  -  1)  ^  and  ΘΜ  :  ΑΓ  =  sin  (2n  -  1)  ^. 


Further,    Ζ.ΑΓΕ  =  ^-     and     FEiEA^cot:^. 
4n  4n 


Therefore  the  proposition  shows  that 
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κγ 


'Έστω  iv  σφαίρα  μέγιστος  κύκλος  6  ΑΒΓΔ,  και 
ζγγζγράφθω  els  avTov  ττολύγο)νον  Ισοττλβυρον,  το 


8e  πλήθος  των  πλευρών  αυτού  μετρ^ίσθω  ύπο 
τετράδος•,  at  he  ΑΓ,  ΔΒ  Βιάμζτροί  εστωσαν.  iav 
Βη  μενονσης  της  ΑΓ  διαμέτρου  περιενεχΟτ}  ό 
ΑΒΓΑ  κύκλος  €χων  το  ττολνγωνον,  δηλον,  οτι  η 
μεν  περιφέρεια  αντοΰ  κατά  της  επιφανείας  της 
σφαίρας  ενεχθήσεται,  at  Βε  του  πολυγώνου  γωνιαι 
χωρίς  των  προς  τοις  Α,  Γ  σημείοις  κατά  κύκλων 
περιφερειών  ενεχθησονται  εν  τύ}  επιφανεία  της 
σφαίρας  γεγ ραμμένων  ορθών  προς  τον  ΑΒΓΔ 
κύκλον  διάμετροι  δε  αυτών  έσονται  at  eVt^eu- 
yvuouoat  τα?  γωνίας  του  πολυγώνου  παρά  την  ΒΔ 
ουσαι.  at  δε  του  πολυγώνου  πλευραι  κατά  τίνων 
κώνων  ενεχθησονται,  αί  μεν  ΑΖ,  ΑΝ  κατ  εττι- 
φανείας  κώνου,  οΰ  βάσις  μεν  6  κύκλος  6  περί 
Βιάμετρον  την  ΖΝ,  κορυφή  δε  το  Α  σημεΐον,  at  δε 
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Prop.  23 
Let  ΑΒΓΔ  be  the  greatest  circle  in  a  sphere,  and 

let  there  be  inscribed  in  it  an  equilateral  polygon,  the 
number  of  whose  sides  is  divisible  by  four,  and  let 
ΑΓ,  ΔΒ  be  diameters.  If  the  diameter  ΑΓ  remain 
stationary  and  the  circle  ΑΒΓΔ  containing  the  poly- 
gon be  rotated,  it  is  clear  that  the  circumference  of 
the  circle  will  traverse  the  surface  of  the  sphere, 
while  the  angles  of  the  polygon,  except  those  at  the 
points  A,  Γ,  will  traverse  the  circumferences  of  circles 
described  on  the  surface  of  the  sphere  at  right  angles 
to  the  circle  ΑΒΓΑ;  their  diameters  will  be  the 
[straight  lines]  joining  the  angles  of  the  polygon, 
being  parallel  to  ΒΔ.  Now  the  sides  of  the  polygon 
will  traverse  certain  cones  ;  AZ,  AN  will  traverse  the 
surface  of  a  cone  whose  base  is  the  circle  about  the 

diameter  ZN  and  whose  vertex  is  the  point  A ;  ZH, 
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ZH,  MN  κατά  TLVos  κωνικής  €πίφαν€ίας  οίσθη- 
σονται,  ■^ς  βάσις  μεν  6  κύκλος  6  περί  ^ιάμ,ετρον  την 
ΜΗ,  κορυφή  δε  το  σημεΐον,  καθ^  δ  συμβάΧλουσιν 
€κβαλλόμ€ναι  at  Ζ  Η,  ΜΝ  άλληλαι?  re  καΐ  Tjj  AT, 
ai  8e  BH,  ΜΔ  TrXevpal  κατά  κωνικής  επιφανείας 
οισθησονται,  ης  βάσις  μεν  εστίν  6  κύκλος  ό  ττερι 
^ιάμετ ρον  την  ΒΔ  όρθος  ττρος  τον  ΑΒΓΔ  κύκλον, 
κορυφή  δε  το  σημεΐον,  καθ^  δ  συμβάλλουσιν  εκ- 
jSaAAojLtevat  αί  ΒΗ,  ΔΜ  άλλτ^λαι^  τε  και  τη  ΓΑ• 
ομοίως  8ε  και  αϊ  εν  τω  ετερω  ημικυκλίω  ττλευραι 
κατά  κωνικών  επιφανειών  οισθησονται  πάλιν 
ομοίων  ταυταις.  εσται  Βη  τι  σχήμα  εγγεγραμ- 
μενον  εν  τη  σφαίρα  υπό  κωνικών  επιφανειών 
περιεχόμενον  τών  προειρημενων,  ου  η  επιφάνεια 
ελάσσων  Ι'σται  της  επιφανείας  της  σφαίρας. 

Αιαιρεθείσης  γαρ  της  σφαίρας  υπό  του  επιπεΖου 
του  κατά  την  ΒΔ  όρθοΰ  προς  τόν  ΑΒΓΔ  κύκλον 
η  επιφάνεια  του  έτερου  ημισφαιρίου  και  η  επι- 
φάνεια του  σχήματος  του  εν  αύτώ  εγγεγραμμένου 
τά  αυτά  πέρατα  εχουσιν  εν  ενι  επιπεΒω-  αμφο- 
τέρων γάρ  τών  επιφανειών  πέρας  εστίν  του  κύκλου 
η  περιφέρεια  του  περί  Βιάμετρον  την  ΒΔ  ορθοΰ 
προς  τόν  ΑΒΓΔ  κύκλον  καί  είσιν  άμφοτεραι  επι 
τά  αυτά  κοΐλαι,  και  περιλαμβάνεται  αυτών  η  έτερα 
υπό  της  ετέρας  επιφανείας  καί  της  επίπεδου  της 
τά  αυτά  πέρατα  εχούσης  αυττ^.  ομοίως  8ε  και  τοΰ 
εν  τω  ετερω  ημισφαιρίω  σχήματος  η  επιφάνεια 
ελάσσων  εστίν  της  τοΰ  ημισφαιρίου  επιφάνειας' 
και  δλη  οΰν  η  επιφάνεια  τοΰ  σχήματος  τοΰ  εν  τη 
σφαίρα  ελάσσων  εστίν  της  επιφανείας  της  σφαίρας. 

"  Archimedes  would  not  have  omitted  to  make  the  deduc- 
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MN  will  traverse  the  surface  of  a  certain  cone  whose 
base  is  the  circle  about  the  diameter  MH  and  whose 
vertex  is  the  point  in  which  ZH,  Μ  Ν  produced  meet 
one  another  and  with  ΑΓ  ;  the  sides  BH,  ΜΔ  will 
traverse  the  surface  of  a  cone  whose  base  is  the 
circle  about  the  diameter  ΒΔ  at  right  angles  to  the 
circle  ΑΒΓΔ  and  whose  vertex  is  the  point  in  which 
BH,  AM  produced  meet  one  another  and  with  Γ  A  ; 
in  the  same  way  the  sides  in  the  other  semicircle 
will  traverse  surfaces  of  cones  similar  to  these.  As 
a  result  there  will  be  inscribed  in  the  sphere  and 
bounded  by  the  aforesaid  surfaces  of  cones  a  figure 
whose  surface  will  be  less  than  the  surface  of  the 
sphere. 

For,  if  the  sphere  be  cut  by  the  plane  through  ΒΔ 
at  right  angles  to  the  circle  ΑΒΓΔ,  the  surface  of  one 
of  the  hemispheres  and  the  surface  of  the  figure 
iyscribed  in  it  have  the  same  extremities  in  one 
plane  ;  for  the  extremity  of  both  surfaces  is  the 
circumference  of  the  circle  about  the  diameter  ΒΔ 
at  right  angles  to  the  circle  ΑΒΓΔ  ;  and  both  are 
concave  in  the  same  direction,  and  one  of  them  is 
included  by  the  other  surface  and  the  plane  having 
the  same  extremities  with  it.<*  Similarly  the  surface 
of  the  figure  inscribed  in  the  other  hemisphere  is 
less  than  the  surface  of  the  hemisphere  ;  and  there- 
fore the  whole  surface  of  the  figure  in  the  sphere  is 
less  than  the  surface  of  the  sphere. 

tion,  from  Postulate  4,  that  the  surface  of  the  figure  inscribed 
in  tlie  hemisphere  is  less  than  the  surface  of  the  hemisphere. 
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*H  τον  εγγραφόμενου  σχήματος  εις  την  σφαΐραν 
επιφάνεια  ιση  εστί  κνκλω,  οΰ  η  εκ  του  κέντρου 
Βνναται  το  ττεριεχόμενον  νττο  τε  της  ττΧευρας  του 
σχήματος  και  της  ΐσης  ττάσαι?  ται?  εττιζενγνυου- 
σαις  τάς  πλευράς  του  πολυγώνου  παραλληλοις 
ονσαις  τη  ύπο  8ύο  πλευράς  του  πολυγώνου  ύπο- 
τεινούση  ευθεία. 

"Εστω  εν  σφαίρα  μέγιστος  κύκλος  ό  ΑΒΓΔ,  και 
εν  αύτω  πολυγωνον  εγγεγράφθο)  ίσόπλευρον,  οΰ  at 
πλευραΐ  υπό  τετράδος  μετρούνται,  και  από  του 
πολυγώνου  τον  εγγεγραμμένου  νοείσθω  τι  εις  την 
σφαΐραν  εγγραφεν  σχήμα,  και  επεζεύχθωσαν  αι 
ΕΖ,  Η  Θ,  ΓΔ,  ΚΑ,  ΜΝ  παράλληλοι  ονσαι  τη  υπό 
Βυο  πλευράς  ύποτεινονση  ευθεία,  κύκλος  Βε  τις 
εκκείσθω  6  Ξ,  οΰ  η  εκ  του  κέντρου  ^υνασθω  το 
περιεχόμενον  υπό  τε  της  ΑΕ  και  της  ΐσης  ταΐς 
ΕΖ,  ΗΘ,  ΓΔ,  ΚΑ,  ΜΝ•  λέγω,  ΟΤΙ  6  κύκλος  οΰτος 
ίσος  εστί  τη  επιφάνεια  τοΰ  εις  την  σφαΐραν  εγ- 
γραφόμενου σχήματος. 

^Έικκείσθωσαν  γάρ  κύκλοι  οι  Ο,  Π,  Ρ,  Σ,  Τ,  Τ, 
καΐ  τοΰ  μεν  Ο  ή  εκ  τοΰ  κέντρου  Βυνάσθω  το 
περιεχόμενον  υπό  τε  της  ΕΑ  και  της  ημισείας  της 
ΕΖ,  η  δε  εκ  τοΰ  κέντρου  τοΰ  Π  Βυνάσθω  τό  περι- 
€χόμενον  υπό  τε  της  Ε  Α  και  της  •)7μ.ισ€ΐα9  των 
ΈιΤα,  η  θ,  ή  δε  εκ  τοΰ  κεντρον  τοΰ  Ρ  Βννάσθω  τό 
περιεχόμενον  νπό  της  ΕΑ  και  της  i^Z-tic^^ici?  "^ών 
Η  Θ,  ΓΔ,  ή  δε  εκ  τοΰ  κεντρον  τοΰ  Σ  Βυνάσθω  το 
περιεχόμενον  νπό  τε  της  ΕΑ  και  της  η/χισεια? 
των  ΓΔ,  ΚΑ,  ή  δε  εκ  τοΰ  κεντρον  τοΰ  Τ  Βννάσθω 
τό  περιεχόμενον  υπό  τε  της  ΑΕ  και  της  ι/^ι^ισεια? 
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Prop.  24 

The  surface  of  the  figure  inscribed  in  the  sphere  is 
equal  to  a  circle,  the  square  of  whose  radius  is  equal  to  the 
rectangle  contained  hy  the  side  of  the  figure  and  a  straight 
line  equal  to  the  sum  of  the  straight  lines  jointing  the 
angles  of  the  polygon,  beijig  parallel  to  the  straight  line 
subtended  by  two  sides  of  the  polygon. 

Let  ΑΒΓΔ  be  the  greatest  circle  in  a  sphere,  and 
in  it  let  there  be  inscribed  an  equilateral  polygon,  the 
number  of  whose  sides  is  divisible  by  four,  and,  start- 
ing from  the  inscribed  polygon,  let  there  be  imagined 
a  figure  inscribed  in  the  sphere,  and  let  EZ,  ΗΘ, 
ΓΔ,  KA,  MN  be  joined,  being  parallel  to  the  straight 
line  subtended  by  two  sides  ;  now  let  there  be  set 
out  a  circle  H,  the  square  of  whose  radius  is  equal  to 
the  rectangle  contained  by  AE  and  a  straight  line 
equal  to  the  sum  of  EZ,  ΗΘ,  ΓΔ,  KA,  MN  ;  I  say 
that  this  circle  is  equal  to  the  surface  of  the  figure 
inscribed  in  the  sphere. 

For  let  the  circles  O,  Π,  P,  Σ,  T,  Υ  be  set  out,  and 
let  the  square  of  the  radius  of  0  be  equal  to  the 
rectangle  contained  by  EA  and  the  half  of  EZ,  let 
the  square  of  the  radius  of  Π  be  equal  to  the  rect- 
angle contained  by  Ε  A  and  the  half  of  EZ  +  ΗΘ, 
let  the  square  of  the  radius  of  Ρ  be  equal  to  the  rect- 
angle contained  by  Ε  A  and  the  half  of  Η  θ  +ΓΔ,  let 
the  square  of  the  radius  of  Σ  be  equal  to  the  rect- 
angle contained  by  Ε  A  and  the  half  of  ΓΔ  +KA,  let 
the  square  of  the  radius  of  Τ  be  equal  to  the  rectangle 
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των  ΚΑ,  MN,  ή  δε  εκ  του  κέντρου  του  Τ  ^υνάσθω 
το  7Γ€ρί€χόμ€νον  νττό  τε  τη?  ΑΕ  και  τη?  ημισβιας 
της  ΜΝ.  δια  δη  ταΰτα  ό  /χέν  Ο  κύκλος  'ίσος  εστί 
τη  βπιφανςία  του  ΑΕΖ  κώνου,  ό  δε  Π  τη  εττι- 
φανζία  του  κώνου  τη  /χετα^ύ  των  ΕΖ,  Η  Θ,  ο  δε 
Ρ  τη  μεταξύ  των  ΗΘ,  ΓΔ,  οδέΣτη  μεταξύ  των 


ΔΓ,  ΚΑ,  και  ετι  ό  μβν  Τ  ισο?  εστί  τη  βτηφανζία 
του  κώνου  τη  ^υ,ετα^ύ  των  ΚΑ,  ΜΝ,  ό  δε  Υ  τη 
του  ΜΒΝ  κώνου  ^τηφανβία  Ισος  εστίν  οι  ττάντες 
άρα  κύκλοι  Ισοι  ζΐσΐν  τη  του  έγγβγραμμενου  σχή- 
ματος επιφάνεια.  καΐ  φανερόν,  οτι  αϊ  ε/c  των 
κέντρων  των  Ο,  Π,  Ρ,  Σ,  Τ,  Τ  κύκλων  δύνανται 
το  7Τ€ρί€χόμ€νον  ύττό  τε  τη?  ΑΕ  και  δι?  των  ημί" 
σεων  της  ΕΖ,  ΗΘ,  ΓΔ,  ΙίΑ,  ΜΝ,  at  ολαι  εισιν 
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contained  by  AE  and  the  half  of  Κ  A  +MN,  and  let 
the  square  of  the  radius  of  Υ  be  equal  to  the  rect 
angle  contained  by  AE  and  the  half  of  MN.  Now 
by  these  constructions  the  circle  0  is  equal  to  the 
surface  of  the  cone  AEZ  [Prop.  14],  the  circle  Π  is 
equal  to  the  surface  of  the  conical  frustum  between 
EZ  and  ΗΘ,  the  circle  Ρ  is  equal  to  the  surface  of  the 
conical  frustum  between  Η  θ  and  ΓΔ,  the  circle  Σ  is 


equal  to  the  surface  of  the  conical  frustum  between 
ΔΓ  and  KA,  the  circle  Τ  is  equal  to  the  surface  of  the 
conical  frustum  between  Κ  A,  MN  [Prop.  16],  and 
the  circle  Υ  is  equal  to  the  surface  of  the  cone  MBN 
[Prop.  14]  ;  the  sum  of  the  circles  is  therefore  equal 
to  the  surface  of  the  inscribed  figure.  And  it  is 
manifest  that  the  sum  of  the  squares  of  the  radii  of 
the  circles  O,  Π,  P,  Σ,  T,  Υ  is  equal  to  the  rectangle 
contained  by  AE  and  twice  the  sum  of  the  halves  of 
EZ,  ΗΘ,  ΓΔ,  KA,  MN,  that  is  to  say,  the  sum  of  EZ, 
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αί  EZ,  ΗΘ,  ΓΔ,  ΚΛ,  ΜΝ•  at  dpa  €K  των  κέντρων 
των  Ο,  Π,  Ρ,  Σ,  Τ,  Υ  κύκλων  8wavTai  το 
7Τ€ρΐ€χόμ€νον  VTTo  τ€  της  ΑΕ  καΐ  πασών  των  ΕΖ, 
ΗΘ,  ΓΔ,  ΚΛ,  ΜΝ.  άλλα  καΐ  η  €Κ  του  κέντρου 
τον  Ξ  κνκΧου  Βνναταί  το  υττο  της  ΑΕ  καΐ  της 
συγκ€ΐμ€νης  €Κ  ττασων  των  ΕΖ,  ΗΘ,  ΓΔ,  ΚΛ, 
ΜΝ•  ή  άρα  €Κ  του  κέντρου  του  Ξ  κύκλου  δύναται 
τα  από  των  έκ  των  κέντρων  των  Ο,  Π,  Ρ,  Σ,  Τ, 
Υ  κύκλων  καΐ  6  κύκλος  άρα  6  Ξ  ΐσος  έστΙ  τοις  Ο, 

Π,  ρ.  Σ,  Τ,  Υ  κύκλοις.    οι  δ^  Ο,  Π,  Ρ,  Σ,  τ,  γ 

κύκλοι  άπ^Βείχθησαν  Ισοι  τύ]  βίρημέν-η  του  σχή- 
ματος επιφάνεια'  και  6  Ξ  άρα  κύκλος  ίσος  €σται 
ΤΎ)  επιφάνεια  τοΰ  σχήματος. 


Κ€ 

Ύοΰ  εγγεγραμμένου  σχήματος  ζΐς  την  σφαΐραν 
η  επιφάνεια  ή  περιεχόμενη  υπό  των  κωνικών 
επιφανειών  ελάσσων  εστίν  η  τετραπλάσια  τοΰ 
μεγίστου  κύκλου  των  εν  τί}  σφαίρα. 

"Εστω  εν  σφαίρα  μέγιστος  κύκλος  ό  ΛΒΓΔ,  καΐ 
εν  αύτώ  εγγεγράφθω  πολύγωνον  [άρτιόγωνον]  ισό- 
πλευρον,  οδ  αί  πλευραΐ  υπό  τετράδος  μετρούνται, 
και    απ*    αύτοΰ    νοείσθω    επιφάνεια    η    υπο    των 


•  If  the  radius  of  the  sphere  is  β  this  proposition  shows  that 

Surface  of  inscribed  figure  =  circle  Ξ 

=  ,r .  ΑΕ  .  (EZ +  ΗΘ +  ΓΔ +  ΚΛ  + 
MN). 

Now  AE  =  2a  sin  ^,  and  by  p.  91  n.  6 
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Ηθ,  ΓΔ,  ΚΛ,  ΜΝ  ;  therefore  the  sum  of  the  squares 
of  the  radii  of  the  circles  0,  Π,  P,  Σ,  T,  Υ  is  equal  to 
the  rectangle  contained  by  AE  and  the  sum  of  EZ, 
ΗΘ,  ΓΔ,  KA,  MN.  But  the  square  of  the  radius  of 
the  circle  Ξ  is  equal  to  the  rectangle  contained  by  AE 
and  a  straight  hne  made  up  of  EZ,  ΗΘ,  ΓΔ,  KA,  MN 
[ex  hypothest]  ;  therefore  the  square  of  the  radius  of 
the  circle  Ξ  is  equal  to  the  sum  of  the  squares  of 
the  radii  of  the  circles  0,  Π,  Ρ,  Σ,  Τ,  Υ  ;  and  there- 
fore the  circle  Ξ  is  equal  to  the  sum  of  the  circles 
0,  Π,  P,  Σ,  T,  Y.  Now  the  sum  of  the  circles  0,  Π, 
P,  Σ,  T,  Υ  was  shown  to  be  equal  to  the  surface  of 
the  aforesaid  figure  ;  and  therefore  the  circle  Η  will 
be  equal  to  the  surface  of  the  figure.* 

Prop,  25 

The  surface  of  the  figure  inscribed  in  the  sphere  and 
bounded  by  the  surfaces  of  cones  is  less  than  four  times 
the  greatest  of  the  circles  in  the  sphere. 

Let  ΑΒΓΔ  be  the  greatest  circle  in  a  sphere,  and 
in  it  let  there  be  inscribed  an  equilateral  polygon, 
the  number  of  whose  sides  is  divisible  by  four,  and, 
starting  from  it,  let  a  surface  bounded  by  surfaces  of 

ΕΖ  +  ΗΘ  +  ΓΔ  +  ΚΛ+ΜΝ=2αΓ8ίη;^+8ίη  ~+.  .  .  +  sin 

.•,  Surface  of  inscribed  figure  =  4^0"  sin  J^\  sin  ^^  ,^;„  ^ 

4n\_       2n  +  sin  2« 


+  •  .  .+sin 


"^a*  cos  3— 
4n 


[by  p.  91  n.  6. 
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κωνικών  €τηφαν€ίών  ττ^ρίζ-χομ^νη•  Χ4γω,  δη  η 
€πιφάν€ΐα  του  ζγγραφεντος  ζΧάσσων  €στιν  η  τε- 
τραπλάσια του  μεγίστου  κύκλου  των  ev  Trj  σφαίρα. 
Έ7Γ6ζευ;^0ωσαν  γαρ  αί  ύττο  δυο  πλευράς  ύπο- 
τείνουσαι  του  πολυγώνου  at  ΕΙ,  ΘΜ  και  ταιίται? 
παράλληλοι  αΐ  ΖΚ,  ΔΒ,  ΗΑ,  εκκείσθω  Βε  τις 
κύκλος  ό  Ρ,  ου  η  εκ  του  κέντρου  δύναται  το  ύπο 
της  ΕΑ  και  της  Ίσης  ττάσαι?  ταΐς  ΕΙ,  ΖΚ,  ΒΔ, 
Η  Α,  ΘΜ•  δια  δτ7  το  προΒειχθεν  ΐσος  εστίν  6  κύ- 
κλος τη  τοΰ  ειρη μενού  σχήματος  επιφάνεια,  και 
επεί  ε^είχθη,  οτι  εστίν,  ώς  η  Ιση  πάσαις  ται?  ΕΙ, 
ΖΚ,  ΒΔ,  ΗΛ,  ΘΜ  προς  την  Βιάμετρον  τοΰ  κύκλου 
την  ΑΓ,  ούτως  η  ΓΕ  προς  ΕΑ,  το  άρα  υπό  της 
ϊσης  πάσαι?  ταΐ?  είρημεναις  και  της  ΕΑ,  τουτέστιν 
το  άπο  της  εκ  τοΰ  κέντρου  τοΰ  Ρ  κύκλου,  ίσον 
εστίν  τω  ύπο  των  ΑΓ,  ΓΕ.  άλλα  και  το  υπό  ΑΓ, 
ΓΕ  έλασσον  εστί  τοΰ  από  της  ΑΓ•  έλασσον  άρα 
εστίν  το  από  της  εκ  τοΰ  κέντρου  τοΰ  Ρ  τοΰ  απο 
της  ΑΓ  [ελάσσων  άρα  εστίν  η  εκ  τοΰ  κέντρου 
τοΰ  Ρ  της  ΑΓ•  ώστε  η  Βιάμετρος  τοΰ  Ρ  κύκλου 
ελάσσων  εστίν  η  διπλάσια  της  διαμέτρου  τοΰ 
ΑΒΓΔ  κύκλου,  καΐ  δυο  άρα  τοΰ  ΑΒΓΔ  κύκλου 
διάμετροι  μείζους  είσι  της  διαμέτρου  τοΰ  Ρ  κύ- 
κλου, και  τό  τετράκις  από  της  Βιαμετρου  τοΰ 
ΑΒΓΔ  κύκλου,  τουτεστι  της  ΑΓ,  μείζον  εστί  τοΰ 
από  της  τοΰ  Ρ  κύκλου  Βιαμετρου.  ώς  Βε  τό 
τετράκις  από  της  Α  Γ  προς  τό  από  της  τοΰ  Ρ 
κύκλου  Βιαμετρου,  ούτως  τέσσαρες  κύκλοι  οι 
ΑΒΓΔ  προς  τόν  Ρ  κύκλον  τέσσαρες  άρα  κύκλοι 
οι  ΑΒΓΑ  μείζους  είσιν  τοΰ  Ρ  κύκλου]^'  6  άρα 
κύκλος   ο   Ρ   ελάσσων   εστίν  η   τετραπλάσιος  τοΰ 

*  ίλάσσων  .  .  .  κνκΛου  om.  Heiberg. 
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cones  be  imagined  ;  I  say  that  the  surface  of  the 
inscribed  figure  is  less  than  four  times  the  greatest 
of  the  circles  inscribed  in  the  sphere. 

For  let  EI,  ΘΜ,  subtended   by  two  sides  of  the 
polygon,  be  joined,  and  let  ZK,  ΔΒ,  ΗΛ  be  parallel 


to  them,  and  let  there  be  set  out  a  circle  P,  the  square 
of  whose  radius  is  equal  to  the  rectangle  contained 
by  EA  and  a  straight  line  equal  to  the  sum  of  EI, 
ZK,  ΒΔ,  HA,  ΘΜ  ;  by  what  has  been  proved  above, 
the  circle  is  equal  to  the  surface  of  the  aforesaid 
figure.  And  since  it  was  proved  that  the  ratio  of  the 
sum  of  EI,  ZK,  ΒΔ,  HA,  ΘΜ  to  ΑΓ,  the  diameter 
of  the  circle,  is  equal  to  the  ratio  of  ΓΕ  to  EA  [Prop. 
21],  therefore 

EA  .  (EI  +  ZK  +  ΒΔ  +  HA  +  ΘΜ) 
that  is,  the  square  on  the  radius  of  the  circle  Ρ 

[ex  hyp. 

=  ΑΓ.ΓΕ.  [Eucl.  vi.  16 

But  ΑΓ  .  ΓΕ<ΑΓ2.  [Eucl.  iii.  15 

Therefore  the  square  on  the  radius  of  Ρ  is  less  than 
the  square  on  ΑΓ  ;    therefore  the  circle  Ρ  is  less 
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μ€γιστον  κύκλου,     ό  Se  Ρ  κύκλος  ίσος  ^Βίίχθτ]  τη 
ζίρημίντ)  εττίφανεία  του  σχήματος•  -η  αρα  επιφάνεια 
του  σχήματος  4λάσσων  €στΙν  η  τετραπλάσια  τοΰ 
μεγίστου  κύκλου  των  iv  Tjj  σφαίρα. 

ι 

κη 

"Εστω    iv    σφαίρα    μίγιστος    κύκλος    6    ΑΒΓΔ, 

TTspl   Be  τον  ΑΒΓΔ   κύκλον  π€ρίγ€γράφθω  ττολύ- 

γωνον  ίσόττλ^υρόν  Τ€  καΐ  ίσογώνιον,  το  δε  πλήθος 

των  ττλ^υρών  αύτοΰ  μ^τρείσθω   ύττο  τετράδος,  το 

δε    ττερι    τον   κύκλον   ττζριγ&γραμμ4νον    ττολύγωνον 

κύκλος   7Τ€ρίγεγραμμ€νος    ττεριλαμβανάτω    περί   το 

αυτό  Kevrpov  γινόμζνος  τω  ΑΒΓΔ.     μ^νούσης  Βη 

της  ΕΗ  π€ριεν€χθήτω  το  ΕΖΗΘ  εττιττεδοί',  iv  ω 

τό  τε  ττολύγωνον  και  <5  κύκλος•  Βηλον  ονν,  οτι  -η 

μ€ν  περιφέρεια  του  ΑΒΓΔ  κύκλου  κατά  της  ε'πι- 

φανίίας  της  σφαίρας  οίσθήσ€ται,  ή  δε  περιφέρεια 

τοΰ    ΕΖΗΘ    κατ'    άλλης    ίπιφανίίας    σφαίρας    το 
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than  four  times  the  greatest  circle.  But  the  circle  Ρ 
was  proved  equal  to  the  aforesaid  surface  of  the 
figure  ;  therefore  the  surface  of  the  figure  is  less 
than  four  times  the  greatest  of  the  circles  in  the 
sphere. 

Prop.  28 

Let  ΑΒΓΔ  be  the  greatest  circle  in  a  sphere,  and 
about  the  circle  ΑΒΓΔ  let  there  be  circumscribed 


an  equilateral  and  equiangular  polygon,  the  number 
of  whose  sides  is  divisible  by  four,  and  let  a  circle 
be  described  about  the  polygon  circumscribing  the 
circle,  having  the  same  centre  as  ΑΒΓΔ.  While  EH 
remains  stationary,  let  the  plane  ΕΖΗΘ,  in  which  lie 
both  the  polygon  and  the  circle,  be  rotated  ;  it  is 
clear  that  the  circumference  of  the  circle  ΑΒΓΔ  will 
traverse  the  surface  of  the  sphere,  while  the  circum- 
ference of  ΕΖΗΘ  will  traverse  the  surface  of  another 
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αυτό  Kevrpov  €χονσης  rfj  ίλάσσονι  οίσθησβται,  αί 
Se  άφαί,  καθ*  ας  €7ηφανουσιν  αί  ττλευραί,  γρά- 
φουσιν  kvkXovs  ορθούς  προς  τον  ΑΒΓΔ  κνκλον 
€V  TTJ  iXdaaovL  σφαίρα,  αί  δε  γωνίαι  τοΰ  πολυγώ- 
νου χωρίς  των  ττρος  τοις  Ε,  Η  σημβίοις  κατά  κύ- 
κλων περιφερειών  οίσθησονται  εν  ttj  επιφάνεια  της 
μείζονος  σφαίρας  γεγραμμενων  ορθών  προς  τον 
ΕΖΗΘ  κύκλον,  αί  δε  πλευραι  του  πολυγώνου  κατά 
κωνικών  επιφανειών  οίσθησονται,  καθάπερ  επί  τών 
προ  τούτου'  εσται  οΰν  το  σχήμα  το  περιεχόμενον 
υπό  τών  επιφανειών  τών  κωνικών  περί  μεν  την 
ελάσσονα  σφαΐραν  περιγεγραμμενον,  εν  δε  τη 
μείζονι  εγγεγραμμενον.  δτι  δε  η  επιφάνεια  τοΰ 
περιγεγραμμένου  σχήματος  μείζων  εστί  της  επι- 
φανείας της  σφαίρας,  οϋτως  ^ειχθησεται. 

"Εστω  γαρ  η  ΚΔ  διάμετρος  κύκλου  τινός  τών  εν 
τη  ελάσσονι  σφαίρα  τών  Κ,  Δ  σημείων  όντων, 
καθ*  α  ατΓτονται  του  ΑΒΓΔ  κύκλου  αί  πλευραι^ 
τοΰ  περιγεγραμμένου  πολυγώνου.  Βιηρημενης  Βη 
της  σφαίρας  υπό  τοΰ  επιπε8ου  τοΰ  κατά  την  ΚΔ 
όρθοΰ  προς  τόν  ΑΒΓΔ  κύκλον  καΐ  η  επιφάνεια 
τοΰ  περιγεγραμμένου  σχήματος  περί  την  σφαΐραν 
Βιαιρεθησεται  υπό  τοΰ  επιπεΒου.  και  φανερόν,  ότι 
τα  αυτά  πέρατα  εχουσιν  εν  επιπεΒω'  αμφοτέρων 
γαρ  τών  επιπεΒων  πέρας  εστίν  η  τοΰ  κύκλου 
περιφέρεια  τοΰ  περί  Βιάμετρον  την  ΚΔ  όρθοΰ  προς 
τόν  ΑΒΓΔ  κύκλον  και  είσιν  άμφότεραι  επι  τα 
αυτά  κοΐλαι,  και  περιλαμβάνεται  η  έτερα  αυτών 
υπό  της  ετέρας  επιφανείας  και  της  επιπεΒου  της 
τά  αυτά  πέρατα  εχούσης'  ελάσσων  οΰν  εστίν  η 
περιλαμβανομένη  τοΰ  τμήματος  της  σφαίρας  επι- 
φάνεια της  επιφανείας  τοΰ  σχήματος  τοΰ  περι- 
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sphere,  having  the  same  centre  as  the  lesser  sphere  ; 
the  points  of  contact  in  which  the  sides  touch  [the 
smaller  circle]  will  describe  circles  on  the  lesser 
sphere  at  right  angles  to  the  circle  ΑΒΓΔ,  and  the 
angles  of  the  polygon,  except  those  at  the  points  E,  Η 
will  traverse  the  circumferences  of  circles  on  the 
surface  of  the  greater  sphere  at  right  angles  to  the 
circle  ΕΖΗΘ,  while  the  sides  of  the  polygon  will 
traverse  surfaces  of  cones,  as  in  the  former  case  ; 
there  will  therefore  be  a  figure,  bounded  by  surfaces 
of  cones,  described  about  the  lesser  sphere  and  in- 
scribed in  the  greater.  That  the  surface  of  the 
circumscribed  figure  is  greater  than  the  surface  of 
the  sphere  will  be  proved  thus. 

Let  ΚΔ  be  a  diameter  of  one  of  the  circles  in  the 
lesser  sphere,  K,  Δ  being  points  at  which  the  sides 
of  the  circumscribed  polygon  touch  the  circle  ΑΒΓΔ. 
Now,  since  the  sphere  is  divided  by  the  plane  con- 
taining ΚΔ  at  right  angles  to  the  circle  ΑΒΓΔ,  the 
surface  of  the  figure  circumscribed  about  the  sphere 
will  be  divided  by  the  same  plane.  And  it  is  mani- 
fest that  they  *  have  the  same  extremities  in  a  plane  ; 
for  the  extremity  of  both  surfaces  ^  is  the  circum- 
ference of  the  circle  about  the  diameter  ΚΔ  at  right 
angles  to  the  circle  ΑΒΓΔ  ;  and  they  are  both  con- 
cave in  the  same  direction,  and  one  of  them  is 
included  by  the  other  and  the  plane  having  the  same 
extremities  ;  therefore  the  included  surface  of  the 
segment  of  the  sphere  is  less  than  the  surface  of 

"  i.e.,  the  surface  formed  by  the  revolution  of  the  circular 
segment  ΚΑΔ  and  the  surface  formed  by  the  revolution  of 
the  portion  Κ  ...  Ε  ...  Δ  of  the  polygon. 

"■  In  the  text  ίτηττϋων  should  obviously  be  ίτηφαν€ΐ.ών. 

*  ot  nXevpal  Heiberg  ;  om.  codd. 
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γ€γραμμ€νου  ττ€ρΙ  αυτήν.  ομοίως  Be  καΐ  η  τοΟ 
λοιττοϋ  τμήματος  της  σφαίρας  Ιττιφάνζία  ίλάσσων 
€στΙν  της  βπιφανείας  του  σχήματος  του  rrepi- 
γ€γραμμ€νου  ττβρί  αιίτ-^ν  Βηλον  οΰν,  οτι  καΐ  δλη  ή 
Ιπιφάνζία  της  σφαίρας  Ιλάσσων  εστί  της  έπιφανβίας 
του  σχήματος  του  ττερνγ^γραμμένου  nepi  αυτήν'. 

κθ' 

Ύη  €πι,φαν€ία  του  ΊΤ€ριγ€γ ραμμένου  σχήματος 
Trepl  την  σφαιραν  'ίσος  €στΙ  κύκλος,  ου  η  €Κ  τοΰ 
κέντρου  'ίσον  δύναται  τω  7Τ€ρί€χομ4νω  ύττο  τε  μίας 
7τλ€υρας  τοΰ  πολυγώνου  καΐ  της  ΐσης  ττάσαις  ταΐς 
έττιζΐυγνυουσαις  τάς  γωνίας  τοΰ  πολυγώνου  οΰσαις 
τταρά  τίνα  των  ύττο  δυο  ττλευρά?  τοΰ  πολυγώνου 
ύποτ€ΐνουσών . 

Το  γαρ  π^ριγ^γραμμένον  περί  την  ελάσσονα 
σφαιραν  έγγέγραπται  ets"  την  μςίζονα  σφαιραν  τοΰ 
he  εγγεγραμμένου  iv  τη  σφαίρα  περιεχομένου  ύπο 
των  επιφανειών  των  κωνικών  ΒέΒεικται  οτι  τη 
επιφάνεια  ίσος  εστίν  6  κύκλος,  ου  ή  εκ  τοΰ  κέντρου 
δύναται  το  περιεχόμενον  υπό  τε  /χια?  πλευράς  τοΰ 
πολυγώνου  και  της  ΐσης  ττασαι?  ταΓ?  επιζευγνν- 
ούσαις  τας  γωνίας  τοΰ  πολυγώνου  ουσαις  πάρα 
τίνα  των  ύπο  Βύο  πλευράς  ύποτεινουσών  Βηλον 
οΰν  εστί  το  προειρημένον. 

"If  the  radius  of  the  inner  sphere  is  α  and  that  of  the  outer 
sphere  a',  and  the  regular  polygon  has  4«  sides,  then 


This  proposition  shows  that 

Area  of  figure  circumscribed  _  Area  of  figure  inscribed  In 

to  circle  of  radius  a  ~     circle  of  radius  o' 

108 


ARCHIMEDES 

the  figure  circumscribed  about  it  [Post.  4].  Similarly 
the  surface  of  the  remaining  segment  of  the  sphere 
is  less  than  the  surface  of  the  figure  circumscribed 
about  it ;  it  is  clear  therefore  that  the  whole  surface 
of  the  sphere  is  less  than  the  surface  of  the  figure 
circumscribed  about  it. 

Prop.  29 

The  surface  of  the  figure  circumscribed  about  the  sphere 
is  equal  to  a  circle,  the  square  of  whose  radius  is  equal 
to  the  rectangle  contained  by  one  side  of  the  polygon  and 
a  straight  line  equal  to  the  sum  of  all  the  straight  lines 
joining  the  angles  of  the  polygon,  being  parallel  to  one  of 
the  straight  lines  subtended  by  two  sides  of  the  polygon. 

For  the  figure  circumscribed  about  the  lesser  sphere 
is  inscribed  in  the  greater  sphere  [Prop.  28]  ;  and  it 
has  been  proved  that  the  surface  of  the  figure  in- 
scribed in  the  sphere  and  formed  by  surfaces  of 
cones  is  equal  to  a  circle,  the  square  of  whose  radius 
is  equal  to  the  rectangle  contained  by  one  side  of  the 
polygon  and  a  straight  line  equal  to  the  sum  of  all 
the  straight  lines  joining  the  angles  of  the  polygon, 
being  parallel  to  one  of  the  straight  hnes  subtended 
by  two  sides  [Prop.  24]  ;  what  was  aforesaid  is  there- 
fore obvious." 

=4>πα'*  sin  T^     sin  ;j-  +  sin  -^  + .  .  .  +sin  (2n-  1)  ;r-  I» 
4n  L       2n  2»  '  2η_Γ 

or  47τα'*  cos  ■.     [by  p.  91  n.  6 

.,  ,«•.7γΓ.1Γ,.277  ■      ,γ,  ^\'"  ~\ 

»4ΐΓθ'  sec'i—  sin  -j-     sm  ~-  +sin^— +  .  .  .  +sin  (2n-  1)^    , 
4n        4n  L       2»  2»  ^  "2nj 


or  4πο*  sec  -j— 
4n 
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λ' 

Του  σχήματος  τον  πίριγεγραμμίνου  rrepl  τ^ν 
σφαΐραν  η  (πι,φάναα  μείζων  €στΙν  η  τετραπλάσια 
τοΰ  μέγιστου  κύκλου  των  iv  τύ]  σφαίρα. 

"Έστω   γαρ   η   τ€   σφαίρα   καΐ   6   κύκλος   καΐ  τά 

άλλα  τα  αυτά  τοις  ττρότζρον  ττροκαμένοις,  καϊ  6  Λ 

κνκΑος   ίσος  τύ]   ^τηψανβια   βστω  του  ττροκζΐμενον 

7Τ€ριγ€γ ραμμένου  rrepl  την  ελάσσονα  σφαΐραν. 

ΕτΓβί    ουν    iv    τω     ΕΖΗΘ     κύκλω    πολύγωνον 


ισόπλζυρον  ίγγβγραπται  καΐ  άρτιογώνιον,  at  βπι- 
ζίνγνύουσαι  τάς  τοΰ  πολυγώνου  ττλβυράς  τταραλ- 
λτ^λοι  οΰσαι  τύ}  Χθ  προς  την  Ζ  Θ  τον  αύτον  λόγον 
ΐχονσιν,  ον  η  ΘΚ  προς  ΚΖ•  ίσον  αρα  €στΙν  το 
π€ρί€χόμ€νον  σχήμα  υπό  tc  μιας  πλ€υρας  τοΰ 
ΤΓολυγώνον  καΐ  της  Ισης  πάσαις  ταΐς  έπιζ^υγνυού- 
σαι,ς  τας  γωνίας  τοΰ  πολυγώνου  τω  π^ριεχομένω 
νπο  των  ΖΘΚ•  ώστε  η  €κ  τοΰ  κέντρου  τοΰ  Λ 
κύκλου  ίσον  Βύναται  τω  ύπο  ΖΘΚ•  μείζων  αρα 
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Prop.  80 

The  surface  of  the  figure  circumscribed  about  the  sphere 
is  greater  than  four  times  the  greatest  of  the  circles  in  the 
sphere. 

For  let  there  be  both  the  sphere  and  the  circle  and 
the  other  things  the  same  as  were  posited  before, 
and  let  the  circle  Λ  be  equal  to  the  surface  of  the 
given  figure  circumscribed  about  the  lesser  sphere. 

Therefore  since  in  the  circle  ΕΖΗΘ  there  has  been 
inscribed  an  equilateral  polygon  with  an  even  number 
of  angles,  the  [sum  of  the  straight  Unes]  joining  the 
sides  of  the  polygon,  being  parallel  to  ΖΘ,  have 
the  same  ratio  to  ΖΘ  as  ΘΚ  to  KZ  [Prop.  21] ;  there- 
fore the  rectangle  contained  by  one  side  of  the 
polygon  and  the  straight  line  equal  to  the  sum  of 
the  straight  lines  joining  the  angles  of  the  polygon  is 
equal  to  the  rectangle  contained  by  ΖΘ,  ΘΚ  [Eucl. 
vi.  16]  ;  so  that  the  square  of  the  radius  of  the  circle  Λ 

is   equal   to    the  rectangle   contained    by  ΖΘ,  ΘΚ 
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icrrlv  "fj  Ik  του  κέντρου  του  Λ  κύκλου  της  ΘΚ. 
η  δε  ΘΚ  ίση  βστί  τη  ^ιαμβτρω  του  ΑΒΓΔ  κύκλου 
[διπλάσια  γάρ  icmv  της  ΧΣ  ούσης  €Κ  του  κέντρου 
του  ΑΒΓΔ  κύκλoυ^^}  ^ηλον  ουν,  δτι  μζίζων  4στΙν 
η  τ€τραπλάσίος  6  Λ  κύκλος,  τουτέστιν  η  errt- 
φάνβια  του  ττ€ριγ€γραμμ4νου  σχήματος  ττερί  την 
ζλάσσονα  σφαΐραν,  του  μβγίστου  κύκλου  των  eV  τη 
σφαίρα, 

λγ' 

Τίασης  σφαίρας  η  ^πιφάναα  τετραπλάσια  icnX 
του  μεγίστου  κύκλου  των  iv  αύτη. 

Εστω  γάρ  σφαίρα  τις,  και  έστω  τετραπλάσιος 
του  μεγίστου  κύκλου  6  Α•  λέγω,  δτι  6  Α  ΐσος 
εστίν  τη  επιφάνεια  της  σφαίρας. 

Ει  γάρ  μη,  ήτοι  μείζων  εστίν  η  ελάσσων.  έστω 
ττρότερον  μείζων  η  επιφάνεια  της  σφαίρας  του 
κύκλου,  εστί  8η  8ύο  μεγέθη  άνισα  η  τε  επιφάναια 
της  σφαίρας  και  6  Α  κύκλος'  Βυνατον  άρα  εστί 
λαβείν  Βύο  ευθείας  άνισους,  ώστε  την  μείζονα  προς 
την  ελάσσονα  λόγον  εχειν  ελάσσονα  του,  δν  έχει  ή 
*  8ιιτλασία  .  .  .  κύκλου  om.  Heiberg. 

•  Because  ΖΘ>ΘΚ  [Eucl.  iii.  15], 
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[Prop.  29].  Therefore  the  radius  of  the  circle  Λ  is 
greater  than  ΘΚ."  Now  ΘΚ  is  equal  to  the  diameter 
of  the  circle  ΑΒΓΔ  ;  it  is  therefore  clear  that  the 
circle  A,  that  is,  the  surface  of  the  figure  circum- 
scribed about  the  lesser  sphere,  is  greater  than  four 
times  the  greatest  of  the  circles  in  the  sphere. 

Prop.  33 

The  surface  of  any  sphere  is  four  times  the  greatest  of 
the  circles  in  it. 

For  let  there  be  a  sphere,  and  let  A  be  four  times 
the  greatest  circle  ;  I  say  that  A  is  equal  to  the 
surface  of  the  sphere. 

For  if  not,  either  it  is  greater  or  less.  First,  let 
the  surface  of  the  sphere  be  greater  than  the  circle. 


Then  there  are  two  unequal  magnitudes,  the  surface 
of  the  sphere  and  the  circle  A  ;  it  is  therefore  possible 
to  take  two  unequal  straight  lines  so  that  the  greater 
bears  to  the  less  a  ratio  less  than  that  which  the  sur- 
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€7ηφάν€ΐα  της  σφαίρας  προς  τον  κνκλον.  είλη- 
φθωσαν  αϊ  Β,  Γ,  και  των  Β,  Γ  μέση  άνάλογον 
έστω  η  Δ,  νοείσθω  Be  καΐ  η  σφαΐρα  εττιττεδα» 
Τ€τμημ€νη  δια  τοΰ  κέντρου  κατά  τον  ΕΖΗΘ 
κύκλον,  νοζίσθω  δέ  και  ei?  τον  κνκλον  εγγεγραμ- 
μίνον  και  ττ€ριγ€γραμμ4νον  ττολΰγωνον,  ώστ€ 
ομοιον  ζΐναι  το  περιγεγραμμίνον  τω  €γγ€γραμμ4νω 
ττολυγωνω  και  την  τοΰ  περιγεγραμμένου  πλενράν 
ελάσσονα  λόγον  εχειν  τοΰ,  ον  έχει  η  Β  προς  Δ 
[και  6  διπλάσιος  άρα  λόγος  τοΰ  Βιπλασίου  λόγου 
εστίν  ελάσσων.  και  τοΰ  μεν  της  Β  προς  Δ  διττλά- 
σιός  εστίν  6  της  Β  προς  την  Γ,  της  8ε  πλευράς 
τοΰ  περιγεγραμμένου  πολυγώνου  προς  την  πλευράν 
τοΰ  εγγεγραμμένου  διπλάσιος  6  της  επιφανείας  τοΰ 
περιγεγραμμένου  στέρεου  προς  την  επιφανειαν  τοΰ 
εγγεγραμμένου'^'  η  επιφάνεια  άρα  τοΰ  περιγεγραμ- 
μένου σχήματος  περί  την  σφαΐραν  προς  την  «τη- 
φάνειαν  τοΰ  εγγεγραμμένου  σχήματος  ελάσσονα 
λόγον  έχει  ηπερ  ή  επιφάνεια  της  σφαίρας  προς  τον 
Α  κυκλον  όπερ  άτοπον  ή  μεν  γαρ  επιφάνεια  τοΰ 
περιγεγραμμένου  της  επιφανείας  της  σφαίρας 
μείζων  εστίν,  ή  8ε  επιφάνεια  τοΰ  εγγεγραμμένου 
σχήματος  τοΰ  Α  κύκλου  ελάσσων  εστί  [8ε8εικται 
γαρ  ή  επιφάνεια  τοΰ  εγγεγραμμένου  ελάσσων  τοΰ 
μεγίστου  κύκλου  των  εν  τη  σφαίρα  η  τετραπλασία, 
τοΰ  8ε•μεγίστου  κύκλου  τετραπλάσιος  εστίν  6  Α 
κύκλος]^  ουκ  άρα  ή  επιφάνεια  της  σφαίρας 
μείζων  εστί  τοΰ  Α  κύκλου. 

*  καΧ  ,  ,  .  €γγ(γραμμίνου  om.  Heiberg. 

•  διδακτοί  .  .  .  kvkXos  "  repetitionem  inutilem  Prop.  25,** 
om.  Heiberg. 
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face  of  the  sphere  bears  to  the  circle  [Prop.  2].  Let 
B,  Γ  be  so  taken,  and  let  Δ  be  a  mean  proportional 
between  B,  Γ,  and  let  the  sphere  be  imagined  as  cut 


Β 


through  the  centre  along  the  [plane  of  the]  circle 
ΕΖΗΘ,  and  let  there  be  imagined  a  polygon  inscribed 
in  the  circle  and  another  circumscribed  about  it  in 
such  a  manner  that  the  circumscribed  polygon  is 
similar  to  the  inscribed  polygon  and  the  side  of  the 
circumscribed  polygon  has  [to  the  side  of  the  inscribed 
polygon]  <•  a  ratio  less  than  that  which  Β  has  to  Δ 
[Prop.  3].  Therefore  the  surface  of  the  figure  cir- 
cumscribed about  the  sphere  has  to  the  surface  of 
the  inscribed  figure  a  ratio  less  than  that  which  the 
surface  of  the  sphere  has  to  the  circle  A  ;  which  is 
absurd  ;  for  the  smrface  of  the  circumscribed  figure 
is  greater  than  the  surface  of  the  sphere  [Prop.  28], 
while  the  surface  of  the  inscribed  figure  is  less  than 
the  circle  A  [Prop.  25].  Therefore  the  surface  of  the 
sphere  is  not  greater  than  the  circle  A. 

"  Archimedes  would  not  have  omitted :   npos  την  τοΰ  eyyt- 
γραμμ4νον. 
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Αεγω  Βή,  οτι  ovhe  βλάσσων.  el  γαρ  δυνατόν, 
€στω•  καΐ  ομοίως  βύρησθωσαν  at  Β,  Γ  evOeLat, 
ωστ€  την  Β  προς  Γ  ελάσσονα  λόγον  εχειν  του,  ον 
€χ€ί  6  Α  κύκλος  προς  την  €πιφάν€ΐαν  της  σφαίρας, 
και  των  Β,  Γ  μβση  άνάλογον  ή  Δ,  καΐ  €γγ€γράφθω 
καΐ  π€ρίγ€γράφθω  πάλιν,  ώστ€  την  του  περιγε- 
γραμμένου ελάσσονα  λόγον  εχειν  του  της  Β  προς 
Δ  [καΙ  τα  διπλάσια  apalf•  η  επιφάνεια  αρα  του 
περιγεγραμμένου  προς  την  επιφάνειαν  του  εγ- 
γεγραμμένου ελάσσονα  λόγον  έχει  ηπερ  \_η  Β  προς 
Γ.  η  δ^  Β  προς  Γ  ελάσσονα  λόγον  έχει  ηπερΥ  6 
Α  κύκλος  προς  την  επιφάνειαν  της  σφαίρας'  όπερ 
άτοπον  η  μεν  γαρ  του  περιγεγραμμένου  επιφάνεια 
μείζων  εστί  του  Α  κύκλου,  η  δε  του  εγγεγραμμένου 
ελάσσων  της  επιφανείας  της  σφαίρας. 

Ουκ  άρα  ουδέ  ελάσσων  η  επιφάνεια  της  σφαίρας 

του   Α   κύκλου.      εΒείχθη   δε,   οτι   ουδέ   μείζων   η 

άρα  επιφάνεια  της  σφαίρας  ιση  εστί  τω  Α  κύκλω, 

τουτεστι  τω  τετραπλάσια)  του  μεγίστου  κύκλου. 

^  και  .  .  .  άρα  om.  Heiberg. 
•  17  Β  .  .  .  ηίϊΓ€ρ  cm.  Heiberg. 

•  Archimedes  would  not  have  omitted  these  words. 

*  On  p.  100  n.  α  it  was  proved  that  the  area  of  the  inscribed 
figure  is 

4^a^sin^[sinJL+sin|%.  .  . +sin  (2n  -  1)  ^]. 

or  47ra'  cos  -r-. 
4n 

On  p.  108  n.  a  it  was  proved  that  the  area  of  the  circum- 
scribed figure  is 

4wa*  sec*  τ-  sm  τ—     sm  ^r-  +  sm  ;^  + .  .  .  +  sin  (2»  -  I )  x-    . 
4n       4»  L      2»  2n  ^  '  2«  J 

or  47ra*  sec  -7-. 
4n 
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I  say  now  that  neither  is  it  less.  For,  if  possible 
let  it  be  ;  and  let  the  straight  Unes  B,  Γ  be  similarly 
found,  so  that  Β  has  to  Γ  a  less  ratio  than  that  which 
the  circle  A  has  to  the  surface  of  the  sphere,  and 
let  Δ  be  a  mean  proportional  between  B,  Γ,  and  let 
[polygons]  be  again  inscribed  and  circumscribed,  so 
that  the  [side]  of  the  circumscribed  polygon  has 
[to  the  side  of  the  inscribed  polygon]  <*  a  less  ratio 
than  that  of  Β  to  Δ  ;  then  the  surface  of  the  circum- 
scribed polygon  has  to  the  surface  of  the  inscribed 
polygon  a  ratio  less  than  that  which  the  circle  A  has 
to  the  surface  of  the  sphere  ;  which  is  absurd  ;  for 
the  surface  of  the  circumscribed  polygon  is  greater 
than  the  circle  A,  while  that  of  the  inscribed  polygon 
is  less  than  the  surface  of  the  sphere. 

Therefore  the  surface  of  the  sphere  is  not  less  than 
the  circle  A.  And  it  was  proved  not  to  be  greater  ; 
therefore  the  surface  of  the  sphere  is  equal  to  the 
circle  A,  that  is  to  four  times  the  greatest  circle.*• 

When  η  is  indefinitely  increased,  the  inscribed  and  circum- 
scribed figures  become  identical  with  one  another  and  with 

the  circle,  and,  since  cos  j—  and  sec  7-  both  become  unity,  the 

above  expressions  both  give  the  area  of  the  circle  as  4πα^. 

But  the  first  expressions  are,  when  «  is  indefinitely  in- 
creased, precisely  what  is  meant  by  the  integral 


47ra^  .  i 


sin  φ  άφ. 


which  is  familiar  to  every  student  of  the  calculus  as  the 
formula  for  the  area  of  a  sphere  and  has  the  value  4,ττα^. 

Thus  Archimedes'  procedure  is  equivalent  to  a  genuine 
integration,  but  when  it  comes  to  the  last  stage,  instead 
of  saying,  "  Let  the  sides  of  the  polygon  be  indefinitely 
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λδ' 

Πάσα  σφαίρα  τετραπλάσια  earl  κώνου  του  βάσιν 
μεν  €χοντος  ΐσην  τω  μ^γίστω  κύκλω  των  iv  ttj 
σφαίρα,  ϋφος  8e  ttjv  Ik  τοΰ  κέντρου  της  σφαίρας. 

Εστω  γαρ  σφαίρα  τις  καΐ  iv  αυττ^  μέγιστος 
κύκλος  6  ΑΒΓΔ.     ei  οΰν  μή  €στιν  η  σφαίρα  τ€- 


Κ 


Η 


τραπλασία  τοΰ  ζίρημένου  κώνου,  έστω,  €1  δυνατοί/, 
μζίζων  rj  τετραπλάσια*  εστα»  δε  ό  Ξ  κώνος  βάσιν 
μ€ν  έχων  τετραττλασίαν  τοΰ  ΑΒΓΔ  κύκλου,  ϋφος 
δε  ίσον  ττ^  ε/c  τοΰ  κέντρου  της  σφαίρας'  μείζων 
οΰν  εστίν  η  σφαίρα  τοΰ  Ξ  κώνου,  εσται  δτ^  8υο 
μεγέθη  άνισα  η  τε  σφαίρα  καΐ  6  κώνος•  δυνατόν 
οΰν  Βυο   ζύθείας   λαβείν   άνίσους,   ώστε   «χειν  την 


increased,"  he  prefers  to  prove  that  the  area  of  the  sphere 
cannot  be  either  greater  or  less  than  4πα*.  By  this  double 
reductio  ad  absurdum  he  avoids  the  logical  difficulties  of 
dealing  with  indefinitely  small  quantities,  difficulties  that 
were  not  fully  overcome  until  recent  times. 

The  procedure  by  which  in  this  same  book  Archimedes 
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Prop.  34 

Any  sphere  is  four  times  as  great  as  the  cone  having 
a  base  equal  to  the  greatest  of  the  circles  in  the  sphere 
and  height  equal  to  the  radius  of  the  sphere. 

For  let  tnere  be  a  sphere  in  wliich  ΑΒΓΔ  is  the 
greatest  circle.     If  the  sphere  is  not  four  times  the 


aforesaid  cone,  let  it  be,  if  possible,  greater  than  four 
times  ;  let  Η  be  a  cone  having  a  base  four  times  the 
circle  ΑΒΓΔ  and  height  equal  to  the  radius  of 
the  sphere  ;  then  the  sphere  is  greater  than  the 
cone  Ξ.  Accordingly  there  will  be  two  unequal 
magnitudes,  the  sphere  and  the  cone  ;  it  is  therefore 
possible  to  take  two  unequal  straight  lines  so  that 

finds  the  surface  of  the  segment  of  a  sphere  is  equivalent  to 
the  integration 

2  sin  e  άθ^2πα'  (1  -  cos  o). 

Concurrently  Archimedes  finds  the  volumes  of  a  sphere 
and  segment  of  a  sphere.  He  uses  the  same  inscribed  and 
circumscribed  figures,  and  the  procedure  is  equivalent  to 
multiplying  the  above  formulae  by  ia  throughout.  Other 
"  integrations  "  effected  by  Archimedes  are  the  volume  of  a 
segment  of  a  paraboloid  of  revolution,  the  volume  of  a  seg- 
ment of  a  hyperboloid  of  revolution,  the  volume  of  a  segment 
of  a  spheroid,  the  area  of  a  spiral  and  the  area  of  a  segment  of 
a  parabola.  He  also  finds  the  area  of  an  ellipse,  but  not  by 
a  method  equivalent  to  integration.  The  subject  is  fully 
treated  by  Heath,  The  Works  of  Archimedes,  pp.  cxlii-cliv, 
to  whom  1  am  much  indebted  in  writing  this  note. 
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μ€ίζονα  ττρος  την  iXdaaova  ελάσσονα  λογον  τοΰ,  ον 
€χ€ΐ  η  σφαίρα  προς  τον  Ξ  κώνον.  βστωσαν  ονν  αι 
Κ,  Η,  αϊ  he  Ι,  Θ  ζίλημμβναί,  ωστ€  τω  ΐσω  αλλή- 
λων νπ€ρ€χ€ΐν  την  Κ  της  Ι  καΐ  την  Ι  της  Θ  καΐ 
την  Θ  της  Η,  νοβίσθω  δε  καϊ  et?  τον  ΑΒΓΔ 
κύκλον  Ιγγεγραμμένον  ττοΧνγωνον ,  ου  το  ττληθος 
των  ττλευρών  μετρείσθω  υπό  τ€τρά8ος,  και  άλλο 
περίγ^γραμμίνον  ομοιον  τω  €γγ€γραμμ€νω,  καθ- 
άπ€ρ  €πΙ  των  πρότερον,  η  he  του  περιγεγραμμένου 
πολυγώνου  πλευρά  προς  την  τοΰ  εγγεγραμμένου 
ελάσσονα  λόγον  εχετω  τοΰ,  ον  έχει  η  Κ  προς  Ι, 
και  εστωσαν  αϊ  ΑΓ,  ΒΔ  διάμετροι  προς  όρθάς 
άλληλαις.  εΐ  ουν  μενουσης  της  ΑΓ  διαμέτρου 
περιενεγθείτι  το  επίπεΒον,  εν  ώ  τα  πολύγωνα,  εσταί 
σχη/χατα  το  μεν  εγγεγραμμενον  εν  τη  σ9>αι/)α,  το 
δε  περιγεγραμμενον ,  καϊ  εζεί  το  περιγεγραμμενον 
προς  το  εγγεγραμμενον  τριπλασίονα  λόγον  ηπερ  η 
πλευρά  τοΰ  περιγεγραμμένου  προς  την  τοΰ  εγ- 
γεγραμμένου εΙς  τόν  ΑΒΓΔ  κυκλον.  η  Βε  πλευρά 
προς  την  πλευράν  ελάσσονα  λόγον  έχει  ηπερ  η  Κ 
προς  την  Ι*  ώστε  το  σχήμα  το  περιγεγραμμενον 
ελάσσονα  λόγον  έχει  η  τριπλασίονα  τοΰ  Κ  προς  Ι. 

^  σχήματα  Heiberg,  το  σχήμα  codd. 

»  Eutocius  supplies  a  proof  on  these  lines.     Let  the  lengths 
of  K,  I,  Θ,  Η  be  a,  b,  c,  d.     Then  a-b  =  b-c  =  c-d,  and  it 
is  required  to  prove  that  a  :  d>a^  :  6*. 
Take  X  such  that  atb  =  b:x. 

Then  a-b'.  a  =  b-x:h, 

and  since  α > 6,  a-b>b-x. 

But,  by  hypothesis,  a-b=b-e. 

Therefore  6  -  c>  δ  -  a;, 

and  so  x>c. 
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the  greater  -will  have  to  the  less  a  less  ratio  than 
that  which  the  sphere  has  to  the  cone  Ξ.  Therefore 
let  the  straight  lines  K,  H,  and  the  straight  lines  I,  Θ, 
be  so  taken  that  Κ  exceeds  I,  and  I  exceeds  θ  and  θ 
exceeds  Η  by  an  equal  quantity  ;  let  there  be 
imagined  inscribed  in  the  circle  ΑΒΓΔ  a  polygon 
the  number  of  whose  sides  is  divisible  by  four ; 
let  another  be  circumscribed  similar  to  that  in- 
scribed so  that,  as  before,  the  side  of  the  circum- 
scribed polygon  has  to  the  side  of  the  inscribed 
polygon  a  ratio  less  than  that  Κ  :  I  ;  and  let  ΑΓ, 
ΒΔ  be  diameters  at  right  angles.  Then  if,  while  the 
diameter  ΑΓ  remains  stationary,  the  surface  in  which 
the  polygons  lie  be  revolved,  there  will  result  two 
[solid]  figures,  one  inscribed  in  the  sphere  and  the 
other  circumscribed,  and  the  circumscribed  figure 
will  have  to  the  inscribed  the  triplicate  ratio  of  that 
which  the  side  of  the  circumscribed  figure  has  to 
the  side  of  the  figure  inscribed  in  the  circle  ΑΒΓΔ 
[Prop.  32].  But  the  ratio  of  the  one  side  to  the  other 
is  less  than  Κ  :  I  [ex  hypothest]  ;  and  so  the  circum- 
scribed figure  has  [to  the  inscribed]  a  ratio  less  than 
K3  :  13.     But  β  Κ  :  H>  K»  :  13  ;  by  much  more  there- 

Again,  take  y  such  that      b  :  z  =  x  :  y. 
Then,  as  before  b-  x>x-y. 

Therefore,  a  fortiori,  b-Ox-y. 

But,  by  hypothesis,  b-  c--c-  d. 

Therefore  c-  d>x-y. 

But  x>c, 

and  so  y>d. 

But,  by  hypothesis,     a  :  b  —  b  :  x=^x  :  y, 

a  :  y  =  a^  :  6'        [Kucl.  v.  Def.  10,  also  vol.  i. 
p.  258  n.  6. 
Therefore  α  :  ci>a*  :  6*. 
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€χα  he  καΐ  η  Κ  προς  Η  μ€ίζονα  λόγον  η  τρητλάσιον 
τον,  ον  €χ€ί  ή  Κ  προς  Ι  [τοΰτο  γαρ  φανζρον  δια 
λημμάτωνΥ'  πάλλω  αρα  το  π€ριγραφξ.ν  προς  το 
Ιγγραφβν  ελάσσονα  Χόγον  έχει  τοϋ,  ον  €χ€ΐ  η  Κ 
προς  Η.  τ^  δ^  -Κ  προς  Η  ελασσοι^α  λόγον  €χ€ί 
ηπερ  η  σφαίρα  προς  τον  Ξ  κώνον  καΐ  ζναλλάζ• 
όπερ  αδύνατον  το  γαρ  σχήμα  το  πζριγ^γραμμίνον 
μβΐζόν  Ιστι  της  σφαίρας,  το  δε  Ιγγζγραμμένον 
έλασσον  τοϋ  Ξ  κώνου  [διότι  ό  μ^ν  Ξ  κώνος  τε- 
τραπλάσιο? εστί  τοϋ  κώνου  τοϋ  βάσιν  μ€ν  έχοντος 
ΐσην  τω  ΑΒΓΔ  κύκλω,  ϋφος  δε  ίσον  Trj  €Κ  τοϋ 
κέντρου  της  σφαίρας,  το  δε  εyyεy/^α/x/χ.εvov  σχήμα 
έλασσον  τοϋ  είρημενου  κώνου  η  τετραττλάσιον].* 
ουκ  αρα  μείζων  η  τετραπλάσια  η  σφαίρα  τοϋ 
είρη  μενού. 

"Εστω,  ει  δυνατόν,  ελάσσων  η  τετραπλάσια• 
ώστε  ελάσσων  εστίν  η  σφαίρα  τοϋ  Ξ  κώνου,  εΐ- 
ληφθωσαν  Βη  at  Κ,  Η  εύ^εΐαι,  ώστε  την  Κ  μείζονα 
είναι  της  Η  καΐ  ελάσσονα  λόγον  εχειν  προς  αύτην 
τοϋ,  ον  εχεί  6  Ξ  κώνος  προς  την  σφαΐραν,  και  αι 
Θ,  Ι  εκκείσθωσαν,  καθώς  πρότερον,  καΐ  εΙς  τον 
ΑΒΓΔ  κΰκλον  νοείσθω  πολυγωνον  εγγεγραμμενον 
και  άλλο  περίγεγραμμενον,  ώστε  την  πλευράν  τοϋ 
περιγεγραμμένου  προς  την  πλευράν  τοϋ  εγγεγραμ- 
μένου ελάσσονα  λόγον  εχειν  ηπερ  η  Κ  προς  Ι,  και 
τα  άλλα  κατ εσκενασ μένα  τον  αυτόν  τρόπον  τοις 
πρότερον  εζει  άρα  και  το  περιγεγραμμενον  στερεόν 
σχήμα  προς  το  εγγεγραμμενον  τριπλασίονα  λόγον 
ηπερ  η  πλευρά  τοϋ  περιγεγραμμένου  περί  τον 
ΑΒΓΔ  κύκλον  προς  την  τοϋ  εγγεγραμμένου .  η  δε 
πλευρά    προς    την    πλευράν    ελάσσονα    λόγον    έχει 

122 


ARCHIMEDES 

fore  the  circumscribed  figure  has  to  the  inscribed  a 
ratio  less  than  Κ  :  H.  But  Κ  :  Η  is  a  ratio  less  than 
that  which  the  sphere  has  to  the  cone  Η  [ex  hypothesi]  ; 
[therefore  the  circumscribed  figure  has  to  the  in- 
scribed a  ratio  less  than  that  which  the  sphere  has 
to  the  cone  E]  ;  and  permutando,  [the  circumscribed 
figure  has  to  the  sphere  a  ratio  less  than  that  which 
the  inscribed  figure  has  to  the  cone]  "  ;  which  is 
impossible  ;  for  the  circumscribed  figure  is  greater 
than  the  sphere  [Prop.  28],  but  the  inscribed  figure 
is  less  than  the  cone  Ε  [Prop.  27].  Therefore  the 
sphere  is  not  greater  than  four  times  the  aforesaid 
cone. 

Let  it  be,  if  possible,  less  than  four  times,  so  that 
the  sphere  is  less  than  the  cone  E.  Let  the  straight 
lines  K,  Η  be  so  taken  that  Κ  is  greater  than  Η 
and  Κ  :  Η  is  a  ratio  less  than  that  which  the  cone  Ξ 
has  to  the  sphere  [Prop.  2]  ;  let  the  straight  lines 
Θ,  I  be  placed  as  before  ;  let  there  be  imagined  in 
the  circle  ΑΒΓΔ  one  polygon  inscribed  and  another 
circumscribed,  so  that  the  side  of  the  circumscribed 
figure  has  to  the  side  of  the  inscribed  a  ratio  less 
than  Κ  :  I ;  and  let  the  other  details  in  the  con- 
struction be  done  as  before.  Then  the  circumscribed 
sohd  figure  will  have  to  the  inscribed  the  triplicate 
ratio  of  that  which  the  side  of  the  figure  circum- 
scribed about  the  circle  ΑΒΓΔ  has  to  the  side  of  the 
inscribed  figure  [Prop.  32].     But  the  ratio  of  the  sides 

•  A  marginal  note  in  one  ms.  gives  these  words,  which 
Archimedes  would  not  have  omitted. 

*  τοΰτο  .  .  .  λημμάτων  om.  Heiberg, 
•  StoTi  .  .  .  TfTpanXaaiov  om.  Heiberg. 
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ηπ^ρ  η  Κ  ττροζ  Ι  •  e^ei  ονν  το  σχήμα  το  ττ^ριγ^γραμ- 
μ^νον  προς  το  4γγ€γραμμ€νον  ελάσσονα  λόγον  -η 
τρίπλάσιον  τοΰ,  ον  €χ€ΐ  η  Κ  ττρός  την  Ι.  η  δε  Κ 
προς  την  Η  μείζονα  λόγον  exec  η  τρίπλάσιον  του, 
ον  €χ€ί  η  Κ  προς  την  Ι"  ώστε  ελάσσονα  λόγον  e^ei 
το  σχήμα  το  περιγεγραμμάνον  προς  το  εγγεγραμ- 
μένον  η  η  ¥%.  προς  την  Η.  τ^  δε  Κ  προς  την  Η 
ελάσσονα  λόγον  έχει  '^  ό  Ξ  κώνος  προς  την  σφαΐραν 
όπερ  αδύνατον  το  μεν  γαρ  εγγεγραμμενον  έλασσον 
εστί  της  σφαίρας,  το  δε  περιγεγραμμενον  μείζον 
τον  Ξ  κώνου.  ουκ  άρα  ουδέ  ελάσσων  εστίν  η 
τετραπλάσια  η  σφαίρα  τοΰ  κώνου  τοΰ  βάσιν  μεν 
έχοντος  ΐσην  τω  ΑΒΓΔ  κύκλω,  νφος  δε  την  ΐσην 
τη  εκ  τοΰ  κέντρου  της  σφαίρας.  εΒείχθη  δε',  οτι 
οι5δέ  μείζων  τετραπλάσια  άρα. 

[ΙΙόρισμαΥ  , 

ΙΙροΒεΒείγμενων  δε  τούτων  φανερόν,  οτι  πας 
κύλινδρος  βάσιν  μεν  έχων  τον  μεγιστον  κνκλον 
των  εν  τη  σφαίρα,  υφός  δε  Ισον  τη  Ζιαμετρω  της 
σφαίρας,  ημιόλιός  εστί  της  σφαίρας  καΐ  η  επι- 
φάνεια αύτοΰ  μετά  των  βάσεων  ημιολία  της 
επιφανείας  της  σφαίρας. 

Ό  μεν  γαρ  κύλινΒρος  ό  προειρημενος  εζαπλάσιός 
εστί  τοΰ  κώνου  τοΰ  βάσιν  μεν  έχοντος  την  αύτην, 
νφος  δε  ίσον  τη  εκ  τοΰ  κέντρου,  η  δε  σφαίρα 
ΒεΒεικται  τοΰ  αύτοΰ  κώνου  τετραπλάσια  ούσα• 
8ηλον  οΰν,  οτι  6  κύλινΒρος  τ^^υ,ιόλιό?  eort  της 
σφαίρας,  πάλιν,  επει  η  επιφάνεια  τοΰ  κυλίνΒρου 
χωρίς  των  βάσεων  ΐση  ΒεΒεικται  κύκλω,  ου  η  εκ 

*  νόρισμα.     The  title  is  not  found  in  some  Msa. 
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is  less  than  Κ  :  I  [ex  hypothest]  ;  therefore  the  cir- 
cumscribed figure  has  to  the  inscribed  a  ratio  less 
than  K3  :  P.  But  Κ  :  H>  K»  :  Ρ  ;  and  so  the  cir- 
cumscribed figure  has  to  the  inscribed  a  ratio  less 
than  Κ  :  H,  But  Κ  :  Η  is  a  ratio  less  than  that  which 
the  cone  Η  has  to  the  sphere  [ex  hypothest]  ;  [there- 
fore the  circumscribed  figure  has  to  the  inscribed  a 
ratio  less  than  that  which  the  cone  Ε  has  to  the 
sphere] "  ;  which  is  impossible  ;  for  the  inscribed 
figure  is  less  than  the  sphere  [Prop.  28],  but  the 
circumscribed  figure  is  greater  than  the  cone  3 
[Prop.  31,  coroll.].  Therefore  the  sphere  is  not  less 
than  four  times  the  cone  having  its  base  equal  to 
the  circle  ΑΒΓΔ,  and  height  equal  to  the  radius  of 
the  sphere.  But  it  was  proved  that  it  cannot  be 
greater  ;  therefore  it  is  four  times  as  great. 


[corollary] 

From  what  has  been  proved  above  it  is  clear  that 
any  cylinder  having  for  its  base  the  greatest  of  the  circles 
in  the  sphere,  and  having  its  height  equal  to  the  diameter 
of  the  sphere,  is  one-and-a-half  times  the  sphere,  and  its 
surface  including  the  bases  is  one-and-a-half  times  the 
surface  of  the  sphere. 

For  the  aforesaid  cylinder  is  six  times  the  cone 
having  the  same  basis  and  height  equal  to  the  radius 
[from  Eucl.  xii.  10],  while  the  sphere  was  proved  to 
be  four  times  the  same  cone  [Prop.  34].  It  is  obvious 
therefore  that  the  cylinder  is  one-and-a-half  times 
the  sphere.  Again,  since  the  surface  of  the  cylinder 
excluding  the  bases  has  been  proved  equal  to  a  circle 

"  These  words,  which  Archimedes  would  not  have  omitted, 
are  given  in  a  marginal  note  to  one  ms. 
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του  Kevrpov  μίστ]  ανάλογόν  εστί  r^S"  του  κυΧίνΒροΌ 
πλ€υρας  καΐ  της  8ίαμ€τρου  της  βάσ€ως,  του  δε 
€ΐρημ€νου  κυλίνδρου  του  Trepl  την  σφαΐραν  η  πλβυρά 
ίση  ioTi  τη  Βιαμβτρω  της  βάσεως  [δτ^λον,  ort  η 
μέση  αυτών  άνάΧογον  ΐση  γίνεται  τη  ^ιαμέτρω  της 
βάσ€ως],^  6  δε  κύκλος  6  την  €Κ  τοΰ  κέντρου  έχων 
ϊσην  τη  Βιαμέτρω  της  βάσεως  τετραπλάσιος  έστι 
της  βάσεως,  τουτέστι  τοΰ  μεγίστου  κύκλου  των  ev 
τη  σφαίρα,  εσται  αρα  και  η  ετηφάνεία  τοΰ  κυ- 
λίνδρου χωρίς  των  βάσεων  τετραπλάσια  τοΰ  με- 
γίστου κύκλου'  ολη  άρα  μετά  των  βάσεων  ή 
επιφάνεια  τοΰ  κυλίνΒρου  ε^αττλασια  έσται  τοΰ 
μεγίστου  κύκλου.  έστιν  δε  και  η  της  σφαίρας 
επιφάνεια  τετραπλάσια  τοΰ  μεγίστου  κύκλου,  ολη 
άρα  η  επιφάνεια  τοΰ  κυλίνΒρου  ημιολία  εστί  της 
επιφανείας  της  σφαίρας. 

(c)  Solution  of  a  Cubic  Equation 

Archim.  De  Sphaera  et  Cyl.  ii.,  Prop.  4,  Archim.  ed. 
Heiberg  i.  186.  15-192.  6 

Την  Βοθεΐσαν  σφαΐραν  τεμεΐν,  ώστε  τα  τμήματα 
της  σφαίρας  προς  άλλτ^λα  λόγον  έχειν  τον  αύτον 
τω  Βοθέντι. 

^  SrjXov  .  .  ,  βάσΐως  οτη.  Heiberg. 

•  As  the  geometrical  form  of  proof  is  rather  diffuse,  and 
may  conceal  from  the  casual  reader  the  underlying  nature  of 
the  operation,  it  may  be  as  well  to  state  at  the  outset  the 
various  stages  of  the  proof.  The  problem  is  to  cut  a  given 
sphere  by  a  plane  so  that  the  segments  shall  have  a  given 
ratio,  and  the  stages  are  : 

(a)  Analysis  of  this  main  problem  in  which  it  is  reduced 
to  a  particular  case  of  the  general  problem,  "  so  to  cut  a 
given  straight  line  ΔΖ  at  X  that  XZ  bears  to  the  given 
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whose  radius  is  a  mean  proportional  between  the  side 
of  the  cylinder  and  the  diameter  of  the  base  [Prop. 
13],  and  the  side  of  the  aforementioned  cylinder 
circumscribing  the  sphere  is  equal  to  the  diameter  of 
the  base,  while  the  circle  having  its  radius  equal  to 
the  diameter  of  the  base  is  four  times  the  base  [Eucl. 
xii.  2],  that  is  to  say,  four  times  the  greatest  of  the 
circles  in  the  sphere,  therefore  the  surface  of  the 
cylinder  excluding  the  bases  is  four  times  the  greatest 
circle  ;  therefore  the  whole  surface  of  the  cylinder, 
including  the  bases,  is  six  times  the  greatest  circle. 
But  the  surface  of  the  sphere  is  four  times  the  greatest 
circle.  Therefore  the  whole  surface  of  the  cylinder 
is  one-and-a-half  times  the  surface  of  the  sphere. 

(c)  Solution  of  a  Cubic  Equation 

Archimedes,  On  the  Sphere  and  Cylinder  ii.. 
Prop.  4,  Archim.  ed.  Heiberg  i.  186.  15-192.  6 

To  cut  a  given  sphere,  so  that  the  segments  of  the  sphere 
shall  have,  one  towards  the  other,  a  given  ratio.'* 

straight  line  the  same  ratio  as  a  given  area  bears  to  the 
square  on  ΔΧ  " ;  in  algebraical  notation,  to  solve  the  equation 

— T—  =  zj»  or  **(a  -  «)  =  6c*. 

(6)  Analysis  of  this  general  problem,  in  which  it  is  shown 
that  the  required  point  can  be  found  as  the  intersection  of  a 
parabola  [0x^  =  0^1/]  and  a  hyperbola  [{a-x)y  =  ab\.  It  is 
stated,  for  the  time  being  without  proof,  that  x\a-x)  is 
greatest  when  x=la•,  in  other  words,  that  for  a  real  solution 

(c)  Synthesis  of  this  general  problem,  according  as  be*  is 
greater  than,  equal  to,  or  less  than  -^^a^.  If  it  be  greater, 
there  is  no  real  solution  ;  if  equal,  there  is  one  real  solution  ; 
if  less,  there  are  two  real  solutions. 

(d)  Proof  that  x\a-x)  is  greatest  when  «  =  |a,  deferred 
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"Εστω  η  doOelaa  σφαίρα  η  ΑΒΓΔ•  Set  Srj  αύτην 
Τ€μ€Ϊν  ennrehco,  ώστε  τα  τμήματα  της  σφαίρας 
προς  άλληλα  λόγον  e^eiv  τον  8οθ4ντα. 

Ύβτμησθω  δια  της  ΑΓ  εττιττεδω*  λόγος  άρα  του 
ΑΔΓ  τμήματος  της  σφαίρας  προς  το  ΑΒΓ  τ^αη/ζα 
της  σφαίρας  Βοθζίς.  τ€τμήσθω  δε  ή  σφαίρα  δια 
του  κέντρου,  καΐ  έστω  ή  τομή  μέγιστος  κύκλος  6 
ΑΒΓΔ,  κ4ντρον  δε  το  Κ  /cat  διάμετρος  ή  ΔΒ,  καΐ 
πεποιήσθω,  ώς  μβν  συναμφότερος  ή  ΚΔΧ  προς 
ΔΧ,  ούτως  ή  ΡΧ  προς  ΧΒ,  ώς  δε  συναμφότερος 
ή  ΚΒΧ  προς  ΒΧ,  ούτως  ή  ΛΧ  προς  ΧΔ,  και 
έπεζεύχθωσαν  αί  ΑΛ,  ΛΓ,  ΑΡ,  ΡΓ•  'ίσος  άρα 
εστίν  6  μεν  ΑΛΓ  κώνος  τω  ΑΔΓ  τμήματί  της 
σφαίρας,  6  δε  ΑΡΓ  τω  ΑΒΓ•  λόγος  άρα  καΐ  του 
ΑΛΓ  κώνου  προς  τον  ΑΡΓ  κώνον  8οθείς.  ώς 
δε  ό  κώνος  προς  τον  κώνον,  ούτως  η  ΑΧ  προς 
ΧΡ  [επείπερ  την  αύτην  βάσιν  εχουσιν  τον  περί 
Βιάμετρον  την  Α  Γ  κύκλον]^•  λόγος  άρα  και  της 
ΛΧ   προς   ΧΡ    Βοθείς.     και   δια   ταυτά   τοις   πρό- 

^  ineinep  .  .  .  κνκλον  om.  Heiberg. 


in  (6).  This  is  done  in  two  parts,  by  showing  that  (1)  if  a;  has 
any  value  less  than  la,  (2)  if  χ  has  any  value  greater  than  |o, 
then  x\a  -  x)  has  a  smaller  value  than  when  χ  =  |α. 

{e)  Proof  that,  if  1)ο^<^ηα^,  there  are  always  two  real 
solutions. 

(/)  Proof  that,  in  the  particular  case  of  the  general  problem 
to  which  Archimedes  has  reduced  his  original  problem,  there 
is  always  a  real  solution. 

(g)  Synthesis  of  the  original  problem. 

Of  these  stages,  (a)  and  {g)  alone  are  found  in  our  texts  of 
Archimedes  ;  but  Eutocius  found  stages  (6)-(rf)  in  an  old 
book,  which  he  took  to  be  the  work  of  Archimedes  ;  and 
he  added  stages  {e)  and  (/)  himself.  When  it  is  considered 
that  all  these  stages  are  traversed  by  rigorous  geometrical 
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Let  ΑΒΓΔ  be  the  given  sphere  ;  it  is  required  so 
to  cut  it  by  a  plane  that  the  segments  of  the  sphere 
shall  have,  one  towards  the  other,  the  given  ratio. 

Let  it  be  cut  by  the  plane  ΑΓ  ;  then  the  ratio  of 
the  segment  ΑΔΓ  of  the  sphere  to  the  segment  ΑΒΓ 
of  the  sphere  is  given.  Now  let  the  sphere  be  cut 
through  the  centre  [by  a  plane  perpendicular  to  the 
plane  through  ΑΓ],  and  let  the  section  be  the  great 
circle  ΑΒΓΔ  of  centre  Κ  and  diameter  ΔΒ,  and  let 
[A,  Ρ  be  taken  on  ΒΔ  produced  in  either  direction 
so  that] 

ΚΔ+ΔΧ:ΔΧ  =  ΡΧ:ΧΒ, 

ΚΒ+ΒΧ:ΒΧ  =  ΛΧ:ΧΔ, 

and  let  ΑΛ,  ΑΓ,  AP,  ΡΓ  be  joined  ;  then  the  cone 
ΑΑΓ  is  equal  to  the  segment  ΑΔΓ  of  the  sphere,  and 


the  cone  ΑΡΓ  to  the  segment  ΑΒΓ  [Prop.  2] ;  there- 
fore the  ratio  of  the  cone  ΑΑΓ  to  the  cone  ΑΡΓ 
is  given.  But  cone  ΑΑΓ  :  cone  ΑΡΓ  =  ΑΧ  :  XP.<» 
Therefore  the  ratio  AX  :  XP  is  given.     And  in  the 

methods,  the  solution  must  be  admitted  a  veritable  tour  de 
force.  It  is  strictly  analogous  to  the  modern  method  o( 
solving  a  cubic  equation,  but  the  concept  of  a  cubic  equation 
did  not,  of  course,  come  within  the  purview  of  the  ancient 
mathematicians. 

"  Since  they  have  the  same  base. 
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T€pov  δια  της  κατασκ€υης,  ώς  η  ΛΔ  ττρος  ΚΔ,  η 
KB  προς  ΒΡ  καΐ  η  ΔΧ  ττρος  ΧΒ.  /cat  CTrei  ioTiv, 
ώ?  η  ΡΒ  ττρό?  ΒΚ,  τ^  ΚΔ  ττρος  ΛΔ,  συνθ4ντι,  ώς 
η  ΡΚ  ττρό?  KB,  τουτεστι  ττρό?  ΚΔ,  όντως  η  ΚΛ 
Trpos•  ΛΔ•  και  δλη  άρα  η  ΡΑ  προς  δλην  την  ΚΑ 
ioTiVf  ώς  η  ΚΛ  ττρό?  ΛΔ.  ΐσον  άρα  το  υπό  των 
ΡΛΔ  τω  άττό  ΛΚ.  ώς  άρα  η  ΡΑ  προ?  ΛΔ,  το 
άτΓο  ΚΛ  ττρό?  το  από  ΛΔ.  και  εττ^ι  εστίν,  ώ? 
«  ΛΔ  TT/DOS"  ΔΚ,  οϋτως  η  ΔΧ  προ?  ΧΒ,  εσται 
ανατταλιν  και  σννθέντί,  ώς  η  ΚΛ  ττρό?  ΛΔ,  οΰτως 
Ύ)  ΒΔ  Trpos  ΔΧ  [και  ώς  άρα  το  άπο  ΚΛ  προς  το 
απο  ΛΔ,  όντως  το  άπο  ΒΔ  Trpos"  το  άπο  ΔΧ. 
ττάλιν,  €7Τ€ΐ  ioTiv,  ώς  η  ΑΧ  ιτρό?  ΔΧ,  συναμ- 
φότ€ρος  η  KB,  ΒΧ  προς  ΒΧ,  διελόντι,  ώ?  η  ΛΔ 
ττρο?  ΔΧ,  οϋτως  η  KB  ττρο?  ΒΧ].^  /cat  κ€ίσθω 
TTy  KB  ιστ^  ij  ΒΖ•  οτι  ya/j  εκτός  τον  Ρ  ττεσεΓται, 
δηλον  [/cai  εσται,  ώ?  ij  ΛΔ  ττρο?  ΔΧ,  όντως  η 
ΖΒ  7Γ/)ό$•  ΒΧ*  ώστ€  και,  ώς  ή  ΔΑ  προς  ΑΧ,  ι) 
ΒΖ  προ?  ΖΧ].*  €7Γ€ΐ  δε  Aoyos  εστί  της  ΔΑ  προς 
ΛΧ  Βοθζίς,  και  της  ΡΛ  άρα  ττρο?  ΛΧ  Aoyos"  εστί 

*  καΐ  .  .  .  πρ05  ΒΧ.  The  words  καΐ  .  .  .  άττό  ΔΧ  are  shown 
by  Eutocius's  comment  to  be  an  interpolation.  The  words 
πάλιν  .  .  .  irpos  BX  and  καΐ  .  .  .  npos  ZX  must  also  be  inter- 
polated, as,  in  order  to  prove  that  ΔΛ  :  ΛΧ  is  given,  Eutocius 
first  proves  that  BZ  :  ΖΧ=ΛΔ  :  ΛΧ,  which  he  would  hardly 
have  done  if  Archimedes  had  himself  provided  the  proof. 

*  Koi  .  ,  ,  Trpos  ZX ;  V.  preceding  note. 

*  This  is  proved  by  Eutocius  thus : 

Since  ΚΔ  +  ΔΧ:  ΔΧ  =  ΡΧ:  XB, 

dirimendo,  ΚΔ  :  ΔΧ  =  PB  :  BX, 

and  permutando,  ΚΔ  :  BP  =  ΔΧ :  XB, 

•.#.,  ΚΒιΒΡ=ΔΧ:ΧΒ. 

Again,  since  EB  +  BXt  XB=AXt  ΧΔ« 
ISO 


ARCHIMEDES 

same  way  as  in  a  previous  proposition  [Prop.  2],  by 
construction, 

ΛΔ  :  ΚΔ  =  ΚΒ  :  ΒΡ  =  ΔΧ  :  XB.» 

And  since         PB  :  BK  =  ΚΔ  :  ΛΔ,    [Eucl.  v.  7,  coroll. 

componendo,      PK  :  ΚΒ  =  ΚΛ  :  ΛΔ,  [Eucl.  v.  18 

».e.,  ΡΚ:ΚΔ  =  ΚΛ:ΛΔ. 

PA  :  KA  =  KA  :  ΑΔ.  [Eucl.  v.  12 

PA  .  ΑΔ  =  ΛΚ2.  [Eucl.  vi.  17 

ΡΑ:ΑΔ  =  ΚΑ2:ΑΔ2. 

And  since        ΑΔ  :  ΔΚ  =  ΔΧ  :  XB, 

invertendoet     ΚΑ:ΑΔ  =  ΒΔ:ΔΧ.  P"^!*  ""-,Ι' 

componendo,  coroll.  and  v.  18 

Let  BZ  be  placed  equal  to  KB.  It  is  plain  that  [Z] 
will  fall  beyond  P.*»  Since  the  ratio  ΔΑ  :  ΛΧ  is 
given,  therefore  the  ratio  PA  :  AX  is  given.*     Then, 

dirimendo  et  permutando  ΔΧ :  XB = ΑΔ  :  ΔΚ. 

Now  AX:XB  =  KB:BP. 

Therefore  ΑΔ  :  ΔΚ=ΔΧ  :  XB=KB  :  BP. 

*  Since  ΧΔ:ΧΒ=ΚΒ:ΒΡ,  and  ΔΧ>ΧΒ,  .•.  KB>BP. 
.•.  BZ>BP. 

•  As  Eutocius's  note  shows,  what  Archimedes  wrote  was : 
"  Since  the  ratio  ΔΛ :  ΛΧ  is  given,  and  the  ratio  ΡΛ :  ΛΧ, 
therefore  the  ratio  ΡΛ :  ΛΔ  is  also  given."  Eutocius's 
proof  is  : 

Since  KB  +  BX  :  BX =ΛΧ  :  ΧΔ, 

ΖΧ:ΧΒ  =  ΛΧ:ΧΔ; 
ΧΖ:ΖΒ=:ΧΛ.•ΛΔ; 
ΒΖ:ΖΧ=ΛΔ:ΛΧ. 
But  the  ratio  BZ  :  ZX  is  given  because  ZB  is  equal   to  the 
radius  of  the  given  sphere  and  BX  is  given.     Therefore 
ΑΔ  :  ΛΧ  is  griven. 

Again,  since  the  ratio  of  the  segments  is  given,  the  ratio  of 
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So^et?.  eTret  οΰν  6  της  PA  προς  ΛΧ  λόγος  συν- 
■ηπται  €κ  τ€  του,  ον  €χ€ί  η  ΡΛ  προς  ΛΔ,  και  ή 
ΔΛ  προς  ΑΧ,  αλλ'  ώ?  /acv  η  ΡΑ  ττ/οό?  ΑΔ,  το 
άττό  ΔΒ  ττρό?  το  άττό  ΔΧ,  ώς  δε  τ^  ΔΑ  προς  ΑΧ, 
όντως  η  ΒΖ  ττρό?  ΖΧ,  ό  αρα  τη?  ΡΑ  προς  ΛΧ 
λό•)/ο?  συνηπται  βκ  τ€  του,  ον  €χ€ΐ  το  άπο  ΒΔ 
προς  το  από  ΔΧ,  /cat  ■j^  ΒΖ  προς  ΖΧ.  πβποί,ησθω 
Be,  ώς  η  ΡΛ  ττρό?  ΛΧ,  τ^  ΒΖ  προς  ΖΘ•  λόγο?  Se 
της  ΡΛ  ττρο?  ΛΧ  8o^eis"  λό^ο?  αρα  και  τη?  ΖΒ 
προς  ΖΘ  8οθ€ίς.  SoOetaa  δε  η  ΒΖ — ιση  yap  εστί 
τη  εκ  του  κέντρου'  δοθείσα  αρα  και  η  ΖΘ.  καΐ 
ό  της  ΒΖ  αρα  λόγος  προς  ΖΘ  συνηπται  εκ  τε  του, 
δν  ε;)(ει  το  άπο  ΒΔ  ττρο?  το  άττό  ΔΧ,  και  η  ΒΖ 
ττρό?  ΖΧ.  αλλ'  ό  ΒΖ  προς  ΖΘ  λόγος  συνηπται 
€Κ  τε  του  της  ΒΖ  ττρό?  ΖΧ  και  τοΰ  της  ΖΧ  ττρό? 
ΖΘ  [κοινός  άφηρησθω  6  της  ΒΖ  ττρο?  ΖΧ]^• 
λοιπόν  άρα  εστίν,  ώς  το  από  ΒΔ,  τουτέστι  δο^εν, 
προς  τό  από  ΔΧ,  ούτως  η  ΧΖ  ττρό?  ΖΘ,  τουτεστι 
ττρό?  hodev.  και  εστίν  δοθείσα  η  ΖΔ  ευθεία• 
ευθείαν  άρα  Βοθεΐσαν  την  ΔΖ  τεμέΐν  δει  κατά  το 
Χ  και  ΤΓΟιεΓν,  ώ?  την  ΧΖ  προς  Βοθεΐσαν  [την  ΖΘ],* 
οϋτως  τό  Βοθεν  [τό  από  ΒΔ]*  προς  τό  από  ΔΧ. 
τοΰτο  οϋτως  απλώς  μεν  λεγόμενον  έχει  Βιορισμόν, 

*  Kotvos  .  .  .  npos  ΖΧ.     Eutocius's  comment  shows  that 
these  words  are  interpolated. 

*  την  ΖΘ,  TO  από  ΒΔ.    Eutocius's  comments  show  these 
words  to  be  glosses. 

the  cones  ΑΛΓ,  ΑΡΓ  is  also  given,  and  therefore  the  ratio 
ΛΧ  :  XP.      Therefore  the   ratio   ΡΛ  :  ΛΧ  is   given.      Since 
the  ratios  ΡΛ :  ΛΧ  and  ΛΔ :  ΛΧ  are  given,  it  follows  that 
the  ratio  ΡΛ  :  ΛΔ  is  given. 
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since  the  ratio  ΡΛ  :  ΛΧ  is  composed  of  the  ratios 
ΡΛ  :  ΛΔ  and  ΔΛ  :  ΛΧ, 

and  since  ΡΛ  :  ΛΔ  =  ΔΒ2 :  ΔΧν 

ΔΛ:ΛΧ  =  ΒΖ:ΖΧ, 

therefore  the  ratio  ΡΛ  :  ΛΧ  is  composed  of  the  ratios 
ΒΔ2 :  ΔΧ2  and  BZ  :  ZX.     Let  [Θ  be  chosen  so  that] 

ΡΛ:ΛΧ  =  ΒΖ;ΖΘ. 

Now  the  ratio  ΡΛ  :  ΛΧ  is  given  ;  therefore  the  ratio 
ZB  :  ΖΘ  is  given.  Now  BZ  is  given — for  it  is  equal 
to  the  radius  ;  therefore  ΖΘ  is  also  given.  There- 
fore ^  the  ratio  BZ  :  ΖΘ  is  composed  of  the  ratios 
ΒΔ2  :  ΔΧ2  and  BZ  :  ZX.  But  the  ratio  BZ  :  ΖΘ  is 
composed  of  the  ratios  BZ  :  ZX  and  ZX  :  ΖΘ.  There- 
fore, the  remainder"  ΒΔ2  :  ΔΧ2  =  ΧΖ  :  ΖΘ,  in  which 
ΒΔ2  and  ΖΘ  are  given.  And  the  straight  line  ΖΔ  is 
given  ;  therefore  it  is  required  so  to  cut  the  given  straight 
line  i^Z  at  X  that  ^Z  bears  to  a  given  straight  line  the 
same  ratio  as  a  given  area  bears  to  the  square  on  ΔΧ. 
When  the  problem  is  stated  in  this  general  form,**  it 
is  necessary  to  investigate  the  limits  of  possibility, 

•For  ΡΛ:ΛΔ=ΛΚ*:ΔΛ«       • 

rrBA^tAX.» 

*  "  Therefore  "  refers  to  the  last  equation. 

•  i.e.  the  remainder  in  the  process  given  fully  by  Eutocius 
as  follows  : 

(ΒΔ« :  ^X?)  .  (BZ  :  ZX)  =  BZ  :  ΘΖ  =  (BZ  :  ZX)  .  (XZ  :  ΖΘ). 

Removing  the  common  element  BZ  :  ZX  from  the  extreme 
terms,  we  find  that  the  remainder  ΒΔ^ :  ΔΧ«=ΧΖ  :  ΖΘ. 

•*  In  algebraic  notation,  if  ΔΧ  =  α;  and  ΔΖ  =  α,  while  the 
given  straight  line  is  b  and  the  given  area  is  c*,  then 

a-x_c* 

01  x\a-x)=bc^, 
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προστιθίμίνων  δε  των  προβλημάτων  των  ivOdSe 
υπαρχόντων  \τουτ€στι  τον  τ€  Βιπλασίαν  elvai  την 
ΔΒ  της  ΒΖ  καΐ  τοΰ  μείζονα  της  ΖΘ  την  ΖΒ,  ως 
κατά  την  άνάλυσιν]^  ουκ  e^ei  8ιορισμόν•  καΐ  εσται 
το  πρόβλημα  τοιούτον  Βυο  Βοθζίσών  ίύθίίών  των 
ΒΔ,  ΒΖ  καΐ  διπλάσια?  ονσης  της  ΒΔ  της  ΒΖ  και 
σημζίου  €πΙ  της  ΒΖ  τοΰ  Θ  τ€μ€Ϊν  την  ΔΒ  κατά 
το  Χ  και  ποΐ€Ϊν,  ως  το  από  ΒΔ  προς  το  άπο  ΔΧ, 
την  ΧΖ  προς  ΖΘ•  €κάτ€ρα  δε  ταϋτα  €πΙ  τέλει 
άναλυ^ησεταί  τε  κται  σνντ€θήσ€ται. 

£utoc.  Comm.  in  Archim.  Be  Sphaera  et  Cyl.  ii.,  Archim. 
ed.  Heiberg  iii.  130.  17-150.  22 

ΕτΓΐ  τε'λει  μίν  το  προρηθεν  €7τηγγ€ίλατο  δεΐ^αι, 
εν  οι5δενι  δε  των  αντιγράφων  evpeiv  ενεστι  το 
€παγγ€λμα.  ouev  και  Αιονυσό^ωρον  /χεν  εύρι- 
σκομξν  μη  των  αυτών  επιτυχόντα,  ά^υνατησαντα 
δε  €πιβαλ€Ϊν  τω  καταλζίφθβντι  λημματι,  εφ*  ετε'/οαν 
ό8όν  τοΰ  όλον  προβλήματος  ελθεΐν,  ηντινα  εζης 
γράφομεν  Αιοκλης  μεντοι  καΐ  αυτό?  iv  τω  Περί 
πυριων  αύτω  συγγεγραμμένω  βιβλίω  εττηγγελθαι 
νομίζων  τον  *Αρχιμη8η,  μη  πεποιηκέναι  δε  το 
επάγγελμα,  αυτός  άναπληροΰν  επεχείρησαν ,  καΧ 
το  επιχείρημα  εζης  γράφο  μεν  εστίν  γαρ  και  αυτό 
ούδενα  μεν  έχον  προς  τα  παραλελειμμενα  λόγον, 
ομοίως  δε  τω  ΑιονυσοΒώρω  δι'  ετέρας  αποδείξεως 
κατασκευαζον  τό  πρόβλημα,     εν  τινι  μεντοι  τταλαιω 

*  TovreoTi  .  .  .  άνάλυσιν.     Eutocius's  notes  make  it  seem 
likely  that  these  words  are  interpolated. 

"  In  the  technical  language  of  Greek  mathematics,  the 
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but  under  the  conditions  of  the  present  case  no  such 
investigation  is  necessary."  In  the  present  case  the 
problem  will  be  of  this  nature  :  Given  two  straight 
lines  ΒΔ,  BZ,  in  which  βΔ  =  2ΒΖ,  and  a  point  θ  upon 
BZ,  so  to  cut  ΔΒ  at  X  that 

ΒΔ2:ΔΧ2=ΧΖ:ΖΘ; 

and  the  analysis  and  synthesis  of  both  problems  will 
be  given  at  the  end.'» 


Eutocius,  Commentary  on  Archimedes^  Sphere  and 
Cylinder  ii.,  Archim.  ed.  Heiberg  iii.  130.  17-150.  23 

He  promised  that  he  would  give  at  the  end  a  proof 
of  what  is  stated,  but  the  fulfilment  of  the  promise 
cannot  be  found  in  any  of  his  extant  writings. 
Dionysodorus  also  failed  to  hght  on  it,  and,  being 
unable  to  tackle  the  omitted  lemma,  he  approached 
the  whole  problem  in  an  altogether  different  way, 
which  I  shall  describe  in  due  course.  Diodes,  indeed, 
in  his  work  On  Burning  Mirrors  maintained  that 
Archimedes  made  the  promise  but  had  not  fulfilled 
it,  and  he  undertook  to  supply  the  omission  himself, 
which  attempt  I  shall  also  describe  in  its  turn  ;  it 
bears,  however,  no  relation  to  the  missing  discussion, 
but,  like  that  of  Dionysodorus,  it  solves  the  problem 
by  a  construction  reached  by  a  different  proof.     But 

general  problem  requires  a  diorismos,  for  which  v.  vol.  i. 
p.  151  n.  h  and  p.  396  n.  a.  In  algebraic  notation,  there 
must  be  limiting  conditions  if  the  equation 

x%a  -x)=  6c* 
is  to  have  a  real  root  lying  between  0  and  a. 

*  Having  made  this  promise,  Archimedes  proceeded  to 
give  the  formal  synthesis  of  the  problem  which  he  had  thus 
reduced. 
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βιβλίω — ovSk  γαρ  της  els  ηολλά  ζητησ€ως  anearq- 
μ€ν — €ντ€τύχαμ€ν  θ€ωρ'ήμασι  γ^γραμμένοις  ουκ 
όλίγην  μεν  την  e/c  των  πταισμάτων  εχουσιν 
άσάφζίαν  7Τ€ρί  τ€  τα?  καταγραφάς  πολυτρόπως 
ημαρτημενοις ,  των  μεντοι  ζητουμένων  €Ϊχον  την 
νπόστασιν,  iv  μέρει  δε  την  'ΑρχιμήΒει  φίλην 
ΑωρίΒα  γλώσσαν  άττέσωζον  και  τοΐζ  σννηθβσι  τω 
αρχαιω  των  πραγμάτων  ονόμασιν  εγεγραπτο  της 
μεν  παραβολής  ορθογωνίου  κώνου  τομής  ονομαζό- 
μενης, της  δε  υπερβολής  άμβλυγωνίου  κώνου 
τομής,  ως  εξ  αυτών  Βιανοεΐσθαι,  μη  άρα  και  αυτά 
εΐη  τά  εν  τω  τέλει  επηγγελμενα  γράφεσθαι.  όθεν 
σπουΒαιότερον  εvτ^ryχάvovτες  αυτό  μεν  το  ρητόν, 
ώς  γεγραπται,  δια  πλήθος,  ώς  εΐρηται,  των  πται- 
σμάτων Βυσχερες  εύρόντες  τάς  εννοίας  κατά  μικρόν 
άποσυλήσαντες  κοινότερα  και  σαφέστερα  κατά  το 
Βυνατον  λεζει  γράφομεν.  καθόλου  Βε  πρώτον  το 
θεώρημα  γραφήσεται,  ίνα  το  λεγόμενον  υπ*  αύτοΰ 
σαφηνισθη  περί  των  Βιορισμών  είτα  και  τοις 
άναλελυμενοις  iv  τω  προβληματι  προσαρμοσθη- 
σ€ται. 


Ευθείας  Βοθείσης  τής  ΑΒ  και  ετέρας  τής  Α  Γ 
και  χωρίου  του  Δ  προκείσθω  λαβείν  επι  τής  ΑΒ 
σημεΐον  ώς  το  Ε,  ώστε  efvai,  ώς  την  ΑΕ  προς 
ΑΓ,  οΰτω  το  Δ  χωρίον  προς  το  από  ΕΒ. 

Τεγονέτω,  και  κείσθω  ή  AT  προς  όρθάς  τη 
ΑΒ,  και  επιζευχθεΐσα  ή  ΓΕ  Βιήχθω  επι  το  Ζ,  και 
ηχθω  δια  του  Γ  τη  ΑΒ  7Γα/)άλλ•>7λο$'  η  ΓΗ,  δια 
Βε  του  Β  Tfi  ΑΓ  παράλληλος  ή  ΖΒΗ  συμπίπτουσα 
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in  a  certain  ancient  book — for  I  pursued  the  inquiry 
thoroughly — I  came  upon  some  theorems  which, 
though  far  from  clear^^owing  to  errors  and  to  manifold 
faults  in  the  diagrams,  nevertheless  gave  the  sub- 
stance of  what  I  sought,  and  furthermore  preserved 
in  part  the  Doric  dialect  beloved  by  Archimedes, 
while  they  kept  the  names  favoured  by  ancient 
custom,  the  parabola  being  called  a  section  of  a  right- 
angledcone  and  the  hyperbola  a  section  of  an  obtuse- 
angled  cone  ;  in  short,  I  felt  bound  to  consider 
whether  these  theorems  might  not  be  what  he  had 
promised  to  give  at  the  end.  For  this  reason  I 
applied  myself  with  closer  attention,  and,  although  it 
was  difficult  to  get  at  the  true  text  owing  to  the 
multitude  of  the  mistakes  already  mentioned,  gradu- 
ally I  routed  out  the  meaning  and  now  set  it  out,  so 
far  as  I  can,  in  more  familiar  and  clearer  language. 
In  the  first  place  the  theorem  will  be  treated  gener- 
ally, in  order  to  make  clear  what  he  says  about  the 
limits  of  possibiUty  ;  then  will  follow  the  special  form 
it  takes  under  the  conditions  of  his  analysis  of  the 
problem. 


"  Given  a  straight  line  AB  and  another  straight 
line  ΑΓ  and  an  area  Δ,  let  it  be  required  to  find  a 
point  Ε  on  AB  such  that  AE  :  ΑΓ  =  Δ  :  EB». 

"  Suppose  it  found,  and  let  ΑΓ  be  at  right  angles 
to  AB,  and  let  ΓΕ  be  joined  and  produced  to  Z,  and 
through  Γ  let  Γ  Η  be  drawn  parallel  to  AB,  and 
through  Β  let  ZBH  be  drawn  parallel  to  ΑΓ,  meeting 
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ίκατίρα  των  ΓΕ,  ΓΗ,  /cat  συμπεπληρώσθω  το 
Η  Θ  τταραλληλόγραμμον,  και,  δια  του  Ε  οττοτέρα 
των  ΓΘ,  Η  Ζ  παράλληλος  ηχθω  η  ΚΕΛ,  καΐ  τω 
Δ  ίσον  €στω  το  ύπο  ΓΗΜ. 

**  Έττει  οΰν  €στιν,  ως  "η  ΕΑ  "ττροζ  ΑΓ,  οΰτως  το 
Δ  ττρος  το  άπο  ΕΒ,  ώζ  Se  η  ΕΑ  προς  ΑΓ;  οΰτως 
η  ΓΗ  7Γ/)ό?  ΗΖ,  ώ?  8e  η  ΓΗ  προς  ΗΖ,  οϋτως 
το  άπο  ΓΗ  τΓρο?  το  ύπο  Γ  Η  Ζ,  ως  άρα  το  άπο 
ΓΗ  προς  το  ύπο  Γ  Η  Ζ,  οΰτως  το  Δ  προς  το  άπο 
ΕΒ,  τοντ€στι  προς  το  άπο  ΚΖ•  καΐ  ζναλλάξ,  ως 
ΤΟ  απο  1  π.  προς  το  Δ,  τοϋτεστι  προς  το  νπο 
ΓΗΜ,  οΰτως  το  νπο  ΓΗΖ  προς  το  άπο  ΖΚ. 
αλλ'  ώς  το  άπο  ΓΗ  προς  το  νπο  ΓΗΜ,  οΰτως 
η  ΓΗ  προς  ΗΜ•  και  ώς  άρα  η  ΓΗ  προς  ΗΜ, 
ούτως  το  ύπο  ΓΗΖ  προς  το  άπο  ΖΚ.  αλλ'  ώς 
7j  TH  προς  Η  Μ,  της  Η  Ζ  κοινον  νφους  λαμβανο- 
μένης όντως  το  ύπο  ΓΗΖ  προς  το  νπο  ΜΗΖ• 
ώς  άρα  το  νπο  ΓΗΖ  προς  το  ύπο  MHZ,  όντως 
το  ύπο  ΓΗΖ  προς  το  άπο  ΖΚ•  ϊσον  άρα  το  ύπο 

MHZ  τψ  άπο  ΖΚ,  eav  άρα  π€ρΙ  άξονα  την  ΖΗ 
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both  ΓΕ  and  ΓΗ,  and  let  the  parallelogram  ΗΘ  be 
completed,  and  through  Ε  let  ΚΕΛ  be  drawn  parallel 


to  either  ΓΘ  or  HZ,  and  let  [M  be  taken  so  that] 
ΓΗ.ΗΜ=Δ. 


"  Then,  since 

ΕΑ:ΑΓ 

=  Δ:ΕΒ2      [ex  hyp. 

and 

EA  :  ΑΓ 

«ΓΗ  :ΗΖ, 

and 

ΓΗ  :HZ 

=  ΓΗ2:ΓΗ.ΗΖ, 

• 
•  • 

ΓΗ2  :  ΓΗ  . 

ΗΖ  =Δ:ΕΒ8 
=  Δ:ΚΖ2; 

and,  permutando. 

ΓΗ2 :  Δ 

[  =  ΓΗ.ΗΖ:ΖΚ2,] 

i.e., 

ΓΗ2 :  ΓΗ 

.  ΗΜ  =  ΓΗ.ΗΖ:ΖΚ2. 

But 

ΓΗ2  :  ΓΗ 

. ΗΜ=ΓΗ :ΗΜ; 

... 

ΓΗ  :  ΗΜ 

=  ΓΗ.ΗΖ:ΖΚ2. 

But,  by  taking  a  common  altitude  HZ, 

ΓΗ :ΗΜ=ΓΗ.ΗΖ:ΜΗ.ΗΖ; 

.•.     ΓΗ.ΗΖ:ΜΗ.ΗΖ  =  ΓΗ.ΗΖ:ΖΚ2; 
ΜΗ.ΗΖ  =  ΖΚ». 
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γραφτ)  δια  τοΰ  Η  παραβολή,  ώστ€  τα?  καταγο- 
μίνας  Βυνασθαι,  παρά  την  ΗΜ,  ηί^βι  δια  του  Κ, 
/cat  έ'σται  ^ε'σβι  Β^Βομενη  δια  το  δέδο/χενην  eZvai 
ττ^ν  Η  Μ  τω  μζγέθβί  πβριίχονσαν  μετά  της  Η  Γ 
8€^ομ€νης  SoOev  το  Δ•  το  αρα  Κ  άπτεται  θέσει 
8β8ομενης  παραβολής,  γεγράφθω  ονν,  ώς  ειρηται, 
καΙ  έστω  ώς  η  ΗΚ. 

"  Πάλιν,  επεώη  το  ΘΛ  χωρίον  ΐσον  εστί  τω 
ΓΒ,  τουτεστι  το  υπό  ΘΚΛ  τω  υπό  ΑΒΗ,  εάν 
δια  τοΰ  Β  περί  ασύμπτωτους  τάς  Θ  Γ,  ΓΗ  γραφή 
υπερβολή,  ηζει  δια  το£?  Κ  δια  την  άντιστροφην 
τοΰ  η'  θεωρήματος  τοΰ  δευτέρου  βιβλίου  των 
^Απολλώνιου  Κωνικών  στοιχείων,  και  εσται  θέσει 
ΒεΒομένη  δια  το  και  εκατεραν  τών  ΘΓ,  ΓΗ,  ετι 
μην  και  το  Β  τη  θέσει  ΒεΒόσθαι.  γεγραφθω,  ως 
εϊρηται,  και  έστω  ώς  η  ΚΒ•  το  άρα  Κ  άτττ^ται 
θέσει  8ε8ομενης  υπερβολής,  ηπτετο  δε  και  θέσει 
8ε8ομένης  παραβολής'  δεδοται  αρα  τό  Κ.  και 
εστίν  απ*  αύτοΰ  κάθετος  ή  ΚΕ  επι  θέσει  ΒεΒομένην 
την  ΑΒ•  δεδοται  αρα  το  Ε.  επεί  οΰν  εστίν,  ώς 
η  ΕΑ  προς  την  8οθεΐσαν  την  ΑΓ,  οΰτως  Βοθεν  το 
Δ  προς  τό  από  ΕΒ,  δυο  στερεών,  ών  βάσεις  τό 
από  ΕΒ  και  τό  Δ,  ϋφη  δε  αΙ  ΕΑ,  ΑΓ,  άντιπεπόν- 

'  LetAB=a,Ar  =  6,andA  =  rH.HM=c»,sothatHM  =  ^. 

Then  if  ΗΓ  be  taken  as  the  axis  of  χ  and  HZ  as  the  axis  of  y, 
the  equation  of  the  parabola  is 

and  the  equation  of  the  hyperbola  is 
(a  -  x)y  =  ab. 
Their  points  of  intersection  give  solutions  of  the  equation 

«*(ο  -  a;)  =  bc\ 
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If,  therefore,  a  parabola  be  drawn  through  Η  about 
the  axis  ZH  with  the  parameter  HM,  it  will  pass 
through  Κ  [Apoll.  Con.  i.  11,  converse],  and  it  will  be 
given  in  position  because  Η  Μ  is  given  in  magnitude 
[Eucl.  Data  57],  comprehending  with  the  given 
straight  line  Η  Γ  the  given  area  Δ  ;  therefore  Κ  lies 
on  a  parabola  given  in  position.  Let  it  then  be 
drawn,  as  described,  and  let  it  be  HK. 

"  Again,  since  the  area  ΘΛ  =  ΓΒ  [Eucl.  i.  43 

i.e.,  ΘΚ.ΚΛ  =  ΑΒ.ΒΗ, 

if  a  hyperbola  be  drawn  through  Β  having  ΘΓ,  ΓΗ  for 
asymptotes,  it  will  pass  through  Κ  by  the  converse 
to  the  eighth  theorem  of  the  second  book  of  Apol- 
lo nius's  Elements  of  Conies,  and  it  will  be  given  in 
position  because  both  the  straight  lines  ΘΓ,  ΓΗ,  and 
also  the  point  B,  are  given  in  position.  Let  it  be 
drawn,  as  described,  and  let  it  be  KB  ;  therefore 
Κ  lies  on  a  hyperbola  given  in  position.  But  it  lies 
also  on  a  parabola  given  in  position  ;  therefore  Κ  is 
given."  And  Κ  Ε  is  the  perpendicular  drawn  from  it 
to  the  straight  line  AB  given  in  position  ;  therefore 
Ε  is  given.  Now  since  the  ratio  of  EA  to  the  given 
straight  line  ΑΓ  is  equal  to  the  ratio  of  the  given  area 
Δ  to  the  square  on  EB,  we  have  two  solids,  whose 
bases  are  the  square  on  Ε  Β  and  Δ  and  whose  alti- 
tudes are  EA,  ΑΓ,  and  the  bases  are  inversely  pro- 

to  which,  as  already  noted,  Archimedes  had  reduced  his 
problem.  (N.B. — The  axis  of  χ  is  for  convenience  taken  in  a 
direction  contrary  to  that  which  is  usual;  with  the  usual 
conventions,  we  should  get  slightly  diiFerent  equations.) 
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θασιν  at  βάσεις  τοις  υφΐσιν  ώστ€  ΐσα  cart  τα 
arepea•  το  αρα  αττο  ϋο  εττι  την  tiA  ίσον  eari  τω 
hodevTL  τω  Δ  εττι  hodelaav  την  ΓΑ.  άλλα  το  αττο 
BE  CTTi  την  ΕΛ  μέγιστόν  iari  πάντων  των  ομοίως 
λαμβανομένων  €πΙ  της  ΒΑ,  όταν  η  διττλασια  η  BE 
τη?  Ε  Α,  ως  Β€ίχθησ€ταΐ'  δει  αρα  το  Bodev  cttI  την 
bodelaav  μη  μβΐζον  elvat  του  αττο  της  BE  εττι  την 

ΕΑ. 


"  Συντ€0ησ€ται  δε  ούτως'  Ιστω  η  jctev  δοθείσα 
evOela  η  ΑΒ,  άλλη  δε  τι?  δοθείσα  η  ΑΓ,  το  δε 
δο^ει^  χωρίον  το  Δ,  και  δε'ον  έστω  τ€μ€Ϊν  την  ΑΒ, 
ώστε  efrai,  ώς  το  ev  τμήμα  προς  την  Sodelaav  την 
ΑΓ,  όντως  το  BoBev  το  Δ  προς  το  άπο  τον  λοιπού 
τμήματος. 

"  ΚΙληφθω  της  ΑΒ  τρίτον  μέρος  η  ΑΕ•  το  άρα 
Δ  ε'ττι  την  ΑΓ  ή'τοι  μεΐζόν  εστί  του  άττό  τη?  BE 
ετΓΐ  τηΓ  Ε  Α  η  ίσον  η  εΛασσοί'. 

"  Ει  /Αεν  ονν  μείζον  εστίν,  ου  σνντεθησεται,  ώς 
ev  τη  αναλύσει  δε'δεικται*  εΐ  δε  ίσον  εστί,  το  Ε 
σημεΐον  ποιήσει  το  πρόβλημα,  ίσων  γαρ  όντων 
των  στερεών  άντιπεπόνθασιν  αι  )3ασει?  τοις 
νφεσιν,  καί  εστίν,  ώς  η  Ε  Α  προς  Α  Γ,  ούτω?  το 
Δ  77ρό?  το  άπο  BE. 

"  Et  δε  έλασσον  εστί  το  Δ  επ\  την  ΑΓ  τοϋ  άπο 
BE  επΙ  την  ΕΑ,  σνντεθησεται  όντως'  κείσθω  η 
ΑΓ  προς  όρθάς  τη  ΑΒ,  /cat  δια  του  Γ  τη  ΑΒ  παρ- 

•  In  our  algebraical  notation,  x\a  -  a;)  is  a  maximum  when 
aj  =  fa.  We  can  easily  prove  this  by  the  calculus.  For,  by 
differentiating  and  equating  to  zero,  we  see  that  x\a  -  x)  has 
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portional  to  the  altitudes  ;  therefore  the  solids  are 
equal  [Eucl.  xi.  34]  ;  therefore 

ΕΒ2.ΕΑ  =  Δ.ΓΑ, 

in  which  both  Δ  and  ΓΑ  are  given.  But,  of  all  the 
figures  similarly  taken  upon  Β  A,  BE^  ,  Β  A  is  greatest 
when  BE  =  2EA,*  as  will  be  proved  ;  it  is  therefore 
necessary  that  the  product  of  the  given  area  and  the 
given  straight  Une  should  not  be  greater  than 

BE2 .  EA.» 


**  The  synthesis  is  as  follows  :  Let  A  Β  be  the  given 
straight  Une,"  let  ΑΓ  be  any  other  given  straight  line, 
let  Δ  be  the  given  area,  and  let  it  be  required  to  cut 
AB  so  that  the  ratio  of  one  segment  to  the  given 
straight  Une  ΑΓ  shall  be  equal  to  the  ratio  of  the 
given  area  Δ  to  the  square  on  the  remaining  segment. 

"  Let  AE  be  taken,  the  third  part  of  AB  ;  then 
Δ  .  ΑΓ  is  greater  than,  equal  to  or  less  than  BE^  .  EA. 

"  If  it  is  greater,  no  synthesis  is  possible,  as  was 
shown  in  the  analysis  ;  if  it  is  equal,  the  point  Ε 
satisfies  the  conditions  of  the  problem.  For  in  equal 
soUds  the  bases  are  inversely  proportional  to  the 
altitudes,  and  EA  :  ΑΓ  =  Δ  :  BE^. 

"  If  Δ  .  ΑΓ  is  less  than  BE2 .  EA,  the  synthesis  is 
thus  accomplished :  let  ΑΓ  be  placed  at  right  angles 
to  AB,  and  through  Γ  let  ΓΖ  be  drawn  parallel  to 

a  stationary  value  when  2ax  -  3x*  =  0,  i.e.,  when  a? =0  (which 
gives  a  minimum  value)  or  a;  =  f  ο  (Λvhich  gives  a  maximum). 
ίίο  such  easy  course  was  open  to  Archimedes. 

»  8c.  "  not  greater  than  BE» .  EA  when  BE  =  SEA." 

•  Figure  on  p.  146. 
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άλληλος  ηχθω  η  ΓΖ,  δια  δε  τον  Β  τη  ΑΓ 
παράλληλος  ηχθω  η  ΒΖ  /cat  συμπιτττβτω  τη  ΓΕ 
€κβληθζίση  κατά  το  Η,  καΐ  συμττ€ττληρώσθω  το 
ΖΘ  παραλληλόγραμμον,  και  δια  τοΰ  Έι  τη  TjH 
7ταρά?<ληλος  ηχθω  η  ΚΕΑ.  εττει  οΰν  το  Δ  inl 
την  ΑΓ  έ'λασσον  εστί  του  άττό  BE  ctti  την  ΕΑ, 
eoTiv,  ως  η  Ε  Α  ιτρό?  ΑΓ,  οϋτως  το  Δ  ττρό?  ελασσόΐ' 
τι  του  άττό  της  BE,  τουτ4στι  του  άττό  τη?  ΗΚ. 
έστω  ουν,  ώς  η  Ε  Α  ττρό?  Α  Γ,  οϋτως  το  Δ  ττρό? 
το  άττό  Η  Μ,  και  τω  Δ  ίσον  €στω  το  ύπο  ΓΖΝ. 
€π€ΐ  ονν  εστίν,  ώ?  η  ΕΑ  προς  ΑΓ,  οντω?  το  Δ, 
τουτβστι  το  νπο  ΓΖΝ,  προς  το  άττό  Η  Μ,  αλλ'  ώς 
η  Ε  Α  προς  Α  Γ,  όντως  η  ΓΖ  ττρό?  ΖΗ,  ώς  δε  τ^ 
ΓΖ  ττρό?  ΖΗ,  όντως  το  άπο  VL  προς  το  νπο 
ΓΖΗ,  και  ώς  αρα  το  άπο  ΓΖ  προς  το  ύπο  ΓΖΗ, 
όντως  το  νπο  ΓΖΝ  προς  το  άπο  ΗΜ•  και  ίναλλάζ, 
ως  το  απο  1  Λ  προς  το  νπο  i  ZiiN ,  όντως  το  νπο 
ΓΖΗ  προς  το  άπο  ΗΜ.  αλλ'  ώς  το  άπο  Τ7, 
προς  το  νπο  ΓΖΝ,  η  ΓΖ  προς  ΖΝ,  ώς  δε  η  ΓΖ 
ττρό?  ΖΝ,  της  TjH  κοινον  νφονς  λαμβανομένης 
ούτω?  το  νπο  ΓΖΗ  προς  το  νπο  ΝΖΗ•  και  ώς  άρα 
το  νπο  ΓΖΗ  προς  το  ύπο  ΝΖΗ,  όντως  το  ύπο 
ΓΖΗ  προς  το  άπο  ΗΜ•  ΐσον  άρα  εστί  το  άπο  Η  Μ 
τω  νπο  ΗΖΝ. 

"  Έάν  άρα  δια  του  Ζ  ττερι  άζονα  την  Till  γράφω- 
μ€ν  παραβολην,  ώστ€  τάς  καταγομένας  δυρ'ασ^αι 
παρά  την  ΖΝ,  ηζ^ι  δια  τοΰ  Μ.  γβγράφθω,  και 
€στω  ώς  η  ΜΞΖ.  και  εττει  ΐσον  εστί  το  ΘΑ  τω 
ΑΖ,  τοντίστι  το  ύπο  ΘΚΛ  τω  ύπο  ΑΒΖ,  iav  8ιά 
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AB,  and  through  Β  let  BZ  be  drawn  parallel  to  ΑΓ, 
and  let  it  meet  ΓΕ  produced  at  H,  and  let  the 
parallelogram  ΖΘ  be  completed,  and  through  Ε  let 
ΚΕΑ  be  drawn  parallel  to  ZH.     Now 


since 

Δ.ΑΓ 

<ΒΕ2.ΕΑ, 

•  • 

ΕΑ:ΑΓ 

=  Δ  :  (the    square     of 

some    quantity    less 

than  BE) 
=  Δ  :  (the     square     of 

some    quantity   less 

than  HK). 

Let 

ΕΑ:ΑΓ 

=  Δ:ΗΜ2, 

and  let 

Δ 

=  ΓΖ.ΖΝ. 

Then 

EA  :ΑΓ 

=  Δ:ΗΜ2 

=  ΓΖ.ΖΝ  :ΗΜ2. 

But 

ΕΑ:ΑΓ 

=  ΓΖ:ΖΗ, 

and 

ΓΖ:ΖΗ 

=  ΓΖ2:ΓΖ.ΖΙΙ  ; 

.•. 

ΓΖ2 :  ΓΖ  . 

ΖΗ 

=  ΓΖ.ΖΝ:ΗΜ2; 

and  permuiando, 

ΓΖ2 :  ΓΖ  . 

ΖΝ 

=  ΓΖ.ΖΗ  :HAi2. 

But 

ΓΖ2  :  ΓΖ  . 

.ΖΝ 

=  ΓΖ:ΖΝ, 

and 

ΓΖ  :  ΖΝ 

=ΓΖ.ΖΗ :ΝΖ.ΖΗ, 

by  taking  a  common  altitude  Ζ  Η  ; 
and.•.  ΓΖ.ΖΗ  :ΝΖ.ΖΗ  =  ΓΖ.ΖΗ  :HM2; 

ΗΜ2=ΗΖ.ΖΝ. 

"  Therefore  if  we  describe  through  Ζ  a  parabola 
about  the  axis  ZH  and  with  parameter  ZN,  it  will 
pass  through  M.  Let  it  be  described,  and  let  it  be 
as  MSZ.     Then  since 

ΘΑ  =  ΑΖ,  [Eucl.  i.  43 

Le.  ΘΚ.ΚΑ  =  ΑΒ.ΒΖ, 
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τοΰ  Β  Trepl  ασύμπτωτους  τάς  Θ  Γ,  ΓΖ  γράφωμ€ν 
ν7Τ€ρβολην,  ηζζί  δια  τοΰ  Κ  δια  την  άντιστροφην 


Λ  Π 


τοΰ  η'  θ€ωρηματος  των  'Απολλώνιου  Κωνίκών 
στοιχείων,  γζγράφθω,  και  Ι'στω  ώ?  "ή  ΒΚ  τ€/χ- 
νουσα  TTjV  παραβολην  κατά  το  Ξ,  και  από  τοΰ  d 
eVi  την  ΑΒ  κάθετος  ηχθω  η  ΞΟΠ,  και  δια  τοΰ 
Ξ  τη  ΑΒ  τταράλληλο?  ηχθω  ή  ΡΞΣ.  evrei  ουι/ 
ύπβρβολη  ioTiv  η  ΒΞΚ,  ασύμπτωτοι  δε  αι  Θ  Γ, 
ΓΖ,  και  παράλληλοι  ηγμ€ναι  βίσΐν  αί  ΡΞΠ  ταΐ? 
ΑΒΖ,  ίσον  eVri  το  υττό  ΡΞΠ  τω  ΰπο  ΑΒΖ•  ώστε 
και  το  ΡΟ  τω  ΟΖ.  eav  αρα  άπο  τοΰ  Γ  ctti  το 
Σ  επιζβυχθη  eiOeia,  ηξ€ΐ  δια  τοΰ  Ο.  βρχβσθω, 
και  έστω  ώ?  'ί^  ΓΟΣ.  εττει  οΰν  εστίν,  toy  ■>]  ΟΑ 
προς  ΑΓ,  οϋτως  η  ΟΒ  ττρο?  ΒΣ,  τουτέστιν  η  ΓΖ 
7T/)os"  ΖΣ,  ώ?  δε  77  ΓΖ  ττρο?  ΖΣ,  τη?  ΖΝ  κοινού 
ύφους  λαμβανομένης  ούτως  το  ύπο  ΓΖΝ  προς 
το  ΰπο  ΣΖΝ,  και  ώς  αρα  η  ΟΑ  προς  ΑΓ,  οΰτως 
το  ύπο  ΓΖΝ  προς  το  υπό  ΣΖΝ.  και  ε'στι  τω 
μβν  υπό  ΓΖΝ  ίσον  το  Δ  χωρίον,  τω  δε  ύπό  ΣΖΝ 
ισον  το  ατΓΟ  2jiU,  τουτεστι  το  αττο  JdU,  οια  την 
παραβολην  ώς  αρα  ή  ΟΑ  προς  ΑΓ,  οΰτως  το  Δ 
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if  we  describe  through  Β  a  hyperbola  in  the  asym- 
ptotes ΘΓ,  ΓΖ,  it  will  pass  through  Κ  by  the  converse 
of  the  eighth  theorem  [of  the  second  book]  of 
Apollonius's  Elements  of  Conies.  Let  it  be  described, 
and  let  it  be  as  BK  cutting  the  parabola  in  H,  and 
from  Ξ  let  ΞΟΠ  be  drawn  perpendicular  to  AB,  and 
through  Ξ  let  ΡΗΣ  be  drawn  parallel  to  AB.  Then 
since  ΒΞΚ  is  a  hyperbola  and  ΘΓ,  ΓΖ  are  its  asym- 
ptotes, while  ΡΞ,  ΞΠ  are  parallel  to  AB,  BZ, 

ΡΞ  .  ΗΠ  =  AB  .  BZ  ;  [ApoU.  ii.  12 

PO  =  OZ. 

Therefore  if  a  straight  line  be  drawn  from  Γ  to  Σ  it 
will  pass  through  Ο  [Eucl.  i.  43,  converse].  Let  it 
be  drawn,  and  let  it  be  as  ΓΟΣ.     Then  since 

0 A  :  ΑΓ  =  OB  :  ΒΣ  [Eucl.  vi.  4 

=  ΓΖ:ΖΣ, 
and  ΓΖ:ΖΣ  =  ΓΖ.ΖΝ:ΣΖ.ΖΝ, 

by  taking  a  common  altitude  ZN, 

OA  :  ΑΓ  =  ΓΖ  .  ZN  :  ΣΖ  .  ZN. 

And  ΓΖ.ΖΝ  =  Δ,  ΣΖ  .  ZN  =  ΣΗ^  =  B02,  by  the 
property  of  the  parabola  [ Apoll.  i.  1 1], 

0Α:ΑΓ  =  Δ:Β02; 
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χωρίον  προς  το  άπο  της  ΒΟ.     ζΐληπται,  άρα  το  Ο 
σημ€Ϊον  ποιούν  το  πρόβλημα. 


"  "Οτι  δε  Βίπλασίας  ονσης  της  BE  της  Ε  Α  το 
άπο  της  BE  ζπΐ  την  ΕΑ  μ4γιστόν  icm  πάντων  των 
ομοίως  λαμβανομένων  βπΐ  της  ΒΑ,  δειχ^ϊ^σεται 
ούτως.  €στω  yap,  ως  iv  τη  αναλύσει,  πάλιν 
Βοθβΐσα  evOela  προς  όρθάς  τη  ΑΒ  ή  ΑΓ,  και  €πι- 
ζζυχθΐΐσα  η  ΓΕ  έκβφλησθω  και  συμπιπτ4τω  τη 
δια  του  Β  παραλλήλω  ήγμενη  τη  ΑΓ  κατά  το  Ζ, 
και  δια  των  Γ,  Ζ  παράλληλοι  τη  ΑΒ  ηχθωσαν  αι 
ΘΖ,  ΓΗ,  και  ζκβββλήσθω  ή  ΓΑ  εττι  το  Θ,  και 
ταντη  παράλληλος  δια  του  Ε  ήχθω  ή  ΚΕΑ,  και 
γ€γον€τω,  ώς  ή  ΕΑ  προς  ΑΓ,  όντως  το  νπο  ΓΗΜ 
προς  τό  άπο  ΕΒ*  το  άρα  άπο  BE  επί  την  Ε  Α  ίσον 
εστί  τω  υπό  ΓΗΜ  εττί  την  ΑΓ  δια  το  δυο  στ^ρβών 
άντιπ^πονθίναι  τάς  βάσβις  τοις  ϋφ^σιν.  λέγω  ουν, 
οτι  το  υπό  ΓΗΜ  εττί  την  Α  Γ  μβγιστόν  εστί 
πάντων  των  ομοίως  εττί  της  ΒΑ  λαμβανομένων. 

ν^γράφθω  γαρ  δια  του  Η  ττερί  άζονα  την  Ζ  Η 
παραβολή,  ώστ€  τάς  καταγομάνας  διίνασ^αι  παρά 
την  ΗΜ•  ')7^ει  hrj  δια  του  Κ,  ώ?  f-V  τη  αναλύσει 
δε'δεικται,  και  συμπ€σ€Ϊται  €κβαλλομ4νη  τη  Θ  Γ 
τταραλλι^λο)  οϋση  τη  Βιαμίτρω  της  τομής  δια  το 
€β8ομον  και  €ΐκοστόν  θεώρημα  του  πρώτου  βιβλίου 
των  ^Απολλώνιου  Κωνικών  στοιχείων.  €κβ€- 
βλήσθω  και  συμπιπτ€τω  κατά  τό  Ν,  καί  δια  τοί; 
Β  ττερί  ασύμπτωτους  τάς  ΝΓΗ  γ€γράφθω  υπερ- 
βολή' ήζει  άρα  δια  του  Κ,  ώς  iv  τη  αναλύσει 
€Ϊρηται.  ερχέσθω  ουν  ώς  ή  ΒΚ,  καί  εκβληθείση 
τη  ΖΗ  ίση  κείσθω  ή  ΗΞ,  καί  επεζεύχθω  ή  ΞΚ 
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therefore  the  point  0  has  been  found  satisfying  the 
conditions  of  the  problem. 


"  That  BE2  .  EA  is  the  greatest  of  all  the  figures 
similarly  taken  upon  BA  when  BE  =  2F1A  will  be  thus 
proved.  Let  there  again  be,  as  in  the  analysis,  a 
given  straight  line  ΑΓ  at  right  angles  to  AB,"  and  let 
1Έ  be  joined  and  let  it,  when  produced,  meet  at  Ζ 
the  line  through  Β  drawn  parallel  to  ΑΓ,  and  through 
Γ,  Ζ  let  ΘΖ,  ΓΗ  be  drawn  parallel  to  AB,  and  let  ΓΑ 
be  produced  to  Θ,  and  through  Ε  let  ΚΕΑ  be  drawn 
parallel  to  it,  and  let 

EA  :ΑΓ  =  ΓΗ.ΗΜ:ΕΒ2; 

then  BE2 .  EA  =  (ΓΗ  .  HM) .  ΑΓ, 

owing  to  the  fact  that  in  two  [equal]  solids  the  bases 
are  inversely  proportional  to  the  altitudes.  I  assert, 
then,  that  (ΓΗ  .  HM)  .  ΑΓ  is  the  greatest  of  all  the 
figures  similarly  taken  upon  BA. 

"  For  let  there  be  described  through  Η  a  parabola 
about  the  axis  ZH  and  with  parameter  HM  ;  it  will 
pass  through  K,  as  was  proved  in  the  analysis,  and,  if 
produced,  it  will  meet  ΘΓ,  being  parallel  to  the  axis  " 
of  the  parabola,  by  the  twenty-seventh  theorem  of 
the  first  book  of  Apollonius's  Elements  of  Conies." 
Let  it  be  produced,  and  let  it  meet  at  N,  and  through 
Β  let  a  hyperbola  be  drawn  in  the  asymptotes  ΝΓ, 
ΓΗ  ;  it  will  pass  through  K,  as  was  shown  in  the 
analysis.  Let  it  be  described  as  BK,  and  let  ZH  be 
produced  to  Η  so  that  ZH  =  H3,  and  let  3K  be  joined 

"  Figure  on  p.  151. 
*  Lit.  "  diameter,"  in  accordance  with  Archimedes'  usage. 
'  Apoll.  i.  26  in  our  texts. 
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και    €κβ€βλησθω    €πΙ    το    Ο'    φαν€ρόν    αρα,    οτί 

€φάπτ€ταί  rrjs  παραβολής  δια  την  άντιστροφην 
του  τ€τάρτου  καΐ  τριακοστού  θεωρήματος  του 
πρώτου  βιβλίου  των  ^Απολλώνιου  Κ,ωνικών  στοι- 
χείων. eTrei  οΰν  8ιπλη  εστίν  η  BE  της  ΕΑ — 
ούτως  γαρ   υπόκειται — τουτέστιν  η   ΖΚ   της   ΚΘ, 

•  ΑροΙΙ.  i.  33  in  our  texts. 
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and  produced  to  0  ;   it  is  clear  that  it  will  touch 
the  parabola  by  the  converse  of  the  thirty-fourth 


theorem  of  the  first  book  of  Apollonius's  Elements  of 
Conies.'*  Then  since  BE=2EA — for  this  hypothesis 
has  been  made — therefore  ZK  =  2ΚΘ,  and  the  triangle 
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και  iariv  ομοιον  το  ΟΘΚ  τρίγωνον  τω  ΞΖΚ 
τριγώνω,  διττλασια  eart  και  η  ΞΚ  της  ΚΟ.  έ'στιν 
δε  καΐ  η  ΞΚ  της  ΚΠ  διττλτ^  δια  το  καΐ  την  ΞΖ 
της  Ξ  Η  /cat  παράλληλον  etvat  την  Π  Η  τ?^  ΚΖ• 
ϊση  άρα  η  ΟΚ  τ^  ΚΠ.  η  άρα  ΟΚΠ  φαύουσα  της 
ΰπβρβολης  καΐ  μβταξύ  οΰσα  των  ασύμπτωτων  διχα 
τ€μν€ταί'  €φάπτ€ται  άρα  της  υπερβολής  δια  την 
άντιστροφην  τον  τρίτον  θεωρήματος  τοϋ  BevTepov 
βφλίον  των  Αττολλωνίον  ίίωνικών  στοιχείων. 
€φητττ€Τθ  δε  και  της  παραβολής  κατά  το  αντο  Κ• 
ή   άρα  παραβολή   της   υπερβολής   εφάπτεται   κατά 

τ6Κ.       ^ 

"  ΐ^ενοησθω  ονν  και  η  υπερβολή  προσεκβαλ- 
λομενη  ως  επΙ  το  Ρ,  και  είληφθω  επί  της  ΑΒ 
τνχον  σημεΐον  το  Σ,  και  δια  τοΰ  Σ  τύ}  ΚΑ  παράλ- 
ληλος ηχθω  η  ΤΣΥ  και  σνμβαλλετω  τή  υπερβολή 
κατά  το  Τ,  και  δια  τον  Τ  τή  ΓΗ  παράλληλος 
ήχθω  η  ΦΤΧ.  επει  ονν  δια  την  ύπερβολήν  και 
τάς  ασύμπτωτους  'ίσον  εστί  το  ΦΤ  τω  ΓΒ,  κοινοΰ 
αφαιρεθέντος  τοΰ  ΓΣ  ίσον  γίνεται  το  ΦΣ  τω  ΣΗ, 
και  οια  τούτο  η  απο  τον  L  επι  το  Α  επιζευγνυ- 
μενη  ευθεία  ήζει  δια  τοΰ  Σ.  ερχεσθω  και  έστω 
ως  η  1  2jA.  και  επει  το  απο  τ  Α  ίσον  εστί  τω 
ύπο  ΧΗΜ  δια  την  παραβολην,  το  από  ΤΧ  έλασσον 

"  In  the  same  notation  as  before,  the  condition  BE• .  BA= 
4 
(ΓΗ.ΗΜ).ΑΓ  is  5s"'  =  ^c*;    and  Archimedes  has  proved 

c* 
that,  when  this  condition  holds,  the  parabola  x*=    y  touches 

the  hyperbola  (o  -  x)y=ab  at  the  point  (-a,  36  j  because  they 

both  touch  at  this  point  the  same  straight  line,  that  is  the 
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ΟΘΚ  is  similar  to  the  triangle  ΞΖΚ,  so  that  EK  =  2K0. 
But  ΞΚ  =  2ΚΠ  because  ΞΖ  =  2ΞΗ  and  ΠΗ  is  parallel 
to  KZ  ;  therefore  OK  =  KII.  Therefore  ΟΚΠ,  which 
meets  the  hyperbola  and  lies  between  the  asymptotes, 
is  bisected  ;  therefore,  by  the  converse  of  the  third 
theorem  of  the  second  book  of  ApoUonius's  Elements 
of  Conies,  it  is  a  tangent  to  the  hyperbola.  But  it 
touches  the  parabola  at  the  same  point  K.  Therefore 
the  parabola  touches  the  hyperbola  at  K." 

"  Let  the  hyperbola  be  therefore  conceived  as  pro- 
duced to  P,  and  upon  AB  let  any  point  Σ  be  taken, 
and  through  Σ  let  ΪΣΥ  be  drawn  parallel  to  ΚΛ  and 
let  it  meet  the  hyperbola  at  T,  and  through  Τ  let 
ΦΤΧ  be  drawn  parallel  to  ΓΗ.  Now  by  virtue  of  the 
property  of  the  hyperbola  and  its  asymptotes, 
ΦΥ  =  ΓΒ,  and,  the  common  element  ΓΣ  being  sub- 
tracted, ΦΣ  =  ΣΗ,  and  therefore  the  straight  line 
drawn  from  Γ  to  X  will  pass  through  Σ  [Eucl.  i.  43, 
conv.].  Let  it  be  drawn,  and  let  it  be  as  ΓΣΧ. 
Then  since,  in  virtue  of  the  property  of  the  parabola, 
ΨΧ2  =  ΧΗ.ΗΜ,  [Apoll.i.  11 

line  96x  -  ay  -  3a6  =  0,  as  may  easily  be  shown.  We  may 
prove  this  fact  in  the  following  simple  manner.  Their  points 
of  intersection  are  given  by  the  equation 

which  may  be  written 

4  4 

w»  -  σα*  +  g^o»  =  2^o«  -  bc\ 


(«-3-)'(''+l)=2V-'<"• 


Therefore,  when  bc^  =  ^-a^  there   are  two  coincident  solu- 

27 

Q 

tions,  α;  =  ^α,  lying  between  0  and  a,  and  a  third  solution 
»=  -g,  outside  that  range.  ,  co 
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eoTL  του  νττο  ΧΗΜ.  γ€γον€τω  οΰν  τω  άπο  ΤΧ 
ίσον  το  ύτΓΟ  ΧΗΩ.  εττει  οΰν  ioTLV,  ώς  ή  ΣΑ  προς 
Α  Γ,  όντως  τ^  ΓΗ  ττρος  Η  Χ,  αλλ'  ώς  ή  ΓΗ.  προς 
Η  Χ,  της  ΓΙ  Ω  κοινού  ύφους  λαμβανομένης  οϋτως 
το  ύπο  Γ  ΗΩ  προς  το  ύπο  ΧΗΩ  και  προς  το  Ισον 
αυτω  το  απο  Αϊ,  τουτ€στι  το  απο  JdZj,  το  αρα 
άπο  ΒΣ  em  την  ΣΑ  ΐσον  ΙστΙ  τω  ύπο  Γ  ΗΩ  έπΙ 
την  ΓΑ,  το  he  ύπο  Γ  ΗΩ  €πΙ  την  ΓΑ  έλασσον 
εστί  του  ύπο  ΓΗ  Μ  €πΙ  την  ΓΑ•  το  αρα  άπο  ΒΣ 
cm  την  ΣΑ  ίλαττόν  ioTi  του  άπο  BE  eVt  την  ΕΑ. 
ομοίως  8η  Βζίχθησξται  καί  βπΐ  πάντων  των 
σημβίων  των  μ€τα^ύ  λαμβανομένων  των  Ε,  Β. 

Αλλά  δι)  €ΐληφΘω  μζταξύ  των  Ε,  Α  σημζΐον 
το  Γ.  λέγω,  οτι  /cat  οϋτως  το  άπο  της  BE  em 
την  Ε  Α  μ€Ϊζόν  εστί  τοΟ  άπο  Βγ  €77t  ττ)ν  γΑ. 

"  Των  γαρ  αυτών  κατ€σκ€υασμ€νων  ηχθω  δια 
του  Γ  τ^  ΚΛ  παράλληλος  ή  ^γΡ  και  συμβαλλέτω 
τη  υπερβολή  κατά  το  Ρ•  συμβάλει  γαρ  αύτη  δια 
το  παράλληλος  είναι  ττ^  άσυμπτώτω•  και  δια  τοί; 
Ρ  παράλληλος  άχθβΐσα  τη  ΑΒ  η  Α'ΡΒ'  συμβαλλέτω 
τ^  ΗΖ  ζκβαλλομβνη  κατά  το  Β',  και  ε'ττει  ττάλιν 
δια  την  ύπ€ρβολην  ΐσον  ε'στι  το  Γ'ζ  τω  ΑΗ,  17  από 
του  Γ  επι  το  Β'  €πιζζυγνυμ4νη  ευθεία  ηξζΐ  δια 
του  S".  €ρχ€σθω  καΐ  έστω  ω?  •>5  ΓγΒ'.  και  ε'πει 
πάλιν  δια  την  παραβολην  ΐσον  εστί  το  άπο  ΑΈ' 
τω  ύπο  ΒΉΜ,  το  άρα  άπο  ΡΒ'  έλασσον  ε'στι  του 
υπό  ΒΉΜ.  ^εγονετω  το  άπο  ΡΒ'  ίσον  τω  υπό 
Β'ΗΩ.  επει  ούν  εστίν,  ως  η  5"Α  προ?  Α  Γ,  οΰτως 
ή  ΓΗ  πρό?  ΗΒ',  άλλ'  ως  ή  ΓΗ  π/jo?  ΗΒ',  της 

*  Figure  on  p.  156. 
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ΤΧ2         <XH  .  HM. 
Let  TX2         =XH  .  ΗΩ. 

Then  since    ΣΑ  :  ΑΓ  =  ΓΗ  :  HX, 
while  ΓΗ  :  HX  =  ΓΗ  .  ΗΩ  :  XH  .  Hi2, 

by  taking  a  common  altitude  ΗΩ, 

=  ΓΗ.ΗΩ:ΧΤ8 
=  ΓΗ.ΗΩ  :ΒΣ2, 

ΒΣ2.ΣΑ  =  (ΓΗ.ΗΩ).ΓΑ. 
But     (ΓΗ  .  ΗΩ) .  ΓΑ  <(ΓΗ  .  ΗΜ)  .  ΓΑ  ; 

ΒΣ2 .  ΣΑ  <ΒΕ2 .  ΕΑ. 

This  can  be  proved  similarly  for  all  points  taken 
between  E,  B. 

"  Now  let  there  be  taken  a  point  Γ  between  E,  A. 
1  assert  that  in  this  case  also  BE^  .  EA>  Br  .  ΓΑ. 

"  With  the  same  construction,  let  ζ5"Ρ  be  drawn" 
through  S"  parallel  to  KA  and  let  it  meet  the  hyper- 
bola at  Ρ ;  it  will  meet  the  hyperbola  because  it  is 
parallel  to  an  asymptote  [ApoU.  ii.  13]  ;  and  through 
Ρ  let  A'PB'  be  drawn  parallel  to  A  Β  and  let  it  meet 
HZ  produced  in  B'.  Since,  in  virtue  of  the  property 
of  the  hyperbola,  r'Q  =  AH,  the  straight  line  drawn 
from  Γ  to  B'  will  pass  through  5"  [Eucl.  i.  43,  conv.]. 
Let  it  be  drawn  and  let  it  be  as  ΓγΒ'.  Again,  since, 
in  virtue  of  the  property  of  the  parabola, 

A'B'2        =B'H  .  HM, 

PB'2  <B'H  .  HM. 

Let  PB'2  «ΒΉ.ΗΩ. 

Then  since  γΑ  :  ΑΓ    =  ΓΗ  :  Η  Β', 
while  ΓΗ  :  ΗΒ'  =  ΓΗ  .  ΗΩ  :  ΒΉ  .  ΠΩ, 
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ΗΩ    κοινοΰ    ϋφους    λαμβανομένης   οΰτως    το    ύπο 
Γ  ΗΩ  προς  το  ύπο  Β'ΗΩ,  τοχη4στί  προς  το  από 


Ω    Μ 


ΡΒ',  τοχττεστι  προς  το  άπο  Bs",  το  αρα  απο  Bs" 
€πΙ  την  γΑ  ίσον  ioTi  τω  ύπο  Γ  ΗΩ  €πΙ  την  ΓΑ. 
και  μζΐζον  το  ύπο  ΓΗ  Μ  τον  ύπο  ΓΗΩ•  μ€Ϊζον 
άρα  καΐ  το  από  BE  επί  την  ΕΑ  του  άπο  Βί"  ini 
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by  taking  a  common  altitude  ΗΩ, 

=  ΓΗ,Ηί2:ΡΒ'« 
-ΓΗ.Ηί2:ΒΓ2, 
Br2.rA  -(ΓΗ.Ηί2).ΓΑ. 
And  ΓΗ  .  HM  >  ΓΗ  .  Ηί2  ; 

BE2 .  EA  >  ΒΓ2 .  ΓΑ. 
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την  S"A.  ομοίως  δη  8€ΐχθησ€ται  καΐ  ctti  πάντων 
των  σημείων  των  μεταξύ  των  Ε,  Α  λαμβανομένων, 
ε^είχθη  Se  και  επΙ  πάντων  των  μεταξύ  των  Ε,  Β* 
πάντων  άρα  των  επΙ  της  ΑΒ  ομοίως  λαμβανομένων 
μεγιστόν  εστίν  το  άπο  της  BE  επί  την  ΕΑ,  όταν 
fi  διιτλασια  η  BE  της  Ε  Α." 


Έ^πιστησαι  Se  ^^17  '^'^^  '^<'^S'  άκολουθοϋσιν  κατά 
την  είρημενην  καταγραφην.  επεί  γαρ  ΒεΒεικται  το 
άπο  ΒΣ  επΙ  την  ΣΑ  /cat  το  άπο  Bs"  επΙ  την  S"A 
έλασσον  του  άπο  BE  επΙ  την  ΕΑ,  Βυνατόν  εστί 
καΐ  του  8οθεντος  χωρίου  επΙ  την  Βοθεΐσαν  ελάσ- 
σονος οντος  του  άπο  της  BE  επΙ  την  ΕΑ  κατά  8υο 
σημεία  την  ΑΒ  τεμνομενην  ποιεΐν  το  εζ  άρχης 
πρόβλημα,  τούτο  δε  γίνεται,  ει  νοησαιμεν  περί 
Βιάμετρον  την  ΧΗ  γραφομενην  παραβολην,  ώστε 
τάς  καταγομενας  δ^ασ^αι  παρά  την  ΗΩ•  η  γαρ 
τοιαύτη  παραβολή  πάντως  έρχεται  δια  του  Τ. 
και  επειδή  ανάγκη  αύτην  συμπίπτειν  τη  ΓΝ  παραλ- 
λήλω ούση  τη  Βιαμετρω,  Βήλον,  δτι  Te/tret  την 
ύπερβολήν  και  κατ*  άλλο  σημεΐον  ανωτέρω  του  Κ, 
ως  ενταύθα  κατά  το  Ρ,  και  άπο  τού  Ρ  επι  την  ΑΒ 
κάθετος  αγομένη,  ως  ενταύθα  ή  Ps",  rejuvet  την 
ΑΒ  κατά  το  5",  ώστε  το  Γ  σημεΐον  ποιεΐν  το  πρό- 


'  There  is  some  uncertainty  where  the  quotation  from 
Archimedes  ends  and  Eutocius's  comments  are  resumed. 
Heiberg,  with  some  reason,  makes  Eutocius  resume  his 
comments  at  this  point. 

*  In  the  Hss.  the  figures  on  pp.  150  and    156  are  com- 
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This  can  be  proved  similarly  for  all  points  taken 
between  E,  A.  And  it  was  proved  for  all  points 
between  E,  Β  ;  therefore  for  all  figures  similarly 
taken  upon  AB,  BE^  .  EA  is  greatest  when  BE  =  2EA." 


The  following  consequences  "  should  also  be  noticed 
in  the  aforementioned  figure.*  Inasmuch  as  it  has 
been  proved  that 

ΒΣ2  .  ΣΑ  <BE2 . 

and  B5-2  .  rA  <BE2  .  EA, 

if  the  product  of  the  given  space  and  the  given 
straight  line  is  less  than  BE^  .  EA,  it  is  possible  to  cut 
AB  in  two  points  satisfying  the  conditions  of  the 
original  problem."  This  comes  about  if  we  conceive 
a  parabola  described  about  the  axis  XH  with  para- 
meter Η  Ω  ;  for  such  a  parabola  will  necessarily  pass 
through  T.**  And  since  it  must  necessarily  meet 
ΓΝ,  being  parallel  to  a  diameter  [Apoll.  Con.  i.  26], 
it  is  clear  that  it  cuts  the  hyperbola  in  another  point 
above  K,  as  at  Ρ  in  this  case,  and  a  perpendicular 
drawn  from  Ρ  to  AB,  as  Pr  in  this  case,  vdll  cut  A  Β 
in  ς-,  so  that  the  point  Γ  satisfies  the  conditions  of  the 

bined  ;  in  this  edition  it  is  convenient,  for  the  sake  of  clarity, 
to  give  separate  figures. 

*  With  the  same  notation  as  before  this  may  be  stated  : 

when  bc^<^.a?,  there  are  always  two  real  solutions  of  the 

cubic  equation  x\a  -  x)  =bc^  lying  between  0  and  a.  If  the 
cubic  has  two  real  roots  it  must,  of  course,  have  a  third  real 
root  as  Λνβΐΐ,  but  the  Greeks  did  not  recognize  negative 
solutions. 

*  By  Apoll.  i.  11,  since  TX»=XH  .  ΗΩ. 
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βλήμα,  καΐ  ϊσον  γίν^σθαι  το  άττό  ΒΣ  εττι  την  ΣΑ 
τώ  ατΓΟ  Bs"  eVt  τι^ν  5"A,  ώ?  βστι  δια  των  ττροειρη- 
μ€νων  αποδείξεων  εμφανές,  ώστζ  Βυνατοΰ  οντος 
€7Γί,  τ-ης  ΒΑ  δυο  σημζΐα  λαμβάνειν  ποιονντα  το 
ζητουμζνον,  e^eariv,  όττότερόν  τι?  βουλοιτο,  λαμ- 
βάν€ΐν  η  το  μ€ταξύ  των  Ε,  Β  ■^  το  μεταξύ  των  Ε, 
Α.  et  /Ltev  γαρ  το  μεταξύ  των  Ε,  Β,  ώς  εϊρηται, 
της  οιά  των  Η,  Τ  σημείων  γραφομβνης  παραβολής 
κατά  δυο  σημεία  τεμνούσης  την  ύπερβολην  το  μεν 
εγγυτερον  του  Η,  τουτεστι  του  αζονος  της  τταρα- 
βολης,  ευρησεί  το  μεταξύ  των  Ε,  Β,  ώς  ενταύθα 
το  Τ  ευρίσκει  το  Σ,  το  δε  άπωτερω  το  μεταξύ 
των  Ε,  Α,  ώς  ενταύθα  το  Ρ  ευρίσκει  το  S". 

Καρόλου  μεν  ούν  ούτως  άναλε'λυται  καΐ  συντε- 
θειται  το  πρόβλημα'  ίνα  δε  καΐ  τοις  *Αρχιμη8είοις 
ρημασιν  εφαρμοσθη,  νενοησθω  ώς  εν  αύτη  τη  του 
ρητοΰ  καταγραφή  διάμετρος  μεν  της  σφαίρας  η 
ΔΒ,  η  δε  εκ  του  κέντρου  η  ΒΖ,  καΐ  η  8ε8ομενη 
η  ΖΘ.  κατηντήσαμεν  άρα,  φησίν,  €ΐς  το  "  την 
ΔΖ  τεμεΐν  κατά  το  Χ,  ώστε  είναι,  ώς  την  ΧΖ 
προς  την  8οθεΐσαν,  ούτως  το  Βοθεν  προς  το  από 
της  ΔΧ.  τούτο  δε  απλώς  μεν  λεγόμενον  έχει 
Βιορισμόν."  ει  γάρ  το  Βοθεν  επι  την  Βοθεΐσαν 
μείζον  ετύγχανεν  του  από  της  ΔΒ  ε'πι  την  ΒΖ, 
αδύνατον  ην  το  πρόβλημα,  ώς  δε'δεικται,  ει  δε 
ίσον,  τό  Β  σημεΐον  εποίει  το  πρόβλημα,  και  ούτως 
δε  ουδέν  ην  προς  την  εξ  άρχης  ΆρχιμηΒους  πρό- 
θεσιν  η  γάρ  σφαίρα  ούκ  ετεμνετο  εις  τον  Βοθεντα 

'  Archimedes'  figure  is  re-drawn  {v.  page  162)  so  that 
B,  Ζ  come  on  the  left  of  the  figure  and  Δ  on  the  right, 
instead  of  B,  Ζ  on  the  right  and  Δ  on  the  left. 

*  V.  supra,  p.  133. 
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problem,  and  ΒΣ^  .  ΣΑ  =  65-2  .  ς- A,  as  is  clear  from  the 
above  proof.  Inasmuch  as  it  is  possible  to  take  on 
BA  two  points  satisfying  what  is  sought,  it  is  per- 
missible to  take  whichever  one  wills,  either  the  point 
between  E,  Β  or  that  between  E,  A.  If  we  choose 
the  point  between  E,  B,  the  parabola  described 
through  the  points  H,  Τ  will,  as  stated,  cut  the  hyper- 
bola in  two  points  ;  of  these  the  one  nearer  to  H, 
that  is  to  the  axis  of  the  parabola,  will  determine  the 
point  between  E,  B,  as  in  this  case  Τ  determines  Σ, 
while  the  point  farther  away  will  determine  the  point 
between  E,  A,  as  in  this  case  Ρ  determines  S". 

The  analysis  and  synthesis  of  the  general  problem 
have  thus  been  completed  ;  but  in  order  that  it  may 
be  harmonized  with  Archimedes'  words,  let  there 
be  conceived,  as  in  Archimedes'  own  figure,**  a  dia- 
meter ΔΒ  of  the  sphere,  with  radius  [equal  to]  BZ, 
and  a  given  straight  line  ΖΘ.  We  are  therefore  faced 
with  the  problem,  he  says,  "  so  to  cut  ΔΖ  at  X 
that  XZ  bears  to  the  given  straight  line  the  same 
ratio  as  the  given  area  bears  to  the  square  on  ΔΧ. 
When  the  problem  is  stated  in  this  general  form,  it 
is  necessary  to  investigate  the  limits  of  possibility."'' 
If  therefore  the  product  of  the  given  area  and  the 
given  straight  Une  chanced  to  be  greater  than 
AB^ .  BZ,"  the  problem  would  not  admit  a  solution, 
as  was  proved,  and  if  it  were  equal  the  point  Β  would 
satisfy  the  conditions  of  the  problem,  which  also 
would  be  of  no  avail  for  the  purpose  Archimedes  set 
himself  at  the  outset ;  for  the  sphere  would  not  be 

'  For  ΔΒ  =  |ΔΖ  [ex  hyp.],  and  so  ΔΒ  in  the  figure  on 
p.  162  corresponds  with  BE  in  the  figure  on  p.  146,  while 
BZ  in  the  figure  on  p.  162  corresponds  with  EA  in  the  figure 
on  p.  146. 
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λόγον.     άττλώς  άρα  λ€γόμ€νον  €Ϊχ€ν  ττροσΖιορισμόν 
"  '7τροστιθ€μ4νων  δε  των  ττροβλημάτων  των  evdaSe 


υπαρχόντων,"  τουτέστι  του  τε  διττλασιαν  cTvai,  την 
ΔΒ  της  ΖΒ  καΐ  του  μείζονα  efvat  την  ΒΖ  της  ΖΘ, 
ουκ  €χ€ί  Βιορισμόν."  το  γαρ  από  ΔΒ  το  Βοθεν 
€7Γΐ  την  ΖΘ  την  Βοθεΐσαν  ελαττόν  ecni  τοΰ  από 
της  ΔΒ  eVi  την  ΒΖ  δια  το  την  ΒΖ  της  ΖΘ  μείζονα 
cii'at,  οΰπερ  υπάρχοντος  ε^είξαμεν  Βυνατόν,  και 
όπως  προβαίνει  το  πρόβλημα. 


"  Eutocius  proceeds  to  give  solutions  of  the  problem 
by  Dionysodorus  and  Diodes,  by  whose  time,  as  he  has 
explained,  Archimedes'  own  solution  had  already  dis- 
appeared. Dionysodorus  solves  the  less  general  equation 
by  means  of  the  intersection  of  a  parabola  and  a  rectangular 
hyperbola  ;  Diodes  solves  the  general  problem  by  the  inter- 
section of  an  ellipse  with  a  rectangular  hjrperbola,  and  his 
proof  is  both  ingenious  and  intricate.  Details  may  be  con- 
sulted in  Heath,  H.Q.M.  ii.  46-49  and  more  fully  in  Heath, 
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cut  in  the  given  ratio.  Therefore  when  the  problem 
was  stated  generally,  an  investigation  of  the  limits 
of  possibility  was  necessary  as  well;  "but  under  the 
conditions  of  the  present  case,"  that  is,  if  ΔΒ  =  2ΖΒ 
and  ΒΖ>ΖΘ,  "  no  such  investigation  is  necessary." 
For  the  product  of  the  given  area  ΔΒ^  into  the  given 
straight  line  ΖΘ  is  less  than  the  product  of  AB^  into 
BZ  by  reason  of  the  fact  that  BZ  is  greater  than  ΖΘ, 
and  we  have  shown  that  in  this  case  there  is  a  solu- 
tion, and  how  it  can  be  effected." 

The  Works  of  Archimedes,  pp.  cxxiii-cxli,  which  deals  with 
the  whole  subject  of  cubic  equations  in  Greek  mathematical 
history.  It  is  there  pointed  out  that  the  problem  of  finding 
mean  proportionals  is  equivalent  to  the  solution  of  a  pure 

cubic  equation,  ~3=r,  and  that  Menaechmus's  solution,  by 

the  intersection  of  two  conic  sections  {v.  vol.  i.  pp.  278-283), 
is  the  precursor  of  the  method  adopted  by  Archimedes, 
Dionysodorus  and  Diodes.  The  solution  of  cubic  equations 
by  means  of  conies  was,  no  doubt,  found  easier  than  a  solu- 
tion by  the  manipulation  of  parallelepipeds,  which  would 
have  been  analogous  to  the  solution  of  quadratic  equations 
by  the  application  of  areas  {v.  vol.  i.  pp.  186-215).  No  other 
examples  of  the  solution  of  cubic  equations  have  survived, 
but  in  his  preface  to  the  book  On  Conoids  and  Spheroids 
Archimedes  says  the  results  there  obtained  can  be  used  to 
solve  other  problems,  including  the  following,  '''from  a  given 
spheroidal  figure  or  conoid  to  cut  off,  by  a  plane  dravm 
parallel  to  a  given  plane,  a  segment  which  shall  be  equal  to  a 
given  cone  or  cylinder,  or  to  a  given  sphere  "  (Archim.  ed. 
Heiberg  i.  258.  11-15);  the  case  of  the  paraboloid  of  revolu- 
tion does  not  lead  to  a  cubic  equation,  but  those  of  the 
spheroid  and  hyperboloid  of  revolution  do  lead  to  cubics, 
which  Archimedes  may  be  presumed  to  have  solved.  The 
conclusion  reached  by  Heath  is  that  Archimedes  solved  com- 
pletely, so  far  as  the  real  roots  are  concerned,  a  cubic 
equation  in  which  the  term  in  χ  is  absent :  and  as  all  cubic 
equations  can  be  reduced  to  this  form,  he  may  be  regarded 
as  having  solved  geometrically  the  general  cubic. 
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(i.)  Preface 

Archim.  Be  Con.  et  Sphaer.,  Praef.,  Archim.  ed.  Heiberg 
i.  246.  1-14 

*ΑρχίμηΒης  Αοσιθβω  ed  ττράττβι,ν. 

* ΚποστίΧλω  rot  γράφας  iv  τωδε  τω  βφλίω  των 
τ€  λοιπών  θεωρημάτων  tols  άττοδει^ια?,  ων  ουκ 
€Ϊχ€ς  iv  τοις  ττρότβρον  άτΓ€σταλμ4νοις,  καΐ  άλλων 
ύστερον  ττοτεζευρημενων,  α  ττρότερον  μεν  η8η 
πολλάκις  εγχειρησας  επισκέπτεσθαι  ^ΰσκολον  εχειν 
τι  φανεισας  μοι  τα?  εύρεσιος  αυτών  απόρησα' 
διοττερ  ουδέ  συνεζεΒόθεν  τοις  άλλοις  αυτά  τα  προ- 
βεβλημενα.  ύστερον  8e  επιμελεστερον  ποτ  αύτοΐς 
γενόμενος  εζεϋρον  τά  άπορηθεντα.  ην  δβ  τα  μεν 
λοιπά  τών  προτέρων  θεωρημάτων  περί  του  ορθο- 
γωνίου κωνοεώεος  προβεβλημενα,  τά  δε  νυν  εντι 
ποτεζευρημενα  περί  τε  άμβλυγωνίου  κωνοεώεος 
και  περί  σφαιροεώεων  σχημάτων,  ων  τά  μεν 
παραμάκεα,  τά  δε  επιπλατεα  καλεω. 


Ibid.,  Lemma  ad  Prop.  1,  Archim.  ed.  Heiberg 
i.  260.  17-24 


(ii.)  Two  Lemmas 

a  ad  Prop.  1,  Archim 
i.  260.  17-24 

El  κα  εωντι  μεγεθεα  οποσαοΰν  τω  Ισω  άλλάλων 

"  In  the  books  On  the  Sphere  and  Cylinder,  On  Spirals 
and  on  the  Quadrature  of  a  Parabola. 

*  i.e.,  the  paraboloid  of  revolution. 

'  i.e.,  the  h3φerboloid  of  revolution. 

*  An  oblong  spheroid  is  formed  by  the  revolution  of  an 
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(d)  Conoids  and  Spheroids 

(i.)  Preface 

Archimedes,  On  Conoids  and  Spheroids,  Preface, 
Archim,  ed.  Heiberg  i.  246.  1-14 

Archimedes  to  Dositheus  greeting, 

I  have  written  out  and  now  send  you  in  this  book 
the  proofs  of  the  remaining  theorems,  which  you  did 
not  have  among  those  sent  to  you  before,"  and  also 
of  some  others  discovered  later,  which  I  had  often 
tried  to  investigate  previously  but  their  discovery 
was  attended  with  some  difficulty  and  I  was  at  a  loss 
over  them  ;  and  for  this  reason  not  even  the  proposi- 
tions themselves  were  forwarded  with  the  rest.  But 
later,  when  I  had  studied  them  more  carefully,  I 
discovered  what  had  left  me  at  a  loss  before.  Now 
the  remainder  of  the  earlier  theorems  were  proposi- 
tions about  the  right-angled  conoid  ^  ;  but  the  dis- 
coveries now  added  relate  to  an  obtuse-angled  conoid  ' 
and  to  spheroidal  ^gures,  of  which  I  call  some  oblong 
and  others ^a^*^ 

(u.)  Two  Lemmas 

Ibid.,  Lemma  to  Prop.  1,  Archim.  ed.  Heiberg 
i.  260.  17-24 

If  there  be  a  series  of  magnitudes,  as  many  as  you 
please,  in  which  each  term  exceeds  the  previous  term  by  an 

ellipse  about  its  major  axis,  a  flat  spheroid  by  the  revolution 
of  an  ellipse  about  its  minor  axis. 

In  the  remainder  of  our  preface  Archimedes  gives  a  number 
of  definitions  connected  with  those  solids.  They  are  of 
importance  in  studying  the  development  of  Greek  mathe- 
matical terminology. 

165 


GREEK  MATHEMATICS 

ν7Γ€ρ4χοντα,  "^  Be  ά  ύπ€ροχά  ΐσα  τω  ελαχιστω, 
καΐ  άλλα  μ^γΐθζα  τω  μ^ν  ττληθβι  ΐσα  τούτοις,  τω 
δε  μ^γεθβι  ζκαστον  ΐσον  τω  μβγίστω,  πάντα  τά 
μ^γίθζα,  ων  ioTiv  €καστον  ΐσον  τω  μβγίστω, 
πάντων  /xev  των  τω  ΐσω  ύπ€ρ€χόντων  ελάσσονα 
έσσοννται  -η  διττλάσια,  των  δε  λοιπών  χωρίς  τοΰ 
μεγίστου  μείζονα  η  διπλάσια,  ά  δε  άττοδει^ι? 
τούτου  φανερά. 

Ibid.,  Prop.  1,  Archim.  ed.  Heiberg  i.  260.  26-261.  22 

Et  κα  μεγεθεα  οποσαοΰν  τω  πλήθει  άλλοις  μεγε- 
θεσιν  ΐσοις  τω  πληθει  κατά  8ύο  τον  αύτον  λόγον 
εχωντι  τά  ομοίως  τεταγμένα,  λεγηται  δε  τά  τε 
πρώτα  μεγεθεα  ποτ*  άλλα  μεγεθεα  η  πάντα  η  τίνα 
αυτών  εν  λόγοις  όποιοισοΰν,  και  τά  ύστερον  ποτ* 
άλλα  μεγεθεα  τά  ομόλογα  εν  τοις  αύτοΐς  λόγοις, 
ττάντα  τά  πρώτα  μεγεθεα  ποτΐ  πάντα,  ά  λέγονται, 
τον  αυτόν  εζοϋντι  λόγον,  ον  εχοντι  πάντα  τά 
ύστερον  μεγεθεα  ποτΐ  πάντα,  α  λεyovται. 

"Εστω  Ttm  μεγεθεα  τά  Α,  Β,  Γ,  Δ,  Ε,  Ζ  άλλοι? 
μεγεθεσιν  ΐσοις  τω  πληθει  τοις,  Η,  Θ,  Ι,  Κ,  Λ,  Μ 

"  If  Α  is  the  common  difference,  the  first  series  is  A,  2A, 
3A  .  .  .  nh,  and  the  second  series  is  nh,  nh  .  .  .  to  η  terms,  its 
sum  obviously  being  n*A.     The  lemma  asserts  that 


2(A+2A+3A+  .  .  .  η^Π7ι)<η*Α<2(Α+2Α+3Α+    .  .  .  nh). 

It  is  proved  in  the  book  On  Spirals,  Prop.  11.  The  proof  is 
geometrical,  lines  being  placed  side  by  side  to  represent  the 
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equal  quantity,  which  common  difference  is  equal  to  the 
least  term,  and  if  there  he  a  second  series  of  magnitudes, 
equal  to  the  first  in  number,  in  which  each  term  is  equal 
to  the  greatest  term  \in  the  first  series^,  the  sum  of  the 
mag?iiiudes  in  the  series  in  ivkich  each  term  is  equal  to 
the  greatest  term  is  less  than  double  of  the  sum  of  the 
magnitudes  differing  by  an  equal  quantity,  but  greater 
than  double  of  the  sum  of  those  magnitudes  less  the 
greatest  term.     The  proof  of  this  is  clear." 

Ibid.,  Prop.  1,  Archim.  ed.  Heiberg  i.  260.  26-261.  22 

If  there  be  a  series  of  magnitudes,  as  many  as  you 
please,  and  it  he  equal  in  number  to  another  series  of 
magnitudes,  and  the  terms  have  the  same  ratio  two  by  two, 
and  if  any  or  all  of  the  first  series  of  mag?iitudes  form 
any  proportion  with  another  series  of  magnitudes,  and  if 
the  second  series  of  magnitudes  form  the  same  proportion 
with  the  corresponding  terms  of  another  series  of  magni- 
tudes, the  sum  of  the  first  series  of  magnitudes  hears  to 
the  sum  of  those  with  which  they  are  in  proportion  the 
same  ratio  as  the  sum  of  the  second  series  of  magnitudes 
hears  to  the  sums  of  the  terms  with  which  they  are  in 
proportion. 

Let  the  series  of  magnitudes  A,  B,  Γ,  Δ,  E,  Ζ  be 
equal  in  number  to  the  series  of  magnitudes  H,  Θ,  I, 

terms  of  the  arithmetical  progression  and  produced  until  eacli 
is  equal  to  the  greatest  term.  It  is  equivalent  to  this  alge- 
braical proof : 

Let  Sn  =  h+2h+3h+  .  .  .    +nh. 

Then  Sn=nh+{n-l)h+{n-2)h+  ...   +A. 

Adding,  2Sra=«(n  +  1)Λ, 

and  so  2Sn-i  =  (n- l)nA. 

Therefore  2S,-i<n''A<2S». 
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κατά  δυο  τον  αντον  βχοντα  λόγον,  καΐ  €χ€τω  το 
μβν  Α  ποτΐ  το  Β  τον  αυτόν  λόγον,  ον  το  Η  ττοτΐ 
το  Θ,  το  δε  Β  ΤΓΟτι  το  Γ,  ον  το  Θ  ποτΐ  το  Ι,  καΐ 
τα  άλλα  ομοίως  τούτοις,  λ€γ4σθω  δε  τα  μεν  Α,  Β, 
Γ,  Δ,  Ε,  Ζ  /xeye^ea  ττοτ  άλλα  jueye^ea  τα  Ν,  Ξ, 
Ο,  Π,  Ρ,  Σ  iv  λόγοις  οττοιοισοΰν,  τα  δε  Η,  Θ,  Ι, 
Κ,  Λ,  Μ  ττοτ'  άλλα  τα  Τ,  Υ,  Φ,  Χ,^  Ψ,  Ω,^τά. 
ομόλογα  ev  τοις  αντοΐς  λόγοις,  καΐ  ον  μ€ν  έχει 
λόγον  το  Α  ΤΓΟτι  το  Ν,  το  Η  εχε'τω  ττοτι  το  Ύ,  ον 
ε  λογον  έχει  το  ΰ  ttotl  το  iii,  το  vy  εχετο)  ττοτι 
το  Τ,  και  τά  άλλα  ομοίως  τούτοις•  BeiKTeov,  δτι 
ττάντα  τά  Α,  Β,  Γ,  Δ,  Ε,  Ζ  ττοτι  ττάντα  τά  Ν,  Ξ, 
Ο,  Π,  Ρ,  Σ  τον  αυτόν  ίγοντι  λόγον,  ον  ττάντα  τά 
Η,  Θ,  Ι,  Κ,  Λ,  Μ  ττοτί  ττάντα  τά  Ί,  Τ,  φ,  χ,  ψ,  Ω. 


"  Since 

N:A  =  T:H,  A:B  =  H 

:Θ, 

[ex  hyp. 

.•.  βχ  aequo 

Ν:Β  =  Τ:Θ. 

[Eucl.  V.  22 

But 

Β:Ξ  =  Θ.•Τ; 

[ex  hyp. 

.'.ex  aequo 

Ν:Ξ  =  Τ:Τ. 

[Eucl.  V.  22 

Similarly 

Ξ:0=Τ:Φ, 

0:Π=Φ:Χ,Π:Ρ  =  Χ: 

Ψ,  Ρ 

Σ=Ψ:Ω, 

Now  since 

Α:Β  =  Η:Θ, 

[ex  hyp. 

.•.  componendo 

Α+Β:Α=Η+Θ 

Η, 

[Eucl.  V.  18 

i.e.,  permutando 

Α+Β:Η  +  Θ=Α:Η. 

[Eucl.  V.  16 

But  since 

Ν:  Α=Τ:Η, 

[ex  hyp. 

•  • 

Α:Η=Ν:Τ 

[Eucl.  V.  16 

=  Ξ:Ϊ 

[ibid. 

=  0:Φ 

[ibid. 

=  Γ:Ι. 

[ibid. 

• 
•  • 

Α+Β:Η+Θ  =  Γ:Ι. 

Α  +  Β  +  Γ:Η+Θ  +  Ι-Γ:Ι 

[Eucl.  V.  18 

=  0:Φ 

[Eucl.  V.  16 
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Κ,  Λ,  Μ,  and  let  them  have  the  same  ratio  two  by 
two,  so  that 

A:B  =  H  :θ,  Β:Γ  =  Θ:Ι, 

and  so  on,  and  let  the  series  of  magnitudes  A,  B,  Γ, 
Δ,  E,  Ζ  form  any  proportion  with  another  series  of 
magnitudes  N,  H,  0,  Π,  P,  Σ,  and  let  H,  Θ,  I,  K,  A,  Μ 
form  the  same  proportion  with  the  corresponding 
terms  of  another  series,  T,  Y,  Φ,  X,  Ψ,  Ω  so  that 

A:N  =  H  :T,  Β:Ε  =  Θ:Υ, 

and  so  on  ;  it  is  required  to  prove  that 

Α  +  Β  +  Γ  +  Δ  +  Ε  +  Ζ     Η  +  Θ  +  Ι  +  Κ  +  Α  +  Μ  . 


Ν  +  Ξ  +  0  +  ΓΙ  +  Ρ  +  Σ      Τ  +  Υ  +  Φ  +  Χ  +  Ψ  +  Ω• 


=  Π:Χ 
=Δ :  Κ.  [ibid. 

By  pursuing  this  method  it  may  be  proved  that 

Α  +  Β+Γ  +  Δ+Ε  +  Ζ:Η  +  Θ+Ι  +  Κ+Λ  +  Μ=-•Α:Η, 
or,  permutando, 

Α  +  Β+Γ  +  Δ  +  Ε+Ζ:Α  =  Η  +  Θ+Ι+Κ  +  Λ  +  Μ:Η.   (1) 
Now  Ν:Ξ=Τ:Ϊ; 

.•.  componendo  et  permutando, 

Ν  +  Ξ:Τ  +  Τ  =  Ξ:Τ  [Eucl.  v.  18,  v.  16 

=  0:Φ;  [Eucl.  V.  16 

whence  Ν  +  Ξ  +  0:Τ+Υ  +  Φ  =  0:Φ,  [Eucl,  v.  18 

and  so  on  until  we  obtain 

Ν  +  Ξ+0+Π  +  Ρ+Σ:Τ+Τ  +  Φ  +  Χ  +  Τ'  +  Ω=Ν:Τ  .      .  (2) 
But  A:N=H:T;  [ex  hyp. 

.•.  by  (1)  and  (2), 

Α  +  Β  +  Γ  +  Δ+Ε  +  Ζ_Η  +  Θ  +  Ι  +  Κ+Λ+Μ 
Ν  +  Ξ  +  0+Π+Ρ  +  Σ~Τ+Τ  +  Φ+Χ+Τ  +  Ω" 

Q.E.D. 
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(iii.)   Volume  of  a  Segment  of  a  Paraboloid  of 
Revolution 

Ibid.,  Prop.  21,  Archim.  ed.  Heiberg  i.  344,  21-354.  20 

Παν  τμόίμα  ορθογωνίου  κωνο€ίΒ€ος  αττοτετ/χα- 
μ4νον  ετΓίττεδω  ορθω  ποτΐ  τον  άζονα  -ημιόλίόν  iam 
τον  κώνου  τον  βάσιν  άγοντος  ταν  αΰτά^  τω  τμαματι 
καΐ  άζονα, 

Β 


ρ  Σ 

κ7 

τ 

/ 

/ 

ι  \ 

\ 

// 

^\ 

.// 

\\ 

./7 

\\λ 

^\ 

τι--}^ 


■  "Εστω  γαρ  τμαμα  ορθογωνίου  κωνοαΒβος  άπο- 
Τ€τμαμ€νον  ορθω  εττιττεδα»  ποτΐ  τον  άζονα,  και 
τμαθέντοξ  αντοΰ  εττιττεδω  άλλω  δια  του  άζονος 
τα?  μ€ν  €πιφαν€ίας  το  μα  €στω  ά  ΑΒΓ  ορθογωνίου 
κώνου  τομά,  του  δε  innreSou  του  αττοτ€μνοντοζ 
το  τμαμα  α  ΓΑ  €νθ€Ϊα,  άξων  δε  €στω  τοΰ  τμά- 
ματος  α  ΒΔ,  έστω  δε  καΐ  κώνος  ταν  αύταν  βάσιν 
€χων  τω  τμάματί  και  άξονα  τον  αντόν,  ου  κορυφα 
το  Β.  ScLKTeov,  ΟΤΙ  το  τ/χα/χα  τοΰ  κωνο€ώ€ος 
ημιόλιόν  icm  του  κώνου  τούτου. 

*ΕιΚΚ€ίσθω  γαρ  κώνος  6  Ψ  ήμιόλιος  €ών  τοΰ 
κώνου,  οΰ  βάσις  6  ττβρί  8ιάμ€τ ρον  ταν  ΑΓ,  άξων 
δε  ά  ΒΔ,  έστω  δε  καΐ  κύλίνΒρος  βάσι,ν  μέν  έχων 
170 


ARCHIMEDES 

(iii.)  Volume  of  a  Segment  of  a  Paraboloid  of 
Revolution 

Ibid.,  Prop.  21,  Archim.  ed.  Heiberg  i.  344.  21-354.  20 
Ani/  segment  of  a  right-angled  conoid  cut  off  by  a  plane 
perpendicular  to  the  axis  is  one-and-a-half  times  the  cone 
having  the  same  base  as  the  segment  and  the  same  axis. 


For  let  there  be  a  segment  of  a  right-angled  conoid 
cut  off  by  a  plane  perpendicular  to  the  axis,  and  let 
it  be  cut  by  another  plane  through  the  axis,  and 
let  the  section  be  the  section  of  a  right-angled  cone 
ΑΒΓ,<»  and  let  ΓΑ  be  a  straight  line  in  the  plane 
cutting  off  the  segment,  and  let  ΒΔ  be  the  axis  of  the 
segment,  and  let  there  be  a  cone,  with  vertex  B, 
having  the  same  base  and  the  same  axis  as  the 
segment.  It  is  required  to  prove  that  the  segment  of 
the  conoid  is  one-and-a-half  times  this  cone. 

For  let  there  be  set  out  a  cone  Ψ  one-and-a-half 
times  as  great  as  the  cone  with  base  about  the 
diameter  ΑΓ  and  with  axis  ΒΔ,  and  let  there  be  a 

•  It  is  proved  in  Prop.  1 1  that  the  section  will  be  a  parabola. 
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τον  κύκλον  τον  TTCpl  8ιάμ€τρον  τάν  Α  Γ,  άξονα  Be 
τάν  ΒΔ*  4σσ€Ϊται  οΰν  6  Ψ  κώνοζ  ημίσζος  του 
κυλίνδρου  [Ιττ^ίττερ  ημίόλιόζ  €στιν  6  Ψ  κώνος  τοΰ 
αύτοΰ  κώνοι»]/  Χ4γω,  οτι  το  τμαμα  τοΰ  κωνοεώίος 
ίσον  eoTt  τω  χ    κωνω. 

Ει  γαρ  μη  iarnv  Ισον,  -ήτοι  μείζον  ivTi  η 
έλασσον.  Ιστω  Βη  πρότ€ρον,  et  δυνατοί',  μείζον, 
εγγεγράφθω  Βη  σχήμα  arepeov  εις  το  τμαμα,  και 
άλλο  ττεριγεγράφθω  €Κ  κυλίνΒρων  υφοζ  Ισον  εχόν- 
των συγκείμενον,  ώστε  το  περιγραφέν  σχήμα  τοΰ 
εγγραφέντος  ύπερεχειν  ελάσσονι,  η  άλικα»  υπερέχει 
το  τοΰ  κωνοειΒεος  τμαμα  τοΰ  Ψ  κώνου,  καΐ  έστω 
τών  κυλίνΒρων,  ΐξ  cUv  σύγκειται  το  περιγραφέν 
σχήμα,  μέγιστος  μεν  6  βάσιν  έχων  τον  κύκλον  τον 
περί  Βιάμετρον  τάν  ΑΓ,  άξονα  8ε  τάν  ΕΔ,  ελά- 
χιστο? δε  ο  βάσιν  μεν  έχων  τον  κύκλον  τον  περί 
Βιάμετρον  τάν  ΣΤ,  άξονα  Βε  τάν  ΒΙ,  τών  Βε 
κυλίνΒρων,  εξ  ών  σύγκειται  το  εγγραφεν  σχήμα, 
μέγιστος  μεν  έστω  ο  βάσιν  έχων  τον  κύκλον  τον 
περί  Βιάμετρον  τάν  ΚΑ,  άξονα  Βε  τάν  ΔΕ,  ελάχι- 
στος Βε  ο  βάσιν  μεν  έχων  τον  κύκλον  τον  περί 
Βιάμετρον  τάν  ΣΤ,  άξονα  Βε  τάν  ΘΙ,  εκβεβλησθω 
Βε   τά   επίπεΒα   πάντων   τών   κυλίνΒρων   ποτι   τάν 

*  ineinep  .  .  .  κώνου  om.  Heiberg. 

•  For  the  cylinder  is  three  times,  and  the  cone  Ψ  one-and-a- 
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cylinder  having  for  its  base  the  circle  about  the 
diameter  ΑΓ  and  for  its  axis  ΒΔ  ;  then  the  cone  Ψ  is 
one-half  of  the  cylinder  *  ;  I  say  that  the  segment  of 
the  conoid  is  equal  to  the  cone  Ψ. 

If  it  be  not  equal,  it  is  either  greater  or  less.  Let 
it  first  be,  if  possible,  greater.  Then  let  there  be 
inscribed  in  the  segment  a  solid  figure  and  let  there 
be  circumscribed  another  solid  figure  made  up  of 
cylinders  having  an  equal  altitude,*  in  such  a  way  that 
the  circumscribed  figure  exceeds  the  inscribed  figure 
by  a  quantity  less  than  that  by  which  the  segment 
of  the  conoid  exceeds  the  cone  Ψ  [Prop.  19]  ;  and  let 
the  greatest  of  the  cylinders  composing  the  circum- 
scribed figure  be  that  having  for  its  base  the  circle 
about  the  diameter  A  Γ  and  for  axis  ΕΔ,  and  let  the 
least  be  that  having  for  its  base  the  circle  about 
the  diameter  ΣΤ  and  for  axis  BI  ;  and  let  the  greatest 
of  the  cylinders  composing  the  inscribed  figure  be 
that  having  for  its  base  the  circle  about  the  diameter 
Κ  A  and  for  axis  ΔΕ,  and  let  the  least  be  that  having 
for  its  base  the  circle  about  the  diameter  ΣΤ  and  for 
axis  ΘΙ  ;   and  let  the  planes  of  all  the  cylinders  be 

half  times,  as  great  as  the  same  cone  ;  but  because  τοΰ  αύτοΰ 
κώνου  is  obscure  and  iireinep  often  introduces  an  interpola- 
tion, Heiberg  rejects  the  explanation  to  this  effect  in  the  text. 
*  Archimedes  has  used  those  inscribed  and  circumscribed 
figures  in  previous  propositions.  The  paraboloid  is  gener- 
ated by  the  revolution  of  the  parabola  ΑΒΓ  about  its  axis  ΒΔ. 
Chords  KA  .  .  .  ΣΤ  are  drawn  in  the  parabola  at  right  angles 
to  the  axis  and  at  equal  intervals  from  each  other.  From 
the  points  where  they  meet  the  parabola,  perpendiculars  are 
drawn  to  the  next  chords.  In  this  way  there  are  built  up 
inside  and  outside  the  parabola  "  staggered  "  figures  con- 
sisting of  decreasing  rectangles.  When  the  parabola  re- 
volves, the  rectangles  become  cylinders,  and  the  segment  of 
the  paraboloid  lies  between  the  inscribed  set  of  cylinders  and 
the  circumscribed  set  of  cylinders. 
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ζττιφάνζίαν  του  κυλίνδρου  του  βάσιν  έχοντος  τον 
κύκλον  τον  Trepi  8ιάμ€τρον  ταν  Α  Γ,  αζονα  δε  τάν 
ΒΔ•  €σσ€Ϊται  8η  6  όλος  κύλινδρο?  ^ίΎ]ρημ€νος  els 
κυλίνδρους  τω  μ€.ν  πληθεί  'ίσους  τοις  κυλίν8ροίς 
τοις  iv  τω  ττεριγεγραμμένω  σχηματί,  τω  Se  μ€- 
yidei  ίσους  τω  μεγίστω  αυτών,  και  enct,  το 
7Τ€ρυγ€γραμμ€νον  σχήμα  ττβρί  το  τμαμα  ελασσονι 
ύπ€ρ€χ€ί  του  εγγεγραμμένου  σχήματος  η  το  τμαμα 
του  κώνου,  8ηλον,  οτι  καΐ  το  εγγεγραμμενον 
σχήμα  εν  τω  τμάματι  μείζον  εστί  του  Ψ  κώνου. 
6  Βη  πρώτος  κύλινδρος  τών  εν  τω  δλω  κυλίνΒρω 
6  έχων  άξονα  ταν  ΔΕ  ποτΐ  τον  πρώτον  κύλινΒρον 
τών  εν  τω  εγγεγραμμένα)  σχηματι  τον  έχοντα 
άξονα  ταν  ΔΕ  τον  αύτον  έχει  λόγον,  ον  ά  ΔΑ  ποτΐ 
ταν  ΚΕ  Βυνάμεί'  ούτος  δε  εστίν  6  αύτος  τω,  ον  έχει 
ά  ΒΔ  τΓΟΤΐ  ταν  BE,  και  τω,  ον  έχει  ά  ΔΑ  ττοτι 
ταν  ΕΞ.  ομοίως  δε  δειχ^τ^σεται  /cat  6  8εύτερος 
κύλινΒρος  τών  εν  τω  δλω  κυλίνΒρω  6  έχων  άξονα 
τον  Ε  Ζ  TTOTt  τον  δεύτερον  κύλινΒρον  τών  εν  τω 
εγγεγραμμένα)  σχι^/^ατι  τον  αύτον  εχειν  λόγον,  ον 
ά  Π  Ε,  τουτέστιν  ά  ΔΑ,  ττοτι  ταν  ΖΟ,  και  τών 
άλλων  κυλίνΒρων  έκαστος  τών  εν  τω  δλω  κυλίνΒρω 
άξονα  εχόντων  Ισον  τα  ΔΕ  ττοτι  εκαστον  τών 
κυλίνδρων  τών  ev  τω  εγγεγραμμενω  σχηματι  άξονα 
εχόντων  τον  αυτόν  εξει  τούτον  τον  λογον,  ον  α 
^jLiiaeia  τάς  Βιαμετρου  τα?  βάσιος  αύτοϋ  ποτι  ταν 
άπολελαμμεναν  απ'  αύτάς  μεταξύ  ταν  ΑΒ,  ΒΔ 
εύθειάν  και  πάντες  ούν  οι  κύλινδροι  οι  εν  τω 
κυλίνΒρω,  οΰ  βάσις  μεν  εστίν  6  κύκλος  6  περί 
Βιάμετρον  ταν  ΑΓ,  α^ων  δε  [εστιν]^  ά  ΔΙ  εύ^εια, 
ττοτι  ττάντα?  τους  κυλίνΒρους  τους  εν  τω  εγ- 
γεγραμμένα) σχηματι  τον  αυτόν  εξοΰντι  λόγον,  δν 
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produced  to  the  surface  of  the  cyhnder  having  for  its 
base  the  circle  about  the  diameter  ΑΓ  and  for  axis 
ΒΔ  ;  then  the  whole  cylinder  is  divided  into  cylinders 
equal  in  number  to  the  cylinders  in  the  circumscribed 
figure  and  in  magnitude  equal  to  the  greatest  of 
them.  And  since  the  figure  circumscribed  about  the 
segment  exceeds  the  inscribed  figure  by  a  quantity 
less  than  that  by  which  the  segment  exceeds  the 
cone,  it  is  clear  that  the  figure  inscribed  in  the  seg- 
ment is  greater  than  the  cone  Ψ."  Νολν  the  first 
cylinder  of  those  in  the  whole  cylinder,  that  having 
ΔΕ  for  its  axis,  bears  to  the  first  cylinder  in  the 
inscribed  figure,  which  also  has  ΔΕ  for  its  axis,  the 
ratio  AA2:KE2  [Eucl.  xii.  11  and  xii.  2];  but 
ΔΑ2  :  KE2  =  ΒΔ  :  BE  6  =  ΔΑ  :  EH.  Similarly  it  may 
be  proved  that  the  second  cylinder  of  those  in  the 
whole  cylinder,  that  having  EZ  for  its  axis,  bears  to 
the  second  cylinder  in  the  inscribed  figure  the  ratio 
ΠΕ  :  ZO,  that  is,  ΔΑ  :  ZO,  and  each  of  the  other 
cylinders  in  the  whole  cylinder,  having  its  axis  equal 
to  ΔΕ,  bears  to  each  of  the  cylinders  in  the  inscribed 
figure,  having  the  same  axis  in  order,  the  same  ratio 
as  half  the  diameter  of  the  base  bears  to  the  part  cut 
off  between  the  straight  lines  AB,  ΒΔ  ;  and  therefore 
the  sum  of  the  cylinders  in  the  cylinder  having  for  its 
base  the  circle  about  the  diameter  Λ  Γ  and  for  axis 
the  straight  line  ΔΙ  bears  to  the  sum  of  the  cylinders 
in  the  inscribed  figure  the  same  ratio  as  the  sum  of 

"  Because  the  circumscribed  figure  is  greater  than  the 
segment. 

*  By  the  property  of  the  parabola ;  v.  Quadr.  parab.  3. 

^  ioTiv  om.  Heiberg. 
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Ίτασαι  αί  evOeiai  al  €κ  των  κέντρων  των  κύκλων, 

οΐ    eVri    βάσιες    των    €ΐρημ4νων    κυλίνδρων,    ττοτΐ 

πάσας  τάς  evdeiag  τάς  άπολζλαμμβνας  ά/π    αύτδίν 

μίταζύ    τον    ΑΒ,    ΒΔ.     at    δβ    ^Ιρημεναι    ^vOeiai 

των    ίίρημβνων    χωρίς    τας    ΑΔ    μείζονες    Ιντι    η 

διττλάσιαι•  ωστ€  και  οΐ  κνλίνΒροι.  πάντες  οΐ  iv  τω 

κυλίνΒρω,  οΰ  άζων  ό  ΔΙ,  μείζονες  ivTt  η  διπλάσιοι 

τον   εγγεγραμμένου   σχήματος•   πολλω   άρα   και   6 

δλος   κύλινδρος,    οδ   αζων   ά   ΔΒ,   μείζων   εντι   η 

διπλάσιων  του  εγγεγραμμένου  σχήματος,     του  δε 

Ψ  κώνου  rfv  διπλάσιων  έλασσον  άρα  το  εγγεγραμ- 

μενον  σχήμα  του  Ψ  κώνου•  όπερ  αδύνατον  εΒείχθη 

γαρ  μείζον,     ουκ   άρα  εστίν  μείζον  το   κωνοεώες 

του  m'  κώνου. 

'Ομοίως    8ε    ουδέ    έλασσον    πάλιν    γαρ    εγγε- 

γράφθω     το     σχήμα     και     περιγεγράφθω,     ώστε 

ύπερεχειν  [εκαστονί^^   ελάσσονι,   η   άλίκω   υπερέχει 

6  Ψ  κώνος  του  κωνοεώεος,  και  τα  άλλα  τα  αυτά 

τοΓ?  πρότερον   κατεσκευάσθω .     επει   οΰν   έλασσον 

εστί  το  εγγεγραμμενον  σχήμα  του  τμάματος,  και 

το  εγγραφεν  του  περιγραφεντος  ελάσσονι  λείπεται 

7J  το  τμάμα  του  Ψ  κώνου,  Βηλον,  ως  έλασσον  εστί 

το  περιγραφέν  σχήμα  του  Ψ  κώνου,     πάλιν  8ε  6 

^  ΐκαστον  om.  Heiberg,  ίκαστον  4κάστου  Torelli  (for  ΐκάτιρον 
ΐκατίρου). 

^  .         First  cylinder  in  whole  cylinder       _ΔΑ 
'  **     First  cylinder  in  inscribed  figure     ~"ΕΞ' 
Second  cylinder  in  whole  cylinder      ΕΠ 
Second  cylinder  in  inscribed  figure  ~Z0* 
and  so  on. 

,  Whole  cylinder_AA  +  En+  .  .  . 

Inscribed  figure ~ΕΞ  +  ΖΟ+  .  .  .' 
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the  radii  of  the  circl(  s,  which  are  the  bases  of  the 
aforesaid  cyhnders,  bears  to  the  sum  of  the  straight 
hnes  cut  oif  from  them  between  AB,  ΒΔ."  But  the 
sum  of  the  aforesaid  straight  hnes  is  greater  than 
double  of  the  aforesaid  straight  lines  without  ΑΔ  ^  ; 
so  that  the  sum  of  the  cyhnders  in  the  cyhnder  whose 
axis  is  ΔΙ  is  greater  than  double  of  the  inscribed 
figure ;  therefore  the  whole  cylinder,  whose  axis  is 
ΔΒ,  is  greater  by  far  than  double  of  the  inscribed 
figure.  But  it  was  double  of  the  cone  Ψ ;  there- 
fore the  inscribed  figure  is  less  than  the  cone  Ψ ; 
which  is  impossible,  for  it  was  proved  to  be  greater. 
Therefore  the  conoid  is  not  greater  than  the  cone  Ψ. 
Similarly  [it  can  be  shown]  not  to  be  less  ;  for  let 
the  figure  be  again  inscribed  and  another  circum- 
scribed so  that  the  excess  is  less  than  that  by  which 
the  cone  Ψ  exceeds  the  conoid,  and  let  the  rest  of 
the  construction  be  as  before.  Then  because  the 
inscribed  figure  is  less  than  the  segment,  and  the  in- 
scribed figure  is  less  than  the  circumscribed  by  some 
quantity  less  than  the  difference  between  the  seg- 
ment and  the  cone  Ψ,  it  is  clear  that  the  circumscribed 
figure  is  less  than  the  cone  Ψ.     Again,  the  first 

This  follows  from  Prop.  1,  for 

First  cylinder  in  whole  cylinder     _    _ΔΑ 
Second  cylinder  in  whole  cyhnder"    ""Eli' 

and  so  on,  and  thus  the  other  condition  of  the  theorem  is 
satisfied. 

*  For  ΔΑ,  ΕΞ,  ZO  ...  is  a  series  diminishing  in  arith- 
metical progression,  and  ΔΑ,  ΕΠ  ...  is  a  series,  equal  in 
number,  in  which  each  term  is  equal  to  the  greatest  in  the 
arithmetical  progression.  Therefore,  by  the  Lemma  to 
Prop.  1, 

ΔΑ  +  ΕΠ+  .  .  .>2(ΕΞ+Ζ0+  .  .  .)• 
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πρώτος  KvXtvhpos  των  iv  τω  δλω  κυλίν^ρω  6  βχων 
άξονα  ταν  ΔΕ  ττοτΐ  τον  ττρώτον  KvXivhpov  των  iv 
τω  7Τ€ριγεγραμμΙνω  σχήματι  τον  τον  αντον  €χοντα 
αζονα  τάν  ΕΔ  τον  αύτον  βχβι  λόγον,  δν  το  άπο 
τα?  ΑΔ  τ€τράγωνον  ποτΐ  το  αυτό,  6  δβ  BevTcpos 
KvXivSpos  των  iv  τω  δλω  κυλίνΒρω  6  βχων  άζονα 
ταν  ΕΖ  ττοτΐ  τον  SevTcpov  κνλινΒρον  των  iv  τω 
7Τ€ριγ€γραμμ€νω  σχηματι  τον  βχοντα  άξονα  ταν 
ΕΖ  τον  αύτον  exec  λόγον,  δν  ά  ΔΑ  ποτΐ  ταν  ΚΕ 
Βυνάμ€ΐ'  οΰτος  Be  εστίν  ό  αυτό?  τω,  δν  e^et  ά  ΒΔ 
7T0TL  ταν  BE,  /cat  τω,  δν  €χ€ί  ά  ΔΑ  ποτί  ταν  ΕΞ• 
και  των  άλλων  κυλίνΒρων  έκαστος  των  iv  τω  δλω 
κυλίνΒρω  άξονα  iχόvτωv  ίσον  τα  ΔΕ  ποτΙ  €καστον 
των  κυλίνδρων  των  iv  τω  π€ριγ€γραμμ4νω  σχηματι 
άζονα  €χόντων  τον  αυτόν,  e'^et  τούτον  τον  λόγον, 
ον  ά  -ημίσεια  τας  ΒιαμΙτρου  τα?  βάσιος  αντοΰ  ττοτι 
ταν  άτΓολζλαμμβναν  άττ*  αυτά?  μεταξύ  ταν  ΑΒ, 
ΒΔ  evOeidv  και  πάντες  ονν  οι  κυλίνΒροι  οι  iv  τω 
δλω  κυλίνΒρω,  ου  άξων  εστίν  ά  ΒΔ  ευθεία,  ποτΙ 
παντας  τους  κυλίνΒρους  τους  iv  τω  περιγεγραμ- 
μένα) σχηματι  τον  αύτον  εξοΰντι  λόγον,  δν  ττασαι 
at  eu^etat  ττοτι  πάσας  τάς  ευθείας,  αϊ  Βε  eu^etat 
πασαι  αι  εκ  των  κέντρων  των  κύκλων,  οι  βάσιες 
€VTt  των  κυλίνΒρων,  ταν  eu^eiav  πασάν  ταν  άπο- 
λελαμμεναν  άττ'  αυταν  συν  τα  ΑΔ  ελάσσονες  εντι 

*  As  before, 

First  cylinder  in  whole  cylinder  ΔΑ 

First  cylinder  in  circumscribed  figure  ~  ΔΑ 

Second  cylinder  in  whole  cylinder  _  Δ  A  _  ΕΠ 
Second  cylinder  in  circumscribed  figure"  ΕΞ~Ε3* 

and  so  on. 
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cylinder  of  those  in  the  whole  cylinder,  having  ΔΕ  for 
its  axis,  bears  to  the  first  cylinder  of  those  in  the 
circumscribed  figure,  having  the  same  axis  ΕΔ,  the 
ratio  ΑΔ^  :  ΑΔ^ ;  the  second  cylinder  in  the  whole 
cylinder,  having  EZ  for  its  axis,  bears  to  the  second 
cylinder  in  the  circumscribed  figure,  having  EZ  also 
for  its  axis,  the  ratio  ΔΑ^  :  KE^  ;  this  is  the  same  as 
ΒΔ  :  BE,  and  this  is  the  same  as  ΔΑ  :  ΕΞ  ;  and  each 
of  the  other  cylinders  in  the  whole  cylinder,  having 
its  axis  equal  to  ΔΕ,  will  bear  to  the  corresponding 
cylinder  in  the  circumscribed  figure,  having  the  same 
axis,  the  same  ratio  as  half  the  diameter  of  the  base 
bears  to  the  portion  cut  off  from  it  between  the 
straight  lines  AB,  ΒΔ  ;  and  therefore  the  sum  of 
the  cylinders  in  the  whole  cylinder,  whose  axis  is  the 
straight  line  ΒΔ,  bears  to  the  sum  of  the  cylinders  in 
the  circumscribed  figure  the  same  ratio  as  the  sum 
of  the  one  set  of  straight  lines  bears  to  the  sum  of  the 
other  set  of  straight  lines."  But  the  sum  of  the  radii 
of  the  circles  which  are  the  bases  of  the  cylinders  is 
less  than  double  of  the  sum  of  the  straight  lines  cut 
off  from  them  together  with  ΑΔ '' ;  it  is  therefore  clear 

And 

First  cylinder  in  whole  cylinder  _  i  _  ^^ 

Second  cylinder  in  whole  cylinder  ~   ~E1I* 

and  so  on. 

Therefore  the  conditions  of  Prop.  1  are  satisfied  and 

Whole  cylinder  _  ΔΑ  +  ΕΠ  +  .  .  . 

Circumscribed  figure  ~~  Δ  A  +  ΕΞ  +  .  .  .* 

*  As  before,  ΔΑ,  ΕΞ  ...  is  a  series  diminishing  in  arith- 
metical progression,  and  ΔΑ,  ΕΠ  ...  is  a  series,  equal  in 
number,  in  which  each  term  is  equal  to  the  greatest  in  the 
arithmetical  progression. 
Therefore,  by  the  Lemma  to  Prop.  1, 

ΔΑ  +  ΕΠ+  .  .  .    <2(ΔΑ  +  ΕΞ+  .  .  .)• 
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η  Βίττλάσιαι•  SrjXov  ουν,  or  ι.  καϊ  oi  κύλινδροι  ττάντε? 
οι  ev  τω  ολω  κυλίνΒρω  ελάσσονες  ivri  η  διπλάσιοι 
των  κυλίνδρων  των  eV  τω  ττεριγεγραμμενω  σχη- 
ματί'  ό  άρα  κύλινδρο?  6  βάσιν  €χων  τον  κυκλον 
τον  TTcpl  8ιάμ€τρον  τάν  ΑΓ,  αζονα  δε  τάν  ΒΔ, 
ελάσσων  εστίν  η  διττλασιων  του  περιγεγραμμένου 
σχηματοζ.  ουκ  εστί  8ε,  άλλα  μείζων  rj  διττλάσιο?' 
του  γαρ  Ψ*  κώνου  διπλασίων  εστί,  το  Se  περιγε- 
γραμμενον  σχήμα  ελαττον  ε^είχθη  τοΰ  Ψ  κώνου, 
ουκ  άρα  eoriv  ούΒε  έλασσον  το  τοΰ  κωνοεώεος 
τ  μαμά  του  Ψ  κώνου.  ε8είχθη  δε,  οτι  ούΒε  μείζον 
ημίόλίον  άρα  εστίν  τοΰ  κώνου  τοΰ  βάσιν  έχοντος 
τάν  αύτάν  τω  τ)αά//.ατι  κται  άζονα  τον  αυτόν. 


"  Archimedes'  proof  may  be  shown  to  be  equivalent  to  an 
integration,  as  Heath  has  done  (^The  Works  of  Archimedes, 
cxlvii-cxlviii). 

For,  if  η  be  the  number  of  cylinders  in  the  whole  cylinder, 
and  AA  =nh,  Archimedes  has  shown  that 

Whole  cylinder n^h 

Inscribed  figure  ~  h  +  2h  +  3h+  .  .  .  (n  -  1  )Λ 

>2,  [Lemma  to  Prop.  1 

and 

Whole  cylinder n% 


Circumscribed  figure         «+2A  +  3A+  .  .  .  +nh 

<2.  [ibid. 

In  Props.  19  and  20  he  has  meanwhile  shown  that,  by 
increasing  η  sufficiently,   the  inscribed  and  circumscribed 
figures  can  be  made  to  differ  by  less  than  any  assigned 
volume. 
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that  the  sum  of  all  the  cylinders  in  the  whole  cylinder 
is  less  than  double  of  the  cylinders  in  the  circum- 
scribed figure  ;  therefore  the  cylinder  having  for  its 
base  the  circle  about  the  diameter  A  Γ  and  for  axis 
ΒΔ  is  less  than  double  of  the  circumscribed  figure. 
But  it  is  not,  for  it  is  greater  than  double  ;  for  it  is 
double  of  the  cone  Ψ,  and  the  circimiscribed  figure 
was  proved  to  be  less  than  the  cone  Ψ.  Therefore 
the  segment  of  the  conoid  is  not  less  than  the  cone  Ψ. 
But  it  was  proved  not  to  be  greater  ;  therefore  it  is 
one-and-a-half  times  the  cone  having  the  same  base 
as  the  segment  and  the  same  axis.* 

When  η  is  increased,  h  is  diminished,  but  their  product 
remains  constant ;  let  nh=c. 

Then  the  proof  is  equivalent  to  an  assertion  that,  when  a  is 
indefinitely  increased, 

limit  of  h[h+2h+3h+  .  .      +(« -  l)h]=ic\ 

which,  in  the  notation  of  the  integral  calculus  reads. 

If  the  paraboloid  is  formed  by  the  revolution  of  the  para- 
bola y^z=.ax  about  its  axis,  we  should  express  the  volume  of 
a  segment  as 

■ny'^dx, 
xdx. 


The  constant  does  not  appear  in  Archimedes'  proof  because 
he  merely  compares  the  volume  of  the  segment  with  the  cone," 
and  does  not  give  its  absolute  value.     But  his  method  is  seen 
to  be  equivalent  to  a  genuine  integration. 

As  in  other  cases,  Archimedes  refrains  from  the  final  step 
of  making  the  divisions  in  his  circumscribed  and  inscribed 
figures  indefinitely  large ;  he  proceeds  by  the  orthodox 
method  of  reductio  ad  ahsurdum, 
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(e)  The  Spiral  of  Archimedes 

(i.)  Definitions 

Archim.  Ώβ  Lin.  Spir.,  Deff.,  Archim.  ed.  Heiberg  B. 
44.  17^6.  21 

α  .  Έιΐ  κα  cvOela  ζτηζξυχθτΙ  γράμμα  iv  ^ττιπεΒω 
και  μένοντος  του  ίτέρου  ττέρατος  αύτα?  Ισοταχίως 
π€ρΐ€ν€χθ€Ϊσα  όσακισοϋν  αποκατασταθεί  τταΧιν, 
oOev  ώρμασ€ν,  άμα  δε  τα  γράμμα  Trepiayo/Mcv^ 
φβρηταί  τι  σαμβΐον  Ισοταχβως  αύτο  εαυτω  κατά 
τα?  ευθείας  άρζάμενον  άπο  του  μένοντος  πέρατος, 
το  σαμεΐον  έλικα  γράφει  εν  τω  επιπεΒω. 

β\  Ιίαλείσθω  οΰν  το  μεν  πέρας  τας  ευθείας  το 
μενον  περιαγομενας  αύτάς  άρχά  τας  ελικος. 

γ'.  Ά  δε  θεσις  τα?  γραμμας,  αφ*  ας  άρξατο  ά 
€υθεΐα  περιφερεσθαι,  άρχά  της  περιφοράς. 

8\  Έιύθεΐα,  αν  μεν  εν  τα  πρώτα  περιφορά  δια- 
πορευθΎ)  το  σαμεΐον  το  κατά  τας  ευθείας  φερό- 
μενον,  πρώτα  καλείσθω,  αν  δ'  εν  τα.  Βειττερα 
περιφορά  το  αύτο  σαμεΐον  διανυστ^,  Βευτερα,  καΐ 
at  άλλαι  ομοίως  τανταις  όμωνύμως  ταΐς  περι- 
φοραΐς  καλείσθωσαν. 

€  .  Το  δε  χωρίον  το  περιλαφθεν  υπό  τε  τας 
ελικος  τα?  εν  τ§.  πρώτα  περιφορά  γραφείσας  και 
τας  ευθείας,  ά  εστίν  πρώτα,  πρώτον  καλείσθω, 
το  οε  περιλαφθεν  υπό  τε  τας  ελικος  τας  εν  τα 
οευτερα  περιφορά  γραφείσας  και  τα,ς  ευθείας  τας 
Βευτερας  Βεύτερον  καλείσθω,  και  τά  άλλα  έξης 
οΰτω  καλείσθω. 

γ'.  Και  ε1  κα  άπο  του  σαμείου,  6  εστίν  άρχά  τας 
έλικας,  άχθ•^  τι?  ευθεία  γραμμά,  τας  ευθείας  ταύτας 
182 


ARCHIMEDES 

(e)  The  Spiral  of  Archimedes 

(i.)  Definitions 

Archimedes,  On  Spirals,  Definitions,  Archim.  ed. 
Heiberg  ii.  44.  17-46.  21 

1.  If  a  straight  line  drawn  in  a  plane  revolve  uni- 
formly any  number  of  times  about  a  fixed  extremity 
until  it  return  to  its  original  position,  and  if,  at  the 
same  time  as  the  line  revolves,  a  point  move  uni- 
formly along  the  straight  line,  beginning  at  the 
fixed  extremity,  the  point  will  describe  a  spiral  in 
the  plane. 

2.  Let  the  extremity  of  the  straight  line  which 
remains  fixed  while  the  straight  line  revolves  be 
called  the  origin  of  the  spiral. 

3.  Let  the  position  of  the  line,  from  which  the 
straight  hne  began  to  revolve,  be  called  the  initial  line 
of  the  revolution. 

4.  Let  the  distance  along  the  straight  line  which 
the  point  moving  along  the  straight  hne  traverses  in 
the  first  turn  be  called  thefirst  distance,  let  the  distance 
which  the  same  point  traverses  in  the  second  turn  be 
called  the  second  distance,  and  in  the  same  way  let 
the  other  distances  be  called  according  to  the  number 
of  turns. 

5.  Let  the  area  comprised  between  the  first  turn 
of  the  spiral  and  the  first  distance  be  called  the  first 
area,  let  the  area  comprised  between  the  second  turn 
of  the  spiral  and  the  second  distance  be  called  the 
second  area,  and  let  the  remaining  areas  be  so  called 
in  order. 

6.  And  if  any  straight  Hne  be  drawn  from  the 
origin,  let  [points]  on  the  side  of  this  straight  line  in 
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τα  €πΙ  τά  αυτά,  €0'  α  κα  ά  7Τ€ριφορά  γ4νηται, 
προαγούμ€να  καλΐίσθω,  τά  δε  εττι  θάτ€ρα  απόμενα. 
ζ\  "Ο  re  γραφζΐς  κύκλος  κέντρω  μέν  τω  σαμ^ίω, 
6  Ισην  άρχά  τάς  άλικος,  Βίαστηματί  δε  τα  evdeia, 
α  iariv  ττρώτα,  πρώτος  καλείσθω,  6  δε  γραφείς 
κ4ντρω  μ€ν  τω  αντω,  Βιαστήματί  δε  τα  διττλασια 
evdeia  Sevrepos  καλβίσθω,  και  οΐ  άλλοι,  δε  ^ζης 
τούτο  ίς  τον  αυτόν  τρόττον. 

(ii.)  Fundatnental  Property 
Ibid.,  Prop.  14,  Archim.  ed.  Heiberg  ii.  50.  9-52.  15 

El  κα  ποτΐ  τάν  lAi/ca  τάν  ev  τα  πρώτα  π€ρίφορα 
γ€γραμμ€ναν  ποτιπ^σώντι  Βύο  εύ^ειαι  άπο  του 
σαμπιού,  6  εστίν  άργα  τα?  άλικος,  και  €κβληθ4ωντί 
ποτΐ  τάν  του  πρώτου  κύκλου  ττερι^ε/^ειαν,  τον 
αυτόν  βζοΰντί  λόγον  αΐ  ποτΐ  τάν  ελίκα  ποτιπίπ- 
τουσαί  ποτ*  άλλάλας,  ον  αΐ  περιφίρ^ιαι.  του  κύκλου 
αί  /Αετα|•ύ  του  πέρατος  τάς  ζλικος  και  των  παράτων 
τάν  €κβληθ€ΐσάν  ευθείαν  των  εττι  τάς  π^ριφ^ρ^ίας 
γινομένων^  €7Γΐ  τά  προαγούμ€να  λαμβανομ^νάν 
τάν  π€ρίφ€ρ€ΐάν  από  του  πέρατος  τάς  έλικος. 

"Έιστω  Ιλι^  ά  ΑΒΓΔΕΘ  ε'ν  τα  πρώτα  περιφορά 
γ€γραμμ€να,  άρχά  δε  τα?  μεν  Ιλικο?  έστω  το  Α 
σαμεΐον,  ά  δε  ΘΑ  ευθεία  άρχά  τα?  περιφοράς  έστω, 
και  κύκλος  ο  ΘΚΗ  έστω  6  πρώτος,  ποτιπιπτόντων 
δε  άπο  του  Α  σαμείου  ποτΐ  τάν  έλικα  αΐ  ΑΕ,  ΑΔ 
και  εκπιπτόντων  ποτΐ  τάν  του  κύκλου  περιφέρειαν 
έπι  τά  Ζ,  Η.  δεικτε'ον,  οτι  τον  αυτόν  έχοντι 
λόγον  ά  ΑΕ  τΓΟΤΐ  τάν  ΑΔ,  ον  ά  ΘΚΖ  περιφέρεια 
ποτι  τάν  ΘΚΗ  περιφέρειαν. 

ΙΙεριαγομένας  γάρ  τάς  Α  Θ  γραμμάς  Βηλον,  ώς 
184* 


ARCHIMEDES 

the  direction  of  the  revolution  be  called  JOrrvard,  and 
let  those  on  the  other  side  be  called  rearrvard. 

7.  Let  the  circle  described  with  the  origin  as  centre 
and  the  first  distance  as  radius  be  called  \he first  circle, 
let  the  circle  described  with  the  same  centre  and 
double  of  the  radius  of  the  first  circle  <*  be  called  the 
second  circle,  and  let  the  remaining  circles  in  order 
be  called  after  the  same  manner. 


(ii.)  Fundamental  Property 
Ibid.,  Prop.  14,  Archim.  ed.  Heiberg  ii.  50.  9-52.  15 

If,  from  the  origin  of  the  spiral,  two  straight  lines  he 
drawn  to  meet  the  first  turn  of  the  spiral  and  produced  to 
meet  the  circumference  of  the  first  circle,  the  lines  drawn 
to  the  spiral  will  have  the  same  ratio  one  to  the  other  as 
the  arcs  of  the  circle  between  the  extremity  of  the  spiral 
and  the  extremities  of  the  straight  lines  produced  to  meet 
the  circumference,  the  arcs  being  measured  in  a  forward 
direction  from  the  extremity  of  the  spiral. 

Let  ΑΒΓΔΕΘ  be  the  first  turn  of  a  spiral,  let 
the  point  A  be  the  origin  of  the  spiral,  let  ΘΑ 
be  the  initial  line,  let  ΘΚΗ  be  the  first  circle,  and 
from  the  point  A  let  AE,  A  Δ  be  drawn  to  meet  the 
spiral  and  be  produced  to  meet  the  circumference  of 
the  circle  at  Z,  H.  It  is  required  to  prove  that 
AE  :  AA  =  arc  ΘΚΖ  :  arc  ΘΚΗ. 

When  the  line  ΑΘ  revolves  it  is  clear  that  the  point 

•  i.e.,  Avith  radius  equal  to  the  sum  of  the  radii  of  the  first 
and  second  circles. 
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TO   μ€ν    Θ   σαμ€Ϊον   κατά   τα?  του    ΘΚΗ    κύκλου 
πβριφζρζίας    €νην€γμ€νον    ioTiV    Ισοταχ4ω5,    το    δε 


Α  κατά  τα?  ίύθζίας  φβρόμζ,νον  τάν  ΑΘ  γραμμάν 
πορεύεται,  καΐ  το  Θ  σαμεΐον  κατά  τα?  του  κύκλου 
ττεριφερείαζ  φερόμενον  τάν  ΘΚΖ  ττεριφερειαν,  το 
δε  Α  τάν  ΑΕ  ευθείαν,  καΐ  πάλιν  τό  τε  Α  σαμεΐον 
τάν  ΑΔ  γραμμάν  καΐ  τό  Θ  τάν  ΘΚΗ  ττεριφερειαν , 
εκάτερον  ίσοταχεως  αυτό  εαυτω  φερόμενον  Βηλον 
οΰν,  ΟΤΙ  τόν  αυτόν  εχοντί  λόγον  α  ΑΕ  ποτΐ  τάν 
ΑΔ,  ον  ά  ΘΚΖ  περιφέρεια  ποτι  τάν  ΘΚΗ  περι- 
φερειαν  [ΒεΒεικται  γάρ  τοΰτο  εζω  εν  τοις  πρώτοις]} 
'Ομοίως  δε  Βειχθήσεται,  και  ει  κα  ά  έτερα  τάν 
ποτιπιπτουσάν  επι  τό  πέρας  τα?  ελικος  ποτιπίπττ), 
δτί  τό  αυτό  συμβαίνει. 

(iii.)  Α  Fergtng 

Jbid.,  Prop.  7,  Archim.  ed.  Heiberg  ii.  22.  14-24.  7 

Των  αυτών  Βε^ομενων  και  τα?  εν  τω  κύκλω 
ευθείας  εκβεβλημενας  Βυνατόν  εστίν  από  του 
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θ  moves  uniformly  round  the  circumference  ΘΚΗ  of 
the  circle  while  the  point  A,  which  moves  along  the 
straight  Hne,  traverses  the  line  ΑΘ  ;  the  point  θ 
which  moves  round  the  circumference  of  the  circle 
traverses  the  arc  ΘΚΖ  while  A  traverses  the  straight 
Une  A  Ε  ;  and  furthermore  the  point  A  traverses  the 
line  ΑΔ  in  the  same  time  as  θ  traverses  the  arc  ΘΚΗ, 
each  moving  uniformly  ;  it  is  clear,  therefore,  that 
AE  :  AA  =  arc  UKZ  :  arc  ΘΚΗ  [Prop.  2]. 

Similarly  it  may  be  shown  that  if  one  of  the  straight 
lines  be  drawn  to  the  extremity  of  the  spiral  the 
same  conclusion  follows." 


(iii.)  A  Verging  * 
Ibid.,  Prop.  7,  Archim.  ed.  Heiberg  ii.  22.  14r-94i.  7 

With  the  same  data  and  the  chord  in  the  circle  pro- 
duced,'' it  is  possible  to  draw  a  line  from  the  centre  to  meet 

•  In  Prop.  15  Archimedes  shows  (using  different  letters, 
however)  that  if  AE,  ΑΔ  are  drawn  to  meet  the  second  turn 
of  the  spiral,  while  AZ,  AH  are  drawn,  as  before,  to  meet  the 
circumference  of  ihe  first  circle,  then 

AE  :  AA=arc  ΘΚΖ  +  circumference  of  first  circle  :  aro 
ΘΚΗ  +  circumference  of  first  circle, 
and  so  on  for  higher  turns. 

In  general,  if  E,  Δ  lie  on  the  nth  turn  of  the  spiral,  and  the 
circumference  of  the  first  circle  is  c,  then 

AE  :  AA=arc  ΘΚΖ  +n-\c  :  arc  ΘΚΗ  +n"^c. 

These  theorems  correspond  to  the  equation  of  the  curve 
τ=αθ  m  polar  co-ordinates. 

•  This  theorem  is  essential  to  the  one  that  follows. 

•  See  n.  α  on  this  page. 

^  SeSetKTOt .  .  .  πρώτοις  om.  Heiberg.       ^ 
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κέντρου  ποτφαλζΐν  ποτΐ  τάν  ζκβίβλημέναν,  ώστε 
ταν  μεταζύ  τα?  7Τ€ρίφ€ρβίας^  καΐ  t&s  έκβββλημένας 
ττοτΐ  τάν  €τηζ€υχθ€Ϊσαν  από  του  πέρατος  τας 
έναπολαφθζίσας  ποτΐ  το  πέρας  τας  έκβζβλημένας 
τον  ταχέ'ε'ντα  λόγον  έχ€ΐν,  et  κα  6  δοθείς  λόγος 
μείζων  τ?  του,  ον  €χ€ί  ά  ημίσεία  τας  iv  τω  κύκλω 
Βεδομένας  ποτΐ  τάν  άπο  του  κέντρου  κάθετον  εττ* 
αύτάν  άγμέναν. 

ΑεΒόσθω  τά  αυτά,  καΐ  ίστω  ά  έν  τω  κύκλω 
γραμμά  έκβεβλημένα,  ό  δε  δοθείς  λόγος  έστω,  ον 
έχει  ά  Ζ  ποτΐ  τάν  Η,  μείζων  του,  ον  έχεί  ά  ΓΘ 
ποτΐ  τάν  ΘΚ•  μείζων  οΰν  έσσεΐται  καΐ  του,  ον  εχ€ 
ά  ΚΓ  ποτΐ  ΓΛ.  δν  δη  λόγον  έχει  ά  Ζ  ποτΐ  Η 
τούτον  έζεί  ά  ΚΓ  ποτΐ  ελάσσονα  τα?  ΓΛ.  έχέτα 
ποτΐ  IN  νεύουσαν  έπΙ  το  Γ — δυι^ατόν  δε  εστίν 
ούτως  τέμνενν — και  ττεσεΓται  έντος  τας  ΓΑ,  έπεώη 
έλάσσων  εστί  τας  ΓΑ.  εττει  οΰν  τον  αυτόν  έχει 
λόγον  ά  ΚΓ  ΤΓΟτΙ  IN,  ον  ά  Ζ  ποτΐ  Η,  καΐ  ά  ΕΙ 
ποτΐ  Ι Γ  τόν  αυτόν  έζεί  λόγον,  ον  ά  Ζ  TroTt  τάν  Η. 

"  ΑΓ  is  a  chord  in  a  circle  of  centre  K,  and  BN  is  the 
diameter  drawn  parallel  to  ΑΓ  and  produced.  From  K, 
ΚΘ  is  drawn  perpendicular  to  ΑΓ,  and  ΓΛ  is  drawn  per- 
pendicular to  ΚΓ  so  as  to  meet  the  diameter  in  A.  Archimedes 
asserts  that  it  is  possible  to  draw  KE  to  meet  the  circle  in  I 
and  ΑΓ  produced  in  Ε  so  that  EI :  ΙΓ=Ζ :  H,  an  assigned 
ratio,  provided  that  Ζ  :  Η>ΓΘ  :  ΘΚ.  The  straight  line  Γ1 
meets  BA  in  N.  In  Prop.  5  Archimedes  has  proved  a  similar 
proposition  when  ΑΓ  is  a  tangent,  and  in  Prop.  6  he  has 

f  roved  the  proposition  for  the  case  where  the  positions  of  I, 
'  are  reversed. 
'  For  triangle  ΓΙΕ  is  similar  to  triangle  KIN,  and  therefore 
KI :  IN=EI :  ΙΓ  [Eucl.  vi.  4]  ;  and  ΚΙ=ΚΓ. 

f  The  type  of  problem  known  as  vevaeis,  vergings,  has 
already  been  encountered  (vol.  i.  p.  244  n.  a).  In  this  pro- 
positionitas  in  Props.  5  and  6,  Archimedes  gives  no  hint  how 
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the  produced  chord  so  that  the  distance  between  the  circum- 
ference and  the  produced  chord  shall  bear  to  the  distance 
between  the  extremity  of  the  line  intercepted  [by  the  circle] 
and  the  extremity  of  the  produced  chord  an  assigned 
ratio,  provided  that  the  given  ratio  is  greater  than  that 
which  half  of  the  given  chord  in  the  circle  bears  to  the 
perpendicular  dranm  to  it  from  the  centre. 


Let  the  same  things  be  given,"  and  let  the  chord 
in  the  circle  be  produced,  and  let  the  given  ratio 
be  Ζ  :  H,  and  let  it  be  greater  than  ΓΘ  :  ΘΚ  ;  there- 
fore it  will  be  greater  than  ΚΓ  :  ΓΛ  [Eucl.  vi.  4]. 
Then  Ζ  :  Η  is  equal  to  the  ratio  of  ΚΓ  to  some  line 
less  than  ΓΛ  [Eucl.  v.  10].  Let  it  be  to  IN  verging 
upon  Γ — for  it  is  possible  to  make  such  an  intercept — 
and  IN  will  fall  within  ΓΛ,  since  it  is  less  than  ΓΛ. 
Then  since  ΚΓ:ΙΝ  =  Ζ:Η, 

therefore "  EI :  ΙΓ   =Z  :  H.» 

the  construction  is  to  be  accomplished,  though  he  was  pre- 
sumably familiar  with  a  solution. 

In  the  figure  of  the  text,  let  Τ  be  the  foot  of  the  perpen- 
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(ίν.)  Property  of  the  Subtangent 

Ibid.,  Prop.  20,  Archim.  ed.  Heiberg  ii.  72.  4r-74.  26 

Et  /ca  τα?  eXiKos  τα?  ev  τα  ττρώτα  ττ^ριφορα 
γ€γραμμ€να5  evdela  γράμμα  ^ττιφαντ)  μη  κατά  το 
πβρας  τα?  eXiKos,  άττο  8e  τα?  ά^α?  evrt  τάν  άρχάν 
τα?  eXiKos  evdela  €ττίζευχθΎ\,  καΐ  Κ€ντρω  μ^ν  τα 
αρχα  τας  ελικος,  Βυαστηματι  δε  τα  ετηζζυχθ^σα 
κύκλος  γραφ-τ),  άττο  δε  τα?  άρχας  τα?  ελικο?  άχθΎ] 
τις  ποτ  όρθάς  τα  άττο  τα?  ά^α?  εττι  τάν  άρχάν  τα? 
ελι/co?  €πιζ€υχθβίσα,  συμπ€σ€Ϊταί  αυτά  ττοτΐ  τάν 
€πιφανονσαν,  και  εσσειται  ά  μβταξύ  ει)(?εΓα  τα? 
τε  συμπτώσιος  και  τα?  αρχάς  τα?  έ'λικο?  ισα  τ^ 
ττ^ριφζρζία  του  γράφοντος  κύκλου  τα  μεταξύ  τα? 
ά0α?  /cat  τα?  τομάς,  καθ^  αν  τε'/Αΐ'ει  ό  γράφεις 
κύκλος  τάν  άρχάν  τα?  περιφοράς,  επι  τά  προαγού- 
μενα  λαμβανομενας  τα?  περιφερείας  από  του 
σαμειου  του  εν  τα  άρχα  τάς  περιφοράς. 

"Εστω  ελιξ,  εφ'  α?  ά  ΑΒΓΔ,  ε'ν  τςί  πρώτ<}. 
περιφορά  γεγραμμενα,  και  επιφαυετω  τι?  αυτά? 
ευθεία  ά  ΕΖ  κατά  το  Δ,  από  δε  τοϋ  'Δ  ποτι  τάν 

dicular  from  Γ  to  ΒΛ,  and  let  Δ  be  the  other  extremity  of  the 
diameter  through  B.  Let  the  unknown  length  KN=a?,  let 
ΓΤ=α,  KT=6,  BA=2c,  and  let  IN=A;,  a  given  length. 

Then  ΝΙ.ΝΓ=ΝΔ.ΝΒ, 

i.e.,  ΙίΛ/α?  +  (χ  -  bf —{χ-  c){x  +  c), 

which,  after  rationalization,  is  an  equation  of  the  fourth 
degree  in  x. 

Alternatively,  if  we  denote  ΝΓ  by  y,  we  can  determine 
X  and  y  by  the  two  equations 

y«=a«  +  (aj-6)«. 
ky=x*-  c•, 
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(iv.)  Property  of  the  Subiangent 
Ibid.,  Prop.  20,  Archim.  ed.  Heiberg  ii.  72.  4^-74.  26 

If  a  straight  line  touch  the  first  turn  of  the  spiral  other 
than  at  the  extremity  of  the  spiral,  and  from  the  point  of 
contact  a  straight  line  be  drawn  to  the  origin,  and  rvith 
the  origin  as  centre  and  this  connecting  line  as  radius  a 
circle  be  drawn,  and  from  the  origin  a  straight  line  he 
drawn  at  right  angles  to  the  straight  line  joining  the  point 
of  contact  to  the  origin,  it  will  meet  the  tangent,  and  the 
straight  line  between  the  point  of  meeting  and  the  origin 
will  be  equal  to  the  arc  of  the  circle  between  the  point  of 
contact  and  the  point  in  which  the  circle  cuts  the  initial 
line,  the  arc  being  measured  in  the  forward  direction  from 
the  point  on  the  initial  line. 

Let  ΑΒΓΔ  lie  on  the  first  turn  of  a  spiral,  and  let 


the  straight  line  EZ  touch  it  at  Δ,  and  from  Δ  let  ΑΔ 

so  that  values  of  χ  and  y  satisfying  the  conditions  of  the 
problem  are  given  by  the  points  of  intersection  of  a  certain 
parabola  and  a  certain  hyperbola. 

The  whole  question  of  vergings,  including  this  problem,  is 
admirably  discussed  by  Heath,  The  WorL•  of  Archimedes^ 
c-cxxii. 
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αρχαν  τα?  βλικοζ  €π€ζ€νχθω  ά  ΑΔ,  και  κέντρω 
μβν  τω  Α,  Βίαστηματι  δε  τω  ΑΔ  κύκλος  γεγράφθω 
ο  ΔΜΝ,  τεμνάτω  δ'  ovros  τάι/  αρχαν  τας  περιφοράς 
κατά  το  Κ,  αχθω  δε  ά  Ζ  Α  ποτΐ  τάν  ΑΔ  ορθά. 
ΟΤΙ  μ€ν  ονν  αύ'τα  σνμπίπτ€ί,  SrjXov  οτι  δε  καΐ  Ισα 
εστίν  ά  ΖΑ  evdeZa  τα  ΚΜΝΔ  ττεριφβρεία,  δεικτε'ον. 
Et  γαρ  μη,  ήτοι  μείζων  εστίν  ιη  ελάσσων.  έστω, 
ει  δυνατόν,  ττρότερον  μείζων,  λελάφθω  δε  τι?  ά 
ΑΑ  τα?  μεν  ΖΑ  ευθείας  ελάσσων,  τα?  δε  ΚΜΝΔ 
περιφερείας  μείζων,  πάλιν  διί)  κύκλος  εστίν  6 
ΚΜΝ  και  εν  τω  κύκλω  γράμμα  ελάσσων  τάς 
Βιαμετρου  ά  ΔΝ  και  λόγος,  ον  έχει  ά  ΔΑ  ποτι 
ΑΛ,  μείζων  τον,  ον  έχει  ά  η^ιιισεια  τας  ΔΝ  ποτι 
τάν  άπο  του  Α  κάθετον  εττ'  αύτάν  άγμεναν  δυνατόν 
ουν  εστίν  άπο  του  Α  ποτιβαλεΐν  τάν  ΑΕ  ποτι  τάν 
ΝΔ  εκβεβλημεναν,  ώστε  τάν  ΕΡ  ποτι  τάν  ΔΡ 
τον  αυτόν  εχειν  λόγον,  ον  ά  ΔΑ  ποτι  τάν  ΑΑ* 
δε'δεικται  γάρ  τοΰτο  δυνατόν  εάν  εζει  οΰν  και  ά 
ΕΡ  ποτι  τάν  ΑΡ  τον  αυτόν  λόγον,  ον  ά  ΔΡ  ποτι 
τάν  ΑΛ.  ά  δε  ΔΡ  ποτι  τάν  Α  Α  ελάσσονα  λόγον 
έχει  η  ά  ΔΡ  περιφέρεια  ποτι  τάν  ΚΜΔ  περι- 
φερειαν,  επει  ά  μεν  Δ  Ρ  ελάσσων  εστί  τάς  Δ  Ρ 
περιφερείας,  ά  δε  ΑΑ  μείζων  τοΕ?  ΚΜΔ  περι- 
φερείας' ελάσσονα  ουν  λόγον  έχει  ά  Ε  Ρ  ευθεία 
ποτι  ΡΑ  η  ά  ΔΡ  περιφέρεια  ποτι  τάν  ΚΜΔ  περι- 
φερειαν  ώστε  και  ά  ΑΕ  ποτι  ΑΡ  ελάσσονα  λόγον 
έχει  η   ά  ΚΜΡ  περιφέρεια  ποτι  τάν  ΚΜΔ  περι- 

'  For  in  Prop.  16  the  angle  ΑΔΖ  was  shown  to  be  acute. 

*  For  ΔΝ  touches  the  spiral  and  so  can  have  no  part 
within  the  spiral,  and  therefore  cannot  pass  through  A ; 
therefore  it  is  a  chord  of  the  circle  and  less  than  the  diameter. 

*  For,  if  a  perpendicular  be  drawn  from  A  to  ΔΝ,  it  bisects 
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be  drawn  to  the  origin,  and  with  centre  A  and  radius 
ΑΔ  let  the  circle  ΔΜΝ  be  described,  and  let  this 
circle  cut  the  initial  line  at  K,  and  let  Ζ  A  be  drawn  at 
right  angles  to  ΑΔ.  That  it  will  meet  [ΖΔ]  is  clear  " ; 
it  is  required  to  prove  that  the  straight  line  ZA  is 
equal  to  the  arc  ΚΜΝΔ. 

If  not,  it  is  either  greater  or  less.  Let  it  first  be, 
if  possible,  greater,  and  let  AA  be  taken  less  than  the 
straight  line  ZA,  but  greater  than  the  arc  ΚΜΝΔ 
[Prop.  4],  Again,  KMN  is  a  circle,  and  in  this  circle 
ΔΝ  is  a  line  less  than  the  diameter,*  and  the  ratio 
ΔΑ  :  AA  is  greater  than  the  ratio  of  half  ΔΝ  to  the 
perpendicular  drawn  to  it  from  A " ;  it  is  therefore 
possible  to  draw  from  A  a  straight  line  AE  meeting 
ΝΔ  produced  in  such  a  way  that 

ΕΡ:ΔΡ=ΔΑ:ΑΑ; 
for  this  has  been  proved  possible  [Prop.  7]  ;  therefore 

EP  :  ΑΡ  =  ΔΡ:ΑΛ.<' 
But  ΔΡ  :  AA  <arc  ΔΡ  :  arc  ΚΜΔ, 

since  ΔΡ  is  less  than  the  arc  ΔΡ,  and  AA  is  greater 
than  the  arc  ΚΜΔ  ; 

EP  :  PA  <arc  ΔΡ  :  arc  ΚΜΔ  ; 
AE  :  AP  <arc  KMP  :  arc  ΚΜΔ. 

[Eucl.  V.  18 

ΔΝ  [Eucl.  iii.  3]  and  divides  triangle  ΔΑΖ  into  two  triangles 
of  which  one  is  similar  to  triangle  ΔΑΖ  [Eucl.  vi.  8] ;  therefore 

Δ  A  :  AZ= JNA  ι  (perpendicular  from  A  to  ΝΔ). 

[Eucl.  vi.  4 
But  AZ>AA; 

Δ  A  :  ΑΑ>^ΝΔ  :  (perpendicular  from  A  to  ΝΔ). 

"*  For  ΔΑ=ΑΡ,  being  a  radius  of  the  same  circle ;  and 
the  proportion  follows  permutando. 
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φβρβιαν.  ov  δε  λόγον  βχβι  ά  ΚΜΡ  ττοτι  τάν 
ΚΜΔ  Ίτεριφ^ρειαν ,  τούτον  €χ€ΐ  ά  ΧΑ  ττοτΐ  ΑΔ• 
ελάσσονα  άρα  λόγον  e^et  ά  ΕΑ  ττοτΐ  ΑΡ  rj  ά  ΑΧ 
ΤΓΟτΙ  ΔΑ•  o7T€p  εστίν  αδύνατον,  ουκ:  αρα  μείζων 
ά  ΖΑ  τα?  ΚΜΔ  ττζριφβρζίας.  ομοίως  δε  τοΓ? 
•npoTepov  ^^ιχθησεται,  δτι  Οϋδε  ελάσσων  εστίν 
Ισα  αρα. 

(f)  SEMI-REGtTLAR    SoLIDS 

Papp.  Coll.  V.  19,  ed.  Hultsch  i.  352.  7-354.  10 

Πολλά  γαρ  εττινοησαι  δυνατόν  στερεά  σχήματα 
παντοίας  επιφανείας  έχοντα,  μάλλον  δ'  αν  τις 
ά^ιώσειε  λόγου  τά  τετάχθαι  8οκοΰντα  [και  τούτων 
πολύ  πλέον  τους  τε  κώνους  και  κυλίνδρους  και  τά 
καλούμενα  ττολυεδρα].^  ταΰτα  δ'  εστίν  ου  μόνον 
τά  παρά  τω  θειοτάτω  Πλάτωνι  πέντε  σχήματα, 
τουτέστιν  τετράε^ρόν  τε  και  εξάεΒρον,  όκτάε^ρόν 
Τ€  και  δωδεκάεδρον,  πέμπτον  δ'  είκοσάε^ρον,  αλλά 
και  τά  υπό  ΆρχιμήΒους  ευρεθέντα  τρισκαίΒεκα 
τον  αριθμόν  υπό  ισοπλεύρων  μεν  και  ισογωνίων 
ούχ  όμοιων  δε  πολυγώνων  περιεχόμενα. 

^  καΐ  .  .  .  ττολΰΐ8ρα  om.  Hultsch. 


•  This  part  of  the  proof  involves  a  verging  assumed  in 
Prop.  8,  just  as  the  earlier  part  assumed  the  verging  of  Prop. 
7.  The  verging  of  Prop.  8  has  already  been  described 
(vol.  i.  p.  350  n.  b)  in  connexion  with  Pappus's  comments 
on  it. 

'  Archimedes  goes  on  to  show  that  the  theorem  is  true 
even  if  the  tangent  touches  the  spiral  in  its  second  or  some 
higher  turn,  not  at  the  extremity  of  the  turn  ;  and  in  Props. 
18  and  19  he  has  shown  that  the  theorem  is  true  if  the  tangent 
should  touch  at  an  extremity  of  a  turn. 
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Now     arc  KMP  :  arc  ΚΜΔ  =  XA  :  ΑΔ  ;         [Prop.  14 

ΕΑ:ΑΡ<ΑΧ:ΔΑ; 

which  is  impossible.  Therefore  ZA  is  not  greater 
than  the  arc  ΚΜΔ.  In  the  same  way  as  above  it 
may  be  shown  to  be  not  less  "  ;  therefore  it  is  equal.'' 

(y)  Semi-Regular  Solids 

Pappus,  Collection  v.  19,  ed.  Hultsch  1.  352.  7-354.  10 

Although  many  solid  figures  having  all  kinds  of 
surfaces  can  be  conceived,  those  which  appear  to  be 
regularly  formed  are  most  deserving  of  attention. 
Those  include  not  only  the  five  figures  found  in 
the  godlike  Plato,  that  is,  the  tetrahedron  and  the 
cube,  the  octahedron  and  the  dodecahedron,  and 
fifthly  the  icosahedron,"  but  also  the  solids,  thirteen 
in  number,  which  were  discovered  by  Archimedes  ** 
and  are  contained  by  equilateral  and  equiangular,  but 
not  similar,  polygons. 

As  Pappus  (ed.  Hultsch  302. 14-18)  notes,  the  theorem  can 
be  established  without  recourse  to  propositions  involving 
solid  loci  (for  the  meaning  of  which  see  vol.  i.  pp.  348-349), 
and  proofs  involving  only  "  plane "  methods  have  been 
developed  by  Tannery,  Memoir es  scientifiques,  i.,  1912, 
pp.  300-316  and  Heath,  H.O.M.  ii.  556-561.  It  must  remain 
a  puzzle  why  Archimedes  chose  his  particular  method  of 
proof,  especially  as  Heath's  proof  is  suggested  by  the  figures 
of  Props.  6  and  9  ;  Heath  (loc.  cit.,  p.  557)  says  "  it  is  scarcely 
possible  to  assign  any  reason  except  his  definite  predilection 
for  the  form  of  proof  by  reductio  ad  absurdum  based  ulti- 
mately on  his  famous  '  Lemma  '  or  Axiom." 

•  For  the  five  regular  solids,  see  vol.  i.  pp.  216-225. 

'  Heron  (Definitions  104,  ed.  Heiberg  66.  1-9)  asserts  that 
two  were  known  to  Plato.  One  is  that  described  as  Pg 
below,  but  the  other,  said  to  be  bounded  by  eight  squares 
and  six  triangles,  is  wrongly  given. 
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To  μ€ν  γαρ  πρώτον  OKraehpov  earuv  π€ρί€χό- 
μ^νον  ύττό  τριγώνων  ο  καί  ίζαγώνων  ο. 

Tpta  8e  μετά  τοντο  τεσσαρβσκαώζκάζδρα,  ών 
το  μ€ν  πρώτον  περιεχ^εται  τριγώνοις  η  και  τ€τρα- 
γώνοις  Γ,  το  δε  SevTepov  τετραγώνοις  Γ  και  e^a- 
γώνοις  η,  το  δε  τρίτον  τριγώνοις  η  και  όκταγώνοις  f. 

Μετά  δε  ταΰτα  iKKaieiKoadeBpd  ioTiv  8ύο,  ών 
το  μ€ν  πρώτον  περιέχεται  τριγώνοις  η  και  τετρα- 
γώνοις  ϊη,  το  δε  Βευτερον  τετραγώνοις  ιβ,  ε^α- 
γώνοις  η  και  όκταγώνοις  Γ. 

Μετά  δε  ταΰτα  ^υοκαιτριακοντάε^ρά  εστίν  τρία, 
ών  το  μεν  πρώτον  περιέχεται  τριγώνοις  κ  και 
πενταγώνοις  φ,  το  δε  δεύτερον  πενταγώνοις  ιβ 
καΐ  εζαγώνοΐζ  κ,  το  δε  τρίτον  τριγώνοΐζ  κ  και 
Βεκαγώνοις  ιβ. 

Μετά  δε  ταΰτα  εν  εστίν  όκτωκαιτριακοντάε^ρον 
περιεχόμενον  ύπο  τριγώνων  λβ  και  τετραγώνων  Γ. 

Μετά  δε  τοΰτο  8νοκαιεζηκοντάε8ρά  εστί  8υο, 
ών  το  μεν  πρώτον  περιέχεται  τριγώνοις  κ  και 
τετραγώνοις  λ  και  πενταγώνοις  ιβ,  το  δε  δεύτερον 
τετραγώνοις  Λ  και  εζαγώνοις  κ  και  Βεκαγώνοις  ιβ. 

Μετά  δε  ταΰτα  τελευταΐόν  εστί»*  Βυοκαιενενη- 
κοντάε^ρον,  ο  περιέχεται  τριγώνοις  π  καΐ  πεντά- 
γωνο ις  ιβ. 

"  For  the  purposes  of  η.  6,  the  thirteen  polyhedra  will  be 
designated  as  Pj,  P^  .  .  .  Ρ^^. 

"  Kepler,  in  his  Harmonice  mundi  {Opera,  1864,  v.  123- 
126),  appears  to  have  been  the  first  to  examine  these  figures 
systenaatically,  though  a  method  of  obtaining  some  is  given 
in  a  scholium  to  the  Vatican  ms.  of  Pappus.  If  a  solid  angle 
of  a  regular  solid  be  cut  by  a  plane  so  that  the  same  length 
is  cut  off  from  each  of  the  edges  meeting  at  the  solid  angle, 
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The  first  is  a  figure  of  eight  bases,  being  contained 
by  four  triangles  and  four  hexagons  [Pi]." 

After  this  come  three  figures  of  fourteen  bases,  the 
first  contained  by  eight  triangles  and  six  squares  [i*2]> 
the  second  by  six  squares  and  eight  hexagons  [P3], 
and  the  third  by  eight  triangles  and  six  octagons 

After  these  come  two  figures  of  twenty-six  bases, 
the  first  contained  by  eight  triangles  and  eighteen 
squares  [P^],  the  second  by  twelve  squares,  eight 
hexagons  and  six  octagons  [Pg]. 

After  these  come  three  figures  of  thirty-two  bases, 
the  first  contained  by  twenty  triangles  and  twelve 
pentagons  [P•,],  the  second  by  twelve  pentagons  and 
twenty  hexagons  [Pg]'  ^^^  ^^^  third  by  twenty 
triangles  and  twelve  decagons  [P9]. 

After  these  comes  one  figure  of  thirty-eight  bases, 
being  contained  by  thirty-two  triangles  and  six 
squares  [Pio]• 

After  this  come  two  figures  of  sixty-two  bases, 
the  first  contained  by  twenty  triangles,  thirty  squares 
and  twelve  pentagons  [Ρ^],  the  second  by  thirty 
squares,  twenty  hexagons  and  twelve  decagons  [PujJ. 

After  these  there  comes  lastly  a  figure  of  ninety- 
two  bases,  which  is  contained  by  eighty  triangles 
and  twelve  pentagons  [P13].* 

the  section  is  a  regular  polygon  which  is  a  triangle,  square  or 
pentagon  according  as  the  solid  angle  is  composed  of  three, 
four  or  five  plane  angles.  If  certain  equal  lengths  be  cut  off 
in  this  way  from  all  the  solid  angles,  regular  polygons  will 
also  be  left  in  the  faces  of  the  solid.  This  happens  (i) 
obviously  when  the  cutting  planes  bisect  the  edges  of  the 
solid,  and  (ii)  when  the  cutting  planes  cut  off  a  smaller  length 
from  each  edge  in  such  a  way  that  a  regular  polygon  is 
left  in  each  face  with  double  the  number  of  sides.  This 
method  gives  (1)  from  the  tetrahedron,  P^;    (2)  from  the 
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(g)  System  of  expressing  Large  Numbers 

Archim.  Aren.  3,  Archim.  ed.  Heiberg  ii.  236.  17-240.  1 

A  /X€V  ovv  νττοτίθ^μαι,  ταΰτα*  χρησιμον  Bk 
€Ϊμ€ν  ύπολαμβάνω  τάν  κατονόμαξιν  των  αριθμών 
ρηθημΐν,  δπως  καΐ  των  άλλων  οι  τω  βιβλίω  μη 
π€ρίΤ€Τ€νχοτ€ς  τω  ποτΐ  Ζεν^ιττττον  γζγραμμ^νω 
μη  ττλανώνται  δια  το  μηΒεν  et/xev  vnep  αύτας  iv 
τωΒζ  τω  βιβλίω  ττρο^ιρημένον.  συμβαίνει  8η  τα 
ονόματα  των  αριθμών  e?  το  μβν  των  μυρίων 
νπάρχ€ΐν  άμΐν  παρα8ε8ομ€να,  και  νπβρ  το  τών 
μυρίων  [/xev]^  άττοχρ^όντως  γιγνώσκομζς  μυριάδων 
αριθμόν  Χ4γοντ€ς  ecrre  ττοτΐ  τάς  μυρίας  μυριάδας. 
€στων  οΰν  άμΐν  οι  μβν  νυν  €ΐρημ€νοι  αριθμοί  is  τάς 
μυρίας  μυριάΒας  πρώτοι  καλούμενοι,  τών  Be  πρώ- 
των αριθμών  at  μύριαι  μυριάΒ^ς  μονάς  καλζίσθω 
Β^υτβρων  αριθμών,  και  άριθμείσθων  τών  Β€υτ4ρων 
μοναΒες  και  €Κ  τάν  μονάΒων  ΒεκάΒες  και  €κα- 
τοντάΒΐς  και  χιλιάΒ^ς  και  μυριάΒες  eV  τα?  μυρίας 
μυριάΒας.  πάλιν  Be  και  at  μύριαι  μυριάΒες  τών 
Β€υτ€ρων  αριθμών  μονάς  καλείσθω  τρίτων  αριθμών, 
και  άριθμείσθων  τών  τρίτων  αριθμών  μονάΒες  καΐ 
άπο  τάν  μονάΒων  ΒεκάΒες  και  ίκατοντάΒες  καΐ 
χιλιάΒες  και  μυριάΒες  €ς  τάς  μυρίας  μυριάΒας. 
τον  αντον  Bk  τρόπον  και  τών  τρίτων  αριθμών 
μύριαι  μυριάΒες  μονάς  καλβίσθω  τετάρτων  αριθμών, 
^  μ€ν  om.  Heiberg. 

cube,  Pg  and  P^ ;  (3)  from  the  octahedron,  Pj  and  P, ;  (4) 
from  the  icosahedron,  P^  and  Pg ;  (5)  from  the  dodecahedron, 
P,  and  Pg.     It  was  probably  the  method  used  by  Plato. 

Four  more  of  the  semi-regular  solids  are  obtained  by  first 
cutting  all  the  edges  symmetrically  and  equally  by  planes 
parallel  to  the  edges,  and  then  cutting  off  angles.     This 
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(g)  System  of  expressing  Large  Numbers 

Archimedes,  Sand-Reckoner  3,  Archim.  ed. 
Heiberg  ii.  236.  17-240.  1 

Such  are  then  the  assumptions  I  make ;  but  I 
think  it  would  be  useful  to  explain  the  naming  of 
the  numbers,  in  order  that,  as  in  other  matters, 
those  who  have  not  come  across  the  book  sent  to 
Zeuxippus  may  not  find  themselves  in  difficulty 
through  the  fact  that  there  had  been  no  preliminary 
discussion  of  it  in  this  book.  Now  we  already  have 
names  for  the  numbers  up  to  a  myriad  [10*],  and 
beyond  a  myriad  we  can  count  in  myriads  up  to  a 
myriad  myriads  [10^].  Therefore,  let  the  aforesaid 
numbers  up  to  a  myriad  myriads  be  called  numbers 
of  the  first  order  [numbers  from  1  to  10^],  and  let  a 
myriad  myriads  of  numbers  of  the  first  order  be  called 
a  unit  of  numbers  of  the  second  order  [numbers  from 
10^  to  10^®],  and  let  units  of  the  numbers  of  the  second 
order  be  enumerable,  and  out  of  the  units  let  there 
be  formed  tens  and  hundreds  and  thousands  and 
myriads  up  to  a  myriad  myriads.  Again,  let  a  myriad 
myriads  of  numbers  of  the  second  order  be  called  a 
unit  of  numbers  of  the  third  order  [numbers  from  10^^ 
to  10^*],  and  let  units  of  numbers  of  the  third  order 
be  enumerable,  and  from  the  units  let  there  be  formed 
tens  and  hundreds  and  thousands  and  myriads  up 
to  a  myriad  myriads.  In  the  same  manner,  let  a 
myriad  myriads  of  numbers  of  the  third  order  be 

gives  (1)  from  the  cube,  Pg  and  P, ;  (2)  from  the  icosahedron, 
Pi\ ;  (3)  from  the  dodecahedron,  Pij. 

The  two  remaining  solids  are  more  difficult  to  obtain  ; 
Pjo  is  the  snub  cube  in  which  each  soHd  angle  is  formed  by 
the  angles  of  four  equilateral  triangles  and  one  square; 
Pi8  is  the  snub  dodecahedron  in  which  each  solid  angle  is 
formed  by  the  angles  of  four  equilateral  triangles  and  one 
regular  pentagon.  2  00 
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καΐ  al  των  τετάρτων  αριθμών  μυριαι  μνριάΒες 
μονάς  καλεισθω  ττεμτττων  αριθμών,  καΐ  act  οϋτως 
7τροαγοντ€5  οι  αριθμοί  τά  ονόματα  €χόντων  is  τάς 
μνριακισμυριοστών  αριθμών  μυρίας  μυριάδας. 

Κττοχρέοντι  μ€ν  ονν  και  €7τι  τοσούτον  οΐ  αριθμοί 
γιγνωσκομ€νοι,  e^eoTi  8e  και  εττι  ττλβον  ττροάγ^ιν. 
€στων  γαρ  οι  μέν  νυν  €ΐρ'ημ€νοι  αριθμοί  ττρώτας 
irepioSov  καλούμενοι,  6  δε  έσχατο?  αριθμός  τας 
ττρώτας  nepioSov  μονάς  καλείσθω  8€ντ€ρας  nepi- 
όδου  -πρώτων  αριθμών,  πάλιν  δε  και  αΐ  μυριαι 
μυριάΖζς  τας  δευτέρα?  π€ριόΒου  πρώτων  αριθμών 
μονάς  καλ^ίσθω  τας  Ζίυτέρας  π€ριό8ον  Βζυτίρων 
αριθμών,  ομοίως  δε  και  τούτων  6  έσχατο?  μονάς 
καλείσθω  δευτέρα?  π€ριόΒου  τρίτων  αριθμών,  και 
αει  οι>τα>?  οι  αριθμοί  προάγοντας  τά  ονόματα 
εχόντων  τα?  δειπ-ερα?  περιόδου  ε?  τά?  μυριακισ- 
μυριοστών  αριθμών  μυρίας  μυριάΒας. 

Πάλιν  δε  Λται  ό  έσχατο?  αριθμός  τας  δευτέρα? 
ττεριόδου  μονάς  καλαίσθω  τρίτα?  ττεριόδου  πρώτων 
αριθμών,  και  άει  οϋτως  προαγόντων  ε?  τά?  μυρια- 
κισμυριοστας  περιόδου  μυριακισμυριοστών  αριθμών 
μυρίας  μνριάΖας, 


•  Expressed  in  full,  the  last  number  would  be  1  followed 
by  80,000  million  millions  of  ciphers.  Archimedes  uses  this 
system  to  show  that  it  is  more  than  sufficient  to  express  the 
number  of  grains  of  sand  which  it  would  take  to  fill  the 
universe,  basing  his  argument  on  estimates  by  astronomers 
of  the  sizes  and  distances  of  the  sun  and  moon  and  their 
relation  to  the  size  of  the  universe  and  allowing  a  wide  margin 
for  safety.  Assuming  that  a  poppy-head  (for  so  μ-ήκων  is  here 
to  be  understood,  not "  poppy-seed,"  v.  D'Arcy  W.  Thompson, 
The  Classical  Review,  Ivi.  (1942),  p.  75)  would  contain  not 
more  than  10,000  grains  of  sand,  and  that  its  diameter  is 
not  less  than  a  finger's  breadth,  and  having  proved  that  the 
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called  a  unit  of  numbers  of  the  fourth  order  [numbers 
from  10^*  to  10^2],  and  let  a  myriad  myriads  of 
numbers  of  the  fourth  order  be  called  a  unit  of 
numbers  of  the  fifth  order  [numbers  from  10^^  to  lO***], 
and  let  the  process  continue  in  this  way  until  the 
designations  reach  a  myriad  myriads  taken  a  myriad 
myriad  times  [lO^  •  i*^  ]. 

It  is  sufficient  to  know  the  numbers  up  to  this  point, 
but  we  may  go  beyond  it.  For  let  the  numbers  now 
mentioned  be  called  numbers  of  the  first  period  [1  to 
108  .  10  J  ^  and  let  the  last  number  of  the  first  period  be 
called  a  unit  of  numbers  of  the  first  order  of  the  second 
period  [lO»  •  i»'  to  \(fi  ■  lo' .  10»].  And  again,  let  a 
myriad  myriads  of  numbers  of  the  first  order  of  the 
second  period  be  called  a  unit  of  numbers  of  the  second 
order  of  the  second  period  [lO»  •  l"^  10»  to  10»  •  io\  IQie]. 
Similarly  let  the  last  of  these  numbers  be  called  a 
unit  of  numbers  of  the  third  order  of  the  second  period 
[l08  •  10'  .  1016  to  108  .  io8  ^  1024]^  and  let  the  process 
continue  in  this  way  until  the  designations  of  numbers 
in  the  second  period  reach  a  myriad  myriads  taken  a 
myriad  myriad  times  [lO»  •  lo® .  10^  •  i»*,  or  (lO»  •  i»®)^. 

Again,  let  the  last  number  of  the  second  period 
be  called  a  unit  of  numbers  of  the  first  order  of  the 
third  period  [(lO^  •  i»')"  to  (lO^  •  ^^y  .  \(f\,  and  let  the 
process  continue  in  this  way  up  to  a  myriad  myriad 
units  of  numbers  of  the  myriad  myriadth  order  of  the 

myriad  myriadth  period  [(lO^  •  i•'  )      or  10^  •  ι°^Π.<* 

sphere  of  the  fixed  stars  is  less  than  10'  times  the  sphere  in 
which  the  sun's  orbit  is  a  great  circle,  Archimedes  shows  that 
the  number  of  praias  of  sand  which  would  fill  the  universe  is 
less  than  "  10,000,000  units  of  the  eighth  order  of  numbers," 
or  10**.  The  work  contains  several  references  important  for 
the  history  of  astronomy. 
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(h)  Indeterminate  Analysis  :  The  Cattle 
Problem 

Archim.  (?)  Prob.  Bov.,  Archim.  ed.  Heiberg 
ii.  528.  1-532.  9 

ΪΙρόβλημα 

OTTep  Αρχιμήδης  iv  έττιγράμμασιν  evpwv  τοΐς  iv 
'AXe^avSpeia  πβρί  ταύτα  ττραγματζνομβνοις  ζητ€Ϊν 
αττέστζίλ^ν  iv  rfj  ττρος  *Έ>ρατοσθ€νην  τον  Κ.νρη~ 
ναΐον  €7ηστολ-η. 

ΤΙληθύν  'HeAtoto  βοών,  ώ  ζ€Ϊν€,  μ4τρησον 

φροντίΒ*  έτηστιησας,  et  μ€τ4χ€ίς  σοφίης, 
ποσστ)  dp*  iv  TrehiOLs  TitKeXrjs  ττοτ*  4βόσκ€'το  νήσου 

θρινακίης  τβτραχ'η  στίφζα  Βασσαμ^νη 
XpoiTjv  άλλάσσοντα'  το  μ€ν  XevKolo  γάλακτος» 

Kvavico  δ'  €Τ€ρον  χρώματι  λαμπόμ€νον, 
άλλο  γ€  μεν  ζανθόν,  το  8e  ποικίλον.     iv  Se  ίκάστω 

στίφζΐ  €σαν  ταύροι  πληθ^σι  βριθόμενοι 
σνμμετρίης  ToirjaSe  Τ€Τ€νχότ€ς'  άργότρίχας  μεν 

κνανεων  ταύρων  ημίσβί  rjSe  τρίτω 
καϊ  ζανθοΐς  συμπασιν  Ισους,  ω  ζεΐνε,  νόησαν, 

αύτάρ  κυανάους  τω  τετράτω  τ€  μέρει 
μικτοχρόων  καΐ  ττεμπτω,  ert  ζανθοΐσί  τ€  ττασιν. 

τους  δ*  υπολειπόμενους  ποικιλόχρωτας  άθρει 
άργεννών  ταύρων  εκτω  μέρει  εβΒομάτω  τ€ 

και  ζανθοις  αυτούς  ττασιν  Ισαζομενους. 
^r^Aetaiat  δε  βουσι  τάδ'  έπλετο'  λευκότριχες  μεν 

ήσαν  συμπάσης  κυανεης  αγέλης 
τω  τριτάτω  τε  μέρει  και  τετράτω  άτρεκες  Γσαι• 

αύτάρ  κυάνεαι  τω  τετράτω  τε  πάλιν 
μικτοχρόων  και  πεμπτω  όμοΰ  μέρει  ίσάζοντο 

σύν  ταύροις  ττάσαι?  εις  νομόν  έρχομεναις. 
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(A)  Indeterminate  Analysis  :  The  Cattle 
Problem 

Archimedes  (?),  Cattle  Problem^'*  Archim.  ed.  Heiberg 
ii.  528.  1-532.  9 

A  Problem 

which  Archimedes  solved  in  epigrams,  and  which  he 
communicated  to  students  of  such  matters  at  Alex- 
andria in  a  letter  to  Eratosthenes  of  Cyrene. 

If  thou  art  diligent  and  wise,  Ο  stranger,  compute 
the  number  of  cattle  of  the  Sun,  who  once  upon  a  time 
grazed  on  the  fields  of  the  Thrinacian  isle  of  Sicily, 
divided  into  four  herds  of  different  colours,  one  milk 
white,  another  a  glossy  black,  the  third  yellow  and 
the  last  dappled.  In  each  herd  were  bulls,  mighty 
in  number  according  to  these  proportions  :  Under- 
stand, stranger,  that  the  white  bulls  were  equal  to  a 
half  and  a  third  of  the  black  together  with  the  whole 
of  the  yellow,  while  the  black  were  equal  to  the  fourth 
part  of  the  dappled  and  a  fifth,  together  with,  once 
more,  the  whole  of  the  yellow.  Observe  further  that 
the  remaining  bulls,  the  dappled,  were  equal  to  a 
sixth  part  of  the  white  and  a  seventh,  together  with 
all  the  yellow.  These  were  the  proportions  of  the 
cows  :  The  white  were  precisely  equal  to  the  third 
part  and  a  fourth  of  the  whole  herd  of  the  black  ; 
while  the  black  were  equal  to  the  fourth  part  once 
more  of  the  dappled  and  with  it  a  fifth  part,  when 
all,  including  the  bulls,  went  to  pasture  together.  Now 

"  It  is  unlikely  that  the  epigram  itself,  first  edited  by 
G.  E.  Lessing  in  1773,  is  the  work  of  Archimedes,  but  there 
is  ample  evidence  from  antiquity  that  he  studied  the  actual 
problem.  The  most  important  papers  bearing  on  the  subject 
have  already  been  mentioned  (vol.  i.  p.  16  n.  c),  and  further 
references  to  the  literature  are  given  by  Heiberg  ad  loc. 
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ξανθοτρίχων  δ'  άγβλη^  ττε/Ατττω  /xe/aet  rjBe  καΐ  €κτφ 

τΓοικίλαί  ίσάριθμον  πλήθος  €χον  ΎζΎραχτ}. 
ζανθαΐ  δ'  ηριθμ€νντο  μέρους  τρίτου  ημίσ€ΐ  ισαι 

άργζννής  άγβλης  εβΒομάτω  Τ€  μέρ^ι. 
ζ€Ϊν€,  συ  δ',  ΉελιΌιο  βΟ€ς  πόσαί,  άτρ€Κ€ς  ειπών, 

χωρίς  μβν  ταύρων  ζατρεφίων  αριθμόν, 
χωρίς  δ'  αΰ,  θηλααί  όσαι  κατά  χροιάν  εκασται, 

ουκ  αώρίς  κε  λίγοι    ουδ'  αριθμών  άδατ^?, 
ου  μην  πώ  ye  σοφοΐς  εναρίθμιος.     αλλ    ι^ι  φραζεν 

και  τάδε  πάντα  βοών  ΉελιΌιο  πάθη. 
άργότριχες  ταύροι  μεν  CTret  μιζαίατο  πληθυν 

κυαν4οις,  ϊσταντ    εμπε^ον  ισόμετροι 
€ΐς  βάθος  εις  εΰρός  τε,  τα  δ'  αυ  περιμηκεα  πάντη 

πίμπλαντο  πλήθους^  Θρινακίης  πε^ία. 
ζανθοί  δ'  αυτ    εις  εν  και  ποικίλοι  άθροισθεντες 

ϊσταντ'  άμβολάΒην  εζ  ενός  αρχόμενοι 
σχήμα  τελειοϋντες  το  τρικράσπεΒον  ούτε  προσόντων 

άλλοχρόων  ταύρων  οΰτ*  επιλειπομενων . 
ταΰτα  συνεζευρών  και  ενί  πραπίΒεσσιν  αθροισας 

και  πληθεων  άποΒους,  ζεΐνε,  τα  πάντα  μέτρα 
ερχεο  κυ^ιόων  νικηφόρος  ΐσθι  τε  τταντω? 

κεκριμενος  ταύτη  γ*  ομττνιος  εν  σοφιγι» 

*  ττλήθους  Krumbiegel,  ηλίνθου  cod. 


•  i.e.  a  fifth  and  a  sixth  both  of  the  males  and  of  the  females. 

*  At  a  first  glance  this  would  appear  to  mean  that  the  sum 
of  the  number  of  white  and  black  bulls  is  a  square,  but  this 
makes  the  solution  of  the  problem  intolerably  difficult.  There 
is,  however,  an  easier  interpretation.  If  the  bulls  are  packed 
together  so  as  to  form  a  square  figure,  their  number  need  not 
be  a  square,  since  each  bull  is  longer  than  it  is  broad.  The 
simplified  condition  is  that  the  sum  of  the  number  of  white 
and  black  bulls  shall  be  a  rectangle. 
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the  dappled  in  four  parts  "  were  equal  in  number  to  a 
fifth  part  and  a  sixth  of  the  yellow  herd.  Finally  the 
yellow  were  in  number  equal  to  a  sixth  part  and  a 
seventh  of  the  white  herd.  If  thou  canst  accurately 
tell,  Ο  stranger, the  number  of  cattle  of  the  Sun, giving 
separately  the  number  of  well-fed  bulls  and  again 
the  number  of  females  according  to  each  colour,  thou 
wouldst  not  be  called  unskilled  or  ignorant  of  num- 
bers, but  not  yet  shalt  thou  be  numbered  among  the 
wise.  But  come,  understand  also  all  these  conditions 
regarding  the  cows  of  the  Sun.  When  the  white 
bulls  mingled  their  number  with  the  black,  they  stood 
firm,  equal  in  depth  and  breadth,*  and  the  plains  of 
Thrinacia,  stretching  far  in  all  ways,  were  filled  with 
their  multitude.  Again,  when  the  yellow  and  the 
dappled  bulls  were  gathered  into  one  herd  they  stood 
in  such  a  manner  that  their  number,  beginning  from 
one,  grew  slowly  greater  till  it  completed  a  triangular 
figure,  there  being  no  bulls  of  other  colours  in  their 
midst  nor  none  of  them  lacking.  If  thou  art  able, 
Ο  stranger,  to  find  out  all  these  things  and  gather 
them  together  in  your  mind,  giving  all  the  relations, 
thou  shalt  depart  crowned  with  glory  and  knowing 
that  thou  hast  been  adjudged  perfect  in  this  species 
of  wisdom.** 

•  If 

Xt  X  are  the  numbers  of  \vhite  bulls  and  cows  respectively, 
YtV        ..         „         „       black  „  „  „ 

■^.  2         Μ         „         „       yellow  „  „  „ 

W,  w       „        „        „       dappled        „  „  „ 

the  first  part  of  the  epigram  states  that 

(o)  X^{h  +  i)Y+Z  .       .       .       .     (1) 

Y={i+i)W+Z         ....     (2) 
W={i  +  })X  +  Z         ....     (3) 
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(ΐ)  Mechanics  :  Centres  of  Gravity 

(i.)  Postulates 

Archim.  De  Plan.  Aequil.,  DeflF.,  Architn.  ed. 
Heiberg  ii.  124.  3-126.  3 

a'.  ΑΙτουμβθα  τά  ίσα  βάρ€α  από  ΐσων  μακέων 
Ισορροπ€Ϊν,  τά  δε  ΐσα  βάρβα  από  των  άνισων 
μακ€ων  μη  ίσορροπβΐν,  άλλα  ρ4πζΐν  €πΙ  τό  βάρος 
τό  από  του  μείζονος  μάκρος. 

(b)  a;  =  a  +  i)(r  +  y)        ....     (4) 

y=(i  +  0(  ""+«>)     ....    (5) 

w  =  {l+\){Z+z)         ....     (6) 
«  =  (i  +  0(^  +  a;)        ....     (7) 
The  second  part  of  the  epigram  states  that 

X+Y=&  rectangular  number         .       .     (8) 
Ζ  +  TF= a  triangular  number    .        .        .     (9) 

This  was  solved  by  J.  F.  Wurm,  and  the  solution  is  given  by 
A.  Amthor,  Zeitschrift  fur  Math.  u.  Physik,  {IJisf.-litt. 
Ahtheihmg),  xxv.  (1880),  pp.  153-171,  and  by  Heath,  The 
Works  of  Archimedes t  pp.  319-326.  For  reasons  of  space, 
only  the  results  can  be  noted  here. 

Equations  (1)  to  (7)  give  the  following  as  the  values  of 
the  unknowns  in  terms  of  an  unknoAvn  integer  η  ; 

X  =  10366482η  a;  =  7206360» 

r=   7460514»  y  =  4893246» 

Z=  4149387»  2  =  5439213» 

W=  7358060»  w=3515820n. 

We  have  now  to  find  a  value  of  «  such  that  equation  (9) 

is  also  satisfied — equation  (8)  will  then  be  simultaneously 

satisfied.     Equation  (9)  means  that 

wheie  ρ  is  some  positive  integer,  or 


(4149387  +  7358060)n  =  '  -ξ     * 
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(»)  Mechanics  :  Centres  of  Gravity 

(i.)  Postulates 

Archimedes,  On  Plane  Equilibriums,"  Definitions, 
Archim.  ed.  Heiberg  ii.  124.  3-126.  3 

1.  I  postulate  that  equal  weights  at  equal  distances 
balance,  and  equal  weights  at  unequal  distances  do 
not  balance,  but  incline  towards  the  weight  which  is 
at  the  greater  distance. 

p(p  +  \) 
«.«.  2471 .  4637n=       g      • 

This  is  found  to  be  satisfied  by 

*  =3» .  4349, 
and  the  final  solution  is 

X=  1217263415886  «  =  846192410280 

Y=   876035935422  y  =  574579625058 

Z=  487233469701  2  =  638688708099 

PF=  864005479380  w =412838131860 

and  the  total  is  5916837175686. 

If  equation  (8)  is  taken  to  be  that  Χ+Υ=&  square  number, 
the  solution  is  much  more  arduous  ;  Amthor  found  that  in 
this  case, 

ίΓ=1598  <206541>, 

where  (206541)  means  that  there  are  206541  more  digits  to 
follow,  and  the  whole  number  of  cattle  =  7766  (206541). 
Merely  to  write  out  the  eight  numbers,  Amthor  calculates, 
would  require  a  volume  of  660  pages,  so  we  may  reasonably 
doubt  whether  the  problem  was  really  framed  in  this  more 
difficult  form,  or,  if  it  were,  whether  Archimedes  solved  it. 

"  This  is  the  earliest  surviving  treatise  on  mechanics ; 
it  presumably  had  predecessors,  but  we  may  doubt  whether 
mechanics  had  previously  been  developed  by  rigorous  geo- 
metrical principles  from  a  small  number  of  assumptions. 
References  to  the  principle  of  the  lever  and  the  parallelogram 
of  velocities  in  the  Aristotelian  Mechanics  have  already  been 
given  (vol.  i.  pp.  430-433). 
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β\  €C  κα  βαρέων  Ισορροττζόντων  από  τίνων 
μακέων  ποτΐ  το  €Τ€ρον  των  βαρέων  ποτιτζθ^,  μη 
iaoppoTTetv,   άλλα   penecv   έπΙ   το   βάρος   εκείνο,   φ 

7ΤΟΤ€Τ€θη . 

γ'.  'Ομοίως  δε  καί,  el  κα  από  του  ίτίρου  των 
βαρέων  άφαφζθτ}  tl,  μη  Ισορροπεΐν,  άλλα  ρέπειν 
€771  το  βάρος,  αφ*  οΰ  ουκ  άφηρέθη. 

δ'.  Των  ϊσων  καΐ  όμοιων  σχημάτων  εττιττεδων 
εφαρμοζομένων  έπ*  αλλαλα  και  τά  κέντρα  των 
βαρέων  εφαρμόζει  έ-π    αλλαλα. 

ε' .  Ύών  δε  άνισων,  όμοιων  8έ,  τά  κέντρα  των 
βαρέων  ομοίως  εσσεΐται  κείμενα.  ομοίως  Βε 
λέγομες  aaju-eta  κέεσθαι  ττοτΐ  τά  όμοια  σχήματα, 
άφ*  ων  έπΙ  τάς  ΐσας  γωνίας  άγόμεναι  εύθεΐαι 
ττοιέοντι  γωνίας  ΐσας  ττοτΐ  τάς  ομολόγους  πλευράς. 

S"' .  Ει  κα  μεγέθεα  άπό  τίνων  μακέων  Ισορρο- 
ττέωντι,  καΐ  τά  Ισα  αύτοΐς  άττό  των  αυτών  μακέων 
Ισορροπήσει. 

ζ'.  ΙΙαντός  σχήματος,  ου  κα  ά  περίμετρος  €πΙ 
τά  αυτά  κοίλα  ■Tj,  το  κέντρον  του  βάρεος  εντός  εΐμεν 
Βεΐ  του  σχήματος. 

(ϋ.)  Principle  of  the  Lever 

Ibid.,  Props.  6  et  7,  Archim.  ed.  Heiberg  ii.  132.  13-138.  8 

Γ' 

Τά  σύμμετρα  μεγέθεα  Ισορροπέοντι  άπό  μακέων 
άντιπεπονθότως  τον  αυτόν  λόγον  εχόντων  τοις 
βάρεσιν. 

"Εστω  σύμμετρα  μεγέθεα  τά  Α,  Β,  ων  κέντρα 
τά  Α,  Β,  και  μακος  έστω  τι  το  ΕΔ,  καΐ  έστω,  ως 
τό  Α  ποτί  τό  Β,  οΰτως  το  Δ  Γ  μάκος  ποτ  ι  το  ΓΕ 
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2.  If  weights  at  certain  distances  balance,  and 
something  is  added  to  one  of  the  weights,  they  will 
not  remain  in  equihbrium,  but  will  incline  towards 
that  weight  to  which  the  addition  was  made. 

3.  Similarly,  if  anything  be  taken  away  from  one 
of  the  weights,  they  will  not  remain  in  equilibrium, 
but  will  incline  towards  the  weight  from  which 
nothing  was  subtracted. 

4.  When  equal  and  similar  plane  figures  are  ap- 
plied one  to  the  other,  their  centres  of  gravity  also 
coincide. 

5.  In  unequal  but  similar  figures,  the  centres  of 
gravity  will  be  similarly  situated.  By  points  similarly 
situated  in  relation  to  similar  figures,  I  mean  points 
such  that,  if  straight  lines  be  drawn  from  them  to 
the  equal  angles,  they  make  equal  angles  with  the 
corresponding  sides. 

6.  If  magnitudes  at  certain  distances  balance, 
magnitudes  equal  to  them  will  also  balance  at  the 
same  distances. 

7.  In  any  figure  whose  perimeter  is  concave  in  the 
same  direction,  the  centre  of  gravity  must  be  within 
the  figure. 

(ii.)  Principle  of  the  Lever 

Ibid.,  Props.  6  and  7,  Archim.  ed.  Heiberg 
ii.  132.  13-138.  8 

Prop.  6 

Commensurable  magnitudes  balance  at  distances  re- 
ciprocally proportional  to  their  weights. 

Let  A,  Β  be  commensurable  magnitudes  with 
centres  [of  gravity]  A,  B,  and  let  ΕΔ  be  any  distance, 

and  let  Α:Β  =  ΔΓ:ΓΕ; 
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μακος•  δεικτεον,  οτι  τον  i^  αμφοτέρων  των  Α,  Β 
συγκειμένου  μεγεθεος  κεντρον  ΙστΙ  του  βάρβος 
το  Γ. 

Έττει  γάρ  εστίν,  ώς  το  Α  ττοτΐ  το  Β,  ούτως  το 
ΔΓ  ττοτΐ  το  ΓΕ,  το  δε  Α  τω  Β  σύμμετρον,  καΐ 
το  ΓΔ  αρα  τω  ΓΕ  συμμετρον,  τουτέστιν  ευθεία 
τα  ευθεία•  ώστε  των  ΕΓ,  ΓΔ  εστί  κοινον  μετρον. 
έστω  δτ)  το  Ν,  καΐ  κείσΟω  τα  μεν  ΕΓ  ισα  εκατερα 
ταν  ΔΗ,  ΔΚ,  τα  δε  ΔΓ  ίσα  ά  ΕΑ.      /cat  εττει  ΐσα 


Ε 


α  ΔΗ  τα  ΓΕ,  ΐσα  καΐ  ά  ΔΓ  τα  ΕΗ•  ώστε  καΐ  ά 
ΛΕ  Ϊσα  τα  ΕΗ.  διττλασια  αρα  ά  μεν  Α  Η  τα? 
Δ  Γ,  ά.  δε  Η  Κ  τα?  ΓΕ•  ώστε  το  Ν  και  εκατεραν 
ταν  ΑΗ,  ΗΚ  μετρεΐ,  επειΒηπερ  καΐ  τα  ημίσεα 
αυταν,  και  εττει  εστίν,  ώς  το  Α  ποτι  το  Β,  οϋτως 
α  ΔΓ  ποτΙ  ΓΕ,  ώς  δε  ά  ΔΓ  ποτι  ΓΕ,  οϋτως  ά 
ΛΗ  TTOTt  ΗΚ — διττλασια  γάρ  εκατερα  εκατερας 
— και  ώς  αρα  το  Α  ττοτΐ  το  Β,  οϋτως  ά  ΛΗ  ποτΙ 
ΗΚ.  όσαπλασιων  δε  εστίν  ά  ΛΗ  τα?  Ν,  τοσαυ- 
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it  is  required  to  prove  that  the  centre  of  gravity  of 
the  magnitude  composed  of  both  A,  Β  is  Γ. 

Since  Α:Β  =  ΔΓ:ΓΕ, 

and  A  is  commensurate  with  B,  therefore  ΓΔ  is  com- 
mensurate with  ΓΕ,  that  is,  a  straight  line  with  a 
straight  line  [Eucl.  x.  11]  ;  so  that  ΕΓ,  ΓΔ  have  a 
common  measure.  Let  it  be  N,  and  let  AH,  ΔΚ  be 
each  equal  to  ΕΓ,  and  let  ΕΛ  be  equal  to  ΔΓ.  Then 
since  ΔΗ  =  ΓΕ,  it  follows  that  ΔΓ  =  ΕΗ;  so  that 
AEE  =  H.  Therefore  AH  =  2ΔΓ  and  ΗΚ  =  2ΓΕ;  so 
that  Ν  measures  both  AH  and  HK,  since  it  measures 
their  halves  [Eucl.  x.  12].     And  since 

Α:Β  =  ΔΓ:ΓΕ, 

while  ΔΓ  :  ΓΕ  =  AH  :  HK— . 

for  each  is  double  of  the  other — 

therefore  A  :  Β  =  AH  :  HK. 

Now  let  Ζ  be  the  same  part  of  A  as  Ν  is  of  AH  ; 
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ταπλασίων  έστω  καΙ  το  Α  τοϋ  Ζ•  'icrnv  άρα,  ώς 
ά  ΛΗ  ττοτΐ  Ν,  οϋτωζ  το  Α  ποτΐ  Ζ.  βστί  δε  και, 
ώς  ά  ΚΗ  ττοτΐ  ΛΗ,  ούτω?  το  Β  ττοτι  Α•  δι'  Ισου 
άρα  eoTLV,  ώς  ά  ΚΗ  ττοτι  Ν,  όντως  το  Β  ττοτι  Ζ* 
ίσάκις  άρα  πολλαπλασίων  €στΙν  ά  ΚΗ  τας  Ν  και 
το  β  του  Ζ.  βδΐίχθη  δε  του  Ζ  και  το  Α  ττολλα- 
πλάσιον  iov  ώστε  το  Ζ  των  Α,  Β  κοινόν  εστί 
μίτρον.  Βίαιρβθβίσας  οΰν  τας  μεν  Λ  Η  ει?  τά$•  τα 
Ν  ί'σα?,  τοί5  δε  Α  ει?  τα  τω  Ζ  ισα,  τα  εν  τα  Λ  Η 
τμάματα  Ισομ€γ4θ€α  τα  Ν  ί'σα  εσσεΓται  τω  πληθζΐ 
τοις  iv  τω  Α  τμαμάτ€σσιν  ίσοι?  €θΰσιν  τω  Ζ. 
ώστε,  αν  ε0'  €καστον  των  τμαμάτων  των  εν  τα 
Λ  Η  ετΓίτε^^  μ€γ€θος  ίσον  τω  Ζ  το  κίντρον  του 
βάρ€ος  €χον  εττι  μέσου  του  τμάματος,  τά  τε  τταντα 
μ^γέθεα  ισα  εντι  τω  Α,  και  του  ε'κ  πάντων  συγκει- 
μένου κίντρον  εσσεΓται  το£ί  βάρβος  το  Ε*  άρτια 
τε  yap  εστί  τά  τταντα  τω  ττλτ^^ει,  και  τά  ε^  εκατερα 
τοί?  Ε  ισα  τω  ττλτ^^ει  διά  το  ί'σαν  ζΐμεν  τάν  Λ  Ε 
τα  HE.  ' 

'Ομοίως  δε  δειχ0•)7<^εται,  οτι  καν,  ει  κα  ε0 
εκαστον  των  εν  τα  ΚΗ  τμαμάτων  έπιτίθ-η  μέγεθος 
Ίσον  τω  Ζ  κέντρον  του  βάρεος  έχον  εττι  του  μέσου 
του  τμάματος,  τά  τε  τταντα  μεγέθεα  ισα  εσσεΓται 
τω  Β,  και  του  εκ  πάντων  συγκειμένου  κέντρον  του 
βάρεος  έσσεΐται  το  Δ*  εσσεΓται  οΰν  το  μεν  Α  ε'ττι- 
κείμενον  κατά  το  Ε,  το  δε  Β  κατά  το  Δ.  έσσεΐται 
Βη  μεγέθεα  ισα  άλλάλοι?  εττ'  ευθείας  κείμενα,  ων 
τά  κέντρα  του  βάρεος  ίσα  άττ*  άλλάλων  διεστακεν, 
[συγκείμενα^  άρτια  τω  πληθει•  SrjXov  ούν,  οτι  τοϋ 
εκ  πάντων  συγκειμένου  μεγέθεος  κέντρον  εστί  τοϋ 
βάρεος  ά  δινοτο/χια  τα?  ευθείας  τα?  έχουσας  τα 
κέντρα  των  μέσων  μεγεοεων.  εττει  ο  ισαι  εντι 
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then  AH  :  Ν  =  A  :  Ζ.  [Eucl.  v.,  Def.  5 

And  KH  :  ΛΗ  =  Β  :  A  ;       [Eucl.  v.  7,  coroll. 

therefore,  ex  aequo, 

KH:N  =  B:Z;  [Eucl.  v.  22 

therefore  Ζ  is  the  same  part  of  Β  as  Im  is  of  KH.  Now 
A  was  proved  to  be  a  multiple  of  Ζ  ;  therefore  Ζ  is 
a  common  measure  of  A,  B.  Therefore,  if  AH  is 
divided  into  segments  equal  to  Ν  and  A  into  seg- 
ments equal  to  Z,  the  segments  in  AH  equal  in  magni- 
tude to  Ν  will  be  equal  in  number  to  the  segments  of 
A  equal  to  Z.  It  follows  that,  if  there  be  placed  on 
each  of  the  segments  in  AH  a  magnitude  equal  to  Z, 
having  its  centre  of  gravity  at  the  middle  of  the 
segment,  the  sum  of  the  magnitudes  will  be  equal 
to  A,  and  the  centre  of  gravity  of  the  figure  com- 
pounded of  them  all  will  be  Ε  ;  for  they  are  even  in 
number,  and  the  numbers  on  either  side  of  Ε  will  be 
equal  because  AE  =  HE.     [Prop.  5,  coroll.  2.] 

Similarly  it  may  be  proved  that,  if  a  magnitude 
equal  to  Ζ  be  placed  on  each  of  the  segments  [equal 
to  N]  in  KH,  having  its  centre  of  gravity  at  the  middle 
of  the  segment,  the  sum  of  the  magnitudes  will  be 
equal  to  B,  and  the  centre  of  gravity  of  the  figure 
compounded  of  them  all  will  be  Δ  [Prop.  5,  coroll.  2], 
Therefore  A  may  be  regarded  as  placed  at  E,  and  Β 
at  Δ.  But  they  will  be  a  set  of  magnitudes  lying  on  a 
straight  line,  equal  one  to  another,  with  their  centres 
of  gravity  at  equal  intervals,  and  even  in  number  ; 
it  is  therefore  clear  that  the  centre  of  gravity  of  the 
magnitude  compounded  of  them  all  is  the  point  of 
bisection  of  the  line  containing  the  centres  [of  gravity] 
of  the  middle  magnitudes  [from  Prop.  5,  coroll.  2]. 

*  συγκΐίμΐνα  om.  Heiberg. 
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ά  μ€ν  ΛΕ  τα  ΓΔ,  ά  δέ  ΕΓ  τα  ΔΚ,  και  δλα  αρα 
ά  ΛΓ  ίσα  τα  ΓΚ•  ώστ€  τον  €κ  πάντων  /xeye^eo? 
Kevrpov  του  βάρ€ος  το  Γ  σαμβΐον.  του  μίν  αρα 
Α  καμένου  κατά  το  Ε,  του  δε  Β  κατά  το  Δ, 
ίσορροπησοΰντι  κατά  το  Γ, 

Γ 

Και  τοίνυν,  ei  κα  ασύμμετρα  €ωντι  τα  //.eye^ea, 
ομοίως  ίσορροπησοΰντι  άπο  μακέων  άντιπ^πονθό- 
τως  τον  αύτον  λόγον  εχόντων  τοις  μεγέθεσίν. 

"Εστω  ασύμμετρα  μεγεθεα  τά  ΑΒ,  Γ,  μάκεα 
hk  τά  ΔΕ  J  ΕΖ,  εχετω  δε  το  ΑΒ  ποτΐ  το  Γ  τον 
αυτόν  λόγον,  δν  καΐ  το  ΕΔ  ποτΐ  το  ΈιΤι  μακος' 
λέγω,  δτι  του  εζ  αμφοτέρων  των  ΑΒ,  Γ  κεντρον 
του  βάρεός  εστί  το  Ε. 

Ει  γάρ  μη  Ισορροπήσει  το  ΑΒ  τεθεν  επΙ  τω  Ζ 
τω  Γ  τεθεντι  επί  τω  Δ,  ήτοι  μείζον  εστί  το  ΑΒ 


Β 

Α 

του  1  τ^  ωστ€  ισορροπειν  \τω  ι  \  η  ου.  έστω 
μείζον,  και  άφηρησθω  άπο  του  ΑΒ  έλασσον  τα? 
ύπεροχας,  ά  μείζον  εστί  το  ΑΒ  του  Γ  η  ώστε 
ισορροπεΐν,  ώστε  [το]'  λοιπόν  το  Α  συμμετρον 
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And  since  ΛΕ  =  ΓΔ  and  ΕΓ  =  ΔΚ,  therefore  ΛΓ  =  ΓΚ ; 
so  that  the  centre  of  gravity  of  the  magnitude  com- 
pounded of  them  all  is  the  point  Γ.  Therefore  if  A  is 
placed  at  Ε  and  Β  at  Δ,  they  will  balance  about  Γ, 

Prop.  7 

And  now,  if  the  magnitudes  be  incommensurable,  they 
will  likewise  balance  at  distances  reciprocally  proportional 
to  the  magnitudes. 

Let  (A  +  B),  Γ  be  incommensurable  magnitudes,** 
and  let  ΔΕ,  EZ  be  distances,  and  let 

(Α  +  Β):Γ  =  ΕΔ:ΕΖ; 

I  say  that  the  centre  of  gravity  of  the  magnitude 
composed  of  both  (A  +  B),  Γ  is  E. 

For  if  (A  +  B)  placed  at  Ζ  do  not  balance  Γ  placed 
at  Δ,  either  (A  +  B)  is  too  much  greater  than  Γ  to 
balance  or  less.  Let  it  [first]  be  too  much  greater, 
and  let  there  be  subtracted  from  (A  +  B)  a  magnitude 
less  than  the  excess  by  which  (A  +  B)  is  too  much 
greater  than  Γ  to  balance,  so  that  the  remainder  A  is 

"  As  becomes  clear  later  in  the  proof,  the  first  magnitude 
is  regarded  as  made  up  of  two  parts — A,  which  is  commen- 
surate with  Γ  and  B,  which  is  not  commensurate  ;  if  (A  +  B) 
is  too  big  for  equilibrium  with  Γ,  then  Β  is  so  chosen  that, 
when  it  is  taken  away,  the  remainder  A  is  still  too  big  for 
equilibrium  with  Γ.  Similarly  if  (A  +  B)  is  too  small  for 
equilibrium. 

*  τφ  Γ  om.  Eutocius. 
•  TO  om.  Eutocius. 
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€Ϊμ€ν  τω  Γ.  67761  ονν  σύμμετρα  iari  τά  Α,  Γ 
μ€γ€θ€α,  καΐ  ελάσσονα  Χόγον  €χ€ί  το  Α  ποτΐ  το 
Τ  η  ά  ΔΕ  ποτΐ  ΕΖ,  ουκ  Ισορροττησοΰντι  τά  Α,  Γ 
άττό  των  ΔΕ,  ΕΖ  μακίων,  τεθέντος  του  μ^ν  Α 
€7τΙ  τω  Ζ,  του  δε  Γ  em  τω  Δ.  Sta  ταύτα  δ',  οϋδ' 
61  το  Γ  μ€Ϊζόν  ioTLV  η  ώστ€  ίσορροπ€Ϊν  τω  ΑΒ. 

(iii.)  Centre  of  Gravity  of  a  Parallelogram 
Ibid.,  Props.  9  et  10,  Archim.  ed.  Heiberg  ii.  140.  16-144.  4 

ΤΙαντος  τταραλληλογράμμου  το  κέντρον  του 
βάρζός  ioTtv  eVt  τα?  eu^eta?  τα?  ζττίζξυγνυουσα^ 
τάζ  8ιχοτομίας  τον  κατ*  εναντίον  του  παραλλη- 
λογράμμου ττλβυραν. 

Έστα»  τταραλληλόγραμμον  το  ΑΒΓΔ,  em  δε 
τάν  Βιχοτομίαν  ταν  ΑΒ,  ΓΔ  α  ΕΖ•  φαμί  h-q,  οτί 
του  ΑΒΓΔ  παραλληλογράμμου  το  κέντρον  του 
βάρβος  6σσ6Γται  βπΐ  τα?  ΕΖ. 

Μη  yo-p,  αλλ',  61  δυνατοί',  βστω  το  Θ,  /cat  άχθω 
τταρά  τάν  ΑΒ  ά  ΘΙ.  τα?  [δε]^  δι^  ΕΒ  διχοτόμου- 
μίνας  aiei  εσσείται  ποκα  α  καταλ^ίττομένα  ίλάσσων 

*  Se  cm.  Heiberg. 


"  The  proof  is  incomplete  and  obscure ;    it  may  be  thus 
completea. 
Since  Α:Γ<ΔΕ:ΕΖ, 

Δ  will  be  depressed,  which  is  impossible,  since  there  has  been 
taken  away  from  (A  +  B)  a  magnitude  less  than  the  deduo- 
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commensurate  with  Γ.  Then,  since  A,  Γ  are  com- 
mensurable magnitudes,  and 

A  :  Γ  <ΔΕ  :  EZ, 

A,  Γ  will  not  balance  at  the  distances  ΔΕ,  EZ,  A  being 
placed  at  Ζ  and  Γ  at  Δ.  By  the  same  reasoning,  they 
will  not  do  so  if  Γ  is  greater  than  the  magnitude 
necessary  to  balance  (A  +  B).*• 

(iii.)  Centre  of  Gravity  of  a  Parallelogram  * 

Ibid.,  Props.  9  and  10,  Archim.  ed.  Heiberg 
11.  140.  16-144.  4 

Prop.  9 

The  centre  of  gravity  of  any  paraHehgram  is  on  the 
straight  line  joining  the  points  of  bisection  of  opposite 
sides  of  the  parallelogram. 

Let  ΑΒΓΑ  be  a  parallelogram,  and  let  EZ  be  the 
straight  Une  joining  the  mid-points  of  AB,  ΓΔ  ;  then 
I  say  that  the  centre  of  gravity  of  the  parallelogram 
ΑΒΓΔ  will  be  on  EZ. 

For  if  it  be  not,  let  it,  if  possible,  be  Θ,  and  let  ΘΙ  be 
drawn  parallel  to  AB.  Now  if  EB  be  bisected,  and 
the  half  be  bisected,  and  so  on  continually,  there  will 
be  left  some  Une  less  than  ΙΘ ;  [let  EK  be  less  than 

tion  necessary  to  produce  equilibrium,  so  that  Ζ  remains 
depressed.  Therefore  (A  +  B)  is  not  greater  than  the  magni- 
tude necessary  to  produce  equilibrium  ;  in  the  same  way  it 
can  be  proved  not  to  be  less  ;  therefore  it  is  equal. 

*  The  centres  of  gravity  of  a  triangle  and  a  trapezium  are 
also  found  by  Archimedes  in  the  first  book  ;  the  second  book 
Is  wholly  devoted  to  finding  the  centres  of  gravity  of  a  para- 
bolic segment  and  of  a  portion  of  it  cut  off  by  a  parallel 
to  the  base. 
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τα?  ΙΘ•   και   8ΐΎ}ρήσθω   e/carepa  ταν  ΑΕ,   ΕΒ   els 

τα?  τα  ΕΚ  ισα?,  καν  άπο  των  κατά.  τα?  διαιρβσια? 

Α Ε      κ•  Β 


σαμζίων  άχθωσαν  παρά  τάν  ΕΖ•  διαιρε^τ^σεται  δ•;^ 
το  δλον  τταραλληλόγραμμον  els  παραλληλόγραμμα 
τα  ισα  καΐ  όμοΐα  τω  ΚΖ.  των  ονν  παραλληλο- 
γράμμων των  ίσων  καΐ  ομοίων  τω  ΚΖ  ίφαρμοζο- 
μevωv  eπ  αλλαλα  και  τά  κέντρα  του  βάρ€θ5  αυτών 
€π  αλλαλα  πeσoΰvτaί.  Ισσοϋνται  Βη  /xeye^ea  τίνα, 
παραλληλόγραμμα  ισα  τω  ΚΖ,  άρτια  τω  πλήθeί, 
και  τα  κέντρα  του  βάρ€θ5  αυτών  εττ'  €i)^eia? 
κeίμeva,  και  τά  jueaa  ισα,  /cai  πάντα  τά  έφ* 
CKOTepa  των  μέσων  αυτά  τβ  ισα  έντί  και  αί  /χετα^ύ 
των  κέντρων  eu^eiat  ισαι*  του  e/c  πάντων  αυτών 
άρα  συγκeιμέvoυ  μeγέθeos  το  κέντρον  eooeiTai 
του  βάpeos  έπΙ  τα?  ei5^€ia?  τα?  eπιζeυγvυoυσas  τά 
κέντρα  του  βάpeos  τών  μέσων  χωρίων,  ουκ  έστι 
Βέ'  το  γάρ  Θ  cktOs  έστι  τών  μέσων  παραλληλο- 
γράμμων, φανερόν  οΰν,  οτι  έπι  τα?  ΕΖ  edOeias 
το  κέντρον  έστι  του  βάpeos  του  ΑΒΓΔ  παραλληλο- 
γράμμου. 


Παντο?     παραλληλογράμμου     το     κέντρον     του 
βάpeόs  έστι  το  σaμeΐov,  καθ*  ο  αί  Βιαμέτροι  συμ- 
ττίπτοντι. 
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Ιθ,]  and  let  each  of  AE,  EB  be  divided  into  parts 
equal  to  EK,  and  from  the  points  of  division  let 
straight  lines  be  drawn  parallel  to  EZ  ;  then  the 
whole  parallelogram  will  be  divided  into  parallelo- 
grams equal  and  similar  to  KZ.  Therefore,  if  these 
parallelograms  equal  and  similar  to  KZ  be  applied  to 
each  other,  their  centres  of  gravity  will  also  coincide 
[Post.  4].  Thus  there  will  be  a  set  of  magnitudes, 
being  parallelograms  equal  to  KZ,  which  are  even  in 
number  and  whose  centres  of  gravity  lie  on  a  straight 
line,  and  the  middle  magnitudes  will  be  equal,  and 
the  magnitudes  on  either  side  of  the  middle  magni- 
tudes will  also  be  equal,  and  the  straight  lines  between 
their  centres  [of  gravity]  will  be  equal ;  therefore  the 
centre  of  gravity  of  the  magnitude  compounded  of 
them  all  will  be  on  the  straight  line  joining  the  centres 
of  gravity  of  the  middle  areas  [Prop.  5,  coroll.  2]. 
But  it  is  not ;  for  θ  lies  without  the  middle  parallelo- 
grams. It  is  therefore  manifest  that  the  centre  of 
gravity  of  the  parallelogram  ΑΒΓΔ  will  be  on  the 
straight  line  EZ. 

Prop.  10 

The  centre  of  gravity  of  any  parallelogram  is  the  point 
in  which  the  diagonals  meet. 
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"Εστω    παραΧληλόγραμμον    το    ΑΒΓΔ     και    iv 
αντω  ά  ΕΖ  8ίχα  τέμνουσα  τας  ΑΒ,  ΓΔ,  ά  δε  ΚΛ 


® 

τα?  ΑΓ,  ΒΔ•  εστίν  hrj  τον  ΑΒΓΔ  παραλληλο- 
γράμμου το  κ€.ντρον  του  βάρδος  cVt  τα?  ΕΖ• 
δεδεικται  yap  τούτο,  δια  ταύτα  δε  καΐ  εττι  τα? 
ΚΛ•  το  Θ  αρα  σαμβΐον  κίντρον  του  βάρδος,  κατά 
δε  το  Θ  at  δια/χετροι  του  παραλληλογράμμου 
συμπίπτοντι•  ώστε  δε'δεικται  το  προτ^θ^ν. 

(J)  Mechanical  Method  in  Geometry 

Archim.  Meth.,  Praef.,  Archim.  ed.  Heiberg 
ii.  426.  3-430.  22 

*Αρχίμη8ης  Έρατοσ^ε'νει  ευ  πράττ^ιν  .  .  . 
Όρων    δε     σε,    καθάπερ    λέγω,    σπουΒαΐον    και 
φιλοσοφίας  προεστώτα  ά^ιολόγως  και  την  iv  τοις 

•  According  to  Heath  {Η.Ο.Μ.  ii.  21),  Wallis  has  observed 
that  Archimedes  might  seem,  "as  it  were  of  set  purpose  to 
have  covered  up  the  traces  of  his  investigation,  as  if  he  had 
grudged  posterity  the  secret  of  his  method  of  inquiry,  while 
he  wishea  to  extort  from  them  assent  to  his  results."  A 
comparison  of  the  Method  with  other  treatises  now  reveals  to 
us  how  Archimedes  found  the  areas  and  volumes  of  certain 
figures.  His  method  was  to  balance  elements  of  the  figure 
against  elements  of  another  figure  whose  mensuration  was 
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For  let  ΑΒΓΔ  be  a  parallelogram,  and  in  it  let  EZ 
bisect  AB,  ΓΔ  and  let  ΚΛ  bisect  ΑΓ,  ΒΔ  ;  now  the 
centre  of  gravity  of  the  parallelogram  ΑΒΓΔ  is  on 
EZ — for  this  has  been  proved.  By  the  same  reason- 
ing it  lies  on  ΚΛ  ;  therefore  the  point  θ  is  the  centre 
of  gravity.  And  the  diagonals  of  the  parallelogram 
meet  at  θ  ;  so  that  the  proposition  has  been  proved. 

(J)  Mechanical  Method  in  Geometry" 

Archimedes,  The  Method,^  Preface,  Archim.  ed.  Heiberg 
ii.  426.  3-430.  22 

Archimedes  to  Eratosthenes  "  greeting  .  .  . 
Moreover,  seeing  in  you,  as  I  say,  a  zealous  student 
and  a  man  of  considerable  eminence  in  philosophy, 

known.  This  gave  him  the  result,  and  then  he  proved  it 
by  rigorous  geometrical  methods  based  on  the  principle  of 
reductio  ad  absurdum. 

The  case  of  the  parabola  is  particularly  instructive.  In 
the  Method,  Prop.  1,  Archimedes  conceives  a  segment  of  a 
parabola  as  made  up  of  straight  lines,  and  by  his  mechanical 
method  he  proves  that  the  segment  is  four-thirds  of  the 
triangle  having  the  same  base  and  equal  height.  In  his  Quad- 
rature of  a  Parabola,  Prop.  14,  he  conceives  the  parabola  as 
made  up  of  a  large  number  of  trapezia,  and  by  mechanical 
methods  again  reaches  the  same  result.  This  is  more  satis- 
factory, but  still  not  completely  rigorous,  so  in  Prop.  24  he 
proves  the  theorem  without  any  help  from  mechanics  by 
reductio  ad  absurdum. 

"  The  Method  had  to  be  classed  among  the  lost  works  of 
Archimedes  until  1906,  when  it  was  discovered  at  Con- 
stantinople by  Heiberg  in  the  ms.  which  he  has  termed  C. 
Unfortunately  the  ms.  is  often  difficult  to  decipher,  and 
students  of  the  text  should  consult  Heiberg's  edition.  More- 
over, the  diagrams  have  to  be  supplied  as  they  are  un- 
decipherable in  the  ms. 

'  For  Eratosthenes,  v.  infra,  pp.  260-273  and  vol.  i.  pp. 
100-103,  256-261,  and  290-299. 
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ΐιαθημασίν  κατά  το  ύποπΐπτον  θ^ωρίαν  τ€τιμηκότα 
(.δοκίμασα  γράφαι  σοι  καΐ  els  το  αυτό  βφλίον 
βζορίσαι  τρόπου  τίνος  Ιδιότητα,  καθ*  δν  σοι 
παρ€χόμ€νον  εσται  Χαμβάν€ΐν  άφορμάς  €ΐς  το 
δυνασ^αι  τίνα  των  iv  τοις  ^α^τ^^ίΐασι  θβωρεΐν  δια 
των  μηχανικών.  τοΰτο  Be  ττεττβισ/ααι  χρήσιμον 
elvai  ούδβν  ί^σσον  και  €ΐς  την  άττόΒ^ιζιν  αυτών  των 
θεωρημάτων.  και  γάρ  τίνα  τών  πρότ€ρον  μοι 
φανίντων  μηχανικώς  ύστερον  γ€ωμ€τρικώς  άττ- 
ξδείχθη  δια  το  χωρίς  αττοδείζζως  elvai  την  δια 
τούτου  του  τρόπου  θεωρίαν  €τοιμότ€ρον  γάρ  €στι 
προλαβόντα  8ιά  του  τρόπου  γνώσιν  τίνα  τών 
ζητημάτων  πορίσασθαι  την  άπό^ζίζιν  μάλλον  η 
μηδενός  εγνωσμένου  ζητεΐν.  .  .  .  γράφομεν  οΰν 
πρώτον  το  και  πρώτον  φανεν  δια  τών  μηχανικών, 
ΟΤΙ  παν  τμήμα  ορθογωνίου  κώνου  τομής  επίτριτόν 
εστίν  τριγώνου  τοΰ  βάσιν  έχοντος  την  αντην  και 
ϋφος  ίσον. 

Ibid.,  Prop.  1,  Archim.  ed.  Heiberg  ii.  434.  14-438.  21 

"Eo'TCO  τμήμα  το  ΑΒΓ  περιεχόμενον  υπό  ευθείας 
της  Α  Γ  και  ορθογωνίου  κώνου  τομής  της  ΑΒΓ, 
και  τ€τ/χησ^ω  8ίχα  η  ΑΓ  τω  Δ,  και  παρά  την 
Βιάμετρον  ηχθω  ή  ΔΒΕ,  και  επεζεύχθωσαν  αΐ 
ΑΒ,ΒΓ.  ^ 

Αεγω,  δτι  επίτριτόν  εστίν  το  ΑΒΓ  τμήμα  τοΰ 
ΑΒΓ  τριγώνου. 

"ΐίχθωσαν  από  τών  Α,  Γ  σημείων  η  μεν  ΑΖ 
παρά  την  ΔΒΕ,  η  δε  ΓΖ  επιφανουσα  της  τομής, 
και  εκβεβλησθω  η  ΓΒ  επι  τό  Κ,  και  κείσθω  Tjj 
ΓΚ  ίση  η  ΚΘ.  νοείσθω  ζχτγός  6  ΓΘ  και  μέσον 
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who  gives  due  honour  to  mathematical  inquiries 
when  they  arise,  I  have  thought  fit  to  write  out  for 
you  and  explain  in  detail  in  the  same  book  the 
pecuUarity  of  a  certain  method,  with  which  furnished 
you  will  be  able  to  make  a  beginning  in  the  investiga- 
tion by  mechanics  of  some  of  the  problems  in  mathe- 
matics. I  am  persuaded  that  this  method  is  no  less 
useful  even  for  the  proof  of  the  theorems  themselves. 
For  some  things  first  became  clear  to  me  by 
mechanics,  though  they  had  later  to  be  proved  geo- 
metrically owing  to  the  fact  that  investigation  by  this 
method  does  not  amount  to  actual  proof ;  but  it  is, 
of  course,  easier  to  provide  the  proof  when  some 
knowledge  of  the  things  sought  has  been  acquired  by 
this  method  rather  than  to  seek  it  with  no  prior 
knowledge.  ...  At  the  outset  therefore  I  will  write 
out  the  very  first  theorem  that  became  clear  to  me 
through  mechanics,  that  any  segment  of  a  section  of 
a  right-angled  cone  is  four-thirds  of  the  triangle  having 
the  same  base  and  equal  height. 

Ibid.,  Prop.  1,  Archim.  ed.  Heiberg  11.  434.  14-438.  91 

Let  ΑΒΓ  be  a  segment  bounded  by  the  straight 
line  ΑΓ  and  the  section  ΑΒΓ  of  a  right-angled  cone, 
and  let  A  Γ  be  bisected  at  Δ,  and  let  ΔΒΕ  be  drawn 
parallel  to  the  axis,  and  let  AB,  ΒΓ  be  joined. 

I  say  that  the  segment  ΑΒΓ  is  four-thirds  of  the 
triangle  ΑΒΓ. 

From  the  points  A,  Γ  let  AZ  be  drawn  parallel  to 
ΔΒΕ,  and  let  ΓΖ  be  drawn  to  touch  the  section, 
and  let  ΓΒ  be  produced  to  K,  and  let  ΚΘ  be  placed 
equal  to  ΓΚ.     Let  ΓΘ  be  imagined  to  be  a  balance 
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avrov  TO   Κ   καΐ    rfj    ΕΔ    παράλληλος  τυχούσα  η 
ΜΞ. 
'ΕτΓβι  οΰν  τταραβολή  iartv  ή  ΓΒΑ,  καΐ  εφάπτεται 


η  ΓΖ,  και  τεταγμβνως  η  ΓΔ,  Ιση  iarlv  η  ΕΒ  τη 
ΒΔ•  τοΰτο  γαρ  iv  τοΐς  στοιχβίοΐζ  ^ΐίκννται•  δια  817 
τοΰτο,  καΐ  SlOti  τταράλληλοί  eloLV  αϊ  ΖΑ,  ΜΞ  τη 
ΕΔ,  ίση  €στΙν  καΐ  ή  μεν  ΜΝ  τη  ΝΞ,  η  δε  ΖΚ  τ^ 
ΚΑ.  /cat  εττει  εστίν,  ώς  η  ΓΑ  προ?  ΑΞ,  οΰτως 
η  ΜΞ  π/οό?  ΞΟ  \τοΰτο  γαρ  iv  λημματι  δεικι/υται]/ 
ώ?  δε  tJ  γα  προς  ΑΞ,  οΰτω?  η  ΓΚ  ττρος  ΚΝ,  και 
ιστ;  εστίϊ'  ή  ΓΚ  τ^  ΚΘ,  ώ?  άρα  η  ΘΚ  ττρο?  ΚΝ, 
όντως  ή  ΜΞ  τγ/ϊο?  ΞΟ.  καΐ  εττει  το  Ν  σημεΐον 
κέντρον  του  βάρους  της  ΜΞ  ευθείας  Ιστίν,  εττειττερ 
ιστ;  εστίν  η  ΜΝ  τ^  ΝΞ,  εάν  αρα  τη  ΞΟ  icrryv  θώμεν 
την  ΤΗ  και  κεντρον  του  βάρους  αύτης  το  Θ,  όττω? 
ιστ7  τ^  17  ΤΘ  τί;  ΘΗ,  Ισορροπήσει  ή  ΤΘΗ  ττ;  ΜΞ 
αυτοί;  μενονση  δια  το  άντιττεττον^ότω?  τετμησθαι 
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with  mid-point  K,  and  let  ΜΞ  be  drawn  parallel 
to  ΕΔ. 

Then  since  ΓΒΑ  is  a  parabola,**  and  ΓΖ  touches  it, 
and  ΓΔ  is  a  semi-ordinate,  EB  =  ΒΔ — for  this  is  proved 
in  the  elements  *  ;  for  this  reason,  and  because  ZA, 
MH  are  parallel  to  ΕΔ,  MN  =  NH  and  ZK  =  KA  [Eucl. 
vi.  4,  V.  9]•     And  since 

ΓΑ  :  ΑΞ  =  ΜΞ  :  Ξ0,       [Quad,  parah.  5, 

Eucl.  V.  18 
and  ΓΑ  :  AS  =  ΓΚ  :  KN,    [Eucl.  vi.  2,  v.  18 

while  ΓΚ  =  ΚΘ, 

therefore  ΘΚ  :  KN  =  MS  :  SO. 

And  since  the  point  Ν  is  the  centre  of  gravity  of 
the  straight  line  MS,  inasmuch  as  MN  =  NS  [Lemma 
4],  if  we  place  TH  =  SO,  with  θ  for  its  centre  of 
gravity,  so  that  ΤΘ  =  ΘΗ  [Lemma  4],  then  ΤΘΗ  will 
balance  MS  in  its  present  position,  because  ΘΝ  is  cut 

*  Archimedes  would  have  said  "  section  of  a  right-angled 
cone    — ορθογωνίου  κώνου  τομά. 

'  The  reference  will  be  to  the  Elements  of  Conies  by  Euclid 
and  Aristaeus  for  which  v.  vol.  i,  pp.  486-491  and  infra, 
p.  280  n.  o;  cf.  similar  expressions  in  On  Conoids  and 
Spheroids,  Prop.  3  and  Quadrature  of  a  Parabola,  Prop.  3 ; 
the  theorem  is  Quadrature  of  a  Parabola,  Prop.  2. 

^  rovTo  .  .  .  8ΐίκνυται  om.  Heiberg.  It  is  probably  an 
interpolator's  reference  to  a  marginal  lemma. 
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την  ΘΝ  TOLS  ΤΗ,  ΜΞ  βάρζσιν,  καΐ  ως  την  ΘΚ 
ττρος  ΚΝ,  όντως  την  ΜΞ  ττρος  την  ΗΤ*  ώστε  του 
€^  άμφοτ€ρων  βάρους  κβντρον  εστίν  του  βάρους 
το  Κ.  ομοίως  δε  και,  οσαι  αν  άχθώσιν  ev  τω 
ΖΑΓ  τ  ριγώνω  τταράλληλοι  τη  ΕΔ,  Ισορροπησουσιν 
αύτοΰ  μενουσαί  ταΐς  άπολαμβανομεναις  άττ'  αυτών 
ύπο  της  τομής  μ€Τ€ν€χθ€ίσαις  €πΙ  το  Θ,  ωστ€ 
efvat  τοΰ  4ζ  αμφοτέρων  κίντρον  του  βάρους  το  Κ. 
και  βττζΐ  €Κ  μβν  των  iv  τω  ΓΖΑ  τριγώνω  το  ΓΖΑ 
τρίγωνον  συνζ,στηκβν ,  e/c  δε  των  ev  τη  τομή  ομοίως 
τί^  ΞΟ  λαμβανομένων  συνεστηκζ  το  ΑΒΓ  τμήμα, 
Ισορροπήσει  αρα  το  ΖΑΓ  τρίγωνον  αύτοΰ  μενον 
τώ  τμήματι  της  τομής  τεθεντι  ττερι  κεντρον  τοΰ 
βάρους  το  Θ  κατά.  το  Κ  ση  μείον,  ώστε  τοΰ  εζ 
αμφοτέρων  κεντρον  είναι  τοΰ  βάρους  το  Κ.  τε- 
τμήσθω  8ή  ή  ΓΚ  τω  Χ,  ώστε  τριπλασίαν  είναι 
την  ΓΚ  τη?  ΚΧ•  εσται  άρα  το  Χ  σημεΐον  κεντρον 
βάρους  τοΰ  ΑΖΓ  τριγώνου'  δε'δεικται  γαρ  εν  τοις 
*Ισορρο7Τΐκοΐς.  επει  οΰν  ίσόρροττον  το  ΖΑΓ  τρι- 
γωνον  αύτοΰ  μενον  τω  ΒΑΓ  τμήματι  κατά  το  Κ 
τεθεντι  ττερί  το  Θ  κεντρον  τοΰ  βάρους,  και  εστίν 
τοΰ  ΖΑΓ  τριγώνου  κεντρον  βάρους  το  Χ,  εστίν 
άρα,  ώς  το  ΑΖΓ  τρίγωνον  ττρος  το  ΑΒΓ  τμήμα 
κείμενον  ττερί  το  Θ  κεντρον,  ούτως  ή  ΘΚ  ττρος 
ΧΚ.  τριττλασία  8ε  εστίν  ή  ΘΚ  τη?  ΚΧ•  τρι- 
πλάσιον  άρα  και  το  ΑΖΓ  τρίγωνον  τοΰ  ΑΒΓ 
τμήματος,  εστί  δε  και  το  ΖΑΓ  τρίγωνον  τετραττΧα- 
σιον  τοΰ  ΑΒΓ  τριγώνου  δια  το  ΐσην  είναι  την  μεν 
ΖΚ  τή  ΚΑ,  την  δε  ΑΔ  τη  ΔΓ•  εττίτριτον  άρα  εστίν 
το  ΑΒΓ  τμήμα  τοΰ  ΑΒΓ  τριγώνου,  [τοΰτο  οΰν 
φανερόν  εστίν]/ 

^  τοΰτο  .  .  .  icrnv  om.  Heiberg. 
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in  the  inverse  proportion  of  the  weights  TH,  MH, 

and  ΘΚ:ΚΝ  =  ΜΗ:ΗΤ; 

therefore  the  centre  of  gravity  of  both  [TH,  MS] 
taken  together  is  K.  In  the  same  way,  as  often  as 
parallels  to  ΕΔ  are  drawn  in  the  triangle  ΖΑΓ, 
these  parallels,  remaining  in  the  same  position, 
will  balance  the  parts  cut  off  from  them  by  the 
section  and  transferred  to  Θ,  so  that  the  centre 
of  gravity  of  both  together  is  K.  And  since  the 
triangle  ΓΖΑ  is  composed  of  the  [straight  Unes 
drawn]  in  ΓΖΑ,  and  the  segment  ΑΒΓ  is  composed 
of  the  Unes  in  the  section  formed  in  the  same  way 
as  HO,  therefore  the  triangle  ΖΑΓ  in  its  present 
position  will  be  balanced  about  Κ  by  the  segment 
of  the  section  placed  with  θ  for  its  centre  of  gravity, 
so  that  the  centre  of  gravity  of  both  combined 
is  K.  Now  let  ΓΚ  be  cut  at  X  so  that  ΓΚ  =  3ΚΧ; 
then  the  point  X  will  be  the  centre  of  gravity  of  the 
triangle  ΑΖΓ  ;  for  this  has  been  proved  in  the  books 
On  Equilibriums.'*  Then  since  the  triangle  ΖΑΓ  in  its 
present  position  is  balanced  about  Κ  by  the  segment 
ΒΑΓ  placed  so  as  to  have  θ  for  its  centre  of  gravity, 
and  since  the  centre  of  gravity  of  the  triangle  ΖΑΓ  is 
X,  therefore  the  ratio  of  the  triangle  ΑΖΓ  to  the 
segment  ΑΒΓ  placed  about  θ  as  its  centre  [of  gravity] 
is  equal  to  ΘΚ  :  XK.     But  ΘΚ  =  3ΚΧ  ;  therefore 

triangle  ΑΖΓ-S  .  segment  ΑΒΓ. 

And  triangle  ΖΑΓ  =  4  .  triangle  ΑΒΓ, 

because       ZK  =  Κ  A  and  ΑΔ  =  ΔΓ  ; 

therefore          segment  ΑΒΓ  =  ^  triangle  ΑΒΓ, 

•  Of.  De  PL•n.  Equil.  1.  15. 
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*TouTO  Br)  δια  μ€ν  των  νυν  €ΐρημ4νων  ουκ  άποδε- 
SeiKTat,  €μφασιν  δε  τίνα  π€7τοίηκ€  το  συμττέρασμα 
αληθές  efvat•  διόττερ  ημείς  ορώντες  μεν  ουκ  άττοδε- 
Βΐίγμενον,  ύπονοονντες  δε  το  συμπέρασμα  αληθές 
€LvaL,  τάζομεν  την  γεωμετρουμενην  άπόΒειξιν  εξευ- 
ρόντες  αύτοΙ  την  εκΒοθεΐσαν  ττρότερον} 

Archim.  Quadr.  Parab.,  Praef.,  Archim.  ed.  Heiberg  ii. 
262.  2-266.  4 

*ΑρχίμηΒης  Αοσιθεω  ευ  ττράττειν. 

*  Ακουσας  Κόνωνα  μεν  τετελευτηκεναι,  ος  -^ν 
ονΒεν  εττιλείπων  άμΐν  εν  φιλία,  τίν  Βε  Κόνωνο? 
γνώριμον  γεγενησθαι  καΐ  γεωμετρίας  οίκεΐον  εΐμεν 
του  μεν  τετελευτηκότος  εΐνεκεν  ελυπήθημες  ώς 
και  φίλου  του  άνΒρος  γεναμενου  και  εν  τοις  μαθη- 
μάτεσσι  θαυμαστού  τίνος,  επροχεφιζάμεθα  Βε 
άποστεΐλαί  τοι  γράφαντες,  ώς  Κόνωνι  γράφειν 
εγνωκότες  ημες,  γεωμετρικών  θεωρημάτων,  ο 
ττρότερον  μεν  ουκ  ην  τεθεωρημενον,  νυν  Βε  ύφ* 
άμών  τεθεώρηται,  ττρότερον  μεν  δια  μηχανικών 
εύρεθεν,  εττειτα  δε  καΐ  δια  τών  γεωμετρικών  επι- 
Βειχθεν,  τών  μεν  οΰν  ττρότερον  ττερι  γεωμετρίαν 
ττραγματευθεντων  εττεχείρησάν  τίνες  γράφειν  ώς 
Βυνατον  εον  κύκλω  τώ  Βοθεντι  και  κύκλου  τμάματι 
τω  Βοθεντι  χωρίον  εύρεΐν  εύθυγραμμον  ίσον,  και 
μετά  ταΰτα  το   περιεχόμενον  χωρίον  υπό  τε  τα? 

*  τοΰτο  .  .  .  Trporepov.  In  the  MS.  the  whole  paragraph 
from  τούτο  to  ττρότερον  comes  at  the  beginning  of  Prop.  2 ; 
it  is  more  appropriate  at  the  end  of  Prop.  1. 
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This,  indeed,  has  not  been  actually  demonstrated  by 
the  arguments  now  used,  but  they  have  given  some 
indication  that  the  conclusion  is  true  ;  seeing,  there- 
fore, that  the  theorem  is  not  demonstrated,  but 
suspecting  that  the  conclusion  is  true,  we  shall  have 
recourse  "  to  the  geometrical  proof  which  I  myself 
discovered  and  have  already  published.'' 

Archimedes,  Qvxidrature  of  a  Parabola,  Preface,  Archim. 
ed.  Heiberg  ii.  262.  2-266.  4 

Archimedes  to  Dositheus  greeting. 

On  hearing  that  Conon,  who  fulfilled  in  the  highest 
degree  the  obligations  of  friendship,  was  dead,  but 
that  you  were  an  acquaintance  of  Conon  and  also 
versed  in  geometry,  while  I  grieved  for  the  death  of 
a  friend  and  an  excellent  mathematician,  I  set  myself 
the  task  of  communicating  to  you,  as  I  had  deter- 
mined to  communicate  to  Conon,  a  certain  geo- 
metrical theorem,  which  had  not  been  investigated 
before,  but  has  now  been  investigated  by  me,  and 
which  I  first  discovered  by  means  of  mechanics  and 
later  proved  by  means  of  geometry.  Now  some  of 
those  who  in  former  times  engaged  in  mathematics 
tried  to  find  a  rectilineal  area  equal  to  a  given  circle  " 
and  to  a  given  segment  of  a  circle,  and  afterwards 
they  tried  to  square  the  area  bounded  by  the  section 

■  I  have  followed  Heath's  rendering  of  τάξομΐν,  which 
seems  more  probable  than  Heiberg's  "  suo  loco  proponemus," 
though  it  is  a  difficult  meaning  to  extract  from  τάξομΐν. 

''  Presumably  Quadr.  Parab.  24,  the  second  of  the  proofs 
now  to  be  given.  The  theorem  has  not  been  demonstrated, 
of  course,  because  the  triangle  and  the  segment  may  not  be 
supposed  to  be  composed  of  straight  lines. 

*  This  seems  to  indicate  that  Archimedes  had  not  at  this 
time  written  his  own  book  On  the  Measurement  of  a  Circle. 
For  attempts  to  square  the  circle,  v.  vol.  i.  pp.  303-347. 
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δλου  του  κώνου  τομας  καΧ  edOelas  τετραγωνίζζίν 
€7Τ€ΐρώντο  λαμβάνοντας  ουκ  εύπαραχώρητα  Ary/x- 
/ιιατα,  διόττερ  αυτοί?  ύπο  των  ττλαίστων  ουκ  evpi- 
σκόμξ,να  ταύτα  καταγνώσθαν.  το  δε  ύττ*  αύθαίας 
Τ€  και  ορθογωνίου  κώνου  τομας  T/ta/na  ττεριεχό- 
μενον  ούΒάνα  των  ττροτέρων  έγχαιρ-ησαντα  τετρα- 
γωνίζαιν  βπιστάμεθα,  ο  8r)  νυν  ύφ*  άμών  αϋρηταί• 
δεικνυται  γό,ρ,  οτί  παν  τμαμα  π€ρΐ€χόμ€νον  ύπο 
βύθείας  καΐ  ορθογωνίου  κώνου  τομας  έπίτριτόν 
€στι  του  τριγώνου  του  βάσιν  έχοντος  τάν  αυτάν 
και  ΰφος  ίσον  τω  τμάματι  λαμβανομένου  τοΰδε 
τοϋ  λήμματος  ες  τάν  άπόΒειζιν  αύτοΰ•  των  άνίσων 
χωρίων  τάν  ύπεροχάν,  ά  υπερέχει  το  μείζον  τοϋ 
ελάσσονος,  δυνατόν  εΐμεν  αυτάν  εαυτ§.  συντιθε' 
μεναν  παντός  ύπερεχειν  του  προτεθεντος  πεπερα- 
σμένου χωρίου.  *  κεχρηνται  δε  και  οΐ  πρότερον 
γεωμετραι  τωδε  τω  λήμματί'  τους  τε  γάρ  κύκλους 
οιπλασίονα  λόγον  εχειν  ποτ*  άλλάλους  τάν  δια- 
μέτρων άποΒεΒείχασιν  αύτω  τούτω  τω  λημματι 
χρωμενοι,  και  τάς  σφαίρας  δτι  τριπλασίονα  λόγον 
εχοντι  ποτ*  άλλάλα?  τάν  Βιάμετρων,  ετι  δε  και 
ΟΤΙ  πάσα  πυραμίς  τρίτον  μέρος  εστί  τοϋ  πρίσματος 
του  τάν  αυτάν  βάσιν  έχοντος  τα  πυραμί8ι  και  ύφος 
ίσον  και  διότι  πάς  κώνος  τρίτον  μέρος  εστί  τοΰ 
κυλίνΒρου  τοΰ  τάν  αυτάν  βάσιν  έχοντος  τω  κώνω 
και  ΰφος  ΐσον,  όμοΐον  τω  προειρημενω  λημμά  τι 
λαμβάνοντες  εγραφον.  συμβαίνει  δε  των  προειρη- 
μένων  θεωρημάτων  εκαστον  μηδενός  τ^σσον  των 
άνευ  τούτου  τοϋ  λήμματος  άποΒεΒειγμενων  πεπι- 
στευκεναί'  αρκεί  δε  ες  τάν  ομοίαν  πίστιν  τούτοις 
άναγμενων  των  νφ*  άμών  εκΒιΒομενων.  άνα- 
γράφαντες  οΰν  αύτοΰ  τάς  άποΒείζιας  άποστελλομες 
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of  the  whole  cone  and  a  straight  Hne,"  assuming 
lemmas  far  from  obvious,  so  that  it  was  recognized  by 
most  people  that  the  problem  had  not  been  solved. 
But  I  do  not  know  that  any  of  my  predecessors  has 
attempted  to  square  the  area  bounded  by  a  straight 
line  and  a  section  of  a  right-angled  cone,  the  solution 
of  which  problem  I  have  now  discovered  ;  for  it  is 
shown  that  any  segment  hounded  by  a  straight  line  and 
a  section  of  a  right-angled  cone  is  four-thirds  of  the 
triangle  which  has  the  same  base  and  height  equal  to  the 
segment,  and  for  the  proof  this  lemma  is  assumed  : 
given  [two]  unequal  areas,  the  excess  by  which  the  greater 
exceeds  the  less  can,  by  being  added  to  itself,  be  made  to 
exceed  any  given  finite  area.  Earlier  geometers  have 
also  used  this  lemma  :  for,  by  using  this  same  lemma, 
they  proved  that  circles  are  to  one  another  in  the 
duplicate  ratio  of  their  diameters,  and  that  spheres 
are  to  one  another  in  the  triplicate  ratio  of  their 
diameters,  and  also  that  any  pyramid  is  a  third  part 
of  the  prism  having  the  same  base  as  the  pyramid  and 
equal  height  ;  and,  further,  by  assuming  a  lemma 
similar  to  that  aforesaid,  they  proved  that  any  cone 
is  a  third  part  of  the  cylinder  having  the  same  base 
as  the  cone  and  equal  height.^  In  the  event,  each 
of  the  aforesaid  theorems  has  been  accepted,  no  less 
than  those  proved  without  this  lemma  ;  and  it  will 
satisfy  me  if  the  theorems  now  published  by  me 
obtain  the  same  degree  of  acceptance.  I  have  there- 
fore written  out  the  proofs,  and  now  send  them,  first 

"  A  "  section  of  the  whole  cone  "  is  probably  a  section 
cutting  right  through  it,  i.e.,  an  ellipse,  but  the  expression  is 
odd. 

*  For  this  lemma,  v.  supra,  p.  46  n.  a. 
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Ίτρώτον  μ4ν,  <hs  δια  των  μηχανικών  €θ€ωρηθη, 
μ€τά  ταύτα  δε  και,  ώς  δια  των  γ^ω μετρουμένων 
άττοΒ^ίκνυται.  ττρογράφεται  hk  καΐ  στοιχεία  κω- 
νικά χρ€Ϊαν  έχοντα  is  τάς  άττόΒειξιν.     ερρωσο. 

Ibid.t  Prop.  U,  Archim.  ed.  Heiberg  ii.  284.  24-290.  17 

"Εστω  τμαμα  το  ΒΘΓ  ττεριεχόμενον  ύττο  ευθείας 
και   ορθογωνίου   κώνου   τομαζ.     έστω   hrj   πρώτον 
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ά  ΒΓ  ττοτ*  ορθάς  τα  Βιαμετρω,  καΐ  άχθω  άττο  μεν 
του  Β  σαμείου  ά  ΒΔ  πάρα  τάν  Βιάμετρον,  άπο  8έ 
του  Γ  ά  ΓΔ  επιφαυουσα  τα?  τοΰ  κώνου  τομας 
κατά  το  Γ•  εσσεΐται  δη  το  ΒΓΔ  τρίγωνον  όρθο- 
γώνιον.  8ΐΎ)ρησθω  Βη  ά  Β  Γ  ες  ΐσα  τμάματα 
όποσαοΰν  τα  BE,  ΕΖ,  ΖΗ,  HI,  ΙΓ,  και  άπο  ταν 
τομάν  άχθωσαν  παρά  τάν  Βιάμετρον  αϊ  ΕΣ,  ΖΤ, 
ΗΤ,  ΙΞ,  από  δε  τών  σαμείων,  καθ'  α  τεμνοντι 
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as  they  were  investigated  by  means  of  mechanics, 
and  also  as  they  may  be  proved  by  means  of  geometry. 
By  way  of  preface  are  included  the  elements  of  conies 
which  are  needed  in  the  demonstration.     Farewell. 

Ibid.,  Prop,  14,  Archim.  ed.  Heiberg  ii.  284.  24-290.  17 

Let  ΒΘΓ  be  a  segment  bounded  by  a  straight  line 
and  a  section  of  a  right-angled  cone.  First  let  ΒΓ 
be  at  right  angles  to  the  axis,  and  from  Β  let  ΒΔ 
be  drawn  parallel  to  the  axis,  and  from  Γ  let  ΓΔ  be 
drawn  touching  the  section  of  the  cone  at  Γ ;  then 
the  triangle  ΒΓΔ  will  be  right-angled  [Eucl.  i.  29]. 
Let  ΒΓ  be  divided  into  any  number  of  equal  seg- 
ments BE,  EZ,  ZH,  HI,  ΙΓ,  and  from  the  points  of 
section  let  ΕΣ,  ZT,  HY,  IS  be  drawn  parallel  to  the 
axis,  and  from  the  points  in  which  these  cut  the 
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αύται  rav  του  κώνου  τομάν,  ^ττζζζύγβωσαν  επί 
το  Γ  και  ςκβζβλησθωσαν.  φαμί  Βη  το  τρίγωνον 
το  ΒΔΓ  των  μ€ν  τραπεζίων  των  ΚΕ,  ΛΖ,  ΜΗ, 
ΝΙ  και  του  ΞΙ  Γ  τριγώνου  έλασσον  €Ϊμ€ν  η  τριττΧά- 
σιον,  των  δβ  τραπεζίων  των  ΖΦ,  Η  Θ,  Ι Π  και  του 
ΙΟ  Γ  τριγώνου  μέΙζόν  [eoTivf  η  τριπλάσιον. 

Διαχέω  γαρ  ευθεία  ά  ΑΒΓ,  και  άπολελάφθω  ά 
ΑΒ  ισα  τα  ΒΓ,  και  νοείσθω  ζυγιον  το  ΑΓ•  μέσον 
Be  αύτοΰ  εσσεΐται  το  Β•  και  κρεμάσθω  εκ  του  Β, 
κρεμασθω  Βε  και  το  ΒΔΓ  εκ  του  ζυγοΰ  κατά  τά 
Β,  Γ,  εκ  Be  του  θατερου  μερεος  του  ζυγοΰ  κρε- 
μάσθω τά  Ρ,  Χ,  Ψ,  Ω,  Δ  χωρία  κατά  το  Α,  και 
Ισορροπείτω  το  μεν  Ρ  χωρίον  τω  ΔΕ  τραπεζίω 
οΰτως  εχοντι,  το  Βε  Χ  τω  ΖΣ  τραπεζίω,  το  Βε  Ψ 
τω  ΤΗ,  το  Be  Ω  τω  ΤΙ,  το  8e  Δ  τω  ΞΙΓ  τριγώνω' 
Ισορροπήσει  Βη  και  το  ολοί'  τω  όλω•  ώστε  τρι- 
πλάσιον αν  εΐη  το  ΒΔΓ  τρίγωνον  του  ΡΧΨΩΔ 
χωρίου,  και  επεί  εστίν  τμα/Αα  το  ΒΓΘ,  ο  περιέχε- 
ται ύπο  τε  ευθείας  και  ορθογωνίου  κώνου  τομας, 
και  ατΓΟ  μεν  του  Β  παρά  τάν  Βιάμετρον  άκται  ά 
ΒΔ,  ατΓΟ  Βε  του  Γ  ά  ΓΔ  επιφαυουσα  τας  τοΰ 
κώνου  τομας  κατά  το  Τ,  άκται  Βε  τις  και  άλλα 
πάρα  ταν  Βιάμετρον  ά  ΣΕ,  τον  αύτον  έχει  λόγον 
ά  ΒΓ  ΤΓΟτι  τάν  ΒΕ,  ον  ά  ΣΕ  ττοτι  τάν  ΕΦ•  ώστ€ 
και  ά  ΒΑ  ττοτι  τάν  ΒΕ  τον  αύτον  έχει  λόγον,  ον 
το  ΔΕ  τραπέζιον  ποτι  το  ΚΕ.  ομοίως  Βε  Βειχθή- 
σεται  α  ΑΒ  ττοτι  τάν  ΒΖ  τον  αυτόν  έχουσα  λόγον, 
ον  το  ΣΖ  τραπέζιον  ποτι  το  ΑΖ,  ττοτι  Βε  τάν  ΒΗ, 
δν  το  ΤΗ  ττοτι  το  ΜΗ,  ττοτι  Βε  τάν  ΒΙ,  ον  το  ΤΙ 
ττοτι  το  ΝΙ.     €ττ€ΐ  οΰν  εστί  τραπέζιον  το  ΔΕ  τάς 

*  eWtj'  om.  Heiberg. 
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section  of  the  cone  let  straight  lines  be  drawn  to  Γ 
and  produced.  Then  I  say  that  the  triangle  ΒΔΓ  is 
less  than  three  times  the  trapezia  KE,  ΛΖ,  MH,  NT 
and  the  triangle  ΞΙΓ,  but  greater  than  three  times 
the  trapezia  ΖΦ,  ΗΘ,  ΙΠ  and  the  triangle  ΙΟΓ. 

For  let  the  straight  Une  ΑΒΓ  be  drawn,  and  let 
AB  be  cut  off  equal  to  ΒΓ,  and  let  ΑΓ  be  imagined 
to  be  a  balance  ;  its  middle  point  will  be  Β  ;  let  it 
be  suspended  from  B,  and  let  the  triangle  ΒΔΓ  be 
suspended  from  the  balance  at  B,  Γ,  and  from  the 
other  part  of  the  balance  let  the  areas  P,  X,  Ψ,  Ω,,  ^ 
be  suspended  at  A,  and  let  the  area  Ρ  balance  the 
trapezium  ΔΕ  in  this  position,  let  X  balance  the 
trapezium  ΖΣ,  let  Ψ  balance  TH,  let  i2  balance  YI, 
and  let  A  balance  the  triangle  ΗΙΓ  ;  then  the  whole 
will  balance  the  whole  ;  so  that  the  triangle  ΒΔΓ  will 
be  three  times  the  area  Ρ+Χ+Ψ+Ω+Δ  [Prop.  6]. 
And  since  ΒΓΘ  is  a  segment  bounded  by  a  straight 
line  and  a  section  of  a  right-angled  cone,  and  ΒΔ  has 
been  drawn  from  Β  parallel  to  the  axis,  and  ΓΔ  has 
been  drawn  from  Γ  touching  the  section  of  a  cone 
at  Γ,  and  another  straight  line  ΣΕ  has  been  drawn 
parallel  to  the  axis, 

ΒΓ  :  BE  =  ΣΕ  :  ΕΦ  ;  [Prop.  5 

therefore  BA  :  BE  =  trapezium  ΔΕ  :  trapezium  KE." 
Similarly  it  may  be  proved  that 

ΑΒ:ΒΖ=ΣΖ:ΑΖ, 

AB:BH  =  TH:MH, 

AB:BI  =YI:NI. 
Therefore,  since  ΔΕ  is  a  trapezium  with  right  angles 

•  For  BA  =  ΒΓ  and  ΔΕ  :  KE  =  ΣΕ  :  ΕΦ. 
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μ^ν  ττοτΐ  τοις  Β,  Ε  σαμζίοις  γωνίας  ορθάς  €χον, 
τάς  δε  TrXevpas  €7τΙ  το   Γ  vevovaa?,  ισορροπεί  S4 
η  χωρίον  αντω   το   Ρ   κρεμάμενον  €Κ  του   ζυγοΰ 
κατά  το  Α  όντως  έχοντος  του  τραπεζίου,  ως  νυν 
κείται,  καΐ  εστίν,  ως  ά  ΒΑ  ποτΐ  τάν  BE,  όντως 
το  ΔΕ  τραπεζιον  ποτΐ  το   ΚΕ,  μείζον  αρα  εστίν 
το  ΚΕ  χωρίον  του  Ρ  χωρίου•  ΒεΒεικται  γαρ  τοΰτο. 
πάλιν  8ε  και  το  ΖΣ  τραπεζιον  τάς  μεν  ποτι  τοις 
Ζ,  Ε  γωνίας  όρθάς  έχον,  τάν  δε  ΣΤ  νενουσαν  επΙ 
το  Γ,  ισορροπεί  δε  αντω  χωρίον  το  Χ  εκ  του  ζνγοΰ 
κρεμάμενον  κατά  το  Α  όντως  έχοντος  του  τραπε- 
ζίου, ώς  νΰν  κείται,  και  εστίν,  ως  μεν  ά  ΑΒ  ποτι 
τάν  BE,  οϋτοίς  το  ΖΣ  τραπεζιον  ποτι  το  ΖΦ,  ώς 
οε  ά  ΑΒ  ποτι  τάν  ΒΖ,  όντως  το   ΖΣ  τραπεζιον 
ποτι  το  ΛΖ*  εΐη  οΰν  κα  το  Χ  χωρίον  τον  μεν  ΛΖ 
τραπεζίου   έλασσον,  του  δε   ΖΦ  μείζον  8ε8εικται 
γάρ  και  τοΰτο.     δια  τα  αυτά  8ύ]  και  το  Ψ  χωρίον 
του  μεν  ΜΗ  τραπεζίου  έλασσον,  του  δε  Θ  Η  μείζον, 
και  το  Ω  χωρίον  του  μεν  ΝΟΙΗ  τραπεζίου  έλασσον, 
του  δε  ΠΙ  μείζον,  ομοίως  δε  και  το  Δ  χωρίον  του 
μεν  ΞΙΓ  τριγώνου  έλασσον,  του  δε   ΓΙΟ  μείζον, 
επει  οΰν  το  μεν  ΚΕ  τραπεζιον  μείζον  εστί  του  Ρ 
χωρίου,  το  δε  ΑΖ  του  Χ,  το  δε  ΜΗ  του  Ψ,  το 
δε  ΝΙ  του  Ω,  το  δε  ΞΙΓ  τρίγωνον  του  Δ,  φανερόν, 
ΟΤΙ  και  πάντα  τά  είρημενα  χωρία  μείζονα  εστί  του 
ΡΧΨΩΔ    χωρίου,     ^στιν   hk   τά    ΡΧ'^ΩΔ    τρίτον 
μέρος  του  ΒΓΔ  τριγώνου•  8ηλον  άρα,  δτι  το  ΒΓΔ 
τρίγωνον    έλασσον    εστίν   η    τριπλάσιον    των    ΚΕ, 
ΑΖ,  ΜΗ,  ΝΙ  τραπεζίων  και  του  ΞΙΓ  τριγώνου, 
πάλιν,   επει   το   μεν   ΖΦ   τραπεζιον   έλασσον   εστί, 
του  Χ  χωρίου,  το  δε  Θ  Η  του  Ψ,  το  δε  Ι Π  τοϋ  Ω, 
το  Se  ΙΟΓ  τρίγωνον  τοΰ  ^,  φανερόν,  δτι  και  πάντα 
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at  the  points  B,  Ε  and  with  sides  converging  on  Γ, 
and  it  balances  the  area  Ρ  suspended  from  the 
balance  at  A,  if  the  trapezium  be  in  its  present  posi- 
tion, while 

ΒΑ:ΒΕ=ΔΕ:ΚΕ, 

therefore  KE>P; 

for  this  has  been  proved  [Prop.  10].  Again,  since  ΖΣ 
is  a  trapezium  with  right  angles  at  the  points  Z,  Ε 
and  with  ΣΤ  converging  on  Γ,  and  it  balances  the 
area  X  suspended  from  the  balance  at  A,  if  the 
trapezium  be  in  its  present  position,  while 

ΑΒ:ΒΕ  =  ΖΣ:ΖΦ, 

ΑΒ:ΒΖ  =  ΖΣ:ΑΖ, 

therefore  AZ>  X >  ΖΦ  ; 

for  this  also  has  been  proved  [Prop.  12].  By  the 
same  reasoning 

ΜΗ>Ψ>ΘΗ, 
and  Ν0ΙΗ>ί2>ΠΙ, 

and  similarly  ΗΙΓ>  Δ>ΓΙΟ. 

Then,  since  KE>  P,  AZ>  X,  MH>  Ψ,  NI>  i2,  ΗΙΓ>  Δ, 
it  is  clear  that  the  sum  of  the  aforesaid  areas  is  greater 
than  the  area  Ρ+Χ+Ψ+Ω+Δ.     But 

s 

Ρ+Χ+Ψ+Ω+^=ι  ΒΓΔ;  [Prop.  6 

it  is  therefore  plain  that 

ΒΓΔ<3(ΚΕ  +AZ  +MH  +NI  +ΗΙΓ). 
Again,  since  ΖΦ  <X,  ΘΗ  <Ψ,  ΙΠ  <ί2,  ΙΟΓ  <Δ,  it  is 
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τα  €ΐρημ€να  ελάσσονα  εστί  τον  ΔΩΨΧ  χωρίον 
φαν^ρον  ονν,  οτί  καΐ  το  ΒΔ  Γ  τρίγωνον  μ€Ϊζόν 
ianv  η  τριττλάσιον  των  ΦΖ,  ΘΗ,  Ι Π  τραπεζίων 
καΙ  του  ΙΓΟ  τριγώνου,  έλασσον  δε  η  τριπλάσιον 
των  ττρογεγ ραμμένων. 

Ibid.,  Prop.  24,  Archim.  ed.  Heiberg  ii.  312.  2-314.  27 

Παν  TjuajU.a  το  π£ρΐ€χόμ€νον  νπο  εύ^εια?  καΐ 
ορθογωνίου  κώνου  τομας  εττιτριτον  εστί  τριγώνου 
του  τάν  αύτάν  βάσιν  ίχοντος  αύτω  και  ϋφος  ίσον. 

"Εστω  γαρ  το  ΑΔΒΕΓ  τμα/χα  ττ^ρι^χόμβνον  ύπο 
€νθξίας  καΐ  ορθογωνίου  κώνου  τομας,  το  δε  ΑΒΓ 
τρίγωνον  έστω  τάν  αυτάν  βάσιν  «χον  τω  τμαματί 


και  νφος  Ισον,  του  δε  ΑΒΓ  τριγώνου  έστω  εττι- 
τριτον  το  Κ  -χωρίον,  δεικτεον,  οτι  ίσον  εστί  τώ 
ΑΔΒΕΓ  τ/χά/Αατι. 

Et  yap  /u,i7  ^στιν  ίσον,  τ^τοι  μ€Ϊζόν  βστιν  -η  έλασσον, 
έστω  ττρότε/οον,  ει  δυνατόν,  μείζον  το  ΑΔΒΕΓ 
τ  μαμά  του  Κ  χωρίου,  ίνέγραφα  δή  τα  ΑΔΒ, 
BE  Γ  τρίγωνα,  ως  €Ϊρηται,  €ν€γραφα  δε  και  ει?  τα 
ττεριλειττό/χενα  τμάματα  άλλα  τρίγωνα  τάν  αύτάν 
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clear  that  the  sum  of  the  aforesaid  areas  is  greater 
than  the  area  Δ  +Ω  +Ψ  +X  ; 
it  is  therefore  manifest  that 

ΒΔΓ>  3(ΦΖ  +ΘΗ  +ΙΠ  +ΙΓΟ),« 
but  is  less  than  thrice  the  aforementioned  areas.* 

Jbid.,  Prop.  24,  Archim.  ed.  Ileiberg  11.  312.  2-314.  37 

Any  segment  bounded  by  a  straight  line  and  a  section 
of  a  right-angled  ccme  is  Jour-thirds  of  the  triangle 
having  the  same  base  and  equal  height. 

For  let  ΑΔΒΕΓ  be  a  segment  bounded  by  a  straight 
line  and  a  section  of  a  right-angled  cone,  and  let  ΑΒΓ 
be  a  triangle  having  the  same  base  as  the  segment 
and  equal  height,  and  let  the  area  Κ  be  four-thirds 
of  the  triangle  ΑΒΓ.  It  is  required  to  prove  that  it 
is  equal  to  the  segment  ΑΔΒΕΓ. 

For  if  it  is  not  equal,  it  is  either  greater  or  less. 
Let  the  segment  ΑΔΒΕΓ  first  be,  if  possible,  greater 
than  the  area  K.  Now  I  have  inscribed  the  triangles 
ΑΔΒ,  ΒΕΓ,  as  aforesaid,"  and  I  have  inscribed  in  the 
remaining  segments  other  triangles  having  the  same 

•  ΡογΒΔΓ  =  3(Ρ+Χ  +  Ψ  +  Ω  +  Δ)>3(^+Ω  +  Τ  +  Χ). 

*  In  Prop.  15  Archimedes  shows  that  the  same  theorem 
holds  good  even  if  ΒΓ  is  not  at  right  angles  to  the  axis.  It 
is  then  proved  in  Prop.  16,  by  the  method  of  exhaustion,  that 
the  segment  is  equal  to  one-third  of  the  triangle  ΒΓΔ.  This 
Is  done  by  showing,  on  the  basis  of  the  "  Axiom  of  Archi- 
medes," that  by  taking  enough  parts  the  diiference  between 
the  circumscribed  and  the  inscribed  figures  can  be  made  as 
small  as  we  please.  It  is  equivalent  to  integration.  From 
this  it  is  easily  proved  that  the  segment  is  equal  to  four-thirds 
of  a  triangle  with  the  same  base  and  equal  height  (Prop.  17). 

"  In  earlier  propositions  Archimedes  has  used  the  same 
procedure  as  he  now  describes.  A,  Ε  are  the  points  in  which 
the  diameter  through  the  mid-points  of  AB,  ΒΓ  meet  the  curve. 
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βάσιν  έχοντα  τοις  τμαμάτ€σσιν  καΐ  ΰφος  το  αυτό, 
και  aet  et?  τα  ύστερον  γινόμενα  τ^ΐλά/χατα  εγγράφω 
δυο  τρίγωνα  τάν  αντάν  βάσιν  έχοντα  τοις  τμαμά- 
τεσσιν  καΐ  ϋφος  το  αυτό'  εσσοΰνται  8r)  τα  κατα- 
λειττόμενα  τμάματα  ελάσσονα  τας  ύττεροχας,  ^ 
υπερέχει  το  ΑΔΒΕΓ  T/Liaju,a  του  Κ  χωρίου,  ώστε 
το  εγγραφόμενον  πολύγωνον  μείζον  εσσ^Γται  του 
Κ•  όπερ  αδύνατον,  επει  γάρ  εστίν  εζη?  κείμενα 
χωρία  εν  τω  τετραπλασίονι  λόγω,  πρώτον  μεν  το 
ΑΒΓ  τρίγωνον  τετραπλάσιον  των  ΑΔΒ,  ΒΕΓ 
τριγώνων,  εττβιτα  δε  αυτά  ταΰτα  τετραπλάσια  των 
εΙς  τα  επόμενα  τμάματα  εγγραφέντων  και  άεΐ 
ούτω,  Βηλον,  ως  σύμπαντα  τα  χωρία  ελάσσονα 
εστίν  η  επίτριτα  του  μεγίστου,  το  δε  Κ  επίτριτόν 
εστί  του  μεγίστου  χωρίου,  ουκ  άρα  εστίν  μείζον 
το  ΑΔΒΕΓ  T/xajLta  τοι5  Κ  χωρίου. 

"Εστω  δε,  ει  δυνατόν,  έλασσον,  κείσθω  Βη  το 
μεν  ΑΒΓ  τρίγωνον  ίσον  τω  Ζ,  του  δε  Ζ  τέταρτον 
το  Η,  και  ομοίως  του  Η  το  Θ,  και  άεΐ  εζης 
τιθεσθω,  εως  κα  γενηται  το  εσχατον  έλασσον  τας 


•  This  was  proved  geometrically  in  Prop.  23,  and  is  proved 
generally  in  Eucl.  ix.  35.     It  is  equivalent  to  the  summation 

ι+(έ)+(έ)»+...α)'-^=ι-κέ)'-* 

_ι-(έ)- 
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base  as  the  segments  and  equal  height,  and  so  on 
continually  I  inscribe  in  the  resulting  segments  two 


triangles  having  the  same  base  as  the  segments 
and  equal  height ;  then  there  will  be  left  [at  some 
time]  segments  less  than  the  excess  by  which  the 
segment  ΑΔΒΕΓ  exceeds  the  area  Κ  [Prop.  20, 
coroll.].  Therefore  the  inscribed  polygon  will  be 
greater  than  Κ  ;  which  is  impossible.  For  since 
the  areas  successively  formed  are  each  four  times 
as  great  as  the  next,  the  triangle  ΑΒΓ  being  four 
times  the  triangles  ΑΔΒ,  ΒΕΓ  [Prop.  21],  then  these 
last  triangles  four  times  the  triangles  inscribed  in 
the  succeeding  segments,  and  so  on  continually,  it 
is  clear  that  the  sum  of  all  the  areas  is  less  than 
four-thirds  of  the  greatest  [Prop.  23],"  and  Κ  is  equal 
to  four-thirds  of  the  greatest  area.  Therefore  the 
segment  ΑΔΒΕΓ  is  not  greater  than  the  area  K. 
Now  let  it  be,  if  possible,  less.  Then  let 
Ζ  =  ΑΒΓ,  H=iZ,  Θ  =  |Η, 
and  so  on  continually,  until  the  last  [area]  is  less  than 
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υττ€ρογας,  a  νττ€ρ€χ€ΐ  το  Κ  χωρίον  τον  τμάματοζ, 
καΐ  €στω  έλασσον  το  Ι.  εστυν  8η  τα  Ζ,  Η,  Θ,  Ι 
χωρία  καΐ  το  τρίτον  του  Ι  έπίτριτα  του  Ζ.  εστίν 
δε  /cat  το  Κ  του  Ζ  εττίτριτον  Ισον  άρα  το  Κ  τοΓ? 
Ζ,  Η,  Θ,  Ι  καΐ  τω  τρίτω  μύρζΐ  του  Ι.  eTret  ονν 
το  Κ  χωρίον  των  μβν  Ζ,  Η,  Θ,  Ι  χωρίων  υττερίχει 
ελάσσονι  του  ϊ,  του  δε  τμάματος  μείζονι  του  Ι, 
δηλον,  ως  μείζονα  cvtl  τα  Ζ,  Η,  Θ,  Ι  χωρία  του 
τμάματος•  όπερ  αδύνατον  εΒείχθη  γάρ,  δτι,  εάν 
•η  όττοσαονν  χωρία  ε^ης  κείμενα  εν  τετραττΧασίονι 
Χόγω,  το  δε  μεγιστον  'ίσον  ^  τω  εις  το  τ  μαμά 
εγγραφόμενα)  τριγώνω,  τα  σύμπαντα  χωρία  ελάσ- 
σονα εσσεΐταί  του  τμάματος.  ουκ  άρα  το  ΑΔΒΕΓ 
τμάμα  έλασσον  εστί  του  Κ  χωρίου.  ε8είχθη  δε', 
ΟΤΙ  ουοε  μειί,ον  ίσον  αρα  εστίν  τω  Κ.  το  σε  Α 
χωρίον  έττίτριτόν  εστί  του  τρίγωνου  του  ΑΒΓ• 
και  το  ΑΔΒΕΓ  άρα  τμάμα  έττίτριτόν  εστί  τοΰ 
ΑΒΓ  τριγώνου. 

(Jc)  Hydrostatics 

(i.)  Postulates 

Archim.  De  Corpor.  Fluit.  i,,  Archim.  ed.  Heiberg 
ii.  318.  2-8 

*Ύποκείσθω  το  ύγρον  φυσιν  έχον  τοιαύταν,  ώστ€ 
των  μερεων  αύτοΰ  των  εζ  ΐσου  κείμενων  και  συν- 

"  The  Greek  text  of  the  book  On  Floating  Bodies,  the 
earliest  extant  treatise  on  hydrostatics,  first  became  avail- 
able in  1906  when  Heiberg  discovered  at  Constantinople  the 
MS.  which  he  terms  C.  Unfortunately  many  of  the  readings 
are  doubtful,  and  those  who  are  interested  in  the  text  should 
consult  the  Teubner  edition.  Still  more  unfortunately,  it  is 
incomplete  ;  but,  as  the  whole  treatise  was  translated  into 
Latin  in  1269  by  William  of  Moerbeke  from  a  Greek  us. 
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the  excess  by  which  the  area  Κ  exceeds  the  segment 
[Eucl.  X.  1],  and  let  I  be  [the  area]  less  [than  this 
excess].     Now 

Ζ+Η+Θ+Ι+^Ι  =  |Ζ.  [Prop.  23 

But  K  =  4Z; 

therefore  K  =  Z +H +Θ +1 +^I. 

Therefore  since  the  area  Κ  exceeds  the  areas  Z,  H, 
Θ,  I  by  an  excess  less  than  I,  and  exceeds  the  segment 
by  an  excess  greater  than  I,  it  is  clear  that  the  areas 
Z,  H,  Θ,  I  are  greater  than  the  segment ;  which  is 
impossible  ;  for  it  was  proved  that,  if  there  be  any 
number  of  areas  in  succession  such  that  each  is  four 
times  the  next,  and  the  greatest  be  equal  to  the 
triangle  inscribed  in  the  segment,  then  the  sum  of 
the  areas  will  be  less  than  the  segment  [Prop.  22]. 
Therefore  the  segment  ΑΔΒΕΓ  is  not  less  than  the 
area  K.  And  it  was  proved  not  to  be  greater  ;  there- 
fore it  is  equal  to  K.  But  the  area  Κ  is  four-thirds  of 
the  triangle  ΑΒΓ  ;  and  therefore  the  segment  ΑΔΒΕΓ 
is  four-thirds  of  the  triangle  ΑΒΓ. 

(k)  Hydrostatics 

(i.)  Postulates 

Archimedes,  On  Floating  Bodies  '  i.,  Archim.  ed. 
Heiberg  ii.  318.  2-8 

Let  the  nature  of  a  fluid  be  assumed  to  be  such 
that,  of  its  parts  which  lie  evenly  and  are  continuous, 

since  lost,  it  is  possible  to  supply  the  missing  parts  in  Latin, 
as  is  done  for  part  of  Prop.  2.  From  a  comparison  with  the 
Greek,  where  it  survives,  WiUiam's  translation  is  seen  to  be 
so  literal  as  to  be  virtually  equivalent  to  the  original.  In 
each  case  Heiberg's  figures  are  taken  from  William's  transla- 
tion, as  they  are  almost  unrecognizable  in  C  ;  for  convenience 
in  reading  the  Greek,  the  figures  are  given  the  appropriate 
Greek  letters  in  this  edition. 
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€χ€ων  Ιόντων  €ζωθβΐσθαι  το  "^σσον  θλιβόμβνον 
υπό  του  μάλλον  ΘΧιβομΙνου,  καΐ  βκαστον  8e  των 
μ€ρ€ων  αύτοΰ  ΘΧίβ^σθαι  τω  ύττξράνω  αύτοΰ  ύγρω 
κατά  κάθβτον  iovTL,  et  κα  μη  το  ύγρόν  fj  καθβψγ- 
μάνον  €v  TiVi  /cat  υπό  άλλου  τινός  θλφόμενον. 

Ibid,  i.,  Archim.  ed.  Heiberg  ii.  336.  14-16 

Ύποκ€ίσθω,  των  iv  τω  ύγρω  άνω  φ^ρομ^νων 
€καστον  άναφέρ€σθαι  κατά  τάν  κάθ€τον  τάν  δια 
του  κίντρου  του  βάρ€ος  αύτοΰ  αγμύναν. 

(ϋ.)  Surface  of  Fluid  at  Rest 
Ibid,  i.,  Prop.  2,  Archim.  ed.  Heiberg  ii.  319.  7-320.  30 

Omnis  humidi  consistentis  ita,  ut  maneat  inmotum, 
superficies  habebit  figuram  sperae  habentis  centrum 
idem  cum  terra. 

Intelligatur  enim  humidum  consistens  ita,  ut 
maneat  non  motum,  et  secetur  ipsius  superficies 
piano  per  centrum  terrae,  sit  autem  terrae  centrum 
K,  superficiei  autem  sectio  linea  ABGD.   Dico  itaque, 


lineam  ABGD  circuli  esse  periferiam,  centrum  autem 
ipsius  K. 

Si  enim  non  est,  rectae  a  Κ  ad  lineam  ABGD 
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that  which  is  under  the  lesser  pressure  is  driven  along 
by  that  under  the  greater  pressure,  and  each  of 
its  parts  is  under  pressure  from  the  fluid  which  is 
perpendicularly  above  it,  except  when  the  fluid  is 
enclosed  in  something  and  is  under  pressure  from 
something  else. 

Ibid. !.,  Archim.  ed.  Heiberg  ii.  336.  14-16 

Let  it  be  assumed  that,  of  bodies  which  are  borne 
upwards  in  a  fluid,  each  is  borne  upwards  along  the 
perpendicular  drawn  through  its  centre  of  gravit}'." 

(ii.)  Surface  of  Fluid  at  Rest 

Ibid,  i.,  Prop.  2,"  Archim.  ed,  Heiberg  ii.  319.  7-320.  30 

The  surface  of  any  fluid  at  rest  is  the  surface  of  a 
sphere  having  the  same  centre  as  the  earth. 

For  let  there  be  conceived  a  fluid  at  rest,  and  let 
its  surface  be  cut  by  a  plane  through  the  centre  of 
the  earth,  and  let  the  centre  of  the  earth  be  K,  and 
let  the  section  of  the  surface  be  the  curve  ΑΒΓΔ. 
Then  I  say  that  the  curve  ΑΒΓΔ  is  an  arc  of  a  circle 
whose  centre  is  K. 

For  if  it  is  not,  straight  lines  drawn  from  Κ  to  the 

•  These  are  the  only  assumptions,  other  than  the  assump- 
tions of  Euclidean  geometry,  made  in  this  book  by 
Archimedes  ;  if  the  object  of  mathematics  be  to  base  the 
conclusions  on  the  fewest  and  most  "  self-evident "  axioms, 
Archimedes'  treatise  On  Floating  Bodies  must  indeed  be 
ranked  highly. 

*  The  earlier  part  of  this  proposition  has  to  be  given  from 
William  of  Moerbeke's  translation.  The  diagram  is  here 
given  with  the  appropriate  Greek  letters, 
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occurrentes  non  erunt  aequales.  Sumatur  itaque 
alfqua  recta,  quae  est  quarundam  quidem  a  Κ  occur- 
rentium  ad  lineam  ABGD  maior,  quarundam  autem 
minor,  et  centro  quidem  K,  distantia  autem  sumptae 
lineae  circulus  describatur  ;  cadet  igitur  periferia 
circuli  habens  hoc  quidem  extra  lineam  ABGD,  hoc 
autem  intra,  quoniam  quae  ex  centro  quarundam 
quidem  a  Κ  occurrentium  ad  lineam  ABGD  est 
maior,  quarundam  autem  minor.  Sit  igitur  descripti 
circuli  periferia  qune  ZBH,  et  a  Β  ad  Κ  recta  ducatur, 
et  copulentur  quae  ZK,  KEL  aequales  facientes 
angulos,  describatur  autem  et  centro  Κ  periferia 
quaedam  quae  XOP  in  piano  et  in  humido  ;  partes 
itaque  humidi  quae  secundum  XOP  periferiam  ex 
aequo  sunt  positae  et  continuae  inuicem.  Et  pre- 
muntur  quae  quidem  secundum  XO  periferiam 
humido  quod  secundum  ZB  locum,  quae  autem 
secundum  periferiam  OP  humido  quod  secundum 
BE  locum ;  inaequaliter  igitur  premuntur  partes 
humidi  quae  secundum  periferiam  XO  ei  quae 
[rjY  κατά.  τάν  0Π•  ώστ€  εζωθ-ησονται  τα  -ήσσον 
θλφόμζνα  ύττο  των  μάλλον  ΘΧιβομ4νων'  ου  μ€ν€ΐ 
άρα  το  νγρόν.  V7t4k€lto  8e  καθζστακος  €Ϊμ€ν  ωστ€ 
μ€ν€ΐν  άκίνητον  αναγκαΐον  άρα  τάν  ΑΒΓΔ  γραμ- 
μάν  κύκλου  ττ€ρίφ4ρζΐαν  ζΐμ^ν  καΐ  κέντρον  αυτά? 
το  Κ.  ομοίως  Srj  8€ΐ,χθησ€ται  και,  δπως  κα  άλλως 
ά  €πιφάν€ΐα  του  ύγροΰ  εττιττεδω  τ/ια^ί?  δια  τοΰ 
κέντρου  τάς  γάς,  otl  ά  τομά  «σσειται  κύκλου 
ττβριφέρζία^  καΐ  κ4ντρον  αύτάς  εσσεΓται,  δ  /cat  τάς 
γάς  €στι  κέντρον.  hrjXov  οΰν,  δτι  ά  έπιφάναα 
τοΰ  ύγροΰ  καθεστακότος  ακίνητου  σφαίρας  €χ€ΐ 
το  σχήμα  το  αύτο  κίντρον  έχουσας  τα.  γ^,  έπ^ώή 

*  η  om.  Heiberg, 
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curve  ΑΒΓΔ  will  not  be  equal.  Let  there  be  taken, 
therefore,  any  straight  line  which  is  greater  than 
some  of  the  straight  lines  drawn  from  Κ  to  the  curve 
ΑΒΓΔ,  but  less  than  others,  and  with  centre  Κ  and 
radius  equal  to  the  straight  Une  so  taken  let  a  circle 
be  described  ;  the  circumference  of  the  circle  will 
fall  partly  outside  the  curve  ΑΒΓΔ,  partly  inside, 
inasmuch  as  its  radii  are  greater  than  some  of  the 
straight  lines  draAvn  from  Κ  to  the  curve  ΑΒΓΔ,  but 
less  than  others.  Let  the  arc  of  the  circle  so  described 
be  ZBH,  and  from  Β  let  a  straight  line  be  drawn  to  K, 
and  let  ZK,  ΚΕΛ  be  drawn  making  equal  angles 
[with  KB],  and  with  centre  Κ  let  there  be  described, 
in  the  plane  and  in  the  fluid,  an  arc  SO  Π  ;  then  the 
parts  of  the  fluid  along  HO  Π  lie  evenly  and  are  con- 
tinuous [v.  supra,  p.  243].  And  the  parts  along  the 
arc  HO  are  under  pressure  from  the  portion  of  the 
fluid  between  it  and  ZB,  while  the  parts  along  the  arc 
on  are  under  pressure  from  the  portion  of  the  fluid 
between  it  and  BE  ;  therefore  the  parts  of  the  fluid 
along  HO  and  the  parts  of  the  fluid  along  0Π  are 
under  unequal  pressures  ;  so  that  the  parts  under 
the  lesser  pressure  are  thrust  along  by  the  parts 
under  the  greater  pressure  [v.  supra,  p.  245] ;  there- 
fore the  fluid  will  not  remain  at  rest.  But  it  was 
postulated  that  the  fluid  would  remain  unmoved  ; 
therefore  the  curve  ΑΒΓΔ  must  be  an  arc  of  a  circle 
with  centre  K.  Similarly  it  may  be  shown  that,  in 
whatever  other  manner  the  surface  be  cut  by  a  plane 
through  the  centre  of  the  earth,  the  section  is  an  arc 
of  a  circle  and  its  centre  will  also  be  the  centre  of 
the  earth.  It  is  therefore  clear  that  the  surface  of 
the  fluid  remaining  at  rest  has  the  form  of  a  sphere 
with  the  same  centre  as  the  earth,  since  it  is  such 
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τοιαύτα  iariv,  ώστε  δια  του  αντοΰ  σαμπιού  τμαθζΐ- 
σαν  τάν  τομάν  ττοίζΐν  ττ^ρι,φβρζίαν  κύκλου  κέντρον 
€χοντο5  το  σαμζίον,  δι    οί5  τε/χνεται  τω  επιπεδω. 


(iii.)  Solid  immersed  in  a  Fluid 
Ibid,  i..  Prop.  7,  Archim.  ed.  Heiberg  ii.  332.  21-336.  13 

Τα  βαρύτερα  του  ύγροϋ  αφζθέντα  eh  το  νγρον 
οίσβΐται  κάτω,  εστ'  αν  καταβαντι,  καΐ  έσσοϋνται. 
κουφότερα  iv  τω  ύγρω  τοσούτον,  όσον  βχ€ΐ  το 
βάρος  του  ύγροϋ  του  ταΧικοϋτον  ογκον  έχοντος, 
άλικος  εστίν  6  του  στερεού  μεγεθεος  όγκος. 

"Οτί  μεν  οΰν  οίσεΐται,  ες  το  κάτω,  εστ'  άν  κατα- 
βαντι, 8ηλον'  τά  γαρ  ύποκάτω  αυτού  μερεα  τοΰ 
υγρού  θλφησούνται  μάλλον  των  εζ  ΐσου  αύτοΐς 
κείμενων  μερεων,  επεώη  βαρύτερον  ύττόκειται  το 
στερεον  μέγεθος  τού  ύγροϋ•  οτί  Be  κουφότερα 
εσσούνται,  ως  εΐρηται,  Βειχθησεταί. 

"Εστω  τι  μέγεθος  το  Α,  δ  εστί  βαρύτερον  τοΰ 
υγρού,  βάρος  δε  έστω  τού  μεν  iv  ω  Α  μεγεθεοζ 
το  ΒΓ,  του  δε  ύγροϋ  τού  'ίσον  ογκον  έχοντος  τφ 
Α  το  Β.  Ζεικτεον,  δτι  το  Α  μέγεθος  εν  τω  ύγρω 
εον  ραρος  εςει  ίσον  τω  1  . 

Αελάφθω  γάρ  tl  μέγεθος  το  iv  ω  το  Α  κουφό' 
τερον  τού  ύγροϋ  τού  Ισον  ογκον  έχοντος  αυτω, 
έστω  δε  τού  μεν  iv  ω  το  Α  μεγεθεος  βάρος  Ισον 
τω  Β  βαρεί,  τού  δε  υγρού  τού  ίσον  ογκον  έχοντος 
τω  Δ  μεγεθει  το  βάρος  έστω  Ισον  τφ  Β  Γ  βάρει. 

'  Or,  as  we  should  say,  "  lighter  by  the  weight  of  fluid 
displaced," 
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that,  when  it  is  cut  [by  a  plane]  always  passing 
through  the  same  point,  the  section  is  an  arc  of  a 
circle  having  for  centre  the  point  through  which  it  is 
cut  by  the  plane  [Prop.  1]. 

(iii.)  Solid  immersed  in  a  Fluid 
Ibid,  i.,  Prop.  7,  Archim.  ed.  Heiberg  ii.  332,  21-336.  13 

Solids  heavier  than  a  fluid  nill,  if  placed  in  the  fluid, 
sink  to  the  bottom,  and  they  will  be  lighter  [ifl  weighed]  in 
the  fluid  by  the  weight  of  a  volume  of  the  fluid  equal  to 
the  volume  of  the  solid.'* 

That  they  will  sink  to  the  bottom  is  manifest ;  for 
the  parts  of  the  fluid  under  them  are  under  greater 
pressure  than  the  parts  lying  evenly  with  them,  since 
it  is  postulated  that  the  solid  is  heavier  than  water  ; 
that  they  will  be  lighter,  as  aforesaid  will  be  [thus] 
proved. 

Let  A  be  any  magnitude  heavier  than  the  fluid,  let 
the  weight  of  the  magnitude  A  be  Β  +  Γ,  and  let  the 
weight  of  fluid  having  the  same  volume  as  A  be  B. 
It  is  required  to  prove  that  in  the  fluid  the  magnitude 
A  will  have  a  weight  equal  to  Γ. 


For  let  there  be  taken  any  magnitude  Δ  lighter 
than  the  same  volume  of  the  fluid  such  that  the 
weight  of  the  magnitude  Δ  is  equal  to  the  weight  B, 
while  the  weight  of  the  fluid  having  the  same  volume 
as  the  magnitude  Δ  is  equal  to  the  weight  Β  +Γ. 
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συντζθεντων  Βη  e?  το  αυτό  των  μ^γ^θέων,  Ιν  οΐς 
τά  Α,  Δ,  το  των  συναμφοτ€ρων  μβγζθος  Ισοβαρβς 
eaaeiTai  τω  νγρω•  εστί  γαρ  των  μ^γ^θεων  συν- 
αμφοτβρων  το  βάρος•  ϊσον  συναμφοτέροις  τοις 
βάρβσίν  τω  τ€  ΒΓ  καΐ  τω  Β,  τοΰ  δε  ύγροΰ  του 
ίσον  δγκον  άγοντος  άμφοτ4ροις  τοις  /xeye^eai  το 
βάρος  'ίσον  ioTi  τοις  αύτοΐς  βάρ^σιν.  άφβθβντων 
οΰν  των  μςγζθέων  €ς  το  νγρον  Ισορροπησοννται 
τω  υγρω  και  οντβ  €ΐς  το  άνω  οίσοΰνται  οϋτ€  et? 
το  κάτω•  διο  το  μ€ν  iv  φ  Α  μβγζθος  οίσζίται  €ς 
το  κάτω  καΐ  τοσαντα  βία  ύπο  τοΰ  ii^  ω  Δ  μζγβθζος 
άνίλκζταί  es"  το  άνω,  το  δε  ev  ω  Δ  μύγ^θος,  eVet 
κονφότ€ρόν  €στί  τοΰ  νγροΰ,  άνοισεΓται  ei?  το  άνω 
τοσαντα  βία,  όσον  €στΙ  το  Γ  βάρος•  δεδει/ίτα6  γάρ, 
OTL  τά  κουφότερα  τοΰ  νγροΰ  μβγεθβα  στερεά  βυα- 
σθέντα  ε?  το  ύγρον  αναφέρονται  τοσαντα  βία  €ς  το 
ανω,  όσον  εστί  το  βάρος,  ω  βαρύτερόν  €στι  τοΰ 
μ^γεθεος  το  νγρον  το  ϊσογκον  τω  μ€γέθζΐ.  εστί 
δε  τω  Γ  βάρ€ΐ  βαρντ€ρον  τοΰ  Δ  μ^γέθεος  το  ύγρον 
το  ίσον  ογκον  €χον  τω  Δ*  SrjXov  ονν,  δτι  καΐ  το  iv 
ω  Α  μέγεθος  βς  το  κάτω  οίσξΐται  τοσοντω  βάρ€ΐ, 
όσον  €στΙ  το  Γ. 

"  This  proposition  suggests  a  method,  alternative  to  that 
given  by  Vitruvius  {v.  supra,  pp.  36-39,  especially  p.  38  n.  a), 
whereby  Archimedes  may  have  discovered  the  proportions  of 
gold  and  silver  in  King  Hiero's  crown. 

Let  w  be  the  weight  of  the  crown,  and  let  Wj  and  Wj  be  the 
weights  of  gold  and  silver  in  it  respectively,  so  that  w  = 
Wi  +  to  J. 

Take  a  weight  w  of  gold  and  weigh  it  in  a  fluid,  and  let 
the  loss  of  weight  be  Pj.  Then  the  loss  of  weight  when  a 
weight  Wi  of  gold  is  weighed  in  the  fluid,  and  consequently 

the  weight  of  fluid  displaced,  will  be  ^^  .  P^. 
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Then  if  we  combine  the  magnitudes  A,  Δ,  the  com- 
bined magnitude  will  be  equal  to  the  weight  of  the 
same  volume  of  the  fluid  ;  for  the  weight  of  the  com- 
bined magnitudes  is  equal  to  the  weight  (B  +Γ)  +B, 
while  the  weight  of  the  fluid  having  the  same 
volume  as  both  the  magnitudes  is  equal  to  the  same 
weight.  Therefore,  if  the  [combined]  magnitudes 
are  placed  in  the  fluid,  they  will  balance  the  fluid, 
and  wiU  move  neither  upwards  nor  downwards 
[Prop.  3]  ;  for  this  reason  the  magnitude  A  will  move 
downwards,  and  will  be  subject  to  the  same  force  as 
that  bv  which  the  magnitude  Δ  is  thrust  upwards, 
and  since  Δ  is  lighter  than  the  fluid  it  will  be  thrust 
upwards  by  a  force  equal  to  the  weight  Γ  ;  for  it  has 
been  proved  that  when  soUd  magnitudes  lighter  than 
the  fluid  are  forcibly  immersed  in  the  fluid,  they  will 
be  thrust  upwards  by  a  force  equal  to  the  difference 
in  weight  between  the  magnitude  and  an  equal 
volume  of  the  fluid  [Prop.  6].  But  the  fluid  ha\-ing 
the  same  volimie  as  Δ  is  hea\ier  than  the  magni- 
tude Δ  by  the  weight  Γ  ;  it  is  therefore  plain  that 
the  magnitude  A  will  be  borne  apwaitk  by  a  force 
equal  to  Γ.• 

Now  take  a  wdgfat  w  ci  silver  and  wdfffa  it  in  the  flnid, 
and  let  the  loss  <rf  wdght  be  P^  Thai  flie  loss  of  wdglit 
when  a  weight  «^  of  silvar  is  wei^^ied  in  the  fluid,  and  ooa- 

sequently  the  weight  ci  fluid  displaced,  will  be  — ' .  P,. 

Finally,  weigh  the  crown  itself  in  the  fluid,  and  let  the  loss 
of  wei^t,  and  conseqoentiy  ttie  wei^t  of  fluid  diqiboed, 
be  P. 

It  follows  that       ^,Pi+^.  Ρ^=Ρ, 

w  w 

,  «•,    P,-P 
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(iv.)  Stability  of  a  Paraboloid  of  Revolution 
Ibid,  ii.,  Prop.  2,  Archim.  ed.  Heiberg  ii.  348.  10-352.  19 

To  ορθόν  τμαμα  τον  ορθογωνίου  κωνθ€ΐ^4οζ, 
όταν  τον  άζονα  €χΎ]  μη  μείζονα  -η  ημιόλίον  τδίς 
μ^χρι  του  αζονος,  πάντα  λόγον  €χον  ττοτΐ  το  ύγρον 
τω  βάρ€ί,  άφίθβν  el?  το  ύγρον  όντως,  ώστε  τάν 
βάσιν  αύτοΰ  μη  ατττ^σθαι.  του  ύγρον,  τίθβν  /ce/cAt- 
μένον  ον  μ€ν€Ϊ  κβκλιμενον,  άλλα  άποκαταστασβΐται 
ορθόν,  ορθόν  δε  Χ^γω  καθεστακίναί  τό  τοιούτο 
τ/χά/χα,  όττόταν  τό  άττοτζτμακός  αντό  επιττεδον 
παρά.  τάν  €πιφάν€ΐαν  η  του  ύγρον. 

"Εστω  T/xajLta  ορθογωνίου  κωνοίώίος,  οίον  €'ίρη- 
ται,  και  κβίσθω  Κ€κλιμ€νον.  Sciktcov,  ότι  ον  μ€ν€Ϊ, 
αλλ'  άποκαταστασ€Ϊταί  ορθόν. 

Ύμαθβντος  Srj  αύτοΰ  εττιπεδω  δια  του  άζονοζ 
όρθω  ποτΐ  τό  εττιπεδορ»  τό  €πΙ  τας  €πίφαν€ίας  του 
ύγροϋ  τμάματος  έστω  τομά  ά  ΑΠΟΛ  ορθογωνίου 
κώνου  τομά,  άξων  δε  τοΰ  τμάματος  καΐ  8ιάμ€τρος 
τας  τομάς  ά  NO,  τα?  δε  τοΰ  ύγροΰ  ζπίφανείας 
τομά  ά  ΙΣ.  εττει  ονν  τό  τμαμα  ονκ  €στΙν  ορθόν, 
ούκ  αν  α/η  παράλληλος  ά  ΑΑ  τα  ΙΣ•  ώστε  ου 
ποιήσει  όρθάν  γωνίαν  ά  NO  ττοτι  τάν  ΙΣ.     άχθω 

"  Writing  of  the  treatise  On  Floating  Bodies,  Heath 
{H.G.M.  ii.  94-95)  justly  says  :  "  Book  ii.,  which  investigates 
fully  the  conditions  of  stability  of  a  right  segment  of  a  para- 
boloid of  revolution  floating  in  a  fluid  for  diff"erent  values  of 
the  specific  gravity  and  different  ratios  between  the  axis  or 
height  of  the  segment  and  the  principal  parameter  of  the 
generating  parabola,  is  a  veritable  tour  de  force  which  must 
be  read  in  full  to  be  appreciated." 

*  In  this  technical  term  the  "  axis  "  is  the  axis  of  the 
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(iv.)  Stability  of  a  Paraboloid  of  Revolviion^ 
Ibid,  ii..  Prop.  2,  Archim.  ed.  Heiberg  ii.  348.  10-352.  19 

If  there  be  a  right  segment  of  a  right-angled  conoid, 
whose  axis  is  not  greater  than  one-and-a-half  times 
the  line  drawn  as  far  as  the  axis,^  and  whose  weight 
relative  to  the  fluid  may  have  any  ratio,  and  if  it  be 
placed  in  the  fluid  in  an  inclined  position  in  such  a 
manner  that  its  base  do  not  touch  the  fluid,  it  will  not 
remain  inclined  but  will  return  to  the  upright  position. 
I  mean  by  returning  to  the  upright  position  the  figure 
formed  when  the  plane  cutting  off  the  segment  is 
parallel  to  the  surface  of  the  fluid. 

Let  there  be  a  segment  of  a  right-angled  conoid, 
such  as  has  been  stated,  and  let  it  be  placed  in  an 
inclined  position.  It  is  required  to  prove  that  it  will 
not  remain  there  but  will  return  to  the  upright 
position. 

Let  the  segment  be  cut  by  a  plane  through  the 
axis  perpendicular  to  the  plane  which  forms  the 
surface  of  the  fluid,  and  let  ΑΠΟΛ  be  the  section  of 
the  segment,  being  a  section  of  a  right-angled  cone 
[De  Con.  et  Sphaer.  11],  and  let  NO  be  the  axis  of  the 
segment  and  the  axis  of  the  section,  and  let  12  be 
the  section  of  the  surface  of  the  liquid.  Then  since 
the  segment  is  not  upright,  AA  will  not  be  parallel 
to  12  ;  and  therefore  NO  will  not  make  a  right  angle 

right-angled  cone  from  which  the  generating  parabola  is 
derived.  The  latus  rectum  is  "  the  line  which  is  double  of 
the  line  drawn  as  far  as  the  axis  "  (ά  8ιπλασία  rds  μέχρι,  τοΰ 
άξονος) ;  and  so  the  condition  laid  down  by  Archimedes  is 
that  the  axis  of  the  segment  of  the  paraboloid  of  revolution 
shall  not  be  greater  than  three-quarters  of  the  latus  rectum 
or  principal  parameter  of  the  generating  parabola. 
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ovv    τταράλληλος    a    ΐφαπτομβνα    ά    ΚΩ    τα?    τοΰ 
κώνου  τομας  κατά  το  Π,  καΐ  από  τοΰ  Π  τταρά  τάν 


NO  αχθω  ά  ΠΦ•  Te/xm  δτ)  ά  ΠΦ  8ίχα  τάν  ΙΣ• 
SeSeLKTac  γαρ  iv  τοις  κωνικοΐς.  τ€τμάσθω  α 
ΠΦ,  ώστ€  €Ϊμ€ν  8ητλασίαν  ταν  Π  Β  τα?  ΒΦ,  και 
ά  NO  κατά  το  Ρ  τ€τμάσθω,  ωστ€  και  τάν  ΟΡ  τα? 
ΡΝ  Βιπλασίαν  ζΐμβν  εσσεΓται  Srj  τοΰ  μείζονος 
αττοτμάματοζ  τοΰ  στέρεου  κίντρον  τοΰ  βάρεος  το 
Ρ,  τοΰ  he  κατά  τάν  ΙΠΟΣ  το  Β*  δεδεικται  γάρ 
€V  ταΓ?  ^Ισορροπίαίς,  δτι  παντός  ορθογωνίου 
κωνο€ώ€θς  τμάματος  το  κέντρον  τοΰ  βάρδος  εστίν 
€7Γΐ  τοΰ  άζονος  8ίΤ)ρ'ημ€νου  οϋτως,  ώστε  το  τιοτΐ 
τα  κορνφα  τοΰ  άζονος  τμαμα  8ιπλάσίον  εΐμεν  τοΰ 
λοιποΰ.  αφαιρεθέντος  δ?)  του  κατά  τάν  ΙΠΟΣ 
τμαματος  στέρεου  άπο  τοΰ  δλου  τοΰ  λοιττοΰ  κεντρον 
€σσεΐται  τοΰ  βάρεος  επί  τάς  Β  Γ  ευθείας•  ΒεΒεικται 
γάρ  τοΰτο  εν  τοις  Σιτοιχείοις  των  μηχανικών,  δτι, 
€1  κα  μέγεθος  άφαιρεθ-η  μη  το  αυτό  κεντρον  έχον 
τοΰ  βάρεος  τω  δλω  μεγεθει,  τοΰ  λοιποΰ  το  κεντρον 
εσσείται  τοΰ  βάρεος  επι  τάς  ευθείας  τάς  επιζευ- 
γνυούσας  τά  κέντρα  τοΰ  τε  δλου  μεγεθεος  και  τοΰ 
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with  ΙΣ.  Therefore  let  Ki2  be  drawn  parallel  [to  ΙΣ] 
and  touching  the  section  of  the  cone  at  Π,  and  from 
Π  let  ΠΦ  be  drawn  parallel  to  NO  ;  then  ΠΦ  bisects 
ΙΣ — for  this  is  proved  in  the  [Elements  of]  Conies.'* 
Let  ΠΦ  be  cut  so  that  ΠΒ  =  2ΒΦ,  and  let  NO  be  cut 
at  Ρ  so  that  0P  =  2PN  ;  then  Ρ  will  be  the  centre  of 
gravity  of  the  greater  segment  of  the  solid,  and  Β 
that  of  ΙΠΟΣ ;  for  it  is  proved  in  the  books  On 
Equilibriums  that  the  centre  of  gravity  of  any  seg- 
ment of  a  right-angled  conoid  is  at  the  point  dividing 
the  axis  in  such  a  manner  that  the  segment  towards 
the  vertex  of  the  axis  is  double  of  the  remainder.* 
Now  if  the  solid  segment  ΙΠΟΣ  be  taken  away  from 
the  whole,  the  centre  of  gravity  of  the  remainder  will 
lie  upon  the  straight  line  ΒΓ  ;  for  it  has  been  proved 
in  the  Elements  of  Mechanics  that  if  any  magnitude  be 
taken  away  not  having  the  same  centre  of  gravity  as 
the  whole  magnitude,  the  centre  of  gravity  of  the  re- 
mainder will  be  on  the  straight  line  joining  the  centres 
[of  gravity]  of  the  whole  magnitude  and  of  the  part 

•  Presumably  in  the  works  of  Aristaeus  or  Euclid,  but  it 
is  also  Qtiad.  Parab.  1 . 

*  The  proof  is  not  in  any  extant  work  by  Archimedes. 
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άφΎ)ρημ£νου  €κβ€βλημ4νας  inl  τα  αυτά,  e^'  α  το 
KevTpov  του  όλου  /Lteye^eos"  eoTiv.  βκβζβλήσθω 
οη  ά  ΒΡ  ini  το  Γ,  και  βστω  το  Γ  το  κεντρον  του 
βάρδος  του  λοιποΰ  μζγέθβος.  irrel  oSv  ά  NO  τα? 
μ€ν  Ο  Ρ  -ημιολία,  τας  he  μ^χρι  του  αζονος  ου  μείζων 
η  ημιολία,  Βήλον,  οτί  ά  ΡΟ  τα?  μ^χρί  του  άξονος 
ουκ  ζστί  μείζων  η  ΐΙΡ  άρα  ποτΐ  τάν  ΚΩ  γωνίας 
άνισους  ττοιεΓ,  καΐ  ά  ύπο  των  ΡΠΩ  γίνεται  όζβΐα• 
α  απο  του  Ρ  άρα  κάθετος  €πΙ  τάν  ΠΩ  αγόμενα 
μεταξύ  7Τ€σ€Ϊται  των  Π,  Ω.  πιπτ4τω  ώς  ά  ΡΘ* 
α  ΡΘ  αρα  ορθά  εστίν  ποτΐ  το  {άττοτετμακοςΥ 
emncSov,  iv  ω  ecmv  ά  ΣΙ,  ο  eortv  επι  τα?  eVi- 
φανζίας  του  ύγροΰ.  άχθωσαν  8ή  τιν€ς  απο  των 
Β,  Γ  παρά  τάν  ΡΘ*  βνεχθησζται  8η  το  μβν  €κτ6ς 
του  υγροΰ  του  /^eye^eo?  et?  το  κάτω  κατά  τάν  δια 
του  Γ  άγομίναν  κάθετον  υπόκειται  γάρ  εκαστον 
των  βαρίων  €ΐς  το  κάτω  φέρεσθαι  κατά  τάν 
καθζτον  τάν  δια  του  κέντρου  άγομεναν  το  8ε  εν 
τω  ύγρω  μέγεθος,  επεί  κουφότερον  γίνεται  του 
υγροΰ,  ενεχθησεται  εις  το  άνω  κατά  τάν  κάθετον 
ταν  δια  τοΰ  Β  άγομεναν.  επει  δε  ου  κατά  τάν 
αύταν  καθετον  άλλάλοι?  άντιθλίβονται,  ου  μένει  το 
σχήμα,  αλλά  τά  μεν  κατά  το  Α  ei?  το  άνω  ενεχθη- 
σεται, τά  δε  κατά  το  Λ  ει?  το  κάτω,  και  τοΰτο  άεΐ 
εσσειται,  εως  αν  ορθόν  άποκατασταθη . 

^  άποτΐτμακος,  rf.  supra,  p.  253  line  8 ;    Ileiberg  prints 

κ    .     .OS. 

"  If  the  normal  at  Π  meets  the  axis  in  M,  then  OM  is  greater 
than  "  the  Hne  drawn  as  far  as  the  axis  "  except  in  the  case 
where  Π  coincides  with  the  vertex,  which  case  is  excluded  by 
the  conditions  of  this  proposition.  Hence  OM  is  always 
greater  than  OP  ;  and  because  the  angle  ΩΠΜ  is  right,  the 
angle  ΩΠΡ  must  be  acute. 
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taken  away,  produced  from  the  extremity  which  is 
the  centre  of  gravity  of  the  whole  magnitude  [De 
Plan.  Aequil.  i.  8].  Let  Β  Ρ  then  be  produced  to  Γ, 
and  let  Γ  be  the  centre  of  gravity  of  the  remain- 
ing magnitude.  Then,  since  NO  =  f  •  OP,  and  N0> 
■|  •  (the  line  drawn  as  far  as  the  axis),  it  is  clear  that 
PO  >  (the  line  drawn  as  far  as  the  axis)  ;  therefore 
ΠΡ  makes  unequal  angles  with  Ki2,  and  the  angle 
ΡΠί2  is  acute  * ;  therefore  the  perpendicular  drawn 
from  Ρ  to  ΠΩ  will  fall  between  Π,  Ω.  Let  it  fall  as 
ΡΘ  ;  then  ΡΘ  is  perpendicular  to  the  cutting  plane 
containing  ΣΙ,  which  is  on  the  surface  of  the  fluid. 
Now  let  lines  be  drawn  from  B,  Γ  parallel  to  ΡΘ  ;  then 
the  portion  of  the  magnitude  outside  the  fluid  will 
be  subject  to  a  downward  force  along  the  line  drawn 
through  Γ — for  it  is  postulated  that  each  weight  is 
subject  to  a  downward  force  along  the  perpendicular 
drawn  through  its  centre  of  gravity  ^  ;  and  since  the 
magnitude  in  the  fluid  is  lighter  than  the  fluid,"  it 
will  be  subject  to  an  upward  force  along  the  perpen- 
dicular drawn  through  B.**  But,  since  they  are  not 
subject  to  contrary  forces  along  the  same  perpen- 
dicular, the  figure  will  not  remain  at  rest  but  the 
portion  on  the  side  of  A  will  move  upwards  and  the 
portion  on  the  side  of  A  will  move  downwards,  and 
this  will  go  on  continually  until  it  is  restored  to  the 
upright  position. 

*  Cf.  supra,  p.  245 ;  possibly  a  similar  assumption  to  this 
efFect  has  fallen  out  of  the  text. 

*  A  tacit  assumption,  which  limits  the  generality  of  the 
opening  statement  of  the  proposition  that  the  segment  may 
have  any  weight  relative  to  the  fluid. 

''  V.  supra,  p.  231. 
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XVIII.  ERATOSTHENES 
(α)  General 

Suidas,  S.v.  Έρατοσθά>ης 

*Έιρατοσθ€νης,  ^Αγλαοΰ,  οί  Se  'Αμβροσίου' 
Κνρηναΐοζ,  μαθητής  φιλοσόφου  *Αρίστωνος  ΧιΌυ, 
γραμματικού  δέ  Αυσανίου  του  Κ,υρηναίου  καΐ 
Καλλιμάχου  του  ποιητοΰ.  μ€Τ€π€μφθη  δε  e^ 
*  Αθηνών  ύπο  τοΰ  τρίτου  ΐΙτολ€μαίου  και  8ΐ€τριφ€ 
μ€χρι  τοΰ  ττέμτττου.  hia  δε  το  δευτερειίειν  iv 
τταντι  εί'δει  παιδεία?  rot?  άκροις  βγγίσαντα^  Jirjra' 
€π€κληθη.  οι  δε  και  BeuTepov  η  viov  ΥΙλάτωνα, 
άλλοι  ΐΐβνταθλον  εκάλεσαν.     €τεχθη  δε  p/cr'  *Ολυμ- 

1  εγγίσαντα  Meursius,  ^γγίσασι  Adler. 
■  Β^α  Gloss,  in  Psalmos,  Hesych.  Mil.,  τά  βήματα  codd. 

"  Several  of  Eratosthenes'  achievements  have  already 
been  described — his  solution  of  the  Delian  problem  (vol.  i. 
pp.  290-297),  and  his  sieve  for  finding  successive  odd  numbers 
(vol.  i.  pp.  100-103).  Archimedes,  as  we  have  seen,  dedicated 
the  Method  to  him,  and  the  Cattle  Problem,  as  we  have  also 
seen,  is  said  to  have  been  sent  through  him  to  the  Alexandrian 
mathematicians.  It  is  generally  supposed  that  Ptolemy 
credits  him  with  having  calculated  the  distance  between  the 
tropics  (or  twice  the  obliquity  of  the  ecliptic)  at  11  /83rds.  of 
a  complete  circle  or  47°  29'  39",  but  Ptolemy's  meaning  is  not 
clear.  Eratosthenes  also  calculated  the  distances  of  the  sun 
and  moon  from  the  earth  and  the  size  of  the  sun.  Fragments 
of  an  astronomical  poem  which  he  wrote  under  the  title 
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(α)  General 
Suidas,  s.v.  Eratosthenes 

Eratosthenes,  son  of  Aglaus,  others  say  of 
Ambrosius  ;  a  Cyrenean,  a  pupil  of  the  philosopher 
Ariston  of  Chios,  of  the  grammarian  Lysanias  of 
Cyrene  and  of  the  poet  Callimachus  ^ ;  he  was  sent 
for  from  Athens  by  the  third  Ptolemy  "  and  stayed 
till  the  fifth.'*  Owing  to  taking  second  place  in  all 
branches  of  learning,  though  approaching  the  highest 
excellence,  he  was  called  Beta.  Others  called  him  a 
Second  or  New  Plato,  and  yet  others  Pentathlon.  He 
was  born  in  the  126th  Olympiad  *  and  died  at  the  age 

Hermes  have  survived.  He  was  the  first  person  to  attempt  a 
scientific  chronology  from  the  siege  of  Troy  in  two  separate 
works,  and  he  wrote  a  geographical  work  in  three  books. 
His  writings  are  critically  discussed  in  Bernhardy's  Eratos- 
thenica  (Berlin,  1822). 

»  Callimachus,  the  famous  poet  and  grammarian,  was 
also  a  Cyrenean.  He  opened  a  school  in  the  suburbs  of 
Alexandria  and  was  appointed  by  Ptolemy  Philadelohus 
chief  librarian  of  the  Alexandrian  library,  a  post  which  he 
held  till  his  death  c.  240  b.c.  Eratosthenes  later  held  the 
same  post. 

«  Euergetes  I  (reigned  246-221  b.c),  who  sent  for  him  to 
be  tutor  to  his  son  and  successor  Philopator  {v.  vol.  1.  pp. 
256  296). 

"'Epiphanes  (reigned  204-181  B.C.).  •  276-273  e.g. 
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τΓΐάδι  και  ereAeurr^aev  π  €τών  γςγονώς,  άπο- 
σχόμ€νος  τροφής  δια  το  άμβλνώττ€ΐν,  μαθητην 
€πίσημον  καταλιττών  Άριστοφάνην  τον  Βνζάντίον 
οδ  πάλιν  *Αρίσταρχος  μαθητής,  μαθηταΐ  δε  αύτοΰ 
Μνασεα?  /cat  Μ4ναν8ρος  καΐ  "Αριστις.  €γραφ€  8e 
φιλόσοφα  καΐ  ποιήματα  καΐ  ιστορίας,  *Αστρονομίαν 
η  }ίαταστ€ρισμους,^  Hepi  των  κατά  φιλοσοφίαν 
αίρίσζων,  Περί  άλυττια?,  διάλογους  πολλούς  καΐ 
γραμματικά  συχνά. 

(b)  On  Means 
Papp.  Coll.  vii.  3,  ed.  Hultsch  636.  18-2S 

Τώι^  δε  προβιρημενων  του  *Αναλυομ€νου  βιβλίων 
η  τάζις  €στιν  τοιαύτη  .  ,  .  *Ερατοσθ€νους  π€ρι 
μζσοτητων  δυο. 

Papp.  Coll.  vii.  21,  ed.  Hultsch  660.  18-662.  18 

Ύων  τόπων  καθόλου  οΐ  μίν  εισιν  εφζκτικοί,  ώς 
και  Απολλώνιος  προ  των  ίδιων  στοιχείων  λε')/ει 
σημείου  μεν  τόπον  σημείον,  γραμμής  δε  τόπον 
γραμμην,  εττκ^ανεια?  δε  €πιφάν€ΐαν,  στ€ρ€θΰ  δέ 
OTcpeov,  οΐ  δε  διεξοδικοί,  ώς  σημβίου  μεν  γραμμην, 
γραμμής    δ*    €πιφάν€ΐαν,    επιφανείας    δε    στερεόν, 

^  Καταστίρισμοΰί  coni.  Portus,  Κατ  άστη  ρίγμους  codd. 

•  Not,  of  course,  Arlstarchus  of  Samos,  the  mathematician, 
but  the  celebrated  Samothracian  grammarian. 

'  Mnaseas  was  the  author  of  a  work  entitled  IlepCnXovs, 
whose  three  sections  dealt  with  Europe,  Asia  and  Africa, 
and  a  collection  of  oracles  given  at  Delphi. 

'  This  work  is  extant,  but  is  not  thought  to  be  genuine  in 
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of  eighty  of  voluntary  starvation,  having  lost  his 
sight ;  he  left  a  distinguished  pupil,  Aristophanes 
of  Byzantium  ;  of  whom  in  turn  Aristarchus  <*  was  a 
pupil.  Among  his  pupils  were  Mnaseas,*  Menander 
and  Aristis.  He  wrote  philosophical  works,  poems 
and  histories.  Astronomy  or  Platings  Among  the 
Stars,"  On  Philosophical  Divisions,  On  Freedom  from 
Pain,  many  dialogues  and  numerous  grammatical 
works. 

(h)  On  Means 
Pappus,  Collection  vii.  3,  ed.  Hultsch  636.  19-9.5 

The  order  of  the  aforesaid  books  in  the  Treasury  of 
Analysis  is  as  follows  .  .  .  the  two  books  of  Eratos- 
thenes On  Means.^ 

Pappus,  Collection  vii.  21,  ed.  Hultsch  660.  18-662.  18 

Loci  in  general  are  tevrci^afixed,  as  when  Apollonius 
at  the  beginning  of  his  own  Elements  says  the  locus  of 
a  point  is  a  point,  the  locus  of  a  line  is  a  line,  the  locus 
of  a  surface  is  a  surface  and  the  locus  of  a  solid  is  a 
solid  ;  or  progressive,  as  when  it  is  said  that  the  locus 
of  a  point  is  a  line,  the  locus  of  a  line  is  a  surface  and 
the  locus  of  a  surface  is  a  solid  ;   or  circumambient  as 

its  extant  form  ;  it  contains  a  mythology  and  description  of 
the  constellations  under  forty-four  heads.  The  general  title 
Αστρονομία  may  be  a  mistake  for  'AarpoOeaia;  elsewhere 
it  is  alluded  to  under  the  title  Κατάλογοι. 

<*  The  inclusion  of  this  work  in  the  Treasury  of  Analysis, 
along  with  such  works  as  those  of  Euclid,  Aristaeus  and 
Apollonius,  shows  that  it  was  a  standard  treatise.  It  is  not 
otherwise  mentioned,  but  the  loci  with  reference  to  means 
referred  to  in  the  passage  from  Pappus  next  cited  were  pre- 
sumably discussed  in  it. 
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ol  8e  άναστροφίκοί,  ώς  σημζίου  μ^ν  €7ηφάν€ΐαν, 
γραμμής  δε  arepeov.  [.  .  .  οι  δε  υπό  'Ερατοσθέ- 
νους €7Τίγραφ€ντ€ς  τόποι  προς  μ^σότητας  €κ  των 
προ€φημ€νων  clalv  τω  γε'νει,  άπο  δε  της  ΙΒιότητος 
των  ύποθ€σ€ων  .   .   .  €Κ€ίνοις.γ 

(c)  The  "  Platonicus  " 

Theon  Smyr.,  ed.  Hiller  81.  17-82.  5 

*Κρατοσθ€νης  δε  iv  τω  ΐΐλατωνικω  φησι,  μη 
ταντόν  είναι  Βιάστημα  και  λόγον.  €π€ώ'η  λόγος 
/χε'ν  ε'στι  δυο  μεγεθών  η  προς  άλληλα  ποια  σχεσις, 
γίνεται  δ'  αΰτη  και  iv  Βιαφόροις  ζ^και  έν  άΒιαφό- 
ροις^.'  οίον  iv  ω  λόγω  εστί  το  αίσθητόν  προς 
το  νοητόν,  iv  τούτω  8όζα  προς  €πιστημην,  και 
Βιαφερίΐ  και  το  νοητον  του  iπιστητoΰ  ω  και  η 
8όζα  του  αισθητού.  Βιάστημα  δε  εν  Βιαφέρουσι 
μόνον,  η  κατά  το  μ4γ€θος  η  κατά  ποιότητα  η  κατά 
θέσιν  η  άλλως  οπωσοϋν.     δηλον  δε  και  evrcudev, 

^  The  passage  of  which  this  forms  the  concluding  sentence 
is  attributed  by  Hultsch  to  an  interpolator.  To  fill  the 
lacuna  before  eKeivois  he  suggests  ανόμοιοι  eVetVoiy,  following 
Halley's  rendering,  "  diversa  sunt  ab  illis." 

'  Kol  a>  ά8ιαφόροΐ5  add.  Hiller. 

"  Tannery  coniectured  that  these  were  the  loci  of  points 
such  that  their  distances  from  three  fixed  lines  provided  a 
"  midiit^,"  i.e.,  loci  (straight  lines  and  conies)  which  can  be 
represented  in  trilinear  co-ordinates  by  such  equations  as 

2y=sa!+2,  y*=xz,  y{x+z)—2xz,  «(« - y)  =  2(y - z), 
x{x-y)=y{y-z); 

these  represent  respectively  the  arithmetic,  geometric  and 
harmonic  means,  and  the  means  subcontrary  to  the  harmonic 
and  geometric  means  (v.  vol.  i.  pp.  122-125).     Zeuthen  has 
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when  it  is  said  that  the  locus  of  a  point  is  a  surface  and 
the  locus  of  a  line  is  a  solid.  [.  .  .  the  loci  described 
by  Eratosthenes  as  having  reference  to  means  belong 
to  one  of  the  aforesaid  classes,  but  from  a  peculiarity 
in  the  assumptions  are  unlike  them.]  •* 

(c)  The  "  Platonicus  " 

Theon  of  Smyrna,  ed.  Hiller  81.  17-82.  5 

Eratosthenes  in  the  Platonicus  ^  says  that  interval 
and  ratio  are  not  the  same.  Inasmuch  as  a  ratio  is  a 
sort  of  relationship  of  two  magnitudes  one  towards 
the  other,*  there  exists  a  ratio  both  between  terms 
that  are  different  and  also  between  terms  that  are  not 
different.  For  example,  the  ratio  of  the  perceptible 
to  the  intelligible  is  the  same  as  the  ratio  of  opinion 
to  knowledge,  and  the  difference  between  the  intel- 
ligible and  the  known  is  the  same  as  the  difference  of 
opinion  from  the  perceptible. <*  But  there  can  be  an 
interval  only  between  terms  that  are  different, 
according  to  magnitude  or  quality  or  position  or  in 
some  other  way.     It  is  thence  clear  that  ratio  is 

an  alternative  conjecture  on  similar  lines  {Die  Lehre  von  den 
Kegelschnitten  im  Altertum,  pp.  320-321). 

*  Theon  cites  this  work  in  one  other  passage  (ed.  Hiller  2. 
3-12)  telling  how  Plato  was  consulted  about  the  doubling  of 
the  cube  ;  it  has  already  been  cited  (vol.  i.  p.  256).  Eratos- 
thenes' own  solution  of  the  problem  has  already  been  given 
in  vol.  i.  pp.  290-297,  and  a  letter  purporting  to  be  from 
Eratosthenes  to  Ptolemy  Euergetes  is  given  in  vol.  i.  pp.  256- 
261.  Whether  the  Platonicus  was  a  commentary  on  Plato 
or  a  dialogue  in  which  Plato  was  an  interlocutor  cannot  be 
decided. 

"  Cf.  Eucl.  V.  Def.  3,  cited  in  vol.  i.  p.  444. 

^  A  reference  to  Plato,  Rep.  vi.  509  η — 511  ε,  vii.  517  a — • 
518  B. 
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OTt  λόγος  Βιαστηματος  ercpov  το  γαρ  ήμισυ  προς 
το  Βίπλάσίον  {/cat  το  8ητλάσιον  ττρος  το  •ημισυ)^ 
Χόγον  μ€ν  ου  τον  αύτον  €χ€ΐ,  Βίάστημα  8e  το  αυτό. 

(d)  Measurement  of  the  Earth 

Cleom.  De  motu  circ.  i.  10.  52,  ed.  Ziegler  94.  23-100.  23 

Και  η  μ€ν  του  Ποσειδωνίου  €φοΒος  πβρί  του 
κατά  την  γην  μ&γέθους  τοιαύτη,  η  δε  του  Έρα- 
τοσθβνους  γ€ωμ€τρικης  εφοΒου  αγομένη,  και  δο- 
κοΰσά  τι  άσαφ4στζρον  €χ€ΐν.  ττοιησει  δε  σαφή 
τά  λξγόμ^να  υπ  αυτού  τάδε  προϋποτιθίμβνων 
ημών.  ύποκζίσθω  ημΐν  ττρώτον  μβν  κάνταΰθα, 
ύττο  τω  αύτω  μ^σημβρινω  Κ€Ϊσθαι  Έυηνην  και 
'Αλεξάνδρειας,  και  δεύτερον,  το  Βιάστημα  το 
μ€ταζύ  των  ττόλεων  π€ντακισχιλίων  σταδίων  είναι, 
και  τρίτον,  τάς  καταπ^μττομ^νας  ακτίνας  άπο 
Βιαφόρων  μ€ρών  του  ηλίου  εττι  διάφορα  της  γης 
μ€ρη  παράλληλους  είναι '  οϋτως  γαρ  εχειν  αυτά? 
οι  γ€ωμ€τραι  ύποτίθζνται.  τέταρτον  €Κ€Ϊνο  ύττο- 
κείσθω,  Βεικνυμενον  παρά  τοις  γ€ωμ€τραις,  τάς 
€ΐς  παράλληλους  εμπίπτουσας  ευθείας  τάς  εναλλάξ 
γωνίας  ΐσας  ποιεΐν,  πέμπτον,  τάς  επι  ίσων  -γωνιών 
βεβηκυίας  περιφερείας  ομοίας  είναι,  τουτεστι  την 
αύτην  άναλογίαν  και  τον  αυτόν  λόγον  εχειν  ττρο? 
τους  οικείους  κύκλους,  Βεικνυμενου  και  τούτου 
παρά  τοις  γεωμετραις.  οπόταν  γάρ  περιφερειαι 
επι   ίσων  γωνιών  ώσι  βεβηκυΐαι,   αν  μία  ητισοΰν 

^  και  ...  ήμισυ  add.  Hiller. 

"  The  difference  between  ratio  and  interval  is  explained  a 
little  more  neatly  by  Theon  himself  (ed.  Hiller  81.  6-9) : 
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diiFerent  from  interval ;  for  the  relationship  of  the 
half  to  the  double  and  of  the  double  to  the  half  does 
not  furnish  the  same  ratio,  but  it  does  furnish  the 
same  interval.* 

(d)  Measurement  of  the  Earth 

Cleomedes,*  On  the  Circular  Motion  of  the  Heavenly 
Bodies  i.  10.  52,  ed.  Ziegler  94.  23-100.  23 

Such  then  is  Posidonius's  method  of  investigating 
the  size  of  the  earth,  but  Eratosthenes'  method 
depends  on  a  geometrical  argument,  and  gives  the 
impression  of  being  more  obscure.  What  he  says 
will,  however,  become  clear  if  the  following  assump- 
tions are  made.  Let  us  suppose,  in  this  case  also, 
first  that  Syene  and  Alexandria  Ue  under  the  same 
meridian  circle  ;  secondly,  that  the  distance  between 
the  two  cities  is  5000  stades  ;  and  thirdly,  that  the 
rays  sent  down  from  diiFerent  parts  of  the  sun  upon 
different  parts  of  the  earth  are  parallel ;  for  the 
geometers  proceed  on  this  assumption.  Fourthly, 
let  us  assume  that,  as  is  proved  by  the  geometers, 
straight  lines  falling  on  parallel  straight  Tines  make 
the  alternate  angles  equal,  and  fifthly,  that  the  arcs 
subtended  by  equal  angles  are  similar,  that  is,  have 
the  same  proportion  and  the  same  ratio  to  their 
proper  circles — this  also  being  proved  by  the  geo- 
meters. For  whenever  arcs  of  circles  are  subtended 
by  equal  angles,  if  any  one  of  these  is  (say)  one-tenth 

Βιαφΐρΐΐ  Se  Βιάστημα  καΐ  λόγοζ,  €π€ΐΒη  διάστημα  μ4ν  €στι  το 
μ,€ταζύ  των  ομογενών  τ€  και  άνισων  όρων,  λόγος  δε  άπλώ?  ij 
των  ομογενών  όρων  προς  αλλήλους  σχεσις. 

*  Cleomedes  probably  wrote  about  the  middle  of  the  first 
century  b.c.  His  handbook  De  motu  circulari  corporum 
ea^lestium  is  largely  based  on  Posidonius. 
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αυτών  Βζκατον  fj  μέρος  τοΰ  οικείου  κύκλου,  καΐ 
αϊ  λοιπαΐ  ττασαι  Se/cara  μ^ρη  γ^νησονται  των 
OLK€LWV  κύκλων. 

Ύουτων  6  κατακράτησα^  ουκ  αν  χαλεττώ^  την 
βφοΒον  τοΰ  *Έιρατοσθ€νους  καταμάθοι  €χουσαν 
ούτως,  ύττό  τω  αύτω  κύσθαι  μεσημβρινω  φησι 
Σιυηνην  καΐ  *Αλ€ζάνΒρ€ίαν.  inel  ούν  μέγιστοι,  των 
iv  τω  κόσμω  οΐ  μ€σημβρίνοί.  Set  /cat  τους  ύττο- 
κ€ΐμ4νους  τούτοις  της  γης  κύκλους  μέγιστους  etvai 
άναγκαίως.  ώστ€  ηλίκον  αν  τον  δια  Σιυηνης  καΐ 
^ΑλβζανΒρζίας  ηκοντα  κύκλον  της  γης  η  έφοδος 
aTToSei^et  αύτη,  τηλίκοΰτος  καΐ  6  μέγιστος  έσται 
της  γης  κύκλος,  φησί  τοίνυν,  καΐ  €χ€ΐ  ούτως,  την 
Έιυηνην  ύπό  τω  θζρινω  τροπικω  Κ€Ϊσθαι  κύκλω, 
οττόταν  ονν  iv  καρκίνω  γενόμενος  6  ήλιος  και 
θζρινας  ποιών  τροπάς  ακριβώς  μ€σουρανηση,  άσκιοι 
γίνονται  οι  τών  ωρολογίων  γνώμονες  άναγκαίως, 
κατά  κάθετον  άκριβη  του  ηλίου  υπερκειμένου•  και 
τοΰτο  yivea^at  λόγος  έπϊ  σταδίου?  τριακόσιους 
την  8ιάμετρον.  έν  ΆλεζανΒρεία  δε  τη  αύτη  ώρα 
άποβάλλουσιν  οι  τών  ωρολογίων  γνώμονες  σκιάν, 
άτε  προς  άρκτω  μάλλον  της  Σιυηνης  ταύτης  της 
πόλεως  κειμένης.  ύπό  τω  αύτω  μεσημβρινώ 
τοίνυν  και  μεγίστω  κύκλω  τών  πόλεων  κειμένων, 
αν  περιαγάγωμεν  περιφέρειαν  από  του  άκρου  της 
του  γνώμονος  σκιάς  έπι  την  βάσιν  αύτην  του 
γνώμονος  του  €V  *Αλεζαν^ρεία  ωρολογίου,  αύτη 
η  περιφέρεια  τμήμα  γενησεται  τοΰ  μεγίστου  τών 
€V  τη  σκάφη  κύκλων,  επει  μεγίστω  κύκλω  υπό- 
κειται η  τοΰ  ωρολογίου  σκάφη.  εΐ  οΰν  έζης 
νοησαιμεν  ευθείας  8ιά  της  γης  εκβαλλομένας  αφ* 
εκατέρου  τών  γνωμόνων,  προς  τα»  κέντρω  της  γης 
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of  its  proper  circle,  all  the  remaining  arcs  will  be 
tenth  parts  of  their  proper  circles. 

Anyone  who  has  mastered  these  facts  will  have 
no  difficulty  in  understanding  the  method  of 
Eratosthenes,  which  is  as  follows,  Syene  and  Alex- 
andria, he  asserts,  are  under  the  same  meridian. 
Since  meridian  circles  are  great  circles  in  the  universe, 
the  circles  on  the  earth  which  lie  under  them  are 
necessarily  great  circles  also.  Therefore,  of  whatever 
size  this  method  shows  the  circle  on  the  earth  through 
Syene  and  Alexandria  to  be,  this  will  be  the  size  of 
the  great  circle  on  the  earth.  He  then  asserts,  as  is 
indeed  the  case,  that  Syene  lies  under  the  summer 
tropic.  Therefore,  whenever  the  sun,  being  in  the 
Crab  at  the  summer  solstice,  is  exactly  in  the  middle 
of  the  heavens,  the  pointers  of  the  sundials  necessarily 
throw  no  shadows,  the  sun  being  in  the  exact  vertical 
line  above  them  ;  and  this  is  said  to  be  true  over  a 
space  300  stades  in  diameter.  But  in  Alexandria  at 
the  same  hour  the  pointers  of  the  sundials  throw 
shadows,  because  this  city  lies  farther  to  the  north 
than  Syene.  As  the  two  cities  lie  under  the  same 
meridian  great  circle,  if  we  draw  an  arc  from  the 
extremity  of  the  shadow  of  the  pointer  to  the  base  of 
the  pointer  of  the  sundial  in  Alexandria,  the  arc  will 
be  a  segment  of  a  great  circle  in  the  bowl  of  the  sun- 
dial, since  the  bowl  lies  under  the  great  circle.  If 
then  we  conceive  straight  lines  produced  in  order 
from  each  of  the  pointers  through  the  earth,  they 
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συμποσούνται.  eTret  ουν  το  iv  Σινηιη[)  ώρολόγιον 
κατά  κάθζτον  υπόκειται  τω  ηλίω,  αν  οπινοησωμον 
evOelav  άττο  του  ηλίου  ηκουσαν  eV  άκρον  τον  του 
ωρολογίου  γνώμονα,  μία  γονήσεται  ζύθοΐα  ή  από 
του  ήλιου  μόχρι  τοΰ  κέντρου  της  γης  ηκουσα.  iav 
οΰν  €Τ€ραν  evdeiav  νοησωμ^ν  από  τοΰ  άκρου  της 
σκιάς  τοΰ  γνώμονος  δι'  άκρου  τοΰ  γνώμονος  €πι 
τόν  ηλιον  άναγομένην  από  της  iv  'AXe^avSpeia 
σκάφης,  αϋτη  και  η  προβιρημόνη  eideta  παράλλη- 
λοι γ^νησονται  από  Βιαφόρων  γ€  τοΰ  ηλίου  μορών 
επι  διάφορα  μέρη  της  γης  Ζιηκουσαι.  ei?  ταύτας 
τοίνυν  παράλληλους  οϋσας  έμπίπτζΐ  ζύθοΐα  η  από 
τοΰ  κέντρου  της  γης  έπΙ  τόν  iv  'Αλεξάνδρεια 
γνώμονα  ηκουσα,  ώστ€  τας  ivaλλaζ  γωνίας  ΐσας 
ποΐ€Ϊν•  ων  η  μέν  iστι  προς  τω  κέντρω  της  γης 
κατά  σύμπτωσιν  των  ζύθοιών,  at  από  των  ωρο- 
λογίων ηχθησαν  iπi  τό  κέντρον  της  γης,  γινομένη, 
η  8e  κατά  σύμπτωσιν  άκρου  τοΰ  iv  ^ΑλζζανΒρζία 
γνώμονος  και  της  απ'  άκρου  της  σκιάς  αύτοΰ  iπϊ 
τόν  ηλιον  δια  της  προς  αυτόν  φαύσοως  άναχθζίσης 
γζγβνημένη.  και  iπl  μον  ταύτης  βέβηκζ  περι- 
φέρεια η  άττ'  άκρου  της  σκιάς  τοΰ  γνώμονος  έπι 
την  βάσιν  αύτοΰ  περιαχθεΐσα,  iπι  δε  της  προς 
τω  κέντρω  της  γης  η  από  Έυηνης  8ιηκουσα  €ΐς 
ΑλεζάνΒρειαν.  δμοιαι  τοίνυν  αϊ  περιφέρειαί  είσιν 
άλλϊ^λαι?  έπ*  Ισων  ye  γωνιών  βεβηκυΐαι.  ον  άρα 
λόγον  €χ€ΐ  ή  iv  τη  σκάφη  προς  τόν  οικζΐον  κύκλον, 
τοΰτον  €χ€ΐ  τόν  λόγον  και  η  από  Έυηνης  ΐίς 
*Αλ€ζάν8ρ€ΐαν  ηκουσα.  ή  δε  γ€  iv  τη  σκάφ/η 
π€ντηκοστόν  μέρος  ευρίσκεται  τοΰ  οικείου  κύκλου. 
δει  ούν  άναγκαίως  και  τό  από  Ίΐυήνης  εις  Άλεζ- 
άνΒρειαν  Βιάστημα  πεντηκοστόν  eZ^i^at  μέρος  τοΰ 
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will  meet  at  the  centre  of  the  earth.  Now  since  the 
sundial  at  Syene  is  vertically  under  the  sun,  if  we 
conceive  a  straight  line  drawn  from  the  sun  to  the 
top  of  the  pointer  of  the  sundial,  the  line  stretching 
from  the  sun  to  the  centre  of  the  earth  will  be  one 
straight  line.  If  now  we  conceive  another  straight 
line  drawn  upwards  from  the  extremity  of  the  shadow 
of  the  pointer  of  the  sundial  in  Alexandria,  through 
the  top  of  the  pointer  to  the  sun,  this  straight  line 
and  the  aforesaid  straight  line  will  be  parallel,  being 
straight  lines  drawn  through  from  different  parts  of 
the  sun  to  different  parts  of  the  earth.  Now  on  these 
parallel  straight  lines  there  falls  the  straight  line 
drawn  from  the  centre  of  the  earth  to  the  pointer  at 
Alexandria,  so  that  it  makes  the  alternate  angles 
equal  ;  one  of  these  is  formed  at  the  centre  of  the 
earth  by  the  intersection  of  the  straight  lines  drawn 
from  the  sundials  to  the  centre  of  the  earth  ;  the 
other  is  at  the  intersection  of  the  top  of  the  pointer 
in  Alexandria  and  the  straight  line  drawn  from  the 
extremity  of  its  shadow  to  the  sun  through  the  point 
where  it  meets  the  pointer.  Now  this  latter  angle 
subtends  the  arc  carried  round  from  the  extremity  of 
the  shadow  of  the  pointer  to  its  base,  while  th^  angle 
at  the  centre  of  the  earth  subtends  the  arc  stretching 
from  Syene  to  Alexandria.  But  the  arcs  are  similar 
since  they  are  subtended  by  equal  angles.  Whatever 
ratio,  therefore,  the  arc  in  the  bowl  of  the  sundial  has 
to  its  proper  circle,  the  arc  reaching  from  Syene  to 
Alexandria  has  the  same  ratio.  But  the  arc  in  the 
bowl  is  found  to  be  the  fiftieth  part  of  its  proper 
circle.  Therefore  the  distance  from  Syene  to  Alex- 
andria must  necessarily  be  a  fiftieth  part  of  the  great 
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μεγίστου  της  γης  κύκλου•  και  εστί  τοΰτο  σταΒίων 
ττΐντακίσχίλίων.  6  άρα  συμπάς  κύκλος  γίνεται 
μυριάδων  είκοσι  Trevre.  καΐ  ή  μεν  'E/oaroa^eVouff 
εφοΒος  τοιαύτη. 

Heron,  Dloptra  36,  ed.  Η.  Schone  302.  10-17 

Δέον  δ€  έστω,  et  τύχοι,  την  μεταξύ  ^Αλεξανδρείας 
και  'Ρώμης  68όν  εκμετρήσαι  την  εττ  ευθείας,  την 
γε  επι  κύκλου  περιφερείας  μεγίστου  του  εν  τη  γη, 
ττροσομολογου μενού  του  οτι  περίμετρος  της  γης 
σταδίων  εστί  μ  και  ετι  β,  ώς  6  μάλιστα  των 
άλλων  άκριβεστερον  πεπραγματευμενος  Έρατο- 
σθενης  8είκνυσιν  εν  {τω)^  επιγραφομενω  ΪΙερΙ  της 
άναμετρησεως  της  γης. 

^  τω  add.  Η.  Schdne. 

»  The  attached  figure  will  help  to  elucidate  Cleomedes. 
S  is  Syene  and  A  Alexandria ;  the 
centre  of  the  earth  is  O.  The  sun's 
rays  at  the  two  places  are  represented 
by  the  broken  straight  lines.  If  α  be 
the  angle  made  by  the  sun's  rays  with 
the  pointer  of  the  sundial  at  Alexandria 
(OA  produced),  the  angle  SOA  is  also 
equal  to  a,  or  one-fiftieth  of  four  right 
angles.  The  arc  SA  is  known  to  be 
5000  stades  and  it  follows  that  the 
whole  circumference  of  the  earth  must 
be  250000  stades. 
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circle  of  the  earth.  And  this  distance  is  5000  stades. 
Therefore  the  whole  great  circle  is  250000  stades. 
Such  is  the  method  of  Eratosthenes." 

Heron,  Dioptra  36,  ed.  H.  Schone  302.  10-17 

Let  it  be  required,  perchance,  to  measure  the 
distance  between  Alexandria  and  Rome  along  the  arc 
of  a  great  circle,**  on  the  assumption  that  the  peri- 
meter of  the  earth  is  252000  stades,  as  Eratosthenes, 
who  investigated  this  question  more  accurately  than 
others,  shows  in  the  book  which  he  wrote  On  the 
Measurement  of  the  Earth.'' 

*  Lit.  "  along  the  circumference  of  the  greatest  circle  on 
the  earth." 

"  Strabo  (ii.  5.  7)  and  Theon  of  Smyrna  (ed.  Hiller  124. 
10-12)  also  give  Eratosthenes'  measurement  as  252000 
stades  against  the  250000  of  Cleomedes.  "  The  reason  of 
the  discrepancy  is  not  known  ;  it  is  possible  that  Eratosthenes 
corrected  250000  to  252000  for  some  reason,  perhaps  in 
order  to  get  a  figure  devisible  by  60  and,  incidentally,  a 
round  number  (700)  of  stades  for  one  degree.  If  PUny  {N.H. 
xii.  13.  53)  is  right  in  saying  that  Eratosthenes  made  40  stades 
equal  to  the  Egyptian  σχοϊνοζ,  then,  taking  the  σχοΐνος  at 
12000  Royal  cubits  of  0-525  metres,  we  get  300  such  cul9its, 
or  157-5  metres,  i.e.,  516-73  feet,  as  the  length  of  the  stade. 
On  this  basis  252000  stades  works  out  to  24662  miles,  and 
the  diameter  of  the  earth  to  about  7850  miles,  only  50  miles 
shorter  than  the  true  polar  diameter,  a  surprisingly  close 
approximation,  however  much  it  owes  to  happy  accidents  in 
the  calculation  "  (Heath,  H.G.M.  ii.  107). 
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XIX.  APOLLONIUS  OF  PERGA 

(a)  The  Conic  Sections 

(i.)  Relation  to  Previous  Works 

Eutoc.  Comm.  in  Con.,  ApoU.  Perg.  ed.  Heiborg  ii. 

168.  5-170.  26 

Αττολλώνιο?  ό  γεωμβτρης,  ώ  φίλε  iraCpe  *Av- 
θ€μΐ€,  γ€γον€  μέν  εκ  ΙΙζργης  της  ev  ΥΙαμφυλία 
€v  χρονοις  του  Ευεργέτου  ΥΙτολεμαίου,  ώς  ιστορεί 
Ηράκλειος  6  τον  βίον  ^Αρχιμήδους  γράφων,  ος 
και  φησι  τά  κωνικά  θεωρήματα  επινοήσαι  μεν 
ττρώτον  τον  *Αρχιμή8η,  τον  8ε  Άπολλώνιον  αυτά 
εύρόντα  υπό  ^ΑρχιμήΒους  μη  εκδοθέντα  ι8ιοποιή- 
σασ^αι,  ουκ  άληθεύων  κατά  γε  την  εμην.  δ  τ€ 
γάρ  'Αρχιμήδης  εν  πολλοίς  φαίνεται  ώς  παλαιο- 
τέρας της  στοιχειώσεως  των  κωνικών  μεμνημενος, 
και  ο  Απολλώνιος  ούχ  ώς  ί8ίας  επινοίας  γράφει• 
ου  γαρ  αν  εφη   "  επι  πλέον  και  καθόλου  μάλλον 


'  Scarcely  anji;hing  more  is  known  of  the  life  of  one  of  the 
greatest  geometers  of  all  time  than  is  stated  in  this  brief 
reference.  From  Pappus,  Coll.  vii.,  ed.  Hultsch  67  (quoted  in 
vol.  1.  p.  488),  it  is  known  that  he  spent  much  time  at  Alex- 
andria with  Euclid's  successors.  Ptolemy  Euergetes  reign^ 
^4r6~22l  B.C.,  and  as  Ptolemaeus  Chennus  (apud  Photii 
Bibl.,  cod.  cxc,  ed.  Bekker  151  b  18)  mentions  an  astro- 
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(a)  The  Conic  Sections 

(i.)  Relation  to  Previous  Works 

Eutocius,  Commentary  on  Apollonius^s  Conic/t 
Apoll.  Perg.  ed.  Heiberg  ii.  168.  5-170.  26 

Apollonius  the  geometer,  my  dear  Anthemius, 
flourished  at  Perga  in  PamphyUa  during  the  time  of 
Ptolemy  Euergetes,"  as  is  related  in  the  life  of  Archi- 
medes written  by  Heraclius,*  who  also  says  that 
Archimedes  first  conceived  the  theorems  in  conies 
and  that  Apollonius,  finding  they  had  been  discovered 
by  Archimedes  but  not  published,  appropriated  them 
for  himself,  but  in  my  opinion  he  errs.  For  in  many 
places  Archimedes  appears  to  refer  to  the  elements  of 
conies  as  an  older  work,  and  moreover  Apollonius 
does  not  claim  to  be  giving  his  own  discoveries  ; 
otherwise  he  would  not  have  described  his  purpose  as 
"  to  investigate  these  properties  more  fully  and  more 

nomer  named  Apollonius  who  flourished  in  the  time  of 
Ptolemy  Philopator  (221-204  b.c),  the  great  geometer  is 
probably  meant.  This  fits  in  with  Apollonius's  dedication  of 
Books  iv.-viii.  of  his  Conies  to  King  Attalus  I  (247-197  b.c). 
From  the  preface  to  Book  i.,  quoted  infra  (p.  281),  we  gather 
that  Apollonius  visited  Eudemus  at  Pergamum,  and  to 
Eudemus  he  dedicated  the  first  two  books  of  the  second 
edition  of  his  work. 

'  More  probably  Heraclides,  v.  supra,  p.  18  n.  a. 
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ζζζίργάσθαι  ταντα  παρά  τα  ύπο  των  άλλων  ye- 
γραμμ€να."  αλλ'  OTrep  φησίν  6  Τβμινος  άληθβς 
€στίν,  ΟΤΙ  οΐ  τταλαιοί  κώνον  οριζόμενοι  την  του 
ορθογωνίου  τριγώνου  περιφοράν  μενούσης  /Λία? 
των  7Τ€ρί  την  όρθην  εικότα»?  και  τους  κώνους 
πάντας  ορθούς  ύπίλάμβανον  yiVea^ai  και  μίαν 
τομην  iv  ίκάστω,  iv  μεν  τω  όρθογωνίω  την  νυν 
καλουμίνην  παραβολην,  iv  δε  τω  άμβλυγωνίω  την 
ύπερβολήν,  iv  δε  τω  όζυγωνίω  την  ελλειφιν  και 
εστί  τταρ'  αύτοΐς  eipeiv  οϋτως  όνομαζομενας  τάς 
τομάς.  ώσπερ  οΰν  των  αρχαίων  im  ενός  εκάστου 
εϊΒους  τριγώνου  θεωρησάντων  τάς  δύο  όρθάς 
πρότερον  iv  τω  Ισοπλευρω  και  ττάλιν  εν  τω  ίσο- 
σκελεΐ  και  ύστερον  iv  τω  σκαληνω  οι  μεταγενέ- 
στεροι καθολικόν  θεώρημα  άττεΒειζαν  τοιούτο' 
παντός  τριγώνου  αι  ivτός  τρεις  yojviai  Βυσιν  όρθαΐς 
ισαι  εισίν  οϋτως  και  iπl  των  του  κώνου  τομών 
την  μεν  γάρ  λεγομενην  ορθογωνίου  κώνου  τομην 
iv  όρθογωνίω  μόνον  κώνω  iθεώpoυv  τεμνομενω 
iπιπεSω  όρθω  προς  μίαν  πλευράν  του  κώνου,  την 
δε  τοΰ  άμβλυγωνίου  κώνου  τομην  εν  άμβλυγωνίω 
γινομενην  κώνω  άπε8είκνυσαν,  την  δε  τοΰ  όζυ- 
γωνίου  iv  όζυγωνίω,  ομοίως  iπi  πάντων  των 
κώνων  άγοντες  τά  iπίπεSa  ορθά  προς  μίαν  πλευράν 
τοΰ  κώνου•  Βηλοΐ  δε  και  αυτά  τά  αρχαία  ονόματα 
των  γραμμών,  ύστερον  δε  Απολλώνιος  ο  Π  έρ- 
μαιο? καθόλου  τι  iθεώpησεv,  οτι  iv  παντί  κώνω 
και  όρθω  και  σκαληνω  ττασαι  at  τομαί  είσι  κατά 
Βιάφορον  τοΰ  iπιπεhoυ  προς  τον  κώνον  προσβολήν 
ον  και  θαυμάσαντες  οι  κατ*  αυτόν  γενόμενοι  δια 
τό  θαυμάσιον  των  υπ*  αύτοΰ  8εΒειγμενων  κωνικών 
θεωρημάτων  μεγαν  γεωμετρην  iKoAouv.  ταύτα 
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generally  than  is  done  in  the  works  of  others."  *  But 
what  Geminus  says  is  correct :  defining  a  cone  as  the 
figure  formed  by  the  revolution  of  a  right-angled 
triangle  about  one  of  the  sides  containing  the  right 
angle,  the  ancients  naturally  took  all  cones  to  be  right 
with  one  section  in  each — in  the  right-angled  cone  the 
section  now  called  the  parabola,  in  the  obtuse-angled 
the  hyperbola,  and  in  the  acute-angled  the  ellipse  ; 
and  in  this  may  be  found  the  reason  for  the  names 
they  gave  to  the  sections.  Just  as  the  ancients, 
investigating  each  species  of  triangle  separately, 
proved  that  there  were  two  right  angles  first  in  the 
equilateral  triangle,  then  in  the  isosceles,  and  finally 
in  the  scalene,  whereas  the  more  recent  geometers 
have  proved  the  general  theorem,  that  in  any  triangle 
the  three  internal  angles  are  equal  to  two  right  angles,  so 
it  has  been  vdth  the  sections  of  the  cone  ;  for  the 
ancients  investigated  the  so-called  section  of  a  right- 
angled  cone  in  a  right-angled  cone  only,  cutting  it  by 
a  plane  perpendicular  to  one  side  of  the  cone,  and  they 
demonstrated  the  section  of  an  obtuse-angled  cone  in  an 
obtuse-angled  cone  and  the  section  of  an  acute-angled 
cone  in  the  acute-angled  cone,  in  the  cases  of  all  the 
cones  drawing  the  planes  in  the  same  way  perpen- 
dicularly to  one  side  of  the  cone  ;  hence,  it  is  clear, 
the  ancient  names  of  the  curves.  But  later  Apollonius 
of  Perga  proved  generally  that  all  the  sections  can  be 
obtained  in  any  cone,  whether  right  or  scalene, 
according  to  different  relations  of  the  plane  to  the 
cone.  In  admiration  for  this,  and  on  account  of  the 
remarkable  nature  of  the  theorems  in  conies  proved 
by  him,  his  contemporaries  called  him  the  "  Great 

•  This  comes  from  the  preface  to  Book  1.,  v.  infra,  p.  283. 
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μ€ν   οΰν    ό    Τβμινος    iv   τω    €κτω    φησί    της    Των 
μαθημάτων  θεωρίας. 

(ϋ.)  Scope  of  the  Work 

Apoll.  Conic,  i.,  Praef.,  Apoll.  Perg.  ed.  Heiberg 

i.  2.  2-4.  28 

'Απολλώνιο?  ΈινΒημω  -χαίρειν. 

Et  τω  τ€  σώματι  ev  επανάγβις  καΐ  τα  άλλα  κατά 
γνώμην  icrri  σοι,  καλώς  αν  €χοι,  μετρίως  δε  εχομεν 
καΐ  αυτοί,  καθ*  ον  δε  καιρόν  ημην  μετά  σον  εν 
ΤΙεργαμω,  εθεώρουν  σε  σπενδοντα  μετασχεΐν  των 
•πεπραγμένων  ημΐν  κωνικών  πεπομφα  οΰν  σοι  το 
ττρώτον  βιβλίον  Βιορθωσαμενος ,  τα  δε  λοιπά,  όταν 
εναρεστησωμεν ,  εζαποστελοΰμεν  ουκ  άμνημονεΐν 
γαρ  οϊομαί  σε  παρ*  εμοΰ  άκηκοότα,  διότι  την  περί 
ταΰτα  εφοΒον  εποιησάμην  ά^ιω^ει?  ύπο  Ναυκρά- 
τους    του    γ εω μέτρου,    καθ*    ον    καιρόν    εσχόλαζε 

"  Menaechmus,  as  shown  in  vol.  i.  pp.  278-283,  and  more 
particularly  p.  283  n.  a,  solved  the  problem  of  the  doubling 
of  the  cube  by  means  of  the  intersection  of  a  parabola  with  a 
hyperbola,  and  also  by  means  of  the  intersection  of  two  para- 
bolas. This  is  the  earliest  mention  of  the  conic  sections 
in  Greek  literature,  and  therefore  Menaechmus  (/.  360-350 
B.C.)  is  generally  credited  with  their  discovery ;  and  as 
Eratosthenes'  epigram  (vol.  i.  p.  296)  speaks  of  "  cutting  the 
cone  in  the  triads  of  Menaechmus,"  he  is  given  credit  for 
discovering  the  ellipse  as  well.  He  may  have  obtained  them 
all  by  the  method  suggested  by  Geminus,  but  Heath  {H.O.M. 
ii.  111-116)  gives  cogent  reasons  for  thinking  that  he  may 
have  obtained  his  rectangular  hyperbola  by  a  section  of  a 
right-angled  cone  parallel  to  the  axis. 

A  passage  already  quoted  (vol.  i.  pp.  486-489)  from  Pappus 
(ed.  Hultsch  672.  18-678.  24)  informs  us  that  treatises  on  the 
conic  sections  were  written  by  Aristaeus  and  Euclid.  Aris- 
taeus'  work,  in  five  books,  was  entitled  Solid  Loci;  Euclid's 
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Geometer."  Geminus  relates  these  details  in  the 
sixth  book  of  his  Theory  of  Mathematics.'* 

(ii.)  Scope  of  the  Work 

Apollonius,  Conies  i.,  Preface,  ApoU.  Perg.  ed.  Heiberg 
i.  2.  2-4.  28 

Apollonius  to  Eudemus  ^  greeting. 

If  you  are  in  good  health  and  matters  are  in  other 
respects  as  you  wish,  it  is  well ;  I  am  pretty  well  too. 
During  the  time  I  spent  with  you  at  Pergamum, 
I  noticed  how  eager  you  were  to  make  acquaint- 
ance with  my  work  in  conies  ;  I  have  therefore 
sent  to  you  the  first  book,  which  I  have  revised,  and 
I  will  send  the  remaining  books  when  I  am  satis- 
fied with  them.  I  suppose  you  have  not  forgotten 
hearing  me  say  that  I  took  up  this  study  at  the  request 
of  Naucrates  the  geometer,  at  the  time  when  he  came 

Conies  was  in  four  books.  The  work  of  Aristaeus  was 
obviously  more  original  and  more  specialized  ;  that  of  Euclid 
was  admittedly  a  compilation  largely  based  on  Aristaeus. 
Euclid  flourished  about  300  b.c.  As  noted  in  vol.  i.  p.  495 
n.  o,  the  focus-directrix  property  must  have  been  known  to 
Euclid,  and  probably  to  Aristaeus ;  curiously,  it  does  not 
appear  in  Apollonius's  treatise. 

Many  properties  of  conies  are  assumed  in  the  works  of 
Archimedes  without  proof  and  several  have  been  encountered 
in  this  work  ;  they  were  no  doubt  taken  from  the  works  of 
Aristaeus  or  Euclid.  As  the  reader  will  notice,  Archimedes' 
terminology  differs  in  several  respects  from  that  of  Apollonius, 
apart  from  the  fundamental  difference  on  which  Geminus 
laid  stress. 

The  history  of  the  conic  sections  in  antiquity  is  admirably 
treated  by  Zeuthen,  Die  Lehre  von  den  Kegelschnitten  im 
Altertum  (1886)  and  Heath,  Apollonius  of  Perga,  xvii-clvi. 

*  Not,  of  course,  the  pupil  of  Aristotle  who  wrote  the 
famous  History  of  Geometry,  unhappily  lost. 
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■nap*  ημΐν  παραγ^νηθάς  els  'Αλεξάνδρειας,  και 
διότι  πραγματζνσαντ€ς  αυτά  iv  οκτώ  βφλίοις  ef 
αυτή?  μ€τα8€8ώκαμ€ν  αυτά  els  το  airovhaiOTepov 
δια  το  rrpos  €κπλω  αυτόν  etvai  ου  hiaKaOapavTes , 
άλλα  ττάντα  τά  ύποπίπτοντα  ημΐν  devTes  ώ? 
€σχατον  €π€λ€υσόμ€νοί.  odev  καιρόν  νυν  λαβόντ€5 
del  το  τυγχάνον  8ιopθώσeωs  €κ8ί8ομ€ν.  και  inel 
συμβeβηκe  και  dλλoυs  τινά?  των  συμμeμιχότωv 
ημΐν  μeτeιληφevaι  το  πρώτον  και  το  8evTepov 
βιβλίον  πριν  η  8ιορθωθηναι,  μη  θaυμάσηs,  edv 
πepιπιπτηs  αυτοί?  eτepωs  €χουσιν. 

Απο  8e  τών  οκτώ  βιβλίων  τα  πρώτα  τέσσαρα 
πeπτωκev  els  άγωγην  στοιχειώδη,  περιέχει  he  το 
μεν  πρώτον  τά?  γevεσειs  τών  τριών  τομών  και 
τών  αντικείμενων  και  τά  εν  αυταΐ?  άρρ^ίΛτά  συμπτώ- 
ματα επι  πλέον  και  καθόλου  μα.?<λον  εζειργασμενα 
παρά  τά  υπό  τών  άλλων  γεγραμμενα,  το  8ε  8ευ- 
τερον  τα  περί  τα?  8ιaμετpoυs  και  tous  άξονα?  τών 
τομών  συμβαίνοντα  και  τά?  άσυμπτώτoυs  και 
άλλα  γενικην  και  άναγκαίαν  χρείαν  παρεχόμενα 
προ?  τους  διορισ/Λου?•  τίνα?  δε  δια/χε'τρου?  καΐ 
τίνα?  άξονα?  καλώ,  ειδτ^σει?  εκ  τούτου  του  βιβλίου. 
το  δε  τρίτον  πολλά  και  τταράδοξα  Θεωρήματα 
χρήσιμα  ττρό?  τ€  τά?  συvθεσειs  τών  στερεών 
τόπων  και  Tods  8ιopισμoυs,  ών  τά  πλείστα  και 
κάλλιστα  ξένα,  ά  καΐ  κaτavoήσavτεs  συνεί8ομεν 
μη  συντιθεμενον  υπό  Έ,ύκλεί8ου  τόν  επι  τpεΐs  και 
τέσσαρα?  γραμμας  τόπον,  αλλά  μόριον  το  τυχόν 
αύτοΰ  και  τοΰτο  ουκ  εύτυχώs'  ου  γαρ  ην  δυνατόν 
άνευ    τών    προσευρημενων    ημΐν    τελειωθήναι    την 

•  Α  necessary  observation,  because  Archimedes  had  used 
the  terms  in  a  different  sense. 
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to  Alexandria  and  stayed  with  me,  and  that,  when  I 
had  completed  the  investigation  in  eight  books,  I  gave 
them  to  him  at  once,  a  little  too  hastily,  because  he 
was  on  the  point  of  sailing,  and  so  I  was  not  able  to 
correct  them,  but  put  down  everything  as  it  occurred 
to  me,  intending  to  make  a  revision  at  the  end. 
Accordingly,  as  opportunity  permits,  I  now  publish 
on  each  occasion  as  much  of  the  work  as  I  have  been 
able  to  correct.  As  certain  other  persons  whom  I 
have  met  have  happened  to  get  hold  of  the  first  and 
second  books  before  they  were  corrected,  do  not  be 
surprised  if  you  come  across  them  in  a  different  form. 
Of  the  eight  books  the  first  four  form  an  elementary 
introduction.  The  first  includes  the  methods  of  pro- 
ducing the  three  sections  and  the  opposite  branches 
[of  the  hyperbola]  and  their  fundamental  properties, 
which  are  investigated  more  fully  and  more  generally 
than  in  the  works  of  others.  The  second  book  in- 
cludes the  properties  of  the  diameters  and  the  axes 
of  the  sections  as  well  as  the  asymptotes,  with  other 
things  generally  and  necessarily  used  in  determining 
limits  of  possibility  ;  and  what  I  call  diameters  and 
axes  you  will  learn  from  this  book."  The  third  book 
includes  many  remarkable  theorems  useful  for  the 
syntheses  of  solid  loci  and  for  determining  limits  of 
possibility  ;  most  of  these  theorems,  and  the  most 
elegant,  are  new,  and  it  was  their  discovery  which 
made  me  realize  that  Euclid  had  not  worked  out  the 
synthesis  of  the  locus  with  respect  to  three  and  four 
lines,  but  only  a  chance  portion  of  it,  and  that  not 
successfully  ;  for  the  synthesis  could  not  be  com- 
pleted  without   the   theorems   discovered   by  me.* 

*  For  this  locus,  and  Pappus's  comments  on  Apollonius's 
claims,  v.  vol.  i.  pp.  486-489. 
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σννθζσιν.  το  Be  τέταρτον,  ποσαχώζ  αϊ  των  κώνων 
τομαΐ  άλλτ^λαι?  τε  και  τ-η  του  κύκλου  ττεριφερεία 
συμβάΧλουσι,  καΐ  άλλα  e/c  περισσοΰ,  ών  ούΒετερον 
ύπο  τών  προ  ημών  γεγραπται,  κώνου  τομή  η 
κύκλου  περιφέρεια  κατά  πόσα  σημεία  συμβάλ- 
λουσι. 

Τα  δε  λοιπά  εστί  περιουσιαστικώτερα'  εστί 
γαρ  το  μεν  περί  ελαχίστων  και  μεγίστων  επι 
πλέον,  το  δε  περί  Ισων  και  ομοίων  κώνου  τομών, 
το  δε  περί  Βιοριστικών  θεωρημάτων,  το  δε  προ- 
βλημάτων κωνικών  Βιωρισμενων.  ου  μην  άλλα 
και  πάντων  εκδοθέντων  εζεστι  toIs  περιτυγχάνουσι 
κρίνειν  αυτά,  ώς  άν  αυτών  έκαστος  αίρηται. 
ευτυχεί. 

(ϋί.)  Definitions 

Ibid.,  DefF.,  Apoll.  Perg.  ed.  Heiberg  i.  6.  2-8.  20 

*Έ>άν  από  τίνος  σημείου  προς  κύκλου  περιφερειαν, 
ος  ουκ  εστίν  εν  τω  αύτώ  επιπε8ω  τω  σημείω, 
ευθεία  επιζευχθεΐσα  εφ*  εκάτερα  προσεκβληθη, 
καΐ  μένοντος  του  σημείου  η  ευθεία  περιενεχθεΐσα 
περί  την  του  κύκλου  περιφερειαν  εις  το  αυτό  πάλιν 
άποκατασταθη,  όθεν  ηρζατο  φερεσθαι,  την  γρα- 
φεΐσαν  ύπο  της  ευθείας  επιφάνειαν,  η  σύγκειται 
€κ  8ύο  επιφανειών  κατά  κορυφην  άλλ'^λαι?  κεί- 
μενων,    ών     εκατερα     εις     άπειρον     αΰξεται    της 

"  Only  the  first  four  books  survive  in  Greek.  Books  v.-vii. 
have  survived  in  Arabic,  but  Book  viii.  is  wholly  lost.  Halley 
(Oxford,  1710)  edited  the  first  seven  books,  and  his  edition  is 
still  the  only  source  for  Books  vi.  and  vii.  The  first  four 
books  have  since  been  edited  by  Heiberg  (Leipzig,  1891-1893) 
and  Book  v,  (up  to  Prop.  7)  by  L.  Nix  (Leipzig,  1889).     The 
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The  fourth  book  investigates  how  many  times  the 
sections  of  cones  can  meet  one  another  and  the  cir- 
cumference of  a  circle  ;  in  addition  it  contains  other 
things,  none  of  which  have  been  discussed  by  pre- 
vious writers,  namely,  in  how  many  points  a  section 
of  a  cone  or  a  circumference  of  a  circle  can  meet 
[the  opposite  branches  of  hyperbolas]. 

The  remaining  books  are  thrown  in  by  way  of 
addition  :  one  of  them  discusses  fully  minima  and 
maxima,  another  deals  with  equal  and  similar  sections 
of  cones,  another  with  theorems  about  the  determina- 
tions of  Umits,  and  the  last  with  determinate  conic 
problems.  When  they  are  all  published  it  will  be 
possible  for  anyone  who  reads  them  to  form  his  own 
judgement.     Farewell.** 

(iii.)  Definitions 
Ibid.,  Definitions,  ApoU.  Perg.  ed.  Heiberg  i.  6.  2-8.  20 

If  a  straight  line  be  drawn  from  a  point  to  the  cir- 
cumference of  a  circle,  which  is  not  in  the  same  plane 
with  the  point,  and  be  produced  in  either  direction, 
and  if,  while  the  point  remains  stationary,  the  straight 
line  be  made  to  move  round  the  circumference  of  the 
circle  until  it  returns  to  the  point  whence  it  set  out, 
I  call  the  surface  described  by  the  straight  line  a 
conical  surface  ;  it  is  composed  of  two  surfaces  lying 
vertically   opposite   to   each   other,   of  which   each 

surviving  books  have  been  put  into  mathematical  notation 
by  T.  L.  Heath,  Apollonius  of  Perga  (Cambridge,  1896)  and 
translated  into  French  by  Paul  Ver  Eecke,  Les  Coniques  d' 
Apollonius  de  Perga  (Bruges,  1923). 

In  ancient  times  Eutocius  edited  the  first  four  books  with 
a  commentary  which  still  survives  and  is  published  in 
Heiberg's  edition.  Serenus  and  Hypatia  also  wrote  com- 
mentaries, and  Pappus  a  number  of  lemmas. 
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γραφονσης  evdeias  eiV  aneipov  7τροσ€κβαλλομ€νης, 
καλώ  κωνικην  €πιφάν€ΐαν,  κορνφην  δε  αύτης  το 
μ€μ€νηκ6ζ  σημ€Ϊον,  άζονα  8e  τΎ]ν  δια  του  σημείου 
και  τοΰ  κέντρου  τοΰ  κύκλου  άγομένην  ζύθΐΐαν. 

ιίώνον  δε  το  7Τ€ρΐ€χόμ€νον  σχήμα  υπό  τ€  τοΰ 
κύκλου  καΐ  της  μ€ταξύ  της  τ€  κορυφής  καΐ  της 
τοΰ  κύκλου  π^ριφζρζίας  κωνικής  €τηφαν€ίας,  κορν- 
φην δε  τοΰ  κώνου  το  σημ^ΐον,  ο  και  τής  επιφανείας 
€στΙ  κορυφή,  άζονα  δε  την  από  τής  κορυφής  €πΙ 
το  KevTpov  τοΰ  κύκλου  άγομένην  ευθείαν,  βάσιν 
δε  τον  κύκλον. 

Ύών  δε  κώνων  ορθούς  μεν  καλώ  τους  προς 
ορθας  έχοντας  ταΐς  βάσεσι  τους  αζονας,  σκαληνούς 
δε  τους  μη  προς  όρθάς  έχοντας  ταΐς  βάσεσι  τους 
άζονας. 

ΥΙάσης  καμπύλης  γραμμής,  ήτις  εστίν  εν  ενί 
επιπεΒω,  ^ιάμετρον  μεν  καλώ  ευθείαν,  ήτις  ήγμενη 
άπο  τής  καμπύλης  γραμμής  πάσας  τάς  άγομενας 
εν  τή  γραμμή  ευθείας  ευθεία  τινί  παραλλήλους 
8ιχα  διαιρεί,  κορυφήν  δε  τής  γραμμής  το  πέρας 
τής  ευθείας  το  προς  τή  γραμμή,  τεταγμενως  δε 
επΙ  την  Βιάμετρον  κατήχθαι  εκάστην  των  παραλ- 
λήλων. 

'Ομοίως  δε  καΐ  8ύο  καμπύλων  γραμμών  εν  €vi 
ετΓίττε'δω  κείμενων  8ιάμετρον  καλώ  TrAaycav»  μεν, 
ήτις  ευθεία  τέμνουσα  τάς  δυο  γραμμάς  πάσας  τάς 
άγομενας  εν  εκατερα  τών  γραμμών  παρά  τίνα 
ευθείαν  8ίχα  τέμνει,  κορυφάς  δε  τών  γραμμών  τα 
προς  ταΐς  γραμμαΐς  πέρατα  τής  διαμέτρου,  όρθίαν 
δε',  ήτις  κείμενη  μεταζύ  τών  δυο  γραμμών  πάσας 
τάς  άγομενας  παραλλήλους  ευθείας  ευθεία  τινΙ  και 
άπολαμβανομενας  μεταξύ  τών  γραμμών  Βίχα 
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extends  to  infinity  when  the  straight  line  which 
describes  them  is  produced  to  infinity  ;  I  call  the 
fixed  point  the  vertex,  and  the  straight  line  drawn 
through  this  point  and  the  centre  of  the  circle  I  call 
the  axis. 

The  figure  bounded  by  the  circle  and  the  conical 
surface  between  the  vertex  and  the  circumference  of 
the  circle  I  term  a  cone,  and  by  the  vertex  of  the  cone 
I  mean  the  point  which  is  the  vertex  of  the  surface, 
and  by  the  axis  I  mean  the  straight  Une  drawn  from 
the  vertex  to  the  centre  of  the  circle,  and  by  the  base 
I  mean  the  circle. 

Of  cones,  I  term  those  right  which  have  their  axes 
at  right  angles  to  their  bases,  and  scalene  those  which 
have  their  axes  not  at  right  angles  to  their  bases. 

In  any  plane  curve  I  mean  by  a  diameter  a 
straight  line  drawn  from  the  curve  which  bisects 
all  straight  lines  drawn  in  the  curve  parallel  to  a  given 
straight  line,  and  by  the  vertex  of  the  curve  I  mean  the 
extremity  of  the  straight  line  on  the  curve,  and  I 
describe  each  of  the  parallels  as  being  drawn  ordinate- 
wise  to  the  diameter. 

Similarly,  in  a  pair  of  plane  curves  I  mean  by  a 
transverse  diameter  a  straight  line  which  cuts  the  two 
curves  and  bisects  all  the  straight  Unes  drawn  in  either 
curve  parallel  to  a  given  straight  line,  and  by  the 
vertices  of  the  curves  I  mean  the  extremities  of  the 
diameter  on  the  curves  ;  and  by  an  erect  diameter  I 
mean  a  straight  line  which  lies  between  the  two 
curves  and  bisects  the  portions  cut  off  between  the 
curves  of  all  straight  lines  drawn  parallel  to  a  given 
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τ€μν€ΐ,  Τ€ταγμ4νως  δε  επΙ  την  8ιάμ€τρον  κατηχθαι 
€καστην  των  παράλληλων. 

Συζυγείς  καλώ  8ιαμ€τρου5  [Svof  καμπύλης 
γραμμής  και  δυο  καμπυλών  γραμμών  evdeias,  ών 
€κατ€ρα  8ι,άμ€τρος  ούσα  τας  τη  ίτέρα  παραλ- 
λήλους 8ίχα  8ιαφ€Ϊ. 

"Αξονα  δε  καλώ  καμπύλης  γραμμής  καΐ  8υο 
καμπυλών  γραμμών  eideiav,  ήτις  8ιάμ€τρος  ούσα 
της  γραμμής  ή  των  γραμμών  προς  όρθάς  τ4μν€ΐ, 
τάς  παραλλήλους. 

Σιυζυγ€Ϊς  καλώ  άξονας  καμπύλης  γραμμής  καΐ 
8ύο  καμπύλων  γραμμών  ζύθζίας,  αΐτίν€ς  8ιάμ€τροι 
ουσαι  συζυγείς  προς  όρθάς  τ4μνουσι  τάς  αλλήλων 
παραλλήλους, 

(iv.)  Construction  of  the  Sections 
Ibid.,  Props.  7-9,  Apoll.  Perg.  ed.  Heiberg  i.  22.  26-36.  5 

r 

Εάι/  κώνος  εττιττεδα»  τμηθή  8ιά  του  άζονος, 
τμηθή  δε  και  €Τ€ρω  4πιπέ8ω  τεμνοντι  το  βττιττεδον, 
€v  ώ  εστίν  η  βάσις  του  κώνου,  κατ*  eideiav  προς 
όρθάς  οΰσαν  ήτοι  τή  βάσει  του  8ιά  του  άζονος 
τριγώνου  ή  τή  ε'ττ'  ευθείας  αυτή,  αι  άγόμεναι 
ευ^εΓαι  από  της  γενηθείσης  τομής  εν  τή  του  κώνου 
επιφάνεια,  ην  εποίησε  το  τέμνον  επίπε8ον,  παράλ- 
ληλοι τή  προς  όρθάς  τή  βάσει  τοΰ  τριγώνου 
ευθεία  επΙ  την  κοινην  τομήν  πεσοΰνται  τοΰ  τεμ- 
^  δυο  om.  Heiberg. 

"  This  proposition  defines  a  conic  section  in  the  most 
general  way  with  reference  to  any  diameter.  It  is  only  much 
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straight  line  ;  and  I  describe  each  of  the  parallels  as 
drawn  ordinate-nise  to  the  diameter. 

By  conjugate  diameters  in  a  curve  or  pair  of  curves  I 
mean  straight  lines  of  which  each,  being  a  diameter, 
bisects  parallels  to  the  other. 

By  an  axis  of  a  curve  or  pair  of  curves  I  mean  a 
straight  line  which,  being  a  diameter  of  the  curve  or 
pair  of  curves,  bisects  the  parallels  at  right  angles. 

By  conjugate  axes  in  a  curve  or  pair  of  curves  I  mean 
straight  lines  which,  being  conjugate  diameters, 
bisect  at  right  angles  the  parallels  to  each  other. 

(iv.)  Construction  of  the  Section» 

Ibid.,  Props.  7-9,  ApoU.  Perg.  ed.  Heiberg  i.  22.  26-86.  5 

Prop.  7  " 

If  a  cone  be  cut  by  a  plane  through  the  axis,  and  if  it  be 
also  cut  by  another  plane  cutting  the  plane  containing  the 
base  of  the  cone  in  a  straight  line  perpendicular  to  the  base 
of  the  axial  triangle,^  or  to  the  base  produced,  a  section 
mil  be  made  on  the  surface  of  the  cone  by  the  cutting 
plane,  and  straight  lines  drawn  in  it  parallel  to  the  straight 
Htie  perpendicular  to  the  base  of  the  axial  triangle  will 
meet  the  common  section  of  the  cutting  plane  and  the  axial 

later  in  the  work  (i.  52-58)  that  the  principal  axes  are  intro- 
duced as  diameters  at  right  angles  to  their  ordinates.  The 
proposition  is  an  excellent  example  of  the  generality  of 
ApoUonius's  methods. 

ApoUonius   followed  rigorously  the  Euclidean  form   of 

f)roof.  In  consequence  his  general  enunciations  are  extremely 
ong  and  often  can  be  made  tolerable  in  an  English  rendering 
only  by  splitting  them  up  ;  but,  though  ApoUonius  seems  to 
have  taken  a  malicious  pleasure  in  their  length,  they  are 
formed  on  a  perfect  logical  pattern  without  a  superfluous 
word. 

*  Lit.  "  the  triangle  through  the  axis.** 
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νοντος  eTTLTTeSov,  καΐ  του  δια  του  άξονος  τριγώνου 
καΐ  προσ€κβαλλόμ€ναί  έω?  τον  eTepov  μέρους  της 
τομής  Βίχα  τμηθησονται  ύττ'  αυτή?,  καΐ  iav  μβν 
ορθός  ^  6  κώνος,  η  iv  ttj  βάσβι  eu^eta  προς  όρθάς 
έ'σται  τύ]  kolvtj  τομή  του  τέμνοντος  εττιττεδου  /cat 
τοΰ  δια  τοΰ  άξονος  τριγώνου,  iav  δε  σκαληνός, 
ουκ  alel  προς  όρθάς  βσται,  αλλ'  όταν  το  δια  του 
άξονος  ζπίπζΒον  προς  όρθάς  -η  ttj  βάσ€ΐ  τοΰ  κώνου. 
"Εστω  κώνος,  ου  κορυφή  μ€ν  το  Α  σημ€Ϊον, 
βάσις  δε  ό  ΒΓ  κύκλος,  καΐ  τζτμήσθω  εττιττεδω  δια 


τοΰ  άξονος,  καΐ  ποιείτω  τομήν  το  ΑΒΓ  τρίγωνον. 
τετμήσθω  δε  /cat  ετερω  εττιττε'δω  τέμνοντι  το 
ετΓίπεδον,  εν  ω  Ιστιν  ο  ΒΓ  κύκλος,  κατ  eiOetav 
την  ΔΕ  -ήτοι  προς  όρθάς  οδσαν  ttj  Β  Γ  -η  ttj  εττ* 
ευθείας  avTrj,  και  ποιείτω  τομήν  iv  τη  iπιφav€ίq. 
τοΰ  κώνου  την  ΔΖΕ*  κοινή  8ή  τομή  τοΰ  τέμνοντος 
iπιπέl•oυ  και  τοΰ  ΑΒΓ  τριγώνου  ή  ΖΗ.  και 
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triangle  and,  if  produced  to  the  other  part  of  the  section, 
will  be  bisected  by  it;  if  the  cone  be  right,  the  straight  line 
in  the  base  nill  be  perpendicular  to  the  common  section  of 
the  cutting  plane  and  the  axial  triangle;  but  if  it  be  sea• 
lene,  it  rvill  not  in  general  be  perpendicular,  but  only  when 
the  plane  through  the  axis  is  perpendicular  to  the  base  of 
the  cone. 

Let  there  be  a  cone  whose  vertex  is  the  point  A  and 
whose  base  is  the  circle  ΒΓ,  and  let  it  be  cut  by  a 


plane  through  the  axis,  and  let  the  section  so  made 
be  the  triangle  ΑΒΓ.  Now  let  it  be  cut  by  another 
plane  cutting  the  plane  containing  the  circle  ΒΓ  in  a 
straight  Hne  ΔΕ  which  is  either  perpendicular  to  ΒΓ 
or  to  ΒΓ  produced,  and  let  the  section  made  on  the 
surface  of  the  cone  be  ΔΖΕ  <» ;  then  the  common 
section  of  the  cutting  plane  and  of  the  triangle  ΑΒΓ 

•  This  applies  only  to  the  first  two  of  the  figures  given  in 
the  Mss. 
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€ΐληφθω  τι  σημ€Ϊον  €πΙ  της  ΔΖΕ  τομής  το  Θ, 
και  ηχθω  δια  του  Θ  τγ}  ΔΕ  παράλληλος  ή  ΘΚ. 
λ^γω,  δτί  ή  ΘΚ  σνμβαλβΐ  τ^  ΖΗ  καΐ  €κβαλλο- 
μ4νη  €ως  τον  ίτίρου  μέρους  της  ΔΖΕ  τομής  δίχα 
τμηθησ€ται  νττο  της  Ζ  Η  βνθξίας. 

Ettci  yap  κώνος,  οΰ  κορυφή  μεν  το  Α  σημ€Ϊον, 
βάσίς  δε  ο  ΒΓ  κύκλος,  τέτμηται  εττιττεδω  δια  του 
άζονος,  καΐ  ποΐ€Ϊ  τομην  το  ΑΒΓ  τρίγωνον, 
€Ϊλη7Τται  δε  τι  σημ€Ϊον  cttI  της  έτηφανζίας,  δ  μη 
ioTLv  €7Γΐ  ττλευρας  του  ΑΒΓ  τριγώνου,  το  Θ,  και 
€στι  κάθζτος  η  ΔΗ  irri  την  ΒΓ,  η  άρα  δια  του  Θ 
τη  ΔΗ  τταράλληλος  αγομένη,  τουτέστιν  η  ΘΚ, 
συμβαλζΐ  τω  ΑΒΓ  τ  ριγώνω  και  ττροσεκβαλλομένη 
έως  του  έτερου  μέρους  της  επιφανείας  8ίχα  τμηθη- 
σ€ται  ύπο  του  τριγώνου.  έπει  οΰν  ή  δια  του  Θ 
Tjj  ΔΕ  παράλληλος  αγομένη  συμβάλλει  τω  ΑΒΓ 
τριγώνω  και  έστιν  iv  τω  δια  της  ΔΖΕ  τομής 
€πιπέ8ω,  έπι  την  κοινην  άρα  τομην  πεσεΐται  τοΰ 
τέμνοντος  επιπέδου  και  του  ΑΒΓ  τριγώνου,  κοινή 
he  τομή  έστι  των  επιπέδων  τ^  ΖΗ•  τ^  όίρα  δια  του 
Θ  τη  ΔΕ  παράλληλος  αγομένη  πεσέιται  έπι  την 
ΖΗ•  και  προσεκβαλλομένη  έως  τοΰ  έτερου  μέρους 
της  ΔΖΕ  τομής  8ίχα  τμηθήσεται  υπό  της  Ζ  Η 
€i5^eias•. 

"Ητοι  δΐ7  ο  κώνος  ορθός  έστιν,  η  το  δια  τοΰ 
άζονος  τρίγωνον  το  ΑΒΓ  ορθόν  εστί  προς  τόν  Β  Γ 
κύκλον,  η  ού8έτ€ρον. 

Έστω  πρότερον  6  κώνος  ορθός'  ζΐη  αν  οΰν  καΧ 
το  ΑΒΓ  τρίγωνον  ορθόν  προς  τόν  Β  Γ  κνκλον. 
έπ€ΐ  οΰν  ΐπίπεΒον  το  ΑΒΓ  προς  έπίπε^ον  τό  ΒΓ 
ορθόν  έστι,  και  τη  κοινή  αυτών  τομή  τη  BF  έν 
ένι  των  έπιπέΒων  τω  Β  Γ  προς  ορθάς  "ήκται  η  ΔΕ, 
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is  ZH.  Let  any  point  θ  be  taken  on  ΔΖΕ,  and 
through  θ  let  ΘΚ  be  drawn  parallel  to  ΔΕ.  I  say 
that  ΘΚ  intersects  ZH  and,  if  produced  to  the  other 
part  of  the  section  ΔΖΕ,  it  will  be  bisected  by  the 
straight  line  ZH. 

For  since  the  cone,  whose  vertex  is  the  point  A  and 
base  the  circle  ΒΓ,  is  cut  by  a  plane  through  the  axis 
and  the  section  so  made  is  the  triangle  ΑΒΓ,  and 
there  has  been  taken  any  point  θ  on  the  surface,  not 
being  on  a  side  of  the  triangle  ΑΒΓ,  and  AH  is  per- 
pendicular to  ΒΓ,  therefore  the  straight  line  drawn 
through  θ  parallel  to  ΔΗ,  that  is  ΘΚ,  will  meet  the 
triangle  ΑΒΓ  and,  if  produced  to  the  other  part  of  the 
surface,  will  be  bisected  by  the  triangle  [Prop.  6]. 
Therefore,  since  the  straight  line  drawn  through  θ 
parallel  to  ΔΕ  meets  the  triangle  ΑΒΓ  and  is  in  the 
plane  containing  the  section  ΔΖΕ,  it  will  fall  upon  the 
common  section  of  the  cutting  plane  and  the  triangle 
ΑΒΓ.  But  the  common  section  of  those  planes  is  ZH  ; 
therefore  the  straight  line  drawn  through  θ  parallel 
to  ΔΕ  will  meet  ZH  ;  and  if  it  be  produced  to  the 
other  part  of  the  section  ΔΖΕ  it  will  be  bisected  by 
the  straight  line  ZH. 

Now  the  cone  is  right,  or  the  axial  triangle  ΑΒΓ  is 
perpendicular  to  the  circle  ΒΓ,  or  neither. 

First,  let  the  cone  be  right  ;  then  the  triangle  ΑΒΓ 
will  be  perpendicular  to  the  circle  ΒΓ  [Def.  3  ;  Eucl. 
xi.  18].  Then  since  the  plane  ΑΒΓ  is  perpendicular 
to  the  plane  ΒΓ,  and  ΔΕ  is  drawn  in  one  of  the  planes 
perpendicular  to  their  common  section  ΒΓ,  therefore 
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•η  ΔΕ  apa  τω  ΑΒΓ  τ  ριγώνω  εστί  προς  όρθάς'  και 
προς  πάσας  άρα  τάς  άπτομένας  αύττ]ς  cvOeias 
και  ονσας  iv  τω  ΑΒΓ  τριγώνω  όρθη  iariv.  ώστ€ 
και  προς  την  Ζ  Η  ecrri  προς  όρθάς. 

Μ,η  €στω  Βη  6  κώνος  ορθός,  el  μ€ν  οΰν  το  δια 
του  άζονος  %τ  ρίγωναν  ορθόν  εστί  προς  τον  Β  Γ 
κυκλον,  ομοίως  Β^ίζομ^ν,  οτι  και  η  ΔΕ  ττ]  Ζ  Η 
ioTt  προς  όρθάς.  μη  €στω  δή  το  δια  του  άζονος 
τρίγωνον  το  ΑΒΓ  ορθόν  προς  τον  Β  Γ  κυκλον. 
λέγω,  ότι  ουδέ  -η  ΔΕ  τη  Ζ  Η  εστί  προς  όρθας. 
el  γαρ  Βυνατόν,  €στω'  €στι  Se  και  τη  ΒΓ  προς 
όρθάς•  η  άρα  ΔΕ  ίκατέρα  τών  ΒΓ,  ΖΗ  ecrri  προς 
όρθάς.  και  τω  δια  τών  Β  Γ,  Ζ  Η  ετηπβδο)  άρα 
προς  όρθάς  εστί.  το  δε  δια  τών  Β  Γ,  Η  Ζ  €πι- 
ττεδόν  εστί  το  ΑΒΓ•  και  η  ΔΕ  άρα  τω  ΑΒΓ  τρι- 
γώνω εστί  προς  όρθάς.  και  πάντα  άρα  τα  δι 
αντης  ενίττεδα  τω  ΑΒΓ  τριγώνω  εστί  προς  όρθάζ. 
ev  δε  τι  τών  δια  riy?  ΔΕ  εττιττεδωΐ'  εστιΐ'  ό  ΒΓ 
/cu/cAo?•  ό  Β  Γ  άρα  κύκλος  προς  όρθάς  εστί  τω 
ΑΒΓ  τριγώνω.  ώστε  και  το  ΑΒΓ  τρίγωνον  όρθον 
εσται  ττρο?  τον  Β  Γ  κύκλοι'•  οττερ  ούχ  υπόκειται, 
ουκ  άρα  η  ΔΕ  τη  Τ,Η  εστί  προς  όρθάς. 

ΐΐόρισμα 

*ΈιΚ  Βή  τούτου  φανερόν,  οτι  της  ΔΖΕ  τομής  διά- 
μετρός  εστίν  η  "LH,  επείπερ  τάς  άγομένας  παραλ~ 
ληλους  ευθεία  τινι  τη  ΔΕ  δι^α  τέμνει,  kai  οτι 
Βυνατόν  εστίν  υπό  της  Βιαμέτρου  της  Ζ  Η  παραΧ- 
ληλους  τινάς  Βίχα  τέμνεσθαι  και  μη  προς  όρθάς. 

V 
Έάν    κώνος    επιπέΒω    τμηθη    δια    του    άζονος, 
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ΔΕ  is  perpendicular  to  the  triangle  ΑΒΓ  [Eucl.  xi. 
Def,  4]  ;  and  therefore  it  is  perpendicular  to  all 
the  straight  lines  in  the  triangle  ΑΒΓ  which  meet 
it  [Eucl.  xi.  Def.  3].  Therefore  it  is  perpendicular 
toZH. 

Now  let  the  cone  be  not  right.  Then,  if  the  axial 
triangle  is  perpendicular  to  the  circle  ΒΓ,  we  may 
similarly  show  that  ΔΕ  is  perpendicular  to  ZH.  Now 
let  the  axial  triangle  ΑΒΓ  be  not  perpendicular  to  the 
circle  ΒΓ.  I  say  that  neither  is  ΔΕ  perpendicular  to 
ZH.  For  if  it  is  possible,  let  it  be  ;  now  it  is  also 
perpendicular  to  ΒΓ;  therefore  ΔΕ  is  perpendicular 
to  both  ΒΓ,  ZH.  And  therefore  it  is  perpendicular  to 
the  plane  through  ΒΓ,  ZH  [Eucl.  xi.  4].  But  the 
plane  through  ΒΓ,  HZ  is  ΑΒΓ  ;  and  therefore  ΔΕ  is 
perpendicular  to  the  triangle  ΑΒΓ.  Therefore  all  the 
planes  through  it  are  perpendicular  to  the  triangle 
ΑΒΓ  [Eucl.  xi.  18].  But  one  of  the  planes  through 
ΔΕ  is  the  circle  ΒΓ  ;  therefore  the  circle  ΒΓ  is  per- 
pendicular to  the  triangle  ΑΒΓ.  Therefore  the 
triangle  ΑΒΓ  is  perpendicular  to  the  circle  ΒΓ  ;  which 
is  contrary  to  hypothesis.  Therefore  ΔΕ  is  not 
perpendicular  to  ZH. 

Corollary 

From  this  it  is  clear  that  ZH  is  a  diameter  of  the 
section  ΔΖΕ  [Def.  4],  inasmuch  as  it  bisects  the 
straight  lines  drawn  parallel  to  the  given  straight 
line  ΔΕ,  and  also  that  parallels  can  be  bisected  by 
the  diameter  ZH  without  being  perpendicular  to  it. 

Prop.  8 

If  a  cone  he  cut  hy  a  plane  through  the  axis,  and  it  he 
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τμηθτ]  Se  καΐ  €Τ€ρω  εττιττεδω  τίμνοντι  την  βάσιν 
τον  κώνου  κατ  evOelav  προς  ορθας  οΰσαν  ττ)  βάσ€ΐ 
τοΰ  δια  του  άζονος  τριγώνου,  η  Se  Βιάμβτρος  ttjs 
γίνομ€νης  iv  Trj  cVi^avet^i  τομηζ  ήτοι  παρά  μίαν 
^  των  τοΰ  τριγώνου  πλευρών  η  σνμπίπτγι  αύτη 
€κτ6ς  TTJs  κορυφής  τοΰ  κώνου,  προσεκβάλληται 
Se  η  τ€  τοΰ  κώνου  επιφάνεια  και  το  τέμνον  επί' 
πεΖον  εις  άπειρον,  καΐ  η  τομή  εις  άπειρον  αύξηθη- 
σεται,  και  άπο  της  διαμέτρου  της  τομ-ης  προς  tjj 
κορνφ•η  ndoTj  τ-η  ^οθείστ)  εύθείφ  ΐσην  αποληφεταί 
τις  ευθεία  αγομένη  άπο  της  τον  κώνου  τομής 
παρά  την  εν  τη  βάσει  τοΰ  κώνου  ευθείαν. 

"Εστω    κώνος,    οΰ   κορυφή   μεν   το   Α    σημεΐον, 
βάσις  δέ  ό  ΒΓ   κύκλος,   και  τετμήσθω   επιπε^ψ 


Ζιά  τοΰ  άξονος,  καΐ  ποιείτω  τομήν  το  ΑΒΓ  τρί- 
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also  cut  by  another  plane  cutting  the  base  of  the  cone  in  a 
line  perpendicular  to  the  base  of  the  axial  triangle,  and  if 
the  diameter  of  the  section  made  on  the  surface  be  either 
parallel  to  one  of  the  sides  of  the  triangle  or  meet  it  beyond 
the  vertex  of  the  cone,  and  if  the  surface  of  the  cone  and 
the  cutting  plane  be  produced  to  infinity,  the  section  will 
also  increase  to  infinity,  and  a  straight  line  can  be  drawn 
from  the  section  of  the  cone  parallel  to  the  straight  line  in 
the  base  of  the  cone  so  as  to  cut  off  from  the  diameter 
of  the  section  towards  the  vertex  an  intercept  equal  to  any 
given  straight  line. 

Let  there  be  a  cone  whose  vertex  is  the  point  A  and 
base  the  circle  ΒΓ,  and  let  it  be  cut  by  a  plane  through 
the  axis,  and  let  the  section  so  made  be  the  triangle 


«97 


GREEK  MATHEMATICS 

γωνον  Τ€τμησθω  Be  καΐ  erepo»  intTreSo}  Τ€μνοντι 
τον  Β  Γ  κυκλον  κατ*  ζύθβΐαν  την  ΔΕ  προς  όρθάς 
ουσαν  rfj  ΒΓ,  καΐ  ποίίίτω  τομην  iv  rfj  ζττιφανζία 
την  ΔΖΕ  γραμμήν  ή  Se  Βιάμ€τροζ  της  ΔΖΕ  τομής 
η  TjH  ήτοι  τταράΧληΧος  €στω  τη  AV  η  €κβαλλο- 
μ4νη  συμτηπτ4τω  αύτη  €κτ6ς  του  Α  σημ€ίου.  λβγω, 
ΟΤΙ  και,  eav  η  τ€  τοΰ  κώνου  επιφάνεια  και  το 
τέμνον  «τΓίττεδον  €κβάλληται  βίς  άττβιρον,  καΐ  ή 
ΔΖΕ  τομή  ζίς  aneipov  αύζηθησζται. 

^Έικβεβλησθω  γαρ  η  τ€  τοΰ  κώνου  €πίφάν€ία 
καΐ  το  τέμνον  έττίττζΒον  φαν^ρον  Βη,  δτι  και  at 
ΑΒ,  ΑΓ,  ΖΗ  συν€κβληθησονταί.  CTTei  η  ΖΗ  τη 
Α  Γ  ητοί  παράλληλος  έστιν  η  έκβαλλομένη  συμ- 
πίπτει αύτη  έκτος  του  Α  σημείου,  αί  ΖΗ,  ΑΓ 
άρα  έκβαλλόμεναι  ώς  έπι  τα  Τ,  Η  μέρη  ουδέποτε 
συμποσούνται .  έκβεβλησθωσαν  οΰν,  καΐ  είληφθω 
τι  σημεΐον  έπι  της  Ζ  Η  τυχόν  το  Θ,  και  δ6ά  τοΰ 
Θ  σημείου  τη  μεν  Β  Γ  παράλληλος  ηχθω  η  ΚΘΑ, 
τη  δε  ΔΕ  παράλληλος  ή  ΜΘΝ*  το  άρα  δια,  των 
ΚΑ,  ΜΝ  έπίπε8ον  παράλληλόν  έστι  τω  δια  των 
Β  Γ,  ΔΕ.  κύκλος  άρα  έστι  το  ΚΑΜΝ  έπίπεΒον. 
και  έπει  τα  Δ,  Ε,  Μ,  Ν  σημεία  έν  τω  τέμνοντί 
έστιν  έπιπέΒω,  έστι  8έ  και  έν  τη  επιφάνεια  τοΰ 
κώνου,  έπι  της  κοινής  άρα  τομής  έστιν  ηΰζηται 
άρα  η  ΔΖΕ  μέχρι  των  Μ,  Ν  σημείων,  αύζηθείσης 
άρα  της  επιφανείας  τοΰ  κώνου  και  τοΰ  τέμνοντος 
έπιπέ8ου  μέχρι  τοΰ  ΚΑΜΝ  κύκλου  ηϋξηται  και 
η  ΔΖΕ  τομή  μέχρι  των  Μ,  Ν  σημείων,  ομοίως 
8η  Βείξομεν,  δτι  και,  έάν  εΙς  άπειρον  έκβάλληται 
η  τε  τοΰ  κώνου  επιφάνεια  και  το  τέμνον  έπίπεΒον, 
και  η  ΜΔΖΕΝ  τομή  εΙς  άπειρον  αύξηθησεται. 

Και  φανερόν,  δτι  πάση  τη   Βοθείση  ευθεία  ΐσην 
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ΑΒΓ  ;  now  let  it  be  cut  by  another  plane  cutting  the 
circle  ΒΓ  in  the  straight  line  ΔΕ  perpendicular  to  ΒΓ, 
and  let  the  section  made  on  the  surface  be  the  curve 
ΔΖΕ  ;  let  ZH,  the  diameter  of  the  section  ΔΖΕ,  be 
either  parallel  to  ΑΓ  or  let  it,  when  produced,  meet 
ΑΓ  beyond  the  point  A.  I  say  that  if  the  surface  of 
the  cone  and  the  cutting  plane  be  produced  to  infinity, 
the  section  ΔΖΕ  will  also  increase  to  infinity. 

For  let  the  surface  of  the  cone  and  the  cutting  plane 
be  produced  ;  it  is  clear  that  the  straight  lines,  AB, 
ΑΓ,  ZH  are  simultaneously  produced.  Since  ZH  is 
either  parallel  to  ΑΓ  or  meets  it,  when  produced, 
beyond  the  point  A,  therefore  ZH,  ΑΓ  when  produced 
in  the  directions  H,  Γ,  will  never  meet.  Let  them  be 
produced  accordingly,  and  let  there  be  taken  any 
point  θ  at  random  upon  ZH,  and  through  the  point  θ 
let  ΚΘΑ  be  drawn  parallel  to  ΒΓ,  and  let  ΜΘΝ  be 
drawn  parallel  to  ΔΕ  ;  the  plane  through  KA,  MN 
is  therefore  parallel  to  the  plane  through  ΒΓ,  ΔΕ 
[Eucl.  xi.  15].  Therefore  the  plane  KAMN  is  a  circle 
[Prop.  4].  And  since  the  points  Δ,  E,  M,  Ν  are  in  the 
cutting  plane,  and  are  also  on  the  surface  of  the  cone, 
they  are  therefore  upon  the  common  section  ;  there- 
fore ΔΖΕ  has  increased  to  M,  N.  Therefore,  when 
the  surface  of  the  cone  and  the  cutting  plane  increase 
up  to  the  circle  KAMN,  the  section  ΔΖΕ  increases  up 
to  the  points  M,  N.  Similarly  we  may  prove  that,  if 
the  surface  of  the  cone  and  the  cutting  plane  be 
produced  to  infinity,  the  section  ΜΔΖΕΝ  will  increase 
to  infinity. 

And  it  is  clear  that  there  can  be  cut  oflP  from  the 
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άττολ'ηφί.ταί  ης  από  της  Ζ  Θ  ^ύθζίας  προς  τω  Ζ 
σημξίω.  iav  γαρ  tjj  Ζοθβίστ}  ϊσην  θώμβν  την  ΖΞ 
και  δια  του  Ξ  τη  ΔΕ  παράλληλον  άγάγωμ^ν, 
συμποσείται  τη  τομή,  ώσπερ  και  η  δια  τοϋ  Θ 
άποΒοίχθη  συμπίπτουσα  τη  τομή  κατά,  τα  Μ,  Ν 
σημεία'  ώστε  ayerai  τις  ευθεία  συμπίπτουσα  τη 
τομή  παράλληλος  οΰσα  τη  ΔΕ  απολαμβάνουσα 
άπο  της  Ζ  Η  ευθείαν  ΐσην  τη  Βοθείση  προς  τω  Ζ 
σημείω, 

θ' 

Εαν    κώνος    επιπεΒω    τμηθη    σνμπίπτοντι    μεν 

εκατερα    πλευρά    του    δια    του    αζονος    τριγώνου, 

μήτε  δε  παρά  την  βάσιν  ηγμενω  μήτε  ΰπεναντίως, 

η  τομή  ουκ  εσται  κύκλος. 

"Εστω    κώνος,    ου    κορυφή    μεν   το   Α    σημεΐον. 


βάσις  8ε  6  ΒΓ  κύκλος,  και  τετμησθω  επιπεΒω 
τινι  μήτ€  παραλλήλψ  οντι,  τη  βάσει  μήτε  ύπ- 
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straight  line  ΖΘ  in  the  direction  of  the  point  Ζ  an 
intercept  equal  to  any  given  straight  line.  For  if  we 
place  ZH  equal  to  the  given  straight  line  and  through 
Η  draw  a  parallel  to  ΔΕ,  it  will  meet  the  section,  just 
as  the  parallel  through  θ  was  shown  to  meet  the 
section  at  the  points  M,  Ν  ;  therefore  a  straight  Une 
parallel  to  ΔΕ  has  been  drawn  to  meet  the  section  so 
as  to  cut  off  from  ZH  in  the  direction  of  the  point  Ζ 
an  intercept  equal  to  the  given  straight  line. 

Prop.  9 

If  a  cone  be  cut  hy  a  plane  meeting  either  side  of  the 
axial  triangle,  but  neither  parallel  to  the  base  nor  sub- 
contrary,'*  the  section  will  not  be  a  circle. 

Let  there  be  a  cone  whose  vertex  is  the  point  A 
and  base  the  circle  ΒΓ,  and  let  it  be  cut  by  a  plane 
neither  parallel  to  the  base  nor  subcontrary,  and  let 

•  In  the  figure  of  this  theorem,  the  section  of  the  cone  by 
the  plane  ΔΕ  would  be  a  subcontrary  section  (unevavrta  τομή) 
if  the  triangle  ΑΔΕ  were  similar  to  the  triangle  ΑΒΓ,  but  in  a 
contrary  sense,  i.e.,  if  angle  ΑΔΕ  =  angle  ΑΓΒ.  Apollonius 
proves  in  i.  5  that  subcontrary  sections  of  the  cone  are  circles ; 
it  was  proved  in  i.  4  that  all  sections  parallel  to  the  base  are 
circles. 
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ζναντίως,  καΐ  ττοιείτω  τομην  ev  rfj  βτηφανζία,  την 
ΔΚΕ  γραμμην.  \4γω,  οτι  η  ΔΚΕ  γραμμή  ουκ 
carat  κύκλος. 

Et  γαρ  Svvarov,  €στω,  καΐ  σνμτητττΐτω  το 
τέμνον  εττιπεδον  rfj  βάσ€ΐ,  καΐ  έστω  των  βττιττβδων 
κοίνη  τομή  η  ΖΗ,  το  δε  Κ€ντρον  του  Β  Γ  κύκλου 
€στω  το  Θ,  και  άττ  αύτοΰ  κάθΐτοζ  ηχθω  βττΐ  την 
Ζ  Η  η  ΘΗ,  καΐ  έκβββλησθω  δια  της  Η  Θ  καΐ  του 
αίζονος  €7τίπζ8ον  καΐ  ττοι^ίτω  τομάς  iv  τη  κωνική 
έτΓίφανξία  τάς  ΒΑ,  ΑΓ  εύθζίας.  cTret  οΖν  τα  Δ, 
Ε,  Η  σημαία  ev  Τ€  τω  δια  της  ΔΚΕ  επιττεδω 
iariv,  €.στι  δε  καΐ  iv  τω  δια  των  Α,  Β,  Γ,  τα  αρα 
Δ,  Ε,  Η  σημ€Ϊα  inl  της  κοινής  τομής  των  im- 
πέΖων  εστίν  εύ^εΓα  αρα  εστίν  η  ΗΕΔ.  €ΐληφθω 
8η  τι  ετΓΐ  της  ΔΚΕ  γραμμής  σημζΐον  το  Κ,  και 
δια  του  Κ  Try  Ζ  Η  παράλληλος  ηχθω  ή  ΚΛ• 
εσται  8η  ΐση  ή  KM  τη  ΜΑ.  ή  άρα  ΔΕ  διά- 
μ€τρός  εστί  τοΰ  ΔΚΑΕ  κύκλου.  ηχθω  8η  δια 
του  Μ  τ^  ΒΓ  παράλληλος  η  ΝΜΞ•  εστί  δε  και 
η  ΚΛ  τη  ΖΗ  παράλληλος'  ώστε  το  δια  των  ΝΞ, 
KM  €πίπ€8ον  παράλληλόν  ε'στι  τω  8ιά  των  ΒΓ, 
ΖΗ,  τουτεστι  ττ^  βάσ€ΐ,  και  εσται  η  τομή  κύκ- 
λος, έστω  6  ΝΚΞ.  κται  επει  τ)  Ζ  Η  τ^  Β  Η  προς 
όρθάς  εστί,  και  η  KM  τ^  ΝΞ  ττρο?  όρθάς  εστίν 
ώστε  το  ύπο  των  ΝΜΞ  ισοί'  εστί  τω  άπο  της  KM. 
εστί  δε  το  ύπο  των  ΔΜΕ  ισοί'  τω  άπο  της 
ΚΜ•  κύκλος  γαρ  υπόκειται  η  ΔΚΕΑ  γραμμή,  και 
8ιάμετρος  αύτοΰ  η  ΔΕ.  το  άρα  ύπο  των 
ΝΜΞ  ίσον  εστί  τω  υπό  ΔΜΕ.  εστίν  άρα  ως  η 
ΜΝ  προς  ΜΔ,  ούτως  η  ΕΜ  προς  ΜΞ.  δμοιον  άρα 
εστί  τό  ΔΜΝ  τρίγωνον  τω  ΞΜΕ  τριγώνω,  και  η 
υπό  ΔΝΜ  γωνία  ΐση  εστί  τη  υπό  ΜΕΞ.  άλλα 
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the  section  so  made  on  the  surface  be  the  curve  ΔΚΕ. 
I  say  that  the  curve  ΔΚΕ  will  not  be  a  circle. 

For,  if  possible,  let  it  be,  and  let  the  cutting  plane 
meet  the  base,  and  let  the  common  section  of  the 
planes  be  ZH,  and  let  the  centre  of  the  circle  ΒΓ  be  Θ, 
and  from  it  let  ΘΗ  be  drawn  perpendicular  to  ZH, 
and  let  the  plane  through  ΗΘ  and  the  axis  be  pro- 
duced, and  let  the  sections  made  on  the  conical  sur- 
face be  the  straight  lines  Β  A,  ΑΓ.  Then  since  the 
points  Δ,  E,  Η  are  in  the  plane  through  ΔΚΕ,  and  are 
also  in  the  plane  through  A,  B,  Γ,  therefore  the  points 
Δ,  E,  Η  are  on  the  common  section  of  the  planes  ; 
therefore  ΗΕΔ  is  a  straight  line  [Eucl.  xi.  3].  Now 
let  there  be  taken  any  point  Κ  on  the  curve  ΔΚΕ,  and 
through  Κ  let  KA  be  drawn  parallel  to  ZH  ;  then 
KM  will  be  equal  to  MA  [Prop.  7].  Therefore  ΔΕ  is  a 
diameter  of  the  circle  ΔΚΕΑ  [Prop.  7,  coroU.].  Now 
let  NME  be  drawn  through  Μ  parallel  to  ΒΓ  ;  but 
Κ  A  is  parallel  to  ZH  ;  therefore  the  plane  through 
NH,  KM  is  parallel  to  the  plane  through  ΒΓ,  ZH 
[FiUcl.  xi.  15],  that  is  to  the  base,  and  the  section  will 
be  a  circle  [Prop.  4].  Let  it  be  NKH.  And  since  ZH 
is  perpendicular  to  BH,  KM  is  also  perpendicular  to 
NH  [Eucl.  xi.  10];  therefore  ΝΜ.ΜΞ  =  ΚΜ2.  But 
ΔΜ  .  ME  =  KM2  ;  for  the  curve  ΔΚΕ A  is  by  hypothesis 
a  circle,  and  ΔΕ  is  a  diameter  in  it.  Therefore 
NM  .  ΜΞ  =  ΔΜ  .  ME.  Therefore  MN  :  ΜΔ  =  EM  :  MS. 
Therefore  the  triangle  ΔΜΝ  is  similar  to  the  triangle 
HME,  and  the  angle  ΔΝΜ  is  equal  to  the  angle  MES. 
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•η    υπό    ΔΝΜ    γωνία    τη    νπο    ΑΒΓ    cotlv    Ιση 
παράλληλος  γαρ   η  ΝΞ  rfj  ΒΓ•   καΐ  η  υπό   ΑΒΓ 
άρα  ίση  €στΙ  rfj  ύττο  ΜΕΞ.     ύττζναντία  άρα  icrrlv 
η    τομή•    οπβρ    ονχ    ύπόκ€ίται.      ουκ   άρα    κύκλος 
εστίν  η  ΔΚΕ  γραμμή. 

(ν.)  Fundamental  Properties 

Ibid.,  Props.  1 1-14,  Apoll.  Perg.  ed.  Heiberg  i.  36.  26-58.  7 

la 

'Εάν  κώνος  ετηττεδο)  τμηθη  δια  τοΰ  άζονος, 
τμηθη  δε  και  ίτέρω  εττιττεδω  τ4μνοντι  την  βάσιν 
τοΰ  κώνου  κατ*  ευθείαν  ττρός  όρθάς  οΰσαν  τη  βάσει, 
τοΰ  δια  τοΰ  άζονος  τριγώνου,  ετι  8ε  η  Βιάμετρος 
της  τομής  τταράλληλος  rj  μια  πλευρά  τοΰ  δια  τοΰ 
άζονος  τριγώνου,  ήτις  άν  από  της  τομής  τοΰ  κώνου 
παράλληλος  άχθη  τη  κοινή  τομή  τοΰ  τέμνοντος 
επιπεΒου  και  της  βάσεως  τοΰ  κώνου  μέχρι  της 
διαμέτρου  της  τομής,  Βυνησεται  το  περιεχόμενον 
υπό  Τ€  της  άπολαμβανομενης  υπ*  αυτής  άπο  της 
Βιαμετρου  προς  τή  κορυφή  τής  τομής  και  ά/{λης 
τινός  ευθείας,  ή  λόγον  έχει  προς  την  μεταζύ  τής 
τοΰ  κώνου  γωνίας  και  τής  κορυφής  τής  τομής, 
ον  τό  τετράγωνον  το  άπό  τής  βάσεως  τοΰ  δια  τοΰ 
άζονος  τριγώνου  προς  τό  περιεχόμενον  υπό  των 
λοιπών  τοΰ  τριγώνου  Βΰο  πλευρών  καλείσθω  δε 
ή  τοιαύτη  τομή  παραβολή, 

"Εστο)  κώνος,  οΰ  τό  Α  ση  μείον  κορυφή,  βάσΐξ 
δε  ό  ΒΓ  κύκλος,  και  τετμήσθω  εττιττεδω  δια  τοΰ 
άζονος,  και  ποιείτω  τομήν  τό  ΑΒΓ  τρίγωνον, 
τετμήσθω  δε  και  ετερω  εττιττεδω  τεμνοντι  την 
βάσιν  τοΰ  κώνου  κατ*  ευθείαν  την  ΔΕ  πρΟΣ  ορθάζ 
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But  the  angle  ΔΝΜ  is  equal  to  the  angle  ΑΒΓ  ;  for 
ΝΞ  is  parallel  to  ΒΓ  ;  and  therefore  the  angle  ΑΒΓ 
is  equal  to  the  angle  MEH.  Therefore  the  section 
is  subcontrary  [Prop.  5]  ;  which  is  contrary  to  hypo- 
thesis.    Therefore  the  curve  ΔΚΕ  is  not  a  circle. 


(v.)  Fundamental  Properties 
Ibid.,  Props.  11-14,  Apoll.  Perg.  ed.  Heiberg  i.  36.  26-58.  7 

Prop. 11 

Let  a  cone  he  cut  by  a  pla?ie  through  the  axis,  and  let  it 
be  also  cut  by  another  plane  cutting  the  base  of  the  cone 
in  a  straight  line  perpendicular  to  the  base  of  the  axial 
triangle,  and  further  let  the  diameter  of  the  section  be 
parallel  to  one  side  of  the  axial  triangle;  then  if  any 
straight  line  be  drawn  from  the  section  of  the  C07ie  parallel 
to  the  common  section  of  the  cutting  plane  and  the  base  of 
the  cone  as  far  as  the  diameter  of  the  section,  its  square 
nill  be  equal  to  the  rectangle  bounded  by  the  intercept 
made  by  it  ση  the  diameter  in  the  direction  of  the  vertex 
of  the  section  and  a  certain  other  straight  line;  this 
straight  line  rvill  bear  the  same  ratio  to  the  intercept 
between  the  angle  of  the  cone  and  the  vertex  of  the  segment 
as  the  square  on  the  base  of  the  axial  triangle  bears  to 
the  rectangle  bounded  by  the  remaining  two  sides  of  the 
triangle;  and  let  such  a  section  be  called  a  parabola. 

For  let  there  be  a  cone  whose  vertex  is  the  point  A 
and  whose  base  is  the  circle  ΒΓ,  and  let  it  be  cut  by 
a  plane  through  the  axis,  and  let  the  section  so  made 
be  the  triangle  ΑΒΓ,  and  let  it  be  cut  by  another 
plane  cutting  the  base  of  the  cone  in  the  straight  line 
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οίσαν  TTJ  Β  Γ,  καΐ  ποι^ίτω  τομην  iv  rfi  ετη^ανβια 
του  κώνου  την  ΔΖΕ,  η  "Se  8ίάμ€τρος  rrjs  τομής 
7)  Ζ  Η  παράλληλος  έστω  μια  ττλ^υρα.  του  δια  του 
άξονος  τριγώνου  τη  Α  Γ,  και  άπο  του  Ζ  σημείου 
τη  ΖΗ  ζύθξία  ττρος  όρθάς  ηχθω  η  ΖΘ,  και  π€- 
Ίτοιησθω,  ώς  το  άπο  ΒΓ  προς  το  υπό  ΒΑΓ,  οϋτως 
•η  Ζ  Θ  προς  Ζ  Α,  και  βΐληφθω  τι  σημ€Ϊον  €πι  της 
τομής  τυχόν  το  Κ,  και  δια  τοϋ  Κ  τη  ΔΕ  παράλ- 
ληλος η  ΚΛ.  λ€γω,  οτι  το  από  της  ΚΛ  ΐσον  icrri 
τω  υπό  των  ΘΖΑ, 

"Ηχ^ω  γαρ  δια  τοϋ  Λ  τ^  ΒΓ  παράλληλος  η 
ΜΝ•  eoTi  δε  και  η  ΚΛ  τ^  ΔΕ  παράλληλος•  το 
άρα  δια  των  KLA,  ΜΝ  εττιττίδον  παράλληλόν  εστί 
τω  δια  των  ΒΓ,  ΔΕ  εττιττεδω,  τουτέστι  τη  βάσει 
τοϋ  κώνου,  τό  άρα  δια  των  ΚΑ,  ΜΝ  €πίπ€8ον 
κύκλος  εστίν  J  οΰ  διάμετρος  η  ΜΝ.  καΐ  εστί 
κάθετος  επΙ  τήν  ΜΝ  ή  ΚΑ,  εττει  και  ή  ΔΕ  επι 
την  ΒΓ*  το  άρα  υπό  των  MAN  ίσον  εστί  τω  από 

λΤΓα  λ»/»  f  »»<Λ      "DTI  « 

TT^s  xWv.  και  εττει  εστίν,  ω?  το  αττο  της  r>l  προ? 
τό  ύττό  των  ΒΑΓ,  όντως  ή  ΘΖ  προ?  ΖΑ,  τό  δε 
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ΔΕ  perpendicular  to  ΒΓ,  and  let  the  section  so  made 
on  the  surface  of  the  cone  be  ΔΖΕ,  and  let  ZH,  the 
diameter  of  the  section,  be  parallel  to  ΑΓ,  one  side  of 
the  axial  triangle,  and  from  the  point  Ζ  let  ΖΘ  be 
drawn  perpendicular  to  ZH,  and  let  ΒΓ^  :  ΒΑ  .  ΑΓ  = 
ΖΘ  :  ΖΑ,  and  let  any  point  Κ  be  taken  at  random  on 
the  section,  and  through  Κ  let  ΚΛ  be  drawn  parallel 
to  ΔΕ.     I  say  that  KA2  =  ΘΖ  .  ZA. 

For  let  MN  be  drawn  through  A  parallel  to  ΒΓ  ; 
but  KA  is  parallel  to  ΔΕ  ;  therefore  the  plane  through 


KA,  MN  is  parallel  to  the  plane  through  ΒΓ,  ΔΕ 
[Eucl.  xi.  15],  that  is  to  the  base  of  the  cone.  There- 
fore the  plane  through  KA,  MN  is  a  circle,  whose 
diameter  is  MN  [Prop.  4].  And  KA  is  perpendicular 
to  MN,  since  ΔΕ  is  perpendicular  to  ΒΓ  [Eucl.  xi.  10] ; 

therefore  MA  .  AN  =  KA». 

And  since     ΒΓ»  :  BA .  AT  -  ΘΖ  :  ZA, 
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άπο  της  Β  Γ  ττρος  το  νττο  των  ΒΑΓ  λόγον  £χ€ΐ 
τον  συγκ€ίμ€νον  e/c  re  του,  δν  e^et  ί^  ΒΓ  προς  ΓΑ 
καΐ  ή  ΒΓ  προς  ΒΑ,  6  άρα  της  ΘΖ  προς  ΖΑ  λόγος 
σύγκζίταί  €Κ  του  της  Β  Γ  προς  ΓΑ  και  του  της 
ΓΒ  προς  ΒΑ.  αλλ'  ώ?  /xev  ή  ΒΓ  προ?  ΓΑ,  οϋτως 
ή  ΜΝ  προ?  ΝΑ,  τουτέστιν  ij  ΜΑ  προ?  ΛΖ,  ώ? 
δε  ij  ΒΓ  προς  ΒΑ,  οϋτως  η  ΜΝ  προ?  ΜΑ,  του- 
τέστιν ή  ΛΜ  προ?  ΜΖ,  /cat  λοιττη  η  ΝΑ  προ?  ΖΑ. 
ό  αρα  Tiy?  Θ  Ζ  προ?  Ζ  Α  λόγος  σύγκειται  e/c  του 
της  ΜΑ  προ?  ΑΖ  /cai  του  της  ΝΑ  προ?  ΖΑ.  ό 
δε  συγκείμενος  λόγος  e/c  του  τη?  ΜΑ  προ?  ΑΖ 
καΐ  του  της  ΑΝ  προ?  ΖΑ  ό  του  υπό  MAN  €θτι 
προς  το  υπό  ΑΖΑ.  ώ?  άρα  tJ  ΘΖ  προς  Τι  Α,  ούτως 
το  υπό  MAN  προς  τό  υπό  ΛΖΑ.  ώ?  δε  ή  Θ  Ζ 
προς  ΖΑ,  της  ΖΛ  κοινού  ϋφους  λαμβανομένης 
οϋτως  τό  υπό  ΘΖΑ  προς  τό  υπό  ΑΖΑ•  ώ?  αρα 
τό  υπό  MAN  προς  τό  υπό  ΛΖΑ,  οϋτως  τό  υπό 
ΘΖΑ  προς  τό  υπό  ΑΖΑ.  ίσον  άρα  εστί  τό  υπό 
MAN  τω  υπό  ΘΖΑ.  τό  U  υπό  MAN  Ισον  εστί 
τω  από  της  ΚΑ*  και  τό  από  της  ΚΑ  άρα  ίσον 
εστί  τω  υπό  των  ΘΖΑ. 

Καλεισ^ο)  δε  η  μεν  τοιαύτη  τομή  παραβολή,  η 
δε  ΘΖ  παρ'  ην  δύνανται  αί  καταγόμεναι  τεταγ- 
μενως  επι  την  Ζ  Η  Βιάμετρον,  καλείσθω  δε  και 
όρθια. 

Φ' 

Έάν  κώνος  επιπεδω  τμηθη  δια  του  άγονος, 
τμηθη  δε  και  ετερω  επιπεδω  τεμνοντι  την  βάσιν 

"  Α  parabola  {παραβολή)  because  the  square  on  the  ordinate 
ΚΛ  is  applied  {ιταραβαλ^ΐν)  to  the  parameter  ΘΖ  in  the  form 
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ΒΓ 

APOLLONIUS  OF  PERGA 

ΑΓ  =  (ΒΓ:ΓΑχΒΓ:ΒΑ), 
:ΖΑ  =  (ΒΓ:ΓΑ)(ΓΒ:ΒΑ). 
ΓΑ=ΜΝ:ΝΑ 

=  ΜΛ:ΛΖ,  [Eucl.vi.4 
and  ΒΓ:ΒΑ  =  ΜΝ:ΜΑ 

=  ΛΜ  :  MZ  [ihid. 

=  ΝΛ:ΖΑ.  [Eucl.  νί.2 
Therefore  ΘΖ  :  ZA  =  (ΜΑ  :  AZ)(NA  :  ZA). 

But  (MA  :  AZ)(AN  :  Ζ  A)  =  MA  .  AN  :  AZ  .  Ζ  A. 

Therefore  ΘΖ  :  ZA  =  MA  .  AN  :  AZ  .  ZA, 

But  ΘΖ  :  ZA  =  ΘΖ  .  ZA  :  AZ  .  ZA, 

by  taking  a  common  height  ZA ; 
therefore     MA  .  AN  :  AZ  .  ZA  =  ΘΖ  .  ZA  :  AZ  .  ZA. 
Therefore  MA  .  ΑΝ  =  ΘΖ  .  Ζ  A.   [Eucl.  v.  9 

But  MA.AN  =  KA2; 

and  therefore  Κ  A^  =  ΘΖ  .  Ζ  A . 

Let  such  a  section  be  called  a  parabola,  and  let  ΘΖ 
be  called  the  parameter  of  the  ordinates  to  the  dia- 
meter ZH,  and  let  it  also  be  called  the  erect  side  (latus 
rectum).^ 

Prop.  12 

Let  a  cone  be  cut  by  a  plane  through  the  axis,  and  let 
it  be  cut  by  another  plane  cutting  the  base  of  the  cone  in 

of  the  rectangle  ΘΖ  .  ΖΛ,  and  is  exactly  equal  to  this 
rectangle.  It  was  Apollonius's  most  distinctive  achievement 
to  have  based  his  treatment  of  the  conic  sections  on  the 
Pythagorean  theory  of  the  application  of  areas  {παραβολή  των 
χωρίων),  for  which  v.  vol.  i.  pp.  186-215.  The  explanation 
of  the  term  latus  rectum  will  become  more  obvious  in  the 
cases  of  the  hyperbola  and  the  ellipse;  v.  infra,  p.  317  n.  a. 
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του  κώνου  κατ  evdeiav  προς  όρθάς  οΰσαν  rfj  βάσ^ι 
του  δια  του  αζονος  τριγώνου,  και  rj  διάμετρος  της 
τομής  €κβαλλομ€νη  συμπίττττ)  /χια  ττλευρα  του 
δια  του  αζονος  τριγώνου  €κτός  της  του  κώνου 
κορυφής,  ήτις  αν  άττό  της  τομής  άχθη  παρά?^ηλος 
τη  κοινή  τομή  του  τίμνοντος  επίπεδου  και  της 
βάσεως  του  κώνου,  €ως  της  δια/χετρου  της  τομής 
8υνησ€ταί  τι  χωρίον  τταρακζίμ^νον  παρά  τιΐ'α 
€ύθ€Ϊαν,  προς  ην  λόγον  €χ€ΐ  η  επ'  ζύθβίας  μέν  ούσα 
τή  8ιαμ€τρω  της  τομής,  ύποτβίνουσα  δε  την  €κτός 
του  τριγώνου  γωνίαν,  ον  το  τ€τράγωνον  το  άπό 
τής  ήγμβνης  άπό  τής  κορυφής  του  κώνου  παρά 
την  Βιάμ€τρον  τής  τομής  €ως  τής  βάσεως  του 
τριγώνου  προς  το  π€ρΐ€χόμ€νον  υπό  των  τής 
βάσεως  τμημάτων,  ών  ποιεί  ή  άχθζΐσα,  πλάτος 
€χον  την  άπολαμβανομβνην  υπ*  αυτής  άπο  τής 
Βιαμζτρου  προς  τη  κορυφή  τής  τομής,  υπερβάλλον 
ειδει  όμοίω  τε  και  ομοίως  Κ€ΐμ€νω  τω  περιεχό- 
μενα) υπό  τε  τής  ύποτεινούσης  την  έκτος  γωνίαν 
του  τριγώνου  και  τής  παρ*  ήν  Βυνανται  αΐ  κατ- 
αγόμεναί'  καλείσθω  δε  ή  τοιαύτη  τομή  υπερβολή. 
"Εστω  κώνος,  ου  κορυφή  μεν  το  Α  σημεΐον, 
βάσις  δε  ό  ΒΓ  κύκλος,  και  τετμήσθω  επιπεδω 
δια  του  άζονος,  και  τίοιειτω  τομήν  το  ΑΒΓ  τρί- 
γωνον,  τετμήσθω  δε  καΐ  ετερω  επιπε'δω  τεμνοντι 
την  βάσιν  του  κώνου  κατ*  ευθείαν  την  ΔΕ  προς 
όρθάς  οΰσαν  τή  Β  Γ  βάσει  του  ΑΒΓ  τριγώνου, 
και  ποιείτω  τομήν  εν  τή  επιφάνεια  τοΰ  κώνου  την 
ΔΖΕ  γραμμήν,  ή  δε  διάμετρος  τής  τομής  ή  XH 
εκβαλλομενη  συμπιπτετω  )U.ta  πλευρά  του  ΑΒΓ 
τριγώνου  τή  Α  Γ  έκτος  τής  του  κώνου  κορυφής 
κατά  το  Θ,  και  δια  τοΰ  Α  τή  Βιαμετρω  τής  τομής 
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a  straight  line  perpendicular  to  the  base  of  the  axial 
triaiigle,  and  let  the  diameter  of  the  section,  when  pro- 
duced, meet  one  side  of  the  axial  triangle  beyond  the 
vertex  of  the  cone;  then  if  any  straight  line  be  drawn 
from  the  section  of  the  cone  parallel  to  the  common  section 
of  the  cutting  plane  and  the  base  of  the  cone  as  far  as  the 
diameter  of  the  section,  its  square  will  be  equal  to  the  area 
applied  to  a  certain  straight  line;  this  line  is  such  that  the 
straight  line  subtending  the  external  angle  of  the  triangle, 
lying  in  the  same  straight  line  with  the  diameter  of  the 
section,  will  bear  to  it  the  same  ratio  as  the  square  on  the 
line  drawn  from  the  vertex  of  the  cone  parallel  to  the  dia- 
meter of  the  section  as  far  as  the  base  of  the  triangle 
bears  to  the  rectangle  bounded  by  the  segments  of  the  base 
made  by  the  li?ie  so  drawn;  the  breadth  of  the  applied 
figure  will  be  the  intercept  made  by  the  ordinate  on  the 
diameter  in  the  direction  of  the  vertex  of  the  section  ;  and 
the  applied  figure  will  exceed  by  a  figure  similar  and 
similarly  sittiated  to  the  rectaiigle  bou7ided  by  the  straight 
line  subtending  the  external  a?igle  of  the  triangle  and 
the  parameter  of  the  ordinates;  and  let  such  a  section  be 
called  a  hyperbola. 

Let  there  be  a  cone  whose  vertex  is  the  point  A 
and  whose  base  is  the  circle  ΒΓ,  and  let  it  be  cut  by 
a  plane  through  the  axis,  and  let  the  section  so  made 
be  the  triangle  ΑΒΓ,  and  let  it  be  cut  by  another 
plane  cutting  the  base  of  the  cone  in  the  straight  line 
ΔΕ  perpendicular  to  ΒΓ,  the  base  of  the  triangle  ΑΒΓ, 
and  let  the  section  so  made  on  the  surface  of  the  cone 
be  the  curve  ΔΖΕ,  and  let  ZH,  the  diameter  of  the 
section,  when  produced,  meet  ΑΓ,  one  side  of  the 
triangle  ΑΒΓ,  beyond  the  vertex  of  the  cone  at  Θ, 
and  through  A  let  AK  be  drawn  parallel  to  ZH,  the 
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T^  ZH  παράλληλος  ηχθω  ή  AK,  και  Τ€μν4τω  την 
Β  Γ,  /cat  άπο  του  Ζ  τ^   ΖΗ   προς  ορθας  -ηχθω  η 


ΖΛ,  /cat  7Τ€7τοιησθω,  ώς  το  άπο  ΚΑ  προς  το  ύπο 
ΒΚΓ,  οϋτως  ή  ΖΘ  προς  ΖΛ,  και  ΐίλήφθω  τι 
σημ^ΐον  €πι  της  τομής  τυχόν  το  Μ,  και  δια  του 
Μ  τί^  ΔΕ  παράλληλος  ηχθω  ή  ΜΝ,  δια  δε  του  Ν 
Τ27  ΖΛ  παράλληλος  ή  ΝΟΞ,  και  βπιζξυχθζΐσα  η 
ΘΛ  ζκβββλήσθω  €πι  το  Ξ,  και  δια  των  Λ,  Ξ  ττ^ 
ΖΝ  παράλληλοι  ηχθωσαν  αι  ΛΟ,  ΞΠ.  λ4γω,  δτι 
η  ΜΝ  δύναται  το  ΖΞ,  ο  παράκ€ΐται  παρά  την 
ΖΛ,  ττλάτο?  €χον  την  ΖΝ,  ύπβρβάλλον  ειδει  τω 
ΛΞ  ομοίω  οντι  τω  υπο  των  ΘΖΛ. 

"Ηχ^ω  ya/)  δια  του  Ν  ττ^  ΒΓ  παράλληλος  η 
ΡΝΣ•  ecTTi  Se  και  η  ΝΜ  τ^  ΔΕ  παράλληλος-  το 
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diameter  of  the  section,  and  let  it  cut  ΒΓ,  and  from 
Ζ  let  ΖΛ  be  drawn  perpendicular  to  ZH,  and  let 
KA2  :  BK  .  ΚΓ  =  ΖΘ  :  ΖΛ,  and  let  there  be  taken  at 
random  any  point  Μ  on  the  section,  and  through  Μ 
let  Μ  Ν  be  drawn  parallel  to  ΔΕ,  and  through  Ν  let 
NOH  be  drawn  parallel  to  ΖΛ,  and  let  ΘΛ  be  joined 
and  produced  to  H,  and  through  A,  Ξ,  let  AO,  ΗΠ  be 
drawn  parallel  to  ZN.  I  say  that  the  square  on  MN 
is  equal  to  ΖΞ,  which  is  applied  to  the  straight  line 
ZA,  having  ZN  for  its  breadth,  and  exceeding  by 
the  figure  AS  which  is  similar  to  the  rectangle 
contained  by  ΘΖ,  ZA. 

For  let  ΡΝΣ  be  drawn  through  Ν  parallel  to  ΒΓ  ; 
but  NM  is  parallel  to  ΔΕ  ;  therefore  the  plane  through 
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apa  δια  των  MN,  ΡΣ  έπίττώον  παράλληλόν  €στι 
τω  δια  των  Β  Γ,  ΔΕ,  τουτ4στί  τύ}  βάσ€ί  του  κώνου, 
iav  άρα  €κβληθ'η  το  δια  των  ΜΝ,  ΡΣ  enmehov, 
η  τομή  κύκλος  ε'σται,  ου  8ιάμξτρο5  ή  ΡΝΣ.  καΐ 
€στίν  in*  αύτην  κάθετος  η  ΜΝ•  το  άρα  ύπο  των 
ΡΝΣ  'ίσον  ioTL  τω  άττο  της  ΜΝ.  /cat  inei  εστίν, 
ως  το  άπο  ΑΚ  προς  το  ύπο  ΒΚΓ,  οϋτως  ή  ΖΘ 
προς  ΖΑ,  ό  Se  του  άπο  της  ΑΚ  προς  το  υπό  ΒΚΓ 
λόγος  σύγκειται  εκ  τε  του,  ον  έχει  η  ΑΚ  προς  Κ  Γ 
καΐ  η  ΑΚ  προς  KB,  καΐ  6  της  ΖΘ  αρα  προς  την 
7^Κ  λόγος  σύγκειται  εκ  του,  ον  έχει  ή  ΑΚ  προς 
ΚΓ  και  ή  ΑΚ  προς  KB.  αλλ'  ώς  μεν  η  ΑΚ 
προς  ΚΓ,  ούτως  ή  ΘΚ  προς  Η  Γ,  τουτέστιν  η  ΘΝ 
ττρό?  ΝΣ,  ώ?  δε  ^  ΑΚ  προς  KB,  ούτως  η  ΖΗ  προς 
ΗΒ,  τουτέστιν  ή  ΖΝ  ττρό?  ΝΡ.  ό  αρα  τί^?  ΘΖ 
προς  Ζ  Α  λό/ο?  σύγκειται  εκ  τε  του  της  Θ  Ν  ττρό? 
ΝΣ  και  του  της  ΖΝ  προς  ΝΡ.  ό  δε  συγκείμενος 
λόγος  εκ  του  της  ΘΝ  προς  ΝΣ  Λται  του  τη?  ΖΝ 
προς  ΝΡ  ό  του  υπό  των  ΘΝΖ  εστί  προς  το  υπό 
των  ΣΝΡ•  και  ώς  άρα  τό  υπό  των  ΘΝΖ  προς  τό 
υπό  των  ΣΝΡ,  ούτως  ή  ΘΖ  προς  ΖΛ,  τουτέστιν 
η  ΘΝ  προς  ΝΞ.  αλλ'  ώς  η  ΘΝ  προς  ΝΞ,  της 
ΖΝ  /coti/oiJ  ύφους  λαμβανομένης  ούτως  τό  υπό 
των  ΘΝΖ  προς  τό  υπό  των  ΖΝΞ.  και  ώς  άρα 
τό  υπό  των  ΘΝΖ  προς  τό  υπό  των  ΣΝΡ,  ούτως 
τό  υπό  των  ΘΝΖ  προς  τό  υπό  των  ΞΝΖ.  τό 
άρα  υπό  ΣΝΡ  ΐσον  εστί  τω  υπό  ΞΝΖ.  τό  8ε 
από  ΜΝ  ΐσον  εΒείχθη  τω  υπό  ΣΝΡ•  και  τό  από 
της  ΜΝ  άρα  ΐσον  εστί  τω  υπό  των  ΞΝΖ.  τό  δε 
υπό  ΞΝΖ  εστί  τό  ΞΖ  παραλληλόγραμμον,      η  άρα 
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MN,  ΡΣ  is  parallel  to  the  plane  through  ΒΓ,  ΔΕ 
[Eucl.  xi.  15],  that  is  to  the  base  of  the  cone.  If, 
then,  the  plane  through  MN,  ΡΣ  be  produced,  the 
section  will  be  a  circle  with  diameter  ΡΝΣ  [Prop.  4]. 
And  MN  is  perpendicular  to  it ;  therefore 

ΡΝ.ΝΣ  =  ΜΝ2. 

And  since         AK2  :  BK  .  ΚΓ  =  ΖΘ  :  ZA, 

while  AK2 :  BK  .  ΚΓ  =  (AK  :  ΚΓ)(ΑΚ  :  KB), 


therefore 

ΖΘ  :  ZA  =  (AK  :  ΚΓ)(ΑΚ  :  KB). 

But 

ΑΚ:ΚΓ  =  ΘΗ:ΗΓ, 

i.e.. 

=  ΘΝ:ΝΣ,    [Eucl.  vi.  4 

and 

AK:KB  =  ZH:HB, 

i.e., 

=  ZN:NP.               [ihid. 

Therefore 

ΘΖ  :  ZA  =  (ΘΝ  :  ΝΣ)(ΖΝ  :  NP). 

But          (ΘΝ  :  ΝΣ)(ΖΝ  :  NP)  =  ΘΝ  .  NZ  :  ΣΝ  .  NP  ; 

and  therefore 

ΘΝ.ΝΖ 

:ΣΝ.ΝΡ=ΘΖ:ΖΑ 

=  ΘΝ:ΝΞ.               [ibid. 

But 

ΘΝ:ΝΗ  =  ΘΝ.ΝΖ:ΖΝ.ΝΗ, 

by  taking  a  commor 

ι  height  ΖΝ. 

And  therefore 

ΘΝ.ΝΖ 

:  ΣΝ  .  ΝΡ  =  ΘΝ  .  ΝΖ  :  ΗΝ  .  ΝΖ. 

Therefore 

ΣΝ  .  ΝΡ  =  ΗΝ  .  ΝΖ.      [Eucl.  ν.  9 

But 

ΜΝ2  =  ΣΝ.ΝΡ, 

as  was  proved ; 

and  therefore 

ΜΝ2  =  ΞΝ.ΝΖ. 

But  the  rectangle  HN  .  NZ  is  the  parallelogram  ΞΖ. 
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MN  δύναται  το  ΞΖ,  ο  παράκ€ίταί  παρά  την  ΖΛ, 
πλάτος  €χον  την  ΖΝ,  υπερβάλλον  τω  ΑΞ  ομοίω 
οντί  τω  νπο  των  •ΘΖΛ.  καλβίσθω  δβ  η  μεν 
τοιαύτη  τομή  υπερβολή,  η  δε  ΛΖ  παρ*  ην  δύνανται 
αϊ  €7Γΐ  TT7V  Ζ  Η  καταγόμεναι  τεταγμενως'  καλείσθω 
Be  ή  αύτη  και  όρθια,  ττλα^ια  8ε  ή  ΖΘ. 

*/ 

*Εάν  κώνος  επιπεΒω  τμηθη  δια  του  αζονοζ, 
τμηθη  δε  και  ετερω  επιπεΒω  συμπίπτοντι  μεν 
εκατερα  πλευρά  του  δια  του  άξονος  τριγώνου, 
μήτε  δε  παρά  την  βάσιν  του  κώνου  ηγμενω  μήτε 
ύπεναντίως,  το  δε  επίπεΒον,  εν  ω  εστίν  η  βάσις 
του  κώνου,  και  το  τέμνον  επίπεΒον  συμπίπτη  κατ* 
ευθείαν  προς  όρθάς  ουσαν  ήτοι  τη  βάσει  του  δια 
τοΰ  άξονος  τριγώνου  η  τη  επ*  ευθείας  αύτη,  ήτις 
αν  άπο  της  τομής  τοΰ  κώνου  παρά?^ηλος  άχθη  τη 
κοινή  τομή  των  επίπεδων  εως  της  διαμέτρου  της 
τομής,  Βυνησεταί  τι  χωρίον  παρακείμενον  παρά 
τίνα  ευθείαν,  προς  ην  λόγον  έχει  η  διάμετρος  της 
τομής,  ον  το  τετράγωνον  το  άπο  της  ηγμενης 
άπο  της  κορυφής  τοΰ  κώνου  παρά  την  8ιάμετρον 
της  τομής  εως  της  βάσεως  τοΰ  τριγώνου  προς 
το  περιεχόμενον  υπό  των  άπολαμβανομενων  υπ* 
αύτης  προς  ταΐς  τοΰ  τριγώνου  εύθείαις,  πλάτος 
έχον  την  άπολαμβανομενην  υπ*  αύτης  άπό  της 
Βιαμετρου  προς  τη  κορυφή  της  τομής,  ελλεΐπον 
£ΐδει  όμοίω  τε  και  ομοίως  κειμενω  τω  περιεχο- 
μενω  υπό  τ€  της  Βιαμετρου  και  της  παρ*  ην 
δύνανται•  καλείσθω  δε  η  τοιαύτη  τομή  ελλειφις. 

Έστω  κώνος,  ου  κορυφή  μεν  τό  Α  σημεΐον, 
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Therefore  the  square  on  Μ  Ν  is  equal  to  EZ,  which 
is  applied  to  ΖΛ,  having  ZN  for  its  breadth,  and 
exceeding  by  ΛΞ  similar  to  the  rectangle  contained 
by  ΘΖ,  ΖΛ.  Let  such  a  section  be  called  a  hyperholuy 
let  ΛΖ  be  called  the  parameter  to  the  ordinates  to  ZH  ; 
and  let  this  line  be  also  called  the  erect  side  (latus 
rectum),  and  ΖΘ  the  transverse  side.'* 

Prop.  13 

Let  a  cone  be  cut  by  a  plane  through  the  axis,  and  let  it  be 
cut  by  another  plane  meeting  each  side  of  the  axial  triangle, 
being  neither  parallel  to  the  base  nor  subcontrary,  and  let 
the  plane  containing  the  base  of  the  cone  meet  the  cutting 
plane  in  a  straight  line  perpendicular  either  to  the  base 
of  the  axial  triangle  or  to  the  base  produced;  then  if  a 
straight  line  be  dranmfrom  any  point  of  the  section  of  the 
cone  parallel  to  the  common  section  of  the  planes  as  far 
as  the  diameter  of  the  section,  its  square  will  be  equal  to 
an  area  applied  to  a  certain  straight  line;  this  line  is  such 
that  the  diameter  of  the  section  will  bear  to  it  the  same 
ratio  as  the  square  on  the  line  drawn  from  the  vertex  of  the 
cone  parallel  to  the  diameter  of  the  section  as  far  as 
the  base  of  the  triangle  bears  to  the  rectangle  contained 
by  the  intercepts  made  by  it  on  the  sides  of  the  triangle; 
the  breadth  of  the  applied  figure  will  be  the  intercept  made 
by  it  on  the  diameter  in  the  direction  of  the  vertex  of  the 
section ;  and  the  applied  figure  will  be  deficietit  by  a 
ngure  similar  and  similarly  situated  to  the  rectangle 
bounded  by  the  diameter  and  the  parameter ;  and  let  suck 
a  section  be  called  an  ellipse. 

Let  there  be  a  cone,  whose  vertex  is  the  point  A 

"  The  erect  and  transverse  side,  that  is  to  say,  of  the  figure 
(eKos)  applied  to  the  diameter.  In  the  case  of  the  parabola, 
the  transverse  side  is  infinite. 
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βασις  8e  ό  ΒΓ  κύκλος,  και  Τ€τμησθω  ΐτηττ^ω 
δια  τοΰ  άξονος,  καΐ  ποίξίτω  τομην  το  ΑΒΓ  τρί- 
γωνον,  Τ€τμησθω  δε  και  iripco  εττιττεδω  συμττί- 
7TTOVTI  μ€ν  €κατ€ρα  nXevpa  τοΰ  δια  τοΰ  άζονος 
τρίγωνου,  μήτζ  δε  τταραλλτ^λω  ττ]  βάσ€ΐ  τοΰ  κώνου 
μητ€  ύπ€ναντίως  "ηγμίνω,  και  ποίζίτω  τομην  ev 
τ^  ζπιφαν^ία  τοΰ  κώνου  την  ΔΕ  γραμμην  κοινή 


Se  τομή  τοΰ  τέμνοντος  εττιττεδου  και  τοΰ,  ev  φ 
εστίν  7j  βάσις  τοΰ  κώνου,  έστω  ij  ΖΗ  προς  όρθάς 
οδσα  TTJ  Β  Γ,  ή  δε  8ιάμ€τρος  της  τομής  έστω  ή 
ΕΔ,  και  άπο  τοΰ  Ε  τη  ΕΔ  ττρος  όρθάς  ηχθω  ή  ΕΘ, 
και  δια  τοΰ  Α  τη  ΕΔ  παράλληλος  ηχθω  ή  ΑΚ,  και 
π€ποιησθω  ως  το  άπο  ΑΚ  προς  το  ύπο  ΒΚΓ, 
ούτως  η  ΔΕ  προς  την  ΕΘ,  και  €ΐληφθω  τι  σημ€Ϊον 
ετΓΐ  της  τομής  το  Α,  και  δια  τοΰ  Λ  τ^  ΖΗ  παράλ- 
ληλος ηχθω  η  ΛΜ.  λέγω,  οτι  η  AM  8ύναταί  τι 
χωρίον,  ο  παράκ€ΐται  παρά  την  ΕΘ,  πλάτος  έχον 
την  ΕΜ,  ελλεΐποι/  ειδει  όμοίω  τω  υπό  των  ΔΕΘ. 

'Έ,πΐζ^ύχθω  γάρ  η  ΔΘ,  και  δια  μ€ν  τοΰ  Μ  tjj 
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and  whose  base  is  the  circle  ΒΓ,  and  let  it  be  cut  by 
a  plane  through  the  axis,  and  let  the  section  so  made 
be  the  triangle  ΑΒΓ,  and  let  it  be  cut  by  another 
plane  meeting  either  side  of  the  axial  triangle,  being 
drawn  neither  parallel  to  the  base  nor  subcontrary, 
and  let  the  section  made  on  the  surface  of  the  cone 
be  the  curve  ΔΕ  ;  let  the  common  section  of  the 
cutting  plane  and  of  that  containing  the  base  of  the 
cone  be  ZH,  perpendicular  to  ΒΓ,  and  let  the  diameter 
of  the  section  be  ΕΔ,  and  from  Ε  let  ΕΘ  be  drawn 
perpendicular  to  ΕΔ,  and  through  A  let  AK  be  drawn 
parallel  to  ΕΔ,  and  let  AK2  :  BK  .  ΚΓ  =  ΔΕ  :  ΕΘ,  and 
let  any  point  A  be  taken  on  the  section,  and  through 
A  let  AM  be  drawn  parallel  to  ZH.  I  say  that  the 
square  on  AM  is  equal  to  an  area  applied  to  the 
straight  line  ΕΘ,  having  EM  for  its  breadth,  and 
being  deficient  by  a  figure  similar  to  the  rectangle 
contained  by  ΔΕ,  ΕΘ. 

For  let  ΔΘ  be  joined,  and  through  Μ  let  MSN  be 
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ΘΕ  τταράλληλος  ηχθω  η  ΜΞΝ,  δια  δβ  των  Θ,  Ξ 
rrj  EM  παράλληλοι  ηχθωσαν  αί  ΘΝ,  ΞΟ,  καΙ  δια 
τοΰ  Μ  Τ77  ΒΓ  τταράλληλος  ηχθω  ή  Π  MP.  inel 
οΰν  ή  Π  Ρ  τη  Β  Γ  παράλληλος  iariv,  eari  δε  /cat 
ή  AM  τη  TjH  παράλληλος,  το  αρα  δια  των  AM, 
Π  Ρ  επίπε^ον  παράλληλόν  Ιστι  τω  δια  των  ΖΗ, 
Β  Γ  βτΓίττεδω,  tovtcotl  τη  βάσει  τον  κώνου,  iav 
άρα  €κβληθη  δια  των  AM,  Π  Ρ  επίπε^ον,  ή  τομή 
κύκλος  εσται,  ου  διάμετρος  η  Π  Ρ.  και  ioTi 
κάθετος  eV  αντην  η  ΑΜ•  το  αρα  ύπο  των  ΠΜΡ 
Ίσον  εστί  τω  από  της  AM.  καΐ  επεί  εστίν,  ώς  το 
απο  της  ΑΚ  προς  το  ύπο  των  ΒΚΓ,  οϋτως  η  ΕΔ 
προς  την  ΕΘ,  6  δε  του  άπο  της  ΑΚ  προς  το  ύπο 
των  ΒΚΓ  λόγος  σύγκειται  εκ  τοΰ,  ον  έχει  η  ΑΚ 
προς  KB,  και  η  ΑΚ  προς  ΚΓ,  αλλ'  ώς  μεν  η  ΑΚ 
προς  KB,  ούτως  η  Ε  Η  προ?  ΗΒ,  τουτέστιν  "η 
ΕΜ  προ?  Μ  Π,  ώ?  δε  η  ΑΚ  προ?  ΚΓ,  ούτως  η 
ΔΗ  προ?  Η  Γ,  τουτέστιν  η  ΔΜ  προ?  MP,  ό  άρα 
της  ΔΕ  προ?  ti)v  ΕΘ  λόγος  σύγκειται  εκ  τε  του 
της  ΕΜ  προς  Μ  Π  και  τον  της  ΔΜ  προ?  MP.  ό 
δε  συγκείμενος  λόγος  εκ  τε  τοΰ,  δν  έχει  η  ΕΜ 
προς  ΜΠ,  και  ή  ΔΜ  προς  MP,  ό  τοΰ  ύπο  των 
ΕΜΔ  εστί  προς  τό  ύπο  των  ΠΜΡ.  εστιΐ'  άρα  ώ? 
το  ύπο  των  ΕΜΔ  προς  τό  ύπό  των  ΠΜΡ,  ούτως 
ή  ΔΕ  προς  την  ΕΘ,  τουτέστιν  η  ΔΜ  προς  την 
ΜΞ.  ώ?  δε  ή  ΔΜ  προς  ΜΞ,  τ^?  ΜΕ  κοινού 
ύφους  λαμβανομένης,  ούτως  τό  ύπό  ΔΜΕ  προς  τό 
ύπο  ΞΜΕ.  και  ώ?  άρα  τό  ύπό  ΔΜΕ  προς  τό  ύπό 
ΠΜΡ,  ούτως  τό  ύπό  ΔΜΕ  προς  τό  ύπό  ΞΜΕ. 
ίσον  άρα  εστί  τό  ύπό  ΠΜΡ  τω  ύπό  ΞΜΕ.  τό  δε 
ύπο  ΠΜΡ  ίσον  ε8είχθη  τω  από  της  AM*  και  τό 
ι5πό  ΞΜΕ  άρα  εστίν  ίσον  τω  από  της  ΛΜ.  η  AM 
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drawn  parallel  to  ΘΕ,  and  through  Θ,  H,  let  ΘΝ,  HO 
be  drawn  parallel  to  EM,  and  through  Μ  let  ΠΜΡ 
be  drawn  parallel  to  ΒΓ.  Then  since  ΠΡ  is  parallel 
to  ΒΓ,  and  ΛΜ  is  parallel  to  ZH,  therefore  the  plane 
through  ΛΜ,  Π  Ρ  is  parallel  to  the  plane  through 
ZH,  ΒΓ  [Eucl.  xi.  15],  that  is  to  the  base  of  the  cone. 
If,  therefore,  the  plane  through  ΛΜ,  Π  Ρ  be  produced, 
the  section  will  be  a  circle  with  diameter  ΠΡ  [Prop.  4]. 
And  AM  is  perpendicular  to  it ;  therefore 

ΠΜ.ΜΡ  =  ΛΜ2. 
And  since         AK^  :  BK  .  ΚΓ  =  ΕΔ  :  ΕΘ, 
and  AK2 :  BK  .  ΚΓ  =  (AK  :  KB)(AK  :  ΚΓ), 

while  AK:KB  =  EH:HB 

=  ΕΜ:ΜΠ,  [Eucl.  vi.  4 
and  ΑΚ:ΚΓ  =  ΔΗ:ΗΓ 

=  ΔΜ:ΜΡ,  [ibid. 

therefore  ΔΕ  :  ΕΘ  =  (EM  :  Μ  Π)(ΔΜ  :  MP). 

But  (EM  :  ΜΠ)(ΔΜ  :  MP)        =EM  .  ΜΔ  :  IIM  .  MP. 

Therefore 

EM .  ΜΔ :  ΠΜ .  MP  =  ΔΕ  :  ΕΘ 

=  ΔΜ:ΜΞ.  [ibid. 

But  ΔΜ:ΜΗ  =  ΔΜ.ΜΕ:ΞΜ.ΜΕ, 

by  taking  a  common  height  ME. 
Therefore  ΔΜ .  ME  :  IIM .  MP  =  ΔΜ  .  ME  :  HM  .  ME. 
Therefore  ΠΜ .  MP  =  SM  .  ME.     [Eucl.  v.  9 

But  ΠΜ.ΜΡ  =  ΑΜ2, 

as  was  proved  ; 
and  therefore  SM  .  ME  =  AMa. 
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αρα  δύναται  το  MO,  ο  τταράκζίται  παρά  την  ΘΕ, 
πλάτος  €χον  την  ΕΜ,  ελλβΐπον  etSei  τω  ON  ομοίω 
οντί  τω  νπο  ΔΕΘ.  καλζίσθω  he  η  μβν  τοιαύτη 
τομή  eAAet(/n?,  η  δε  ΕΘ  τταρ'  ην  δύνανται  αϊ  κατ' 
αγόμ^ναι  €πΙ  την  ΔΕ  Τ€ταγμ4νως,  η  Se  αύτη  και 
όρθια,  TrAayia  δε  η  ΕΔ. 

ιδ' 

Έάν  αί  κατά  κορνφην  ΐπιφάνζίαι  εττιττεδω  τμη- 
θώσι  μη  δια  τη?  κορυφής,  εσται  εν  εκατε'ρα  των 
επιφανειών  τομή  η  καλούμενη  υπερβολή,  και  των 
δυο  τομών  η  τε  διάμετρος  η  αύτη  εσται,  και  παρ' 
α?  δύνανται  αί  επι  την  Βιάμετρον  καταγόμεναι 
παράλληλοι  τη  iv  τη  βάσει  του  κώνου  ευθεία  ΐσαι, 
και  του  εί'δου?  η  ττλα^ια  πλευρά  κοινή  η  μεταζύ 
τών  κορυφών  των  τομών  καλεισθωσαν  δε  αί 
τοιαΰται  τομαι  άντικείμεναι. 

"Εστωσαν  αι  κατά  κορυφην  επιφάνειαι,  ών 
κορυφή  το  Α  σημεΐον,  και  τετμησθωσαν  εττιττεδω 
μη  δια  της  κορυφής,  και  ποιείτω  εν  τη  επιφάνεια 
τομάς  τάς  ΔΕΖ,  ΗΘΚ.  λέγω,  ότι  εκατερα  τών 
ΔΕΖ,  ΗΘΚ  τομών  εστίν  ή  καλούμενη  υπερβολή. 


'  Let  ρ  be  the  parameter  of  a  conic  section  and  d  the  corre- 
sponding diameter,  and  let  the  diameter  of  the  section  and  the 
tangent  at  its  extremity  be  taken  as  axes  of  co-ordinates  (in 
general  oblique).  Then  Props.  11-13  are  equivalent  to  the 
Cartesian  equations. 
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Therefore  the  square  on  ΛΜ  is  equal  to  MO,  which 
is  applied  to  ΘΕ,  having  EM  for  its  breadth,  and  being 
deficient  by  the  figure  ON  similar  to  the  rectangle 
ΔΕ  .  ΕΘ.  Let  such  a  section  be  called  an  eclipse, 
let  ΕΘ  be  called  the  parameter  to  the  ordinates  to  ΔΕ, 
and  let  this  line  be  called  the  erect  side  (Jatus  rectum)^ 
and  ΕΔ  the  transverse  side.'* 


Prop.  14 

If  the  vertically  opposite  surfaces  \of  a  double  cone\  he 
cut  hy  a  plane  not  through  the  vertex,  there  will  he  formed 
on  each  of  the  surfaces  the  section  called  a  hyperbola,  and 
the  diameter  of  both  sections  will  be  the  same,  and  the 
parameter  to  the  ordinates  drawn  parallel  to  the  straight 
line  in  the  base  of  the  cone  will  he  equal,  and  the  trans- 
verse side  of  the  figure  will  he  common,  being  the  straight 
line  between  the  vertices  of  the  sections;  and  let  such 
sections  be  called  opposite. 

Let  there  be  vertically  opposite  surfaces  having  the 
point  A  for  vertex,  and  let  them  be  cut  by  a  plane 
not  through  the  vertex,  and  let  the  sections  so  made 
on  the  surface  be  ΔΕΖ,  ΗΘΚ.  I  say  that  each  of  the 
sections  ΔΕΖ,  ΗΘΚ  is  the  so-called  hyperbola. 

y*  =px  (the  parabola), 

and 

y'  =px  ±^x*  (the  hyperbola  and  ellipse  respectively). 

It  is  the  essence  of  Apollonius's  treatment  to  express  the 
fundamental  properties  of  the  conies  as  equations  between 
areas,  whereas  Archimedes  had  given  the  fundamental  pro- 
perties of  the  central  conies  as  proportions 

y*:{a*±x^=a*:b*. 

This  form  is,  however,  equivalent  to  the  Cartesian  equations 
r^erred  to  axes  through  the  centre. 

S23 


GREEK  MATHEMATICS 

Εστω    γαρ    6   κιίκλος,    καθ^    ον   φέρβταί   τ)   την 
ίτηφάν^ίαν  γράφουσα  evOeia,  6  ΒΔΓΖ,  καΐ  ηχθω 


iv  Tjj  κατά,  κορνφην  ^ττιφαν^ία  παρά?<ληλον  αντώ 
εττιττεδον  το  ΞΗΟΚ*  κοιναί  δε  τομαΐ  των  ΗΘΚ, 
ΖΕΔ  τομών  και  των  κύκλων  αϊ  ΖΔ,  ΗΚ•  έσονται 
8η  "παράλληλοι,  άζων  δε  έστω  της  κωνικής  εττι- 
φανζίας  η  ΛΑΥ  ευθεία,  κέντρα  δε  των  κύκλων  τα 
Λ,  Τ,  και  άττο  του  Λ  εττι  την  ΖΔ  κάθετος  άχθεΐσα 
ίκβζβλησθω  εττι  τα  Β,  Γ  σημεία,  καΐ  δια  της  Β  Γ 
καΐ  του  άζονος  ίττίπεΒον  εκβεβλησθω•  ττοιησει  Βη 
τομάς  iv  μεν  τοις  κύκλοις  παράλληλους  ευθείας 
τάς  ΞΟ,  Β  Γ,  εν  δε  τη  ετηφανεία  τάς  ΒΑΟ,  ΓΑΞ* 
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For  let  ΒΔΓΖ  be  the  circle  round  which  revolves  the 
straight  line  describing  the  surface,  and  in  the  verti- 
cally opposite  surface  let  there  be  drawn  parallel  to 
it  a  plane  HHOK  ;  the  common  sections  of  the  sec- 
tions ΗΘΚ,  ΖΕΔ  and  of  the  circles  [Prop.  4]  will  be 
ΖΔ,  HK  ;  and  they  will  be  parallel  [Eucl.  xi.  16]. 
Let  the  axis  of  the  conical  surface  be  ΛΑ  Y,  let  the 
centres  of  the  circles  be  A,  Y,  and  from  A  let  a  per- 
pendicular be  drawn  to  ΖΔ  and  produced  to  the  points 
B,  Γ,  and  let  the  plane  through  ΒΓ  and  the  axis  be 
produced  ;  it  will  make  in  the  circles  the  parallel 
straight  lines  HO,  ΒΓ,  and  on  the  surface  BAO,  ΓΑΞ  ; 
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ecrrai  817  και  η  ΞΟ  τ^  HK  προς  όρθάς,  irrciS'q  και 
η  ΈΤ  τη  ΖΔ  €στί  προς  όρθάς,  και  εστίν  ίκατέρα 
παράλληλος,  καΐ  eVet  το  δίά  του  άζονος  «ττιττεδον 
ταΐς  τομαΐς  συμβάλλει  κατά  τα  Μ,  Ν  σημεία  εντός 
των  γραμμών,  Ζηλον,  ώς  καΐ  τάς  γραμμάς  τέμνει 
το  επίπεΒον.  τεμνετω  κατά  τα  Θ,  Ε•  τα  αρα 
Μ,  Ε,  Θ,  Ν  σημεία  εν  τε  τω  δια  του  άξονος  εστίν 
επίπε8ω  καΐ  εν  τω  επιπεΒω,  εν  ω  είσιν  αί  γραμμαί' 
ευθεία  άρα  εστίν  rj  ΜΕΘΝ  γραμμή,  και  φανερόν, 
ΟΤΙ  τά  τε  Ξ,  Θ,  Α,  Γ  επ*  ευθείας  εστί  και  τα  Β, 
Ε,  Α,  Ο*  εν  τε  γάρ  τη  κωνικ•^  επιφάνεια  εστί  και 
εν  τω  δια  του  άξονος  επιπεΒω.  ηχθωσαν  Βη  άπο 
μεν  των  Θ,  Ε  τη  ΘΕ  προς  όρθάς  αι  ΘΡ,  ΕΠ,  δια 
δε  του  Α  τη  ΜΕΘΝ  παράλληλος  ηχθω  ή  ΣΑΤ, 
και  πεποιησθω,  ώς  μεν  το  από  της  ΑΣ  προς  το 
υπό  ΒΣΓ,  οϋτως  ή  ΘΕ  προς  ΕΠ,  ώς  8ε  το  άπο 
της  AT  προς  το  υπό  ΟΤΞ,  οϋτως  ή  ΕΘ  προς  ΘΡ. 
€7Γ6ΐ  οΰν  κώνος,  ου  κορυφή  μεν  τό  Α  σημεΐον,  βάσις 
δε  ό  ΒΓ  κύκλος,  τετμηται  επιπεΒω  δια  τοϋ  άξονος, 
και  πεποίηκε  τομην  τό  ΑΒΓ  τρίγωνον,  τετμηται 
δε  και  ετερω  επιπεΒω  τεμνοντι  την  βάσιν  τοΰ 
κώνου  κατ*  ευθείαν  την  ΔΜΖ  προς  όρθάς  οΰσαν 
τη  Β  Γ,  και  πεποίηκε  τομην  εν  τη  επιφανείς,  την 
ΔΕΖ,  η  δε  διάμετρος  η  ΜΕ  εκβαλλομενη  συμ- 
πεπτωκε  /χια  πλευρά  τοΰ  δια  τοΰ  άξονος  τριγώνου 
εκτός  της  κορυφής  τοΰ  κώνου,  και  δια  τοΰ  Α 
σημείου  τη  8ιαμετρω  της  τομής  τη  ΕΜ  παράλληλος 
"ήκται  η  ΑΣ,  και  από  τοΰ  Ε  τή  ΕΜ  προς  όρθάς 
ηκται  ή  ΕΠ,  καί  εστίν  ώς  τό  άπό  ΑΣ  προς  τό 
υπό  ΒΣΓ,  οϋτως  ή  ΕΘ  προς  ΕΠ,  ή  μεν  ΔΕΖ  άρα 
τομή  υπερβολή  εστίν,  ή  8ε  ΕΠ  παρ  ην  δύνανται 
αί  επι  την  ΕΜ  καταγόμεναι  τεταγμενως,  πλαγία 
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now  HO  will  be  perpendicular  to  HK,  since  ΒΓ  is 
perpendicular  to  ΖΔ,  and  each  is  parallel  [Eucl.  xi. 
10].  And  since  the  plane  through  the  axis  meets 
the  sections  at  the  points  M,  Ν  within  the  curves,  it 
is  clear  that  the  plane  cuts  the  curves.  Let  it  cut 
them  at  the  points  Θ,  Ε  ;  then  the  points  M,  E, 
6,  Ν  are  both  in  the  plane  through  the  axis  and  in 
the  plane  containing  the  curves  ;  therefore  the  line 
ΜΕΘΝ  is  a  straight  line  [Eucl.  xi.  3].  And  it  is  clear 
that  3,  6,  A,  Γ  are  on  a  straight  line,  and  also  B,  E, 
A,  0  ;  for  they  are  both  on  the  conical  surface  and 
in  the  plane  through  the  axis.  Now  let  ΘΡ,  ΕΠ  be 
drawn  from  Θ,  Ε  perpendicular  to  ΘΕ,  and  through 
A  let  ΣΑΤ  be  drawn  parallel  to  ΜΕΘΝ,  and  let 

ΑΣ2:ΒΣ.ΣΓ  =  ΘΕ:ΕΠ, 
and 

ΑΤ2:0Τ.ΤΞ  =  ΕΘ:ΘΡ. 

Then  since  the  cone,  whose  vertex  is  the  point  A  and 
whose  base  is  the  circle  ΒΓ,  is  cut  by  a  plane  through 
the  axis,  and  the  section  so  made  is  the  triangle  ΑΒΓ, 
and  it  is  cut  by  another  plane  cutting  the  base  of  the 
cone  in  the  straight  line  ΔΜΖ  perpendicular  to  ΒΓ, 
and  the  section  so  made  on  the  surface  is  ΔΕΖ,  and 
the  diameter  ME  produced  meets  one  side  of  the  axial 
triangle  beyond  the  vertex  of  the  cone,  and  ΑΣ  is 
drawn  through  the  point  A  parallel  to  the  diameter 
of  the  section  EM,  and  ΕΠ  is  drawn  from  Ε  perpen- 
dicular to  EM,  and  ΑΣ»  :  ΒΣ  .  ΣΓ  =  ΕΘ  :  ΕΠ,  there- 
fore the  section  ΔΕΖ  is  a  hyperbola,  in  which  ΕΠ  is 
the  parameter  to  the  ordinates  to  EM,  and  ΘΕ  is  the 
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δΙ  τοΰ  βίδου?  πλευρά  ή  ΘΕ.  ομοίως  Be  καΐ  η 
ΗΘΚ  υπερβολή  εστίν,  -ής  διάμετρος  μεν  η  ΘΝ, 
rj  δε  ΘΡ  Trap'  rjv  δύνανται  αΐ  επΙ  την  ΘΝ  καταγό- 
/Acvai   τεταγμένων,   πλαγία   δε   τοΰ   εΐ8ους  πλευρά 

Αεγω,  οτι  ιστ^  εστίν  τ^  Θ  Ρ  τύ]  ΕΠ.  εττει  yap 
παράλληλος  εστίν  η  ΒΓ  Try  ΞΟ,  εστίν  ως  η  ΑΣ 
ττρό?  ΣΓ,  οϋτως  ή  AT  ττρο?  ΤΞ,  και  ώς  ή  ΑΣ 
προς  ΣΒ,  οϋτως  ή  AT  ττρό?  ΤΟ.  αλλ'  ό  τη? 
ΑΣ  προς  Σ  Γ  λό)/ο?  /υ,ετά  τοΰ  της  ΑΣ  ττρό?  ΣΒ 
6  τοΰ  από  ΑΣ  εστί  προς  το  ύπο  ΒΣΓ,  6  δε  της 
AT  ττρό?  ΤΞ  μετά  τοΰ  της  AT  ττρο?  ΤΟ  ό  τοί5 
απο  Ά 1  προς  το  υπο  ιϋ  1  U  •  εστίν  αρα  ως  το  απο 
ΑΣ  προς  το  ύπο  ΒΣΓ,  οϋτως  το  απο  AT  προς 
TO  υπο  iSilU.  και  εστίν  ως  μεν  το  απο  ΑΣ 
προς  το  ύπο  ΒΣΓ,  η  ΘΕ  προς  ΕΠ,  ώς  δε  το 
από  AT  προς  τό  ύπό  ΞΤΟ,  η  ΘΕ  προς  ΘΡ•  και 
ώς  άρα  ή^ΘΕ  προς  ΕΠ,  ή  ΕΘ  προς  ΘΡ.  ϊση  άρα 
£στΙν  η  ΕΠ  ΤΎ)  ΘΡ. 

(vi.)  Transition  to  New  Diameter 
Ibid.,  Prop.  SO,  Apoll.  Perg.  ed.  Heiberg  i.  148.  17-154.  8 


*Εάν  υπερβολής  η  ελλείφεως  η  κύκλου  περι- 
φερείας ευθεία  επιφαϋουσα  συμπίπτη  τη  Βιαμετρω, 
και  δια  της  άφης  καΐ  τοΰ  κέντρου  ευθεία  εκβληθη, 
από  δε  της  κορυφής  άναχθεΐσα  εύθεΐα  παρά  τβταγ- 
μενως  κατηγμενην  συμπίπτη  τη  δια  της  άφης  και 

"  Apollonius  is  the  first  person  known  to  have  recognized 
the  opposite  branches  of  a  hyperbola  as  portions  of  the  same 
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transverse  side  of  the  figure  [Prop.  12].  Similarly 
ΗΘΚ  is  a  hyperbola,  in  which  ΘΝ  is  a  diameter,  ΘΡ  is 
the  parameter  to  the  ordinates  to  ΘΝ,  and  ΘΕ  is  the 
transverse  side  of  the  figure. 

I  say  that  ΘΡ  =  ΕΠ.     For  since  ΒΓ  is  parallel  to  HO, 

ΑΣ:ΣΓ=ΑΤ:ΤΞ, 

and  ΑΣ;ΣΒ  =  ΑΤ:ΤΟ. 


But 

(ΑΣ 

:ΣΓ)(ΑΣ:ΣΒ)  =  ΑΣ2:ΒΣ. 

ΣΓ, 

and 

(AT 

:T5)(AT:TO)-AT2:HT, 

.ΤΟ. 

Therefore 

ΑΣ2:ΒΣ.ΣΓ  =  ΑΤ2:  HT 

.ΤΟ. 

But 

ΑΣ2:ΒΣ.ΣΓ  =  ΘΕ:ΕΠ, 

while 

ΑΤ2:ΗΤ.Τ0  =  ΘΕ:ΘΡ; 

therefore 

ΘΕ  :ΕΠ  =  ΕΘ:ΘΡ. 

Therefore 

ΕΠ=ΘΡ.« 

ΓΕυ 

ν.  9 


(ν1.)  Transition  to  New  Diameter 

Ibid.,  Prop.  50,  ApoJl.  Perg.  ed.  Heiberg  i.  148.  17-154.  8 

Prop.  50 

In  a  hyperbola,  ellipse  or  circumference  of  a  circle  let 
a  straight  line  be  drawn  to  touch  [the  curve^  and  meet  the 
diameter,  and  let  the  straight  line  through  the  point  o/* 
contact  and  the  centre  be  produced,  and  Jrom  the  vertex 
let  a  straight  line  be  drawn  parallel  to  a  straight  line 
drawn  ordinate-wise  so  as  to  meet  the  straight  line  drawn 

curve.  It  is  his  practice,  however,  where  possible  to  discuss 
the  single-branch  hyperbola  (or  the  hyperbola  simpliciter  as 
he  would  call  it)  together  with  the  ellipse  and  circle,  and  to 
deal  with  the  opposite  branches  separately.  But  occasionally, 
as  in  i.  30,  the  double-branch  hyperbola  and  the  ellipse  are 
Included  in  one  enunciation. 
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τοΰ  Kevrpov  ηγμεντ)  evdeia,  καΐ  ποιηθΎ},  ώς  το 
τμήμα  της  εφαπτομένης  το  μεταζύ  της  άφης  και 
της  ανηγμενης  προς  το  τμήμα  της  ηγμένης  δια 
της  αφής  καΐ  τοΰ  κέντρου  το  /Ltera^u  της  αφής 
/cat  της  άνηγμένης,  ευθεία  τις  προς  την  8ίπλασίαν 
της  εφαπτομένης,  ήτις  αν  άπο  της  τομής  άχθη 
επι  την  δια  τής  αφής  καΐ  τοΰ  κέντρου  ήγμενην 
ευθείαν  παράλληλος  τή  εφαπτομένη,  Βυνησεταί  τι 
χωρίον  όρθογωνιον  παρακείμενον  παρά.  την  πορι- 
σθεΐσαν,  πλάτος  έχον  την  άπολαμβανομενην  υπ* 
αυτής  προς  τή  άφή,  επι  μεν  τής  υπερβολής  υπερ- 
βάλλον εΐ8ει  ομοίω  τω  περιεχόμενα)  ύπο  τής 
οιπλασίας  τής  μεταξύ  τοΰ  κέντρου  και  τής  αφής 
και  τής  πορισθείσης  ευθείας,  επι  δε  τής  ελλείψεως 
και  τοΰ  κύκλου  ελλεΐπον. 

Εστω  υπερβολή  ή  ελλειφις  η  κύκλου  περιφέρεια, 
ής  διάμετρος  ή  ΑΒ,  κεντρον  8ε  το  Γ,  εφαπτομένη 
δε  ή  ΔΕ,  και  επιζευχθεΐσα  ή  ΓΕ  εκβεβλήσθω  εφ' 
εκάτερα,  και  κείσθω  τή  ΕΓ  ΐση  ή  ΓΚ,  και  δια  τοΰ 
Β  τεταγμενως  άνήχθω  ή  ΒΖΗ,  δια  δε  τοΰ  Ε  τή 
ΕΓ  προς  όρθάς  ήχθω  ή  ΕΘ,  και  γινεσθω,  ώς  ή 
ΖΕ  προς  ΕΗ,  οΰτως  ή  ΕΘ  προς  την  διττλασιαν  τής 
ΕΔ,  και  επιζευχθεΐσα  ή  ΘΚ  εκβεβλήσθω,  και 
είλήφθω  τι  επι  τής  τομής  σημεΐον  το  Α,  και  δι' 
αύτοΰ  τή   ΕΔ   παράλληλος  ήχθω  ή   ΛΜΞ,   τή   δε 

"  Το  save  space,  the  figure  is  here  given  for  the  hyperbola 
only  ;  in  the  mss.  there  are  figures  for  the  ellipse  and  circle 
as  well. 

The  general  enunciation  is  not  easy  to  follow,  but  the  par- 
ticular enunciation  will  make  it  easier  to  understand.  The 
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through  the  point  of  contact  and  the  centre,  and  let  the 
segment  of  the  tangent  between  the  point  of  contact  and 
the  line  drawn  ordinate-wise  bear  to  the  segment  of  the 
line  drawn  through  the  point  of  contact  and  the  centre 
between  the  point  of  contact  and  the  line  drawn  ordinate- 
wise  the  same  ratio  as  a  certain  straight  line  bears  to 
double  the  tangent  i  then  if  any  straight  line  be  drawn 
■from  the  section  parallel  to  the  tangent  so  as  to  meet  the 
straight  line  drawn  through  the  point  of  contact  and 
the  centre,  its  square  will  be  equal  to  a  certain  rectilineal 
area  applied  to  the  postulated  straight  line,  having  for  its 
breadth  the  intercept  between  it  and  the  point  of  contact, 
in  the  case  of  the  hyperbola  exceeding  by  a  figure  similar 
to  the  rectangle  bounded  by  double  the  straight  line  between 
the  centre  and  the  point  of  contact  and  the  postulated 
straight  line,  in  the  case  of  the  ellipse  and  circle  falling 
shorf* 

In  a  hyperbola,  ellipse  or  circumference  of  a  circle, 
with  diameter  AB  and  centre  Γ,  let  ΔΕ  be  a  tangent, 
and  let  ΓΕ  be  joined  and  produced  in  either  direction, 
and  let  ΓΚ  be  placed  equal  to  ΕΓ,  and  through 
Β  let  BZH  be  drawn  ordinate-wise,  and  through 
Ε  let  ΕΘ  be  drawn  perpendicular  to  ΕΓ,  and  let 
ZE  :  ΕΗ=ΕΘ  :  2ΕΔ,  and  let  ΘΚ  be  joined  and  pro- 
duced, and  let  any  point  A  be  taken  on  the  section, 
and  through  it  let  ΑΜΞ  be  drawn  parallel  to  ΕΔ  and 

purpose  of  this  important  proposition  is  to  show  that,  if  any 
other  diameter  be  taken,  the  ordinate-property  of  the  conic 
with  reference  to  this  diameter  has  the  same  form  as  the 
ordinate-property  with  reference  to  the  original  diameter. 
The  theorem  amounts  to  a  transformation  of  co-ordinates  from 
the  original  diameter  and  the  tangent  at  its  extremity  to  any 
diameter  and  the  tangent  at  its  extremity.  In  succeeding 
propositions,  showing  how  to  construct  conies  from  certain 
data,  Apollonius  introduces  the  axes  for  the  first  time  as 
special  cases  of  diameters. 

331 


GREEK  MATHEMATICS 


yo),  oTi  TO  απο 


BH  j  ΛΡΝ,  rfj  δ^  ΕΘ  η  ΜΠ.     Ae'; 
Λ  Μ  ίσον  earl  τω  ύπο  ΕΜΠ. 

"ΙΙχθω   γαρ   δια   τοΰ   Γ   ttj   ΚΠ    παράλληλος   "η 
ΓΣΟ.     κ•αί  eVet  ΐση  βστίν  ή  ΕΓ  τγ}  ΓΚ,  ώ?  δε  ly 


ΕΓ  ττρό?  ΚΓ,  η  ΕΣ  προ?  ΣΘ,  ιση  άρα  καΐ  η  ΕΣ 
Τ77  ΣΘ.  και  67Γ6ΐ  ioTLV,  ώς  η  ΖΕ  ττρό?  ΕΗ,  ly 
ΘΕ  προς  την  διττλασιαΓ  τ•^?  ΕΔ,  καί  icm  της  ΕΘ 
ημίσεια  η  ΕΣ,  εστίν  αρα,  ώς  η  ΖΕ  ττρό?  ΕΗ,  η 
ΣΕ  ττρό?  ΕΔ.  ώ?  δε  η  ΖΕ  77^0$•  ΕΗ,  ij  ΛΜ  ττρος 
ΜΡ•  ώ?  άρα  η  AM  προ?  MP,  τ)  ΣΕ  ττρος  ΕΔ. 
και  eVet  το  ΡΝΓ  τρίγωνον  του  ΗΒΓ  τριγώνου, 
τουτέστι  τοΰ  ΓΔΕ,  εττι  ρ,εν  τ•?)?  ύπ€ρβολης  μ€Ϊζον 
ΐΒίίχθη,  €πι  δε  τ"^?  ελλει^εω?  icai  του  /cii/cAou 
έλασσον  τω  ΑΝΞ,  κοινών  αφαιρεθέντων  επί  /ζέν 
τϊ^?  υπερβολής  τοΰ  τε  ΕΓΔ  τριγώνου  και  τοΰ 
ΝΡΜΞ  τετράπλευρου,  επι  δε  τ^?  ελλείφεως  και 
τοΰ  κύκλου  τοΰ  ΜΞΓ  τριγώνου,  το  ΛΜΡ  τρίγωνον 
τω  ΜΕΔΞ  τετράπλευρα)  εστίν  ίσον.  καί  εστί 
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ΛΡΝ  parallel  to  BIT,  and  let  ΜΠ  be  drawn  parallel  to 
ΕΘ.     I  say  that  ΛΜ2  =  EM  .  ΜΠ. 

For  through  Γ  let  ΓΣΟ  be  drawn  parallel  to  ΚΠ. 
Then  since 

ΕΓ  =  ΓΚ 

and  ΕΓ  :  ΓΚ  =  ΕΣ  :  ΣΘ,  [Eucl.  vi.  2 

therefore  ΕΣ  =  ΣΘ. 

And  since  ZE  :  EH  =  ΘΕ  :  2ΕΔ, 

and  ΕΣ  =  |ΕΘ, 

therefore  ZE  :  EH  =ΣΕ  :  ΕΔ. 

But  ZE  :  EH  =AM  :  MP  ;        [Eucl.  vi.  4, 

therefore  AM  :  MP  =  ΣΕ  :  ΕΔ. 

And  since  it  has  been  proved  [Prop.  43]  that  in  the 
hyperbola 

triangle  ΡΝΓ  =  triangle  ΗΒΓ  + triangle  ANH, 

i.e.,  triangle  ΡΝΓ  =  triangle  ΓΔΕ  +  triangle  ΑΝΞ,** 

while  in  the  ellipse  and  the  circle 

triangle  ΡΝΓ  =  triangle  Η  ΒΓ  - 

triangle  ANH, 

i.e.,       triangle  ΡΝΓ  + triangle  ANH  =  triangle  ΓΔΕ,* 

therefore  by  taking  away  the  common  elements — in 
the  hyperbola  the  triangle  ΕΓΔ  and  the  quadrilateral 
ΝΡΜΞ,  in  the  elUpse  and  the  circle  the  triangle  ΜΗΓ, 

triangle  AMP  =  quadrilateral  ΜΕΔΗ. 

*  For  this  step  v.  Eutocius's  comment  on  Prop.  43. 
*  See  Eutocius. 
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τταράλληλος  η  ΜΞ  ττ}  ΔΕ,  η  δε  νττο  AMP  ττ}  ύπο 
ΕΜΞ  €στίν  ίση'  ΐσον  άρα  εστί  το  ύπο  AMP  τω 
ύττο  της  ΕΜ  καΐ  συναμφοτέρου  της  ΕΔ,  ΜΞ.  καΐ 
€7Τζί  iuTLV,  ώς  ή  ΜΤ  προς  ΓΕ,  η  τ€  ΜΞ  προς  ΕΔ 
και  ή  ΜΟ  προς  ΕΣ,  ώς  άρα  ή  ΜΟ  προς  ΕΣ,  τ] 
ΜΞ  προς  ΔΕ.  και  συνθεντι,  ώς  σνναμφότίρος  ή 
ΜΟ,  ΣΕ  προ?  ΕΣ,  οϋτως  συναμφότερος  ή  ΜΞ, 
ΕΔ  προς  ΕΔ"  €ναλλάζ,  ώς  συναμφότερος  η  ΜΟ, 
ΣΕ  ττρο?  συναμφότζρον  την  ΞΜ,  ΕΔ  τ^  ΣΕ  προς 
ΕΔ.  αλλ'  ώ?  μ€ν  σνναμφότζρος  η  ΜΟ,  ΕΣ  προς 
συναμφότζρον  την  ΜΞ,  ΔΕ,  το  ύπο  συναμφοτ4ρου 
της  ΜΟ,  ΕΣ  καΐ  της  ΕΜ  ττρό?  το  ύπο  συναμφο- 
ripov  της  ΜΞ,  ΕΔ  και  της  ΕΜ,  ώς  δε  ■?)  ΣΕ  ττρο? 
ΕΔ,  η  ΤλΈι  προς  ΕΗ,  τουτέστιν  ij  ΛΜ  ττρό?  MP, 
τοντ4στι  το  άπο  ΛΜ  ττρο?  το  ύπο  ΛΜΡ•  ώς  άρα 
το  ύπο  συναμφοτ€ρου  της  ΜΟ,  ΕΣ  καΐ  της  ΜΕ 
προς  το  ύπο  σνναμφοτερου  της  ΜΞ,  ΕΔ  καΐ  της 
ΕΜ,  το  άπο  ΛΜ  προς  το  ύπο  AMP.  /cat  εναλλάξ, 
ώς  το  ύπο  συναμφοτ4ρου  της  ΜΟ,  ΕΣ  και  της 
ΜΕ  προς  το  άπο  ΜΛ,  ούτως  το  ύπο  συναμφοτερου 
της  ΜΞ,  ΕΔ  καΐ  της  ΜΕ  προς  το  ύπο  ΛΜΡ. 
ΐσον  Be  το  ύπο  ΛΜΡ  τω  ύπο  της  ΜΕ  και  σνναμφο- 
τ4ρου  της  ΜΞ,  ΕΔ•  Ισον  άρα  και  το  άπο  ΛΜ  τω 
ύπο  ΕΜ  και  συναμφοτέρου  της  ΜΟ,  ΕΣ.  και 
ioTiv  η  μεν  ΣΕ  τη  ΣΘ  ΐση,  η  Sc  ΣΘ  τ^  ΟΠ*  ΐσον 
άρα  το  άπο  ΛΜ  τω  ύπο  ΕΜΠ. 
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But  ΜΞ  is  parallel  to  ΔΕ  and  angle  AMP  =  angle 
EMS  (Eucl.  i.  15]  ; 


therefore 

ΛΜ.ΜΡ  =  ΕΜ.(ΕΔ+ΜΗ). 

And  since 

ΜΓ:ΓΕ  =  ΜΞ:ΕΔ, 

and 

ΜΓ:ΓΕ  =  ΜΟ  :  ΕΣ, 

[Eucl.  νί.  4 

therefore 

ΜΟ:ΕΣ  =  ΜΗ:ΔΕ. 

Componendo, 

MO 

+  ΣΕ  :ΕΣ  =  ΜΗ+ΕΔ  :  ΕΔ  ; 

and  permutando 

MO 

+  ΣΕ; 

;ΗΜ+ΕΔ  =  ΣΕ:  ΕΔ. 

But 

MO 

+  ΣΕ 

:ΞΜ+ΕΔ  =  (Μ0+ΕΣ).ΕΜ: 

(ΜΗ  +  ΕΔ) .  ΕΜ, 

and  ΣΕ:ΕΔ=ΖΕ:ΕΗ 

=ΑΜ:ΜΡ 

[Eucl.  vi.  4 

-ΛΜ2:ΛΜ.ΜΡ; 
therefore 

(MO  +ΕΣ)  .  ME  :  (M3  +ΕΔ) .  EM  =ΛΜ2 :  AM  .  MP. 

And  permutando 

(MO  +ΕΣ) .  ME  :  MA2  =(MH  +ΕΔ) .  ME  : 

AM  .  MP. 

But  AM  .  MP  =  ME  .  (ΜΞ  +  ΕΔ) ; 

therefore  AM2  =  EM  .  (MO  +  ΕΣ). 

And  ΣΕ  =  ΣΘ,  while  ΣΘ  =  0Π  [Eucl.  i.  34] ; 

therefore  AM2  =  EM  .  ΜΠ. 
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(6)  Other  Works 

(i.)  General 

Papp.  Coll.  vii.  3,  ed.  Hultsch  636.  18-23 

Ύών  δε  7τρο€ίρημ€νων  του  Άναλνομενον  βιβλίων 
•η  τάξις  βστίν  τοιαύτη•  Έιύκλζβου  Δεδο/Αενων 
βιβλίον  ά.,  'Απολλώνιου  Aoyou  απότομης  β,  Χωρίου 
απότομης  β,  Αιωρισμ€νης  τομής  8νο,  ^Κπαφών 
Svo,  Ευκλείδου  ΐίορισμάτων  τρία,  Απολλώνιου 
Νίύσζων  δυο,  τοΰ  αύτοΰ  Τόπων  επιπέδων  δυο, 
Ι^ωνικών  η, 

(ϋ.)  On  the  Cutting-off  of  a  Ratio 

Ibid.  vii.  5-6,  ed.  Hultsch  640.  4-22 

Ύης  δ'  ^Απότομης  τοΰ  λόγου  βιβλίων  όντων  β 
πρότασίς  ioTiv  μία  ύπό^ιηρημένη ,  διο  και  μίαν 
πρότασιν  ούτως  γράφω•  δια  του  δοθέντος  σημείου 
evdeiav  γραμμην  άγαγ€Ϊν  τέμνουσαν  από  των  τη 
diaei  8οθ€ΐσών  δυο  €ύθ€ΐών  προς  τοις  επ*  αυτών 
Βοθζΐσι  σημζίοις  λόγον  έχουσας  τον  αυτόν  τω 
SoOevTi.  τάς  Be  γραφάς  διαφόρους  γενέσθαι  και 
πλήθος  λαβείν  συμβέβηκεν  ύποΒιαιρέσεως  γενο- 
μένης ένεκα  της  τε  προς  άλλτ^λα?  θέσεως  των 
Βώομενων  ευθειών  και  τών  Βιαφόρων  τττώσεων 
του  Βώομενου  σημείου  και  Βια  τάς  αναλύσει?  καΐ 
συνθέσεις  αυτών  τε  και  τών  Βιορισμών.  έχει  γαρ 
το    μεν    πρώτον    βιβλίον    τών    Αόγου    απότομης 

■  Unhappily  the  only  work  by  Apollonius  which  has  sur- 
vived, in  addition  to  the  Conies,  is  On  the  Cutting-off  of  a 
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(6)  Other  Works 

(i.)  General 

Pappus,  Collection  vii.  3,  ed.  Hultsch  636.  18-23 

The  order  of  the  aforesaid  books  in  the  Treasury 
of  Analysis  is  as  follows  :  the  one  book  of  Euclid's 
Data,  the  two  books  of  Apollonius's  On  the  Cuiting-ojf 
of  a  Ratio,  his  two  books  On  the  Cutting-off  of  an  Area, 
his  two  books  On  Determinate  Section,  his  two  books 
On  Tangencies,  the  three  books  of  Euclid's  Porisms, 
the  two  books  of  Apollonius's  On  Vergings,  the  two 
books  of  the  same  writer  On  Plane  Lea,  his  eight 
books  of  Conies.'^ 

(ii.)  On  the  Cutting-off  of  a  Ratio 

Ibid.  vii.  &-Q,  ed.  Hultsch  640.  4-22 

In  the  two  books  On  the  Cutting-off  of  a  Ratio  there 
is  one  enunciation  which  is  subdivided,  for  which 
reason  I  state  one  enunciation  thus  :  Through  a 
given  point  to  draw  a  straight  line  cuttitig  off  from  two 
straight  lines  given  in  position  intercepts,  measured  from 
two  given  points  on  them,  which  shall  have  a  given  ratio. 
When  the  subdivision  is  made,  this  leads  to  many 
different  figures  according  to  the  position  of  the  given 
straight  Unes  in  relation  one  to  another  and  according 
to  the  different  cases  of  the  given  point,  and  owing  to 
the  analysis  and  the  synthesis  both  of  these  cases  and 
of  the  propositions  determining  the  limits  of  possi- 
bility.    The  first  book  of  those  On  the  Cutting-off  of  a 

Ratio,  and  that  only  in  Arabic.  Halley  published  a  Latin 
translation  in  1706.  But  the  contents  of  the  other  works  are 
indicated  fairly  closely  by  Pappus's  references. 
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τόπους  ζ,  τττώσβίς  κ8,  διορισμούς  δε  e,  ών  τρ€Ϊς 
μέν  eloLV  μίγιστοι,  δυο  δε  ελάχιστοι.  .  .  .  το  Se 
hemepov  βιβλίον  Αόγου  απότομης  €χ€ΐ  τόπους  ι8, 
ΤΓτώσει?  δε  ξγ,  Βιορισμούς  Be  τους  €Κ  του  πρώτον 
απάγεται  γαρ  δλον  ει?  το  πρώτον, 

(iii.)  On  the  CuUing-off  of  an  Area 
Ibid.  vii.  7,  ed.  Hultsch  640.  26-642.  5 

Ύ-ης  δ'  *  Απότομης  του  χωρίου  βιβλία  μ4ν  εστίν 
δυο,  πρόβλημα  δε  καν  τούτοις  ev  ύποΒιαιρουμενον 
Βίς,  και  τούτων  μία  πρότασίς  εστίν  τα  μεν  άλλα 
ομοίως  έχουσα  τη  πρότερα,  μόνω  δε  τούτω  Βια- 
φερουσα  τω  Βεΐν  τάς  άποτεμνομενας  Brio  ευθείας 
εν  εκείνη  μεν  λόγον  έχουσας  Βοθεντα  ποιεΐν,  εν  δε 
ταύτη  χωρίον  περιέχουσας  Βοθεν. 

(iv.)  On  Determinate  Section 
Ibid.  vii.  9,  ed.  Hultsch  642.  19-644.  16 

'Έιζης  τούτοις  άναΒεΒονται  της  Αιωρισμενης 
τομής  jSt^Aia  β,  ών  ομοίως  τοις  πρότερον  μίαν 
πρότασιν  πάρεστιν  λέγειν,  Βιεζευγμενην  δε  ταυτην 


"  The  Arabic  text  shows  that  Apollonius  first  discussed  tl\e 
cases  in  which  the  lines  are  parallel,  then  the  cases  in  which 
the  lines  intersect  but  one  of  the  given  points  is  at  the  point 
of  intersection  ;  in  the  second  book  he  proceeds  to  the  general 
case,  but  shows  that  it  can  be  reduced  to  the  case  where  one 
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Ratio  contains  seven  loci,  twenty-four  cases  and  five 
determinations  of  the  limits  of  possibility,  of  which 
three  are  maxima  and  two  are  minima.  .  .  .  The 
second  book  On  the  Cutiing-off  of  a  Ratio  contains 
fourteen  loci,  sixty-three  cases  and  the  same  deter- 
minations of  the  limits  of  possibility  as  the  first ;  for 
they  are  all  reduced  to  those  in  the  first  book." 

(iii.)  On  the  Cutting-off  of  an  Area 

Ibid.  vii.  7,  ed.  Hultsch  640.  26-642.  5 

In  the  work  On  the  Cutting-off  of  an  Area  there  are 
two  books,  but  in  them  there  is  only  one  problem, 
twice  subdivided,  and  the  one  enunciation  is  similar 
in  other  respects  to  the  preceding,  differing  only  in 
this,  that  in  the  former  work  the  intercepts  on  the 
two  given  Unes  were  required  to  have  a  given  ratio, 
in  this  to  comprehend  a  given  area.* 

(iv.)  On  Determinate  Section 

Ibid.  vii.  9,  ed.  Hultsch  642.  19-644.  16 

Next  in  order  after  these  are  published  the  two 
boolts  On  Determinate  Section,  of  wliich,  as  in  the 
previous  cases,  it  is  possible  to  state  one  comprehen- 

of  the  given  points  is  at  the  intersection  of  the  two  lines.  By 
this  means  the  problem  is  reduced  to  the  application  of  a 
rectangle.  In  all  cases  Apollonius  works  by  analysis  and 
synthesis. 

*  Halley  attempted  to  restore  this  work  in  his  edition  of 
the  Oe  sectione  rationis.  As  in  that  treatise,  the  general  case 
can  be  reduced  to  the  case  where  one  of  the  given  points  is  at 
the  intersection  of  the  two  lines,  and  the  problem  is  reduced  to 
the  application  of  a  certain  rectangle. 
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την  Βοθζΐσαν  άπειρον  evOeiav  ivl  σημζΐω  τεμέΐν, 
ώστ€  των  απολάμβανα μβνων  evdeicjov  ττρος  τοις 
€7γ'  αντης  SodelaL  σημ€ίοις  "ήτοι  το  αττο  μιας 
Τ€τράγωνον  η  το  νπο  Βυο  άπολαμβανομβνων 
π€ρί€χόμ€νον  ορθογώνιον  δοθέντα  Χόγον  ^χαν  ήτοι 
προς  το  από  μιας  τ€τράγωνον  η  προς  το  νπο  μιας 
αποΧαμβανομένης  και  της  βζω  Βοθ^ίσης  η  προς 
το  ύπό  δυο  άπολαμβανομβνων  πβριβχόμβνον  ορθο- 
γώνιον, €^'  6πότ€ρα  χρη  των  δοθέντων  σημαιών. 
.  .  .  €χ€ΐ  8e  το  μ€ν  πρώτον  βιβλίον  προβλήματα 
Γ,  €πιτάγματα  ΪΓ,  8ιορισμονς  e,  ών  μέγιστους  μβν 
S,  ελάχιστον  Be  eva.  .  .  .  το  Be  BevTepov  Δια>- 
ρισμένης  τομής  βχει  προβλήματα  γ,  eTriTay/xara 
θ,  Βιορισμούς  γ. 

(ν.)  On  Tangencies 

Ibid.  vii.  11,  ed.  Hultsch  644.  23-646.  19 

*Έιζης  Be  τούτοις  των  ^Έ,παφών  ecrriv  jSt^Aia  Βυο. 
προτάσεις  Be  ev  αύτοις  Βοκοΰσιν  etv-at  πλείονες, 
άλλα  και  τούτων  μίαν  τίθεμεν  όντως  εχονσαν  έζης• 
σημείων  καΐ  ευθειών  και  κνκλων  τριών  όποιωνοΰν 
θέσει  Βοθεντων  κνκλον  άγαγεΐν  δι'  έκαστου  τών 
Βοθεντων  σημείων,  ει  Βοθείη,  η  εφαπτομενον 
εκάστης    τών    Βοθεισών    γραμμών.        ταύτης    δια 

"  As  the  Greeks  never  grasped  the  conception  of  one  point 
being  two  coincident  points,  it  was  not  possible  to  enunciate 
this  problem  so  concisely  as  we  can  do :  Oiven  four 
points  A,B,C,  D  ona  straight  line,  of  which  A  may  coincide 
with  C  and  Β  xoith  D,  to  find  another  point  Ρ  on  the  same 
straight  line  such  that  AP  .  CP  :  BP  .  DP  has  a  given  value. 
If  AP  .  CP  =λ  .  BP  .  DP,  where  A,  B,  C,  D,  λ  are  given,  the 
determination  of  Ρ  is  equivalent  to  the  solution  of  a  quadratic 
equation,  which  the  Greeks  could  achieve  by  means  of  the 
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sive  enunciation  thus  :  To  cut  a  given  infinite  straight 
line  in  a  point  so  that  the  intercepts  between  this  point  and 
given  points  on  the  line  shall  furnish  a  given  ratio,  the 
ratio  being  that  of  the  square  on  one  intercept,  or  the  rect- 
angle contained  by  two,  towards  the  square  on  the  remain- 
ing intercept,  or  the  rectangle  contaified  by  the  remaining 
intercept  and  a  given  indepe7ident  straight  line,  or  the 
rectangle  contained  by  two  remaining  intercepts,  whichever 
way  the  given  points  [are  situated].  .  .  .  The  first  book 
contains  six  problems,  sixteen  subdivisions  and  five 
limits  of  possibility,  of  which  four  are  maxima  and 
one  is  a  minimum.  .  .  .  The  second  book  On  De- 
terminate Section  contains  three  problems,  nine  sub- 
divisions, and  three  limits  of  possibility." 

(v.)  On  Tangencies 

Ibid.  vii.  11,  ed.  Hultsch  644.  23-646.  19 

Next  in  order  are  the  two  books  On  Tangencies. 
Their  enunciations  are  more  numerous,  but  we  may 
bring  these  also  under  one  enunciation  thus  stated  : 
Given  three  entities,  of  which  any  one  may  be  a  point  or  a 
straight  line  or  a  circle,  to  draw  a  circle  which  shall  pass 
through  each  of  the  given  points,  so  far  as  it  is  points 
which  are  given,  or  to  touch  each  of  the  given  lines.  ^     In 

application  of  areas.  But  the  fact  that  limits  of  possibility, 
and  maxima  and  minima  were  discussed  leads  Heath  {H.O.M. 
ii.  180-181)  to  conjecture  that  Apollonius  investigated  the 
series  of  point-pairs  determined  by  the  equation  for  diflFerent 
values  of  λ,  and  that  "  the  treatise  contained  what  amounts 
to  a  complete  Theory  of  Involution."  The  importance  of  the 
work  is  shown  by  the  large  number  of  lemmas  which  Pappus 
collected. 

*  The  word  "  lines  "  here  covers  both  the  straight  lines  and 
the  circles, 
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ττληθη  των  iv  Tois  νττοθίσ^σι  Βζ^ομενων  ομοίων 
η  ανόμοιων  κατά  μ^ρος  διαφόρους  ττροτάσας 
αναγκαΐον  yiveaOat,  8e/ca•  c/c  των  τριών  γαρ 
ανόμοιων  γζνών  τριάδες  διάφοροι  άτακτοι  γίνονται 
ΐ.  ήτοι  γαρ  τα  διδο/χ,ενα  τρία  στιμεΐα  "η  τρεις 
€v9eiai  η  δυο  σημεία  και  ευθεία  η  Βνο  eu^ecai  και 
σημεΐον  η  δυο  σημεία  και  κύκλος  η  Βνο  κύκλοι 
και  σημεΐον  η  Βύο  ei5^eta6  και  κύκλος  η  Βύο  κύκλοι 
και  ευθεία  η  σημεΐον  και  ευθεία  καΐ  κύκλος  η 
τρεις  κύκλοι,  τούτων  Βύο  μεν  τα  πρώτα  ΒεΒεικται 
εν  τω  Β'  βιβλίω  τών  πρώτων  Στοιχείων,  διό  παρίει 
μη  γράφων  το  μεν  γαρ  τριών  Βοθεντων  σημείων 
μη  επ*  ευθείας  όντων  το  αυτό  εστίν  τω  περί  το 
Βοθεν  τρίγωνον  κύκλον  περιγράφαι,  το  Βε  γ  δο- 
Θεισών  ευθειών  μη  παράλληλων  ονσών,  άλλα  τών 
τριών  σνμπιπτουσών,  το  αυτό  εστίν  τω  εις  το 
Βοθεν  τρίγωνον  κύκλον  εγγράφαι•  το  Βε  Βύο  παράλ- 
ληλων ούσών  και  /χια?  εμπιπτούσης  ως  μέρος  ον 
της  β'  νποΒιαιρεσεως  προγράφεται  εν  τούτοις 
πάντων,  και  τά  εζης  γ  εν  τω  πρώτω  βιβλίω  τα 
Βε  λειπόμενα  Βύο,  το  Βύο  Βοθεισών  ευθειών  και 
κύκλου  η  τριών  Βοθεντων  κύκλων  μόνον  εν  τω 
Βευτερω  βιβλίω  δια  τάς  προς  αλλήλους  θέσεις 
τών  κύκλων  τε  καΐ  ευθειών  πλείονας  ούσας  και 
πλειόνων  Βιορισμών  Βεομενας, 

'  Eucl.  ίν.  5  and  4. 

*  The  last  problem,  to  describe  a  circle  touching  three 
S42 


APOLLONIUS  OF  PERGA 

this  problem,  according  to  the  number  of  Hke  or 
unUke  entities  in  the  hypotheses,  there  are  bound  to 
be,  when  the  problem  is  subdivided,  ten  enunciations. 
For  the  number  of  different  ways  in  which  three 
entities  can  be  taken  out  of  the  three  unlike  sets  is 
ten.  For  the  given  entities  must  be  (1)  three  points 
or  (2)  three  straight  lines  or  (3)  two  points  and  a 
straight  line  or  (4)  two  straight  lines  and  a  point  or 
(5)  two  points  and  a  circle  or  (6)  two  circles  and  a 
point  or  (7)  two  straight  Unes  and  a  circle  or  (8)  two 
circles  and  a  straight  line  or  (9)  a  point  and  a  straight 
line  and  a  circle  or  (10)  three  circles.  Of  these,  the 
first  two  cases  are  proved  in  the  fourth  book  of  the 
first  Elements,'^  for  which  reason  they  will  not  be 
described  ;  for  to  describe  a  circle  through  three 
points,  not  being  in  a  straight  line,  is  the  same  thing 
as  to  circumscribe  a  given  triangle,  and  to  describe 
a  circle  to  touch  three  given  straight  lines,  not  being 
parallel  but  meeting  each  other,  is  the  same  thing  as 
to  inscribe  a  circle  in  a  given  triangle  ;  the  case  where 
two  of  the  Unes  are  parallel  and  one  meets  them  is 
a  subdivision  of  the  second  problem  but  is  here  given 
first  place.  The  next  six  problems  in  order  are 
investigated  in  the  first  book,  while  the  remaining 
two,  the  case  of  two  given  straight  lines  and  a  circle 
and  the  case  of  three  circles,  are  the  sole  subjects  of 
the  second  book  on  account  of  the  manifold  positions 
of  the  circles  and  straight  Unes  with  respect  one  to 
another  and  the  need  for  numerous  investigations  of 
the  Umits  of  possibility.^ 

given  circles,  has  been  investigated  by  many  famous  geo- 
meters, including  Newton  {Arithmetica  Universalis,  Prob. 
47).  The  lemmas  given  by  Pappus  enable  Heath  {H.G.M. 
ii.  182-185)  to  restore  Apollonius's  solution — a  "  plane  " 
solution  depending  only  on  the  straight  line  and  circle. 
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(vi.)  On  Plane  Loci 

Ibid.  vii.  23,  ed.  liultsch  662.  19-664.  7 

Oi  μεν  ουν  αρχαίοι  €ΐς  την  των  εττιττεδων  τούτων^ 
τόπων  τάξιν  αποβλέποντες  εστοιγζίωσαν  ης  άμελη- 
σαντες  ol  μ€τ  αυτούς  προάχθηκαν  έτερους,  ως 
ουκ  άπειρων  το  πλήθος  όντων,  el  θέλοι  τις  προσ- 
γράφζίν  ου  της  τάξεως  εκείνης  εχόμενα.  θησω 
οΰν  τα,  μεν  προσκείμενα  υστέρα,  τά  δ'  εκ  της 
τάζεως  πρότερα  μια  περιλαβών  προτάσει  ταύτη' 

Εαν  8υο  εύθεΐαί  άχθώσιν  ήτοι  από  ενός  8ε8ο- 
μενου  σημείου  η  άπο  διίο  καΐ  ήτοι  επ*  ευθείας  η 
παράλληλοι  η  8ε8ομενην  περιεχουσαι  γωνίαν  καΐ 
ήτοι  λόγον  εχουσαι  προς  άλλτ^λα?  η  χωρίον  περι- 
εχουσαι 8ε8ομενον,  άπτηται  Βε  το  της  /χ,ια?  πέρας 
επιπεοου  τόπου  θέσει  8ε8ομενου,  αφεται  και  το 
της  ετέρας  πέρας  επιπεΒου  τόπου  θέσει  ΒεΒομενου 
ότε  μεν  του  ομογενούς,  οτε  Βε  του  έτερου,  και  ότε 
μεν  ομοίως  κείμενου  προς  την  ευθείαν,  ότε  Βε 
εναντίως.  ταίϊτα  δε  γίνεται  παρά  τάς  Βιαφοράς 
των  υποκείμενων. 

(νϋ.)  On  Vergings 

Ihid.  vii.  27-28,  ed.  Hultsch  670.  4-672.  3 

Νεΰειν      λέγεται     γραμμή      επι      σημεΐον,     εάν 
επεκβαλλομενη    επ*    αυτό    παραγίνηται    [    •    .    .  ] 
*  τούτων  is  attributed  by  Hultsch  to  dittography. 

"  These  words  follow  the  passage  (quoted  supra,  pp.  262- 
265)  wherein  Pappus  divides  loci  into  ΐφ^κτικοί,  δΐΐξοΒικοί  and 
άναστροφικοΐ. 

*  It  is  not  clear  what  straight  line  is  meant — probably  the 
most  obvious  straight  line  in  each  figure. 
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(vi.)  On  Plane  Loci 
Ibid.  vii.  23,  ed.  Hultsch  66^.  19-664.  7 

The  ancients  had  regard  to  the  arrangement"  of 
these  plane  loci  with  a  view  to  instruction  in  the 
elements  ;  heedless  of  this  consideration,  their  suc- 
cessors have  added  others,  as  though  the  number 
could  not  be  infinitely  increased  if  one  were  to  make 
additions  from  outside  that  arrangement.  Accord- 
ingly I  shall  set  out  the  additions  later,  giving  first 
those  in  the  arrangement,  and  including  them  in  this 
single  enunciation  : 

If  two  straight  lines  be  drawn,  from  one  given  point  or 
from  two,  which  are  in  a  straight  line  or  parallel  or 
include  a  given  angle,  and  either  bear  a  given  ratio  one 
towards  the  other  or  contain  a  given  rectangle,  then,  if  the 
locus  of  the  extremity  of  one  of  the  lines  be  a  plane  locus 
given  in  position,  the  locus  of  the  extremity  of  the  other 
will  also  be  a  plane  locus  given  in  position,  which  will 
sometimes  be  of  the  same  kind  as  the  former,  sometimes  of 
a  different  kind,  and  will  sometimes  be  similarly  situated 
with  respect  to  the  straight  line,^  sometimes  contrariwise. 
These  different  cases  arise  according  to  the  differences 
in  the  suppositions."  - 

(vii.)  On  Vergings  * 

Ibid.  vii.  27-28,  ed.  Hultsch  670.  4^672.  3 

A  line  is  said  to  verge  to  a  point  if,  when  produced, 
it  passes  through  the  point.  [  •  .  •  ]  The  general 

*  Pappus  proceeds  to  give  seven  other  enunciations  from 
the  first  book  and  eight  from  the  second  book.  These  have 
enabled  reconstructions  of  the  work  to  be  made  by  Fermat, 
van  Schooten  and  Robert  Simson. 

*•  Examples  of  vergings  have  already  been  encountered 
several  times;  v.  pp.  186-189  and  vol.  i.  p.  244  n.  a. 
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προβλήματος  δε  οντος  καθολικού  τούτον  8υο 
Βοθΐΐσών  γραμμών  deaei  θέΐναι  μεταξύ  τούτων 
ευθείαν  τω  μεγεθει.  Βε^ομενην  νενουσαν  επΙ  8οθεν 
σημεΐον,  επι  τούτου  των  επί  μέρους  διάφορα  τα 
υποκείμενα  εχόντων,  α  μεν  ην  επίπεδα,  α  hk 
στερεά,  α  hk  γραμμικά,  των  δ*  επιπέδων  άποκλη- 
ρωσαντες  τα  προς  πολλά  χρησιμώτερα  ε8ειξαν  τα 
προβλήματα  ταϋτα• 

θέσει  8ε8ομενων  ημικυκλίου  τε  και  ευθείας  προς 
ορθάς  τη  βάσει  η  8ύο  ημικυκλίων  επ*  ευθείας 
εχόντων  τάς  βάσεις  ^etvai  8οθεΐσαν  τω  μεγεθει 
ευθείαν  μεταζύ  των  δυο  γραμμών  νεύουσαν  επι 
γωνίαν  ημικυκλίου' 

Και  ρόμβου  Ζοθεντος  και  επεκβεβλημενης  /^ια? 
πλευράς  άρμόσαι  υπό  την  εκτός  γωνίαν  Βε8ομενην 
τω  μεγεθει  ευθείαν  νεύουσαν  επι  την  άντικρυς 
γωνίαν 

Kat  θέσει  Βοθεντος  κύκλου  εναρμόσαι  ευθείαν 
μεγεθει  ΒεΒομενην  νεύουσαν  επι  8οθεν. 

Τούτων  δε  εν  μεν  τω  πρώτω  reup^et  8ε8εικται  το 
επι  του  ενός  ημικυκλίου  και  ευθείας  έχον  πτώσεις 
ο  και  τό  επι  του  κύκλου  έχον  πτώσεις  δυο  και  τό 
€7Γ4  του  ρόμβου  πτώσεις  έχον  β,  εν  Βε  τω  Βευτερω 
τευχει  το  επι  των  δυο  ημικυκλίων  της  υποθέσεως 
πτώσεις  εχούσης  ι,  εν  δε  ταύταις  ύποΒιαιρεσεις 
πλείονες  Βιοριστικαι  ένεκα  του  ΒεΒομενου  μεγέθους 
της  ευσεια?. 
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problem  is :  Two  straight  lines  being  given  in  position, 
to  place  between  them  a  straight  line  of  given  length 
so  as  to  verge  to  a  given  point.  When  it  is  subdivided 
the  subordinate  problems  are,  according  to  differ- 
ences in  the  suppositions,  sometimes  plane,  some- 
times solid,  sometimes  linear.  Among  the  plane 
problems,  a  selection  was  made  of  those  more  gener- 
ally useful,  and  these  problems  have  been  proved : 

Given  a  semicircle  and  a  straight  line  perpendicular  to 
the  base,  or  two  semicircles  with  their  bases  in  a  straight 
line,  to  place  a  straight  line  oj" given  length  between  the  two 
lines  and  verging  to  an  angle  of  the  semicircle  [or  of  one 
of  the  semicircles]  ; 

Given  a  rhombus  with  one  side  produced,  to  insert  a 
straight  line  of  given  length  in  the  external  angle  so  that 
it  verges  to  the  opposite  angle  ; 

Given  a  circle,  to  insert  a  chord  of  given  length  verging 
to  a  given  point. 

Of  these,  there  are  proved  in  the  first  book  four 
cases  of  the  problem  of  one  semicircle  and  a  straight 
line,  two  cases  of  the  circle,  and  two  cases  of  the 
rhombus  ;  in  the  second  book  there  are  proved  ten 
cases  of  the  problem  in  which  two  semicircles  are 
assmned,  and  in  these  there  are  numerous  subdivisions 
concerned  with  limits  of  possibility  according  to  the 
given  length  of  the  straight  line." 

•  A  restoration  of  Apollonius's  work  On  Vergings  has  been 
attempted  by  several  writers,  most  completely  by  Samuel 
Horsley  (Oxford,  1770).  A  lemma  by  Pappus  enables  Apol- 
lonius's construction  in  the  case  of  the  rhombus  to  be  restored 
with  certainty  ;  v.  Heath,  H.O.M.  ii.  190-192. 
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(viii,)  On  the  Dodecahedron  and  the  Icosahedron 

Hypsicl.  [Eucl.  Elem.  xiv.],  Eucl.  ed.  Heiberg 
V.  6.  19-8.  5 

*0  αυτό?  κυκΧοζ  7Τ€ριλαμβάν€ΐ  τ6  re  του  δωδε- 
Kaehpov  ττ^ντάγωνον  καΐ  το  του  €ΐκοσα48ρου 
τρίγωνον  των  els  την  αύτην  σφαΐραν  εγγραφόμενων. 
τούτο  δε  γράφεται  ύπο  μεν  Άρισταιου  ev  τω  im- 
γραφομενω  Ύών  ε  σχημάτων  συγκρίσει,  νπο  8ε 
*  Απολλώνιου  εν  τη  Βευτερα  εκΒόσει  της  Σιυγκρίσεως 
του  Βω8εκαε8ρου  προς  το  εΙκοσάεΒρον,  ότι  εστίν, 
ώζ  η  του  ΒωΒεκαεΒρου  επιφάνεια  προς  την  του 
εικοσαε8ρου  επιφάνειαν,  ούτως  και  αυτό  το  δω- 
8εκάε8ρον  προς  το  εΙκοσάεΒρον  δια  τό  την  αύτην 
elvai  κάθετον  από  του  κέντρου  της  σφαίρας  επΙ  τό 
του  8ω8εκαε8ρου  πεντάγωνον  και  το  του  εικο- 
σαεΒρου  τρίγωνον. 


(ίχ.)  Pnnciples  of  Mathematics 
Marin,  in  Eucl.  Dot.,  Eucl.  ed.  Heiberg  vi.  234.  13-17 

Διό  των  άπΧούστερον^  και  /Μία  τινι  8ιαφορα  περι- 
γράφειν  τό  8ε8ομενον  προθεμενων  οι  μεν  τεταγ- 
μένον,   ως   'Απολλώνιος  εν  τη    ΥΙερι  νεύσεων  καΐ 

*  anXovarepov  Heiberg,  απλούστερων  cod. 
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(viii.)  On  the  Dodecahedron  and  the  Icosahedron 

Hypsicles  [Euclid,  Elements  xiv.],"  Eucl.  ed.  Heiberg 
V.  6.  19-8.  5 

The  pentagon  of  the  dodecahedron  and  the  triangle 
of  the  icosahedron  *  inscribed  in  the  same  sphere  can 
be  included  in  the  same  circle.  For  this  is  proved  by 
Aristaeus  in  the  work  which  he  wrote  On  the  Com- 
parison of  the  Five  Figures,"  and  it  is  proved  by 
Apollonius  in  the  second  edition  of  his  work  On  the 
Comparison  of  the  Dodecahedron  and  the  Icosahedron 
that  the  surface  of  the  dodecahedron  bears  to  the 
surface  of  the  icosahedron  the  same  ratio  as  the 
volume  of  the  dodecahedron  bears  to  the  volume  of 
the  icosahedron,  by  reason  of  there  being  a  common 
perpendicular  from  the  centre  of  the  sphere  to  the 
pentagon  of  the  dodecahedron  and  the  triangle  of 
the  icosahedron. 

(ix.)  Principles  of  Mathematics 

Marinus,  Commentary  on  Euclid's  Data,  Eucl.  ed. 
Heiberg  vi.  234.  13-17 

Therefore,  among  those  who  made  it  their  aim  to 
define  the  datum  more  simply  and  with  a  single 
differentia,  some  called  it  the  assigned,  such  as 
Apollonius    in    his    book    On    Vergings    and    in    his 

•  The  so-called  fourteenth  book  of  Euclid's  Elements  is 
really  the  work  of  Hypsicles,  for  whom  v.  infra,  pp.  391-397. 

*  For  the  regular  solids  v.  vol.  i.  pp.  216-225.  The  face  of 
the  dodecahedron  is  a  pentagon  and  the  face  of  the  icosa- 
hedron a  triangle. 

"  A  proof  is  given  by  Hypsicles  as  Prop.  2  of  his  book. 
Whether  the  Aristaeus  is  the  same  person  as  the  author  of 
the  Solid  Loci  is  not  known. 
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iv  rfj   Καρόλου  πραγματεία,  ol  δε  γνωριμον,  ως 
AioSopos. 

(χ.)  On  the  Cochlias 
Procl.  in  Eucl.  i.,  ed.  Friedlein  105.  1-6 

Ύην  π€ρΙ  τον  κύλινΒρον  βλικα  γραφομ4νην,  όταν 
ενθζίας  κινούμενης  περί  την  επιφανειαν  τοΰ 
κυλίνΒρου  ση  μείον  όμοταχώς  εττ*  αύτη?  κινητοί, 
γίνεται  γαρ  ελιζ,  -^ς  όμοιομερώς  πάντα  τα  μ^ρη 
ττασιν  εφαρμόζει,  καθάπερ  ^Απολλώνιος  εν  τφ 
ΙΙερΙ  τοΰ  κοχλίον  γράμματι  Βείκνυσιν, 

(xi.)  On  Unordered  Irrationals 

Procl.  in  Eucl.  i.,  ed.  Friedlein  74.  23-24 

Τα  ΙΙερΙ  των  άτακτων  αλόγων,  α  6  *  Απολλώνιος 
επί  πλέον  εζειργάσατο. 

Schol.  i.  in  Eucl.  Elem.  χ.,  Eucl.  ed.  Heiberg 
V.  414.  10-16 

Έν  μεν  οΰν  τοις  πρώτοις  περί  συμμέτρων  και 
ασύμμετρων  διαλα/^]8άν€ΐ.  προς  την  φνσιν  αυτών 
αυτά  εξετάζων,  εν  8έ  τοις  έξης  περί  ρητών  και 
αλόγων  ου  πασών  Ttves"  γαρ  αύτώ  ώς  ενισταμενοι 
εγκαλοΰσιν    άλλα    τών    απλούστατων    εΙΒών,    ων 

"  Heath  (H.G.M.  ϋ.  192-193)  conjectures  that  this  work 
must  have  dealt  with  the  fundamental  principles  of  mathe- 
matics, and  to  it  he  assigns  various  remarks  on  such  subjects 
attributed  to  Apollonius  by  Proclus,  and  in  particular  his 
attempts  to  prove  the  axioms.  The  different  ways  in  which 
entities  are  said  to  be  given  are  stated  in  the  definitions 
quoted  from  Euclid's  Data  in  vol.  i.  pp.  478-479. 
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General    Treatise,'^  others  the   known,  such   as  Dio- 
dorus.* 

(x.)  On  the  Cochlias 

Proclus,  On  Euclid  i.,  ed,  Friedlein  105.  1-6 

The  cylindrical  heUx  is  described  when  a  point 
moves  uniformly  along  a  straight  line  which  itself 
moves  round  the  surface  of  a  cylinder.  For  in  this 
way  there  is  generated  a  helix  which  is  komoeomeric, 
any  part  being  such  that  it  will  coincide  with  any 
other  part,  as  is  shown  by  Apollonius  in  his  work  On 
the  Cochlias. 

(xi.)  On  Unordered  Irrationals 

Proclus,  On  Euclid  i.,  ed.  Friedlein  74.  23-24 

The  theory  of  unordered  irrationals,  which  Apol- 
lonius fully  investigated. 

Euclid,  Elements  x.,  Scholium  !.,•  ed.  Heiberg 
V.  414.  10-16 

Therefore  in  the  first  [theorems  of  the  tenth  book] 
he  treats  of  symmetrical  and  asymmetrical  magni- 
tudes, investigating  them  according  to  their  nature, 
and  in  the  succeeding  theorems  he  deals  with  rational 
and  irrational  quantities,  but  not  all,  which  is  held  up 
against  him  by  certain  detractors  ;  for  he  dealt  only 
with  the  simplest  kinds,  by  the  combination  of  which 

*  Possibly  Diodorus  of  Alexandria,  for  whom  v.  vol.  L 
p.  300  and  p.  301  n.  b. 

*  In  Studien  uber  Euklid,  p.  170,  Heiberg  conjectured 
that  this  scholium  was  extracted  from  Pappus's  commentary, 
and  he  has  established  his  conjecture  in  Videnskabernes 
Selskabs  Skri/ter,  6  Raekke,  hist.-philos.  Afd.  ii.  p.  236  seq. 
(lo88)* 
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συντιθεμένων    γίνονται    άτΓ€ΐροί    άλογοι,    ών    τιναζ 
και  6  ^Απολλώνιος  άναγράφβι. 

(χϋ.)  Measurement  of  a  Circle 

Eutoc.  Comm.  in  Archim.  Dim.  Circ,  Archira. 
ed.  Heiberg  iii.  258.  16-22 

^1στ€ον  he,  oTi  και  *  Απολλώνιος  6  ΙΙβργαΐος  ev 
τω  'Ω,κυτοκίω  άπεδει^εν  αντο  δι'  αριθμών  ΙτΙρων 
επί  το  σύνεγγυς  μάλλον  άγαγών.  τοΰτο  δε  άκρι- 
βεστερον  μεν  είναι  8οκεΐ,  ου  χρησιμον  δε  προς  τον 
^Αρχιμη^ους  σκοπόν  εφαμεν  γαρ  αύτον  σκοπον 
εχειν  εν  τώ8ε  τω  βιβλίω  το  σύνεγγυς  εύρεΐν  δια 
τάς  εν  τω  βίω  χρείας. 

(χίϋ.)  Continued  Multiplications 

Papp.  Coll.  η.  17-21,  ed.  Hnltsch  18.  23-24.  20» 

Τούτου  Βύ]  προτεθεωρημενου  πρό8ηλον,  πώς 
εστίν  τον  8οθεντα  στίχον  πολλαπλασιάσαι  και 
εΙπεΐν  τον  γενόμενον  αριθμόν  εκ  του  τον  πρώτον 
αριθμόν  ον  ε'ίληφε  το  πρώτον  τών  γραμμάτων  επι 
τον  Βεύτερον  αριθμόν  δν  ε'ίληφε  το  δεύτερον  τών 
γραμμάτων  πολλαπλασιασθηναι  και  τον  γενόμενον 
επι  τον  τρίτον  αριθμόν  δν  εΐληφε  το  τρίτον  γράμμα 

^  The  extensive  interpolations  are  omitted. 


■  Pappus's  commentary  on  Eucl.  Elem.  x.  was  discovered 
in  an  Arabic  translation  by  Woepcke  {Memoires  presentees 
par  divers  savans  a  V Academie  des  sciences,  1856,  xiv.).  It 
contains  several  references  to  Apollonius's  work,  of  which 
one  is  thus  translated  by  Woepcke  (p.  693) :  "  Enfin,  Apol- 
lonius  distingua  les  especes  des  irrationnelles  ordonnees,  et 
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an  infinite  number  of  irrationals  are  formed,  of  which 
latter  Apollonius  also  describes  some." 

(xii.)  Measurement  of  a  Circle 

Eutocius,  Commentary  on  Archimedes^  Measurement  of 
a  Circle,  Archim.  ed.  Heiberg  iii,  258.  16-22 

It  should  be  noticed,  however,  that  Apollonius  of 
Perga  proved  the  same  thing  {sc.  the  ratio  of  the 
circumference  of  a  circle  to  the  diameter)  in  the 
Quick-deliverer  by  a  different  calculation  leading  to 
a  closer  approximation.  This  appears  to  be  more 
accurate,  but  it  is  of  no  use  for  Archimedes'  purpose ; 
for  we  have  stated  that  his  purpose  in  this  book  was 
to  find  an  approximation  suitable  for  the  everyday 
needs  of  life.'' 

(xiii.)  Continued  Muliiplicatio7is  * 
Pappus,  Collection  ii.  17-21,  ed.  Hultsch  18.  23-24.  gC 

This  theorem  having  first  been  proved,  it  is  clear 
how  to  multiply  together  a  given  verse  and  to  tell  the 
number  which  results  when  the  number  represented 
by  the  first  letter  is  multiplied  into  the  number 
represented  by  the  second  letter  and  the  product  is 
multiplied  into  the  number  represented  by  the  third 

decouvrit  la  science  des  quantitis  appel^es  (irrationnelles) 
inordonnoes,  dont  il  produisit  un  tr^s-grand  nombre  par  des 
mothodes  exactes." 

*  We  do  not  know  what  the  approximation  was. 

*  Heiberg  (Apollon.  Perg.  ed.  Heiberg  ii.  124,  n.  1)  sug- 
gests that  these  calculations  were  contained  in  the  ^ίίκυτόκίον, 
but  there  is  no  definite  evidence. 

*  The  passages,  chiefly  detailed  calculations,  adjudged  by 
Hultsch  to  be  interpolations  are  omitted. 
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/cat  κατά.  το  βξης  πβραίνβσθαι.  μ€χρΙ  του  διε^ο- 
SeveaOaL  τον  στίχον,  ον  etrrev  Άττολλώνιο?  ev 
apxfj  οϋτως' 

*Αρτ4μιΒος  /cAetre  κράτος  €ζοχον  iwia  κοΰραι 

{το  δέ  κλεΐτέ  φησιν  άντΙ  τον  νπομνησατζ). 

Έ•7Γ£ΐ  οΰν  γράμματα  βστίν  λη  του  στίχου,  ταύτα 
δε  π€ρΐ€χ€ί  αριθμούς  δέκα  του?  ρτστρτσχνρ, 
ών  έκαστος  ίλάσσων  μ4ν  εστίν  χιλια^ος  μετρείται. 
δέ  νπο  €κατοντά8ος,  καΐ  αριθμούς  ίζ  τους  β  Ι  δ  ic 
Χΐκδζδδνννκδΐ,  ών  έκαστος  ελάσσων  μεν 
εστίν  εκατοντάΒος  μετρείται  δε  νπο  ΒεκάΒος,  και 
τους  λοιπούς  ια  τους  dioeedeeedd,  ών 
έκαστος  ελάσσων  ΒεκάΒος,  εάν  αρα  τοις  μεν  8εκα 
άριθμόΐς  ύποτάζωμεν  ισαρίθμους  δέκα  κατά  τάζιν 
εκατοντάδας,  τοις  δε  ιζ  ομοίως  νποτάζωμεν 
δεκάδα?  ιζ,  φανερον  εκ  του  άνώτερον  λογιστικού 
θεωρήματος  ιβ'  δτι  δέκα  εκατοντάδες  μετά  των 
ιζ  δεκάδων  ποιοΰσι  μυριάδας  ενναττλά?  δέκα. 

Έπει  δε  και  πυθμένες  ομοΰ  των  μετρουμένων 
αριθμών  υπό  εκατοντάδας  και  των  μετρουμένων 
υπό  8εκά8ος  εισιν  οί  υποκείμενοι  κζ 

d-y  ρ  γ  αγ  β  S"  ο  d 
Bdζβγdβζ^ξζεε€βζd, 

•  Apollonius,  it  is  clear  from  Pappus,  had  a  system  of 
tetrads  for  calculations  involving  big  numbers,  the  unit  being 
the  myriad  or  fourth  power  of  10.  The  tetrads  are  called 
μ,υριάδβ?  άπλα?,  μυριάδβ?  διπλαι,  μυριά8€5  τριττλαΐ,  ίΐτηρίβ 
myriads,  double  myriads,  triple  myriads  and  so  on,  by  which 
are  meant  10000,  10000,•  10000»  and  so  on.  In  the  text  of 
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letter  and  so  on  in  order  until  the  end  of  the  verse 
which  Apollonius  gave  in  the  beginning,  that  is 

Άρτίμίδοζ  κλίΓτί  κράτος  ΐζοχον  (vvea  κονραι 

(where  he  says  κλείτε  for  νπομνήσαη,  recall  to  mind). 

Since  there  are  thirty-eight  letters  in  the  verse,  of 
which  ten,  namely  /ίτστρτσχϋ/ΰ(=  100,  300,  200 
300,  100,  300,  200,  600,  400,  100),  represent  numbers 
less  than  lOOOand  divisible  by  100,  and  seventeen, 
namely  μ.Ίοκλ.ικο^οονννκοΙ  (  =  40,  10,  70,  20, 
30,  10,  20,  70,  60,  70,  70,  50,  50,  50,  20,  70, 10),  repre- 
sent numbers  less  than  100  and  divisible  by  10,  while 
the  remaining  eleven,  namely,  aiSicaeceaa 
(  =  1,  5,  4,  5,  5,  1,  5,  5,  5,  1,  1),  represent  numbers  less 
than  10,  then  if  for  those  ten  numbers  we  substitute 
an  equal  number  of  hundreds,  and  if  for  the  seven- 
teen numbers  we  similarly  substitute  seventeen  tens, 
it  is  clear  from  the  above  arithmetical  theorem, 
the  twelfth,  that  the  ten  hundreds  together  with 
the  seventeen  tens  make  10  .  10000®.•* 

And  since  the  bases  of  the  numbers  divisible  by 
100  and  those  divisible  by  10  are  the  following  twenty- 
seven 

1,  3,  2,  3,  1,  3,  2,  6,  4,  1 
4,  1,  7,  2,  3,  1,  2,  7,  6,  7,  7,  5,  5,  5,  2,  7,  1, 

Pappus  they  are  sometimes  abbreviated  to  /x**,  /i/s,  μy  and 
so  on. 

From  Pappus,  though  the  text  is  defective,  ApoUonius's 

Erocedure  in  multiplying  together  powers  of  10  can  be  seen  to 
e  equivalent  to  adding  the  indices  of  the  separate  powers 
of  10,  and  then  dividing  by  4  to  obtain  the  power  of  the  myriad 
which  the  product  contains.  If  the  division  is  exact,  the 
number  is  the  n-mjrriad,  say,  meaning  10000".  If  there  is  a 
remainder,  3,  2  or  1,  the  number  is  1000,  100  or  10  times  the 
n-myriad  as  the  case  may  be. 
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άλλα  καΐ  των  ελασσόνων  heKaSos  elaiv  ta,  του- 
τέστιν αριθμοί  Οί 

αεοέέάεεέάά, 

εάν  τον  €Κ  τούτων  των  ια  καΐ  τον  €Κ  των  κζ 
ττυθμένων  OTcpeov  δι'  αλλήλων  ττολλατιλασιάσω/^εν, 
έ'σται  ό  στερεό?  μυριάδων  τετραπλών  ιθ  καΐ 
τριπλών  ^Γλδ"  και  διπλών  ,ηνπ. 

Αύται  8rj  συ/ζττολλαττλασιαζό/χεναι  eVi  τον  ε« 
των  εκατοντάδων  καΐ  δεκάδων  στβρ^όν,  τουτεστι 
τά?  7τροκζΐμ4νας  μυριάΒα?  ενναπλά?  δε'κα,  ποιοΰσιν 
μυριάΒαζ  τρισκαιΒζκαπλας  ρ^^,  δωδεκαπλά?  τ^τ^, 
ε'νδεκαττλα?  ,δω. 

(xiv.)  Ολ  /Ae  Burning  Mirror 

Fragmentum  mathematicum  Bobiense  113.  28-33,  ed. 
Belger,  Fermei,  xvi.,  1881,  279-280  ^ 

Ot  /λεν  o5v  τταλαιοι  ΰττίλαβον  την  βξαφιν  ποΐ€Ϊσθαι 
7Τ€ρι  το  κ4ντρον  τοΰ  κατόπτρου,  τοΰτο  δε  «/ίεΰδο? 
'Απολλώνιο?  μάλα  δεόντω?  ...  (εν  τώ)  προς 
τους  κατοπτρικούς  εδει^εν,  και  περί  τίνα  δε  τόπον 
1^  €κπύρωσις  εσται,  8ιασ€σάφηκ€ν  εν  τώ  Περί  του 
ττυριου. 

*  As  amended  by  Heiberg,  Zeitschrift  fur  Mathematik  und 
Physik,  xxvui.,  1883,  hist.  Abth.  124-125. 
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while  there  are  eleven  less  than  ten,  that  is  the 
numbers 

1,  5,  4,  5,  5,  1,  5,  5,  5,  I,  1, 

if  we  multiply  together  the  solid  number  formed  by 
these  eleven  with  the  solid  number  formed  by  the 
twenty-seven  the  result  will  be  the  solid  number 

19  .  10000*  +6036  .  100003  +8480  .  10000^. 

When  these  numbers  are  multiplied  into  the  solid 
number  formed  by  the  hundreds  and  the  tens,  that  is 
with  10  .  10000^  as  calculated  above,  the  result  is 
196  .  1000013  +368  .  10000^2  +4800  .  10000". 

(xiv.)  On  the  Burning  Mirror 

Fragmentum  mathematicum  Bohiense  113.  28-33,"  ed. 
Belger,  Hermes,  xvi.,  1881,  279-280 

The  older  geometers  thought  that  the  burning  took 
place  at  the  centre  of  the  mirror,  but  Apollonius  very 
suitably  showed  this  to  be  false  ...  in  his  work  on 
mirrors,  and  he  explained  clearly  where  the  kindling 
takes  place  in  his  works  On  the  Buriiijig  Mirror  J* 

•  This  fragment  is  attributed  to  Anthemius  by  Heiberg, 
but  its  antiquated  terminology  leads  Heath  (H.O.M.  ii.  194) 
to  suppose  that  it  is  much  earlier. 

'  Of  Apollonius's  other  achievements,  his  solution  of  the 
problem  of  finding  two  mean  proportionals  has  already  been 
mentioned  (vol.  i.  p.  267  n.  b)  and  sufficiently  indicated  ;  for 
his  astronomical  work  the  reader  is  referred  to  Heath,  H.(3.  M. 
ii.  195-196. 
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(a)  Classification  of  Curves 

Procl.  in  Eucl.  i.,  ed.  Friedlein  111.  1-112.  11 

Διαφ^Γ  δ'  αΰ  την  γραμμην  6  Τ4μινος^  πρώτον 
μ€ν  els  την  άσύνθζτον  και  την  σύνθ^τον — καλεΓ  δε 
συνθζτον  την  κ€κλασμ€νην  καΐ  γωνίαν  ποιούσαν — 
€7Γ6ΐτα  την  άσννθζτον^  et?  τ€  την  σχηματοποιούσαν 
και  την  €7γ'  άπειρον  €κβαλλομ€νην,  σχήμα  λ4γων 
ποΐ€Ϊν  την  κυκλικιην,  την  του  θυρεού,  την  κιττο€ΐ8η, 
μη  ποΐ€Ϊν  δε  την  του  ορθογωνίου  κώνου  τομην, 
την  του  άμβλυγωνίου,  την  κογχοζώη,  την  cvSeiav, 
πάσας  τα?  τοιαιίτα?.  και  πάλιν  κατ'  άλλον  τρόπον 
της  άσυνθετου  γραμμής  την  μεν  άπλήν  είι^αι,  την 
δέ  μικτην,  και  της  απλής  την  μεν  σχήμα  ποιεΐν 
ώς  την  κυκλικήν,  την  δε  αόριστον  elvai  ως  την 
ευθείαν^  της  δε  μικτής  την  μεν  εν  τοις  επίπεδοι? 
είναι,  την  δε  εν  τοις  στερεοΐς,  και  τής  εν  επιπεΒοις 
την  μεν  εν  αυτή  συμπίπτειν  ώς  την  κιττοεώή,  την 
δ'   επ'    άπειρον   εκβάλλεσθαι,   της   δε   εν   στερεοΐς 

*  Τ4μινο5  Tittel,  Τ^μΐνο5  Friedlein. 
*  σννθΐτον  codd.,  correxi. 

"  No  great  new  developments  in  geometry  were  made  by 
the  GrecKS  after  the  death  of  Apollonius,  probably  through 
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XX.  LATER  DEVELOPMENTS  IN 
GEOMETRY  « 

(a)  Classification  of  Curves 

Proclus,  On  Euclid  i.,  ed.  Friedlein  111.  1-112.  11 

Geminus  first  divides  lines  into  the  incomposite  and 
the  composite,  meaning  by  composite  the  broken  line 
forming  an  angle  ;  and  then  he  divides  the  incom- 
posite into  thosG  forming  a  figure  and  those  extending 
tvithout  limit,  including  among  those  forming  a  figure 
the  circle,  the  ellipse  and  the  cissoid,  and  among  those 
not  forming  a  figure  the  parabola,  the  hyperbola, 
the  conchoid,  the  straight  Une,  and  all  such  lines. 
Again,  in  another  manner  he  says  that  some  incom- 
posite lines  are  simple,  others  mixed,  and  among  the 
simple  are  some  forming  a  figure,  such  as  the  circle, 
and  others  indeterminate,  such  as  the  straight  line, 
while  the  mixed  include  both  lines  on  planes  and  lines 
on  solids,  and  among  the  lines  on  planes  are  lines 
meeting  themselves,  such  as  the  cissoid,  and  others 
extending  without  limit,  and  among  lines  on  soUds  are 

the  limits  imposed  by  their  methods,  and  the  recorded  addi- 
tions to  the  corpus  of  Greek  mathematics  may  be  described 
as  reflections  upon  existing  work  or  "  stock-taking."  On 
the  basis  of  geometry,  however,  the  new  sciences  of  trigo- 
nometry and  mensuration  were  founded,  as  will  be  de- 
scribed, and  the  revival  of  geometry  by  Pappus  will  also  be 
reserved  for  separate  treatment, 
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την  μ€ν  κατά  τα?  τομάς  €πινο€Ϊσθαί  των  στΐρζών, 
την  Se  ττζρΐ  τα  OTcpea  ύφίστασθαι.  την  μβν  γαρ 
eXiKa  την  π€ρΙ  σφαΐραν  η  κώνον  π€ρΙ  τα  arepea 
νφζστάναι,  τας  δε  κωνικαζ  τομάς  η  τάς  στταρικάς 
απο  τοιασΒζ  τομής  γ^ννασθαι  των  στ€ρ€ών.  eVi- 
vevorjadaL  δε  ταύτας  τάς  τομάς  τάς  μέν  ύπό  Mevai- 
χμου  τάς  κωνικάς,  δ  και  'Ερατοσθένης  Ιστορών 
Aeyet•  "μη  δε  ΉΙ^ναιχμίους  κωνοτομ^ΐν  τριάδα?"• 
τα?  δε  νπο  Περσεω?,  ο?  καΐ  το  ζττίγραμμα  €ποίησ€ν 
€ττΙ  τη  ει5/)ε'σει — 

Τρει?  γραμμάς  im  ττεντε  τομαΐς  ΐύρων  ελικώδει?^ 
Περσεύ?  των  δ*  evcKev  Βαίμονας  ίλάσατο. 

at  μ€ν  Βη  τρβΐς  τομαΐ  των  κώνων  elalv  παραβολή 
και  ν7Τ€ρβολη  και  ελλει^ι?,  των  δε  σττζίρικών 
τομών  η  μβν  ioTiv  έμττ^πλβγμένη ,  ioiKvia  τη  τοΰ 
ιττ-που  ττβΒη,  η  δε  κατά  τα  μ€σα  πλατννίται,  i^ 
€κατ4ρου  δε  άπολήγβι  μέρους,  η  δε  παραμηκης 
ούσα  τω  μεν  μέσω  Βιαστηματι  ελάττονι  χρηται, 
evpvvcTai  δε  εφ*  εκτάτερα.  των  δε  άλλων  μίξεων 
το  πλήθος  άπεραντόν  εστίν  και  γάρ  στερεών 
σχημάτων  πλήθος  εστίν  άπειρον  και  τομαι  αυτών 
συνίστανται  πολυειΒεΐς, 

Ibid.,  ed.  Friedlein  356.  8-12 

Kat  γαρ    Απολλώνιος  εφ*  εκάστης  τών  κωνικών 
γραμμών  τι  το   σύμπτωμα   Βείκνυσι,  και  6  Nt/co- 
μηΒης    επι    τών    κογχοειΒών,    και    ο    Ιππίας    επϊ 
eXiKwSeis  Knoche,  evpwv  ras  anetpiKas  λ€γων  codd. 

'  V.  vol.  i.  pp.  296-297. 
*  For  Perseus,  v.  p.  361  n.  ο  and  p.  365  n.  6. 
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lines  conceived  as  formed  hy  sections  of  the  solids  and 
lines  formed  round  the  solids.  The  helix  round  the 
sphere  or  cone  is  an  example  of  the  lines  formed 
round  solids,  and  the  conic  sections  or  the  spiric 
curves  are  generated  by  various  sections  of  solids. 
Of  these  sections,  the  conic  sections  were  discovered 
by  Menaechmus,  and  Eratosthenes  in  his  account 
says :  "  Cut  not  the  cone  in  the  triads  of  Menaech- 
mus"•; and  the  others  were  discovered  by  Perseus,* 
who  wrote  an  epigram  on  the  discovery — 

Three  spiric  lines  upon  five  sections  finding, 
Perseus  thanked  the  gods  therefor. 

Now  the  three  conic  sections  are  the  parabola,  the 
hyperbola  and  the  ellipse,  while  of  the  spiric  sections 
one  is  interlaced,  resembling  the  horse-fetter,  another 
is  widened  out  in  the  middle  and  contracts  on  each 
side,  a  third  is  elongated  and  is  narrower  in  the 
middle,  broadening  out  on  either  side.  The  number 
of  the  other  mixed  lines  is  unlimited  ;  for  the  number 
of  sohd  figures  is  infinite  and  there  are  many  different 
kinds  of  section  of  them. 


Ihid.,  ed.  Friedlein  356.  8-13 

For  Apollonius  shows  for  each  of  the  conic  curves 
what  is  its  property,  as   does    Nicomedes   for  the 
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των    τ€τραγωνιζονσών,   και    ό    Uepaevs   crri    των 
σττ€ΐρικών» 

Ibid.,  ed.  Friedlem  119.  8-17 

*0  δβ  σνμβαίν€ΐν  φαμ^ν  κατά  την  στταρικην  cttl- 
φάνειαν  κατά  γαρ  κνκλου  νοείται  στροφην  ορθοΰ 
8ιαμ4νοντος  καΐ  στρ^φομβνου  π€ρΙ  το  αντο  σημ€Ϊον, 
ο  μη  €στί  κ4ντρον  τον  κύκλου,  διό  καΐ  τριχώς  η 
σττΐίρα  yiVerat,  η  γαρ  irrl  της  ττίριφζρείας  €στΙ  το 
κέντρον  η  €ντ6ς  η  €κτός.  και  el  μβν  εττι  της  ττερι- 
φβρζίας  εστί  το  κβντρον,  γίνεται  σπείρα  συνεχής, 
ει  δε  εντός,  ή  εμπεπλεγμενη ,  ει  δε  εκτός,  η  Βιεχης. 
και  τρεις  αι  σττειρικαι  τομαι  κατά  τάς  τρεις  ταύτας 
8ιαφοράς. 


"  Obviously  the  work  of  Perseus  was  on  a  substantial 
scale  to  be  associated  with  these  names,  but  nothing  is  known 
of  him  beyond  these  two  references.  He  presumably 
flourished  after  Euclid  (since  the  conic  sections  were  probably 
well  developed  before  the  spiric  sections  were  tackled)  and 
before  Geminus  (since  Proclus  relies  on  Geminus  for  his 
knowledge  of  the  spiric  curves).  He  may  therefore  be 
placed  between  300  and  75  b.c. 

Nicomedes  appears  to  have  flourished  between  Eratosthenes 
and  Apollonius.  He  is  known  only  as  the  inventor  of  the 
conchoid,  which  has  already  been  fully  described  (vol.  i, 
pp.  298-309). 

It  is  convenient  to  recall  here  that  about  a  century  later 
flourished  Diodes,  whose  discovery  of  the  cissoid  has  already 
been  sufiiciently  noted  (vol.  i.  pp.  270-279).  He  has  also 
been  referred  to  as  the  author  of  a  brilliant  solution  of  the 
problem  of  dividing  a  cone  in  a  given  ratio,  which  is  equi- 
valent to  the  solution  of  a  cubic  equation  {supra,  p.  162  n.  a). 
The  Dionysodorus  who  solved  the  same  proolem  (ibid.)  may 
have  been  the  Dionysodorus  of  Caunus  mentioned  in  the 
Herculaneum  Roll,  No.  1044  (so  W.  Schmidt  in  Bibliotheca 
mathematica,  iv.  pp.  821-325),  a  younger  contemporary  of 
Apollonius;     he   is    presumably    the   same  person   as   the 
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conchoid  and  Hippias  for  the  quadratices  and  Perseus 
for  the  spiric  curves.*» 

Ibid.,  ed.  Friedlein  119.  8-17 
We  say  that  this  is  the  case  with  the  spiric  surface  ; 
for  it  is  conceived  as  generated  by  the  revolution  of 
a  circle  remaining  perpendicular  [to  a  given  plane] 
and  turning  about  a  fixed  point  which  is  not  its  centre. 
Hence  there  are  three  forms  of  spire  according  as  the 
centre  is  on  the  circumference,  or  within  it,  or  with- 
out. If  the  centre  is  on  the  circumference,  the  spire 
generated  is  said  to  be  continuous,  if  within  interlaced, 
and  if  without  open.  And  there  are  three  spiric 
sections  according  to  these  three  differences.'' 

Dionysodorus  mentioned  by  Heron,   Metrica  ii.   13  (cited 
infra,  p.  481),  as  the  author  of  a  book  On  the  Spire. 

*  This  last  sentence  is  believed  to  be  a  slip,  perhaps  due  to 
too  hurried  transcription  from  Geminus.  At  any  rate,  no 
satisfactory  meaning  can  be  obtained  from  the  sentence  as  it 
stands.  Tannery  {Memoir es  scientifiques  ii.  pp.  24-28)  inter- 
prets Perseus'  epigram  as  meaning  "  three  curves  in  addition 
to  five  sections.  '  He  explains  the  passages  thus  :  Let  α  be 
the  radius  of  the  generating  circle,  c  the  distance  of  the 
centre  of  the  generating  circle  from  the  axis  of  revolution, 
d  the  perpendicular  distance  of  the  plane  of  section  (assumed 
to  be  parallel  to  the  axis  of  revolution)  from  the  axis  of  revolu- 
tion. Then  in  the  open  spire,  in  which  c>a,  there  are  five 
different  cases : 

(1)  c  +  a><Z>c.     The  curve  is  an  oval. 

(2)  d  =  c.     Transition  to  (3). 

(3)  c>d>c-a.  The  curve  is  a  closed  curve  narrowest  in 
the  middle. 

(4)  d=c-a.  The  curve  is  the  hippopede  (horse-fetter), 
which  is  shaped  like  the  figure  of  8  {v.  vol.  i.  pp.  414-415  for 
the  use  of  this  curve  by  Eudoxus). 

(5)  e-a>d>0.  The  section  consists  of  two  symmetrical 
ovals. 

Tannery  identifies  the  "  five  sections  "  of  Perseus  with 
these  five  types  of  section  of  the  open  spire ;  the  three  curves 
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(b)  Attempts  to  Prove  the  Parallel  Postulate 

(i.)  General 

Prod,  in  EvcJ.  i.,  ed.  Friedlein  191.  16-193.  9 

JtVat  eav  et?  ovo  evUeias  evUeia  ε/χττιτττουσα 
τάς  ivTos  /cat  irrl  τά  αυτά.  μ^ρη  γωνίας  δυο  ορθών 
iXarrovas  ττοίτ],  €κβαλλομ€νας  τάς  ευθείας  €π' 
αττ€ΐρον  σνμπίπτ€ΐν,  e<^'  ά  μ^ρη  ζΐσΐν  at  των  8υο 
ορθών  €λάττον€ς." 

Τοΰτο  καΐ  τταντζλώς  Βιαγραφ€ΐν  χρη  τών  αιτη- 
μάτων θεώρημα  γάρ  εστί,  ττολλάς  μεν  απορίας 
€πώ€χόμ€νον,  ας  και  ό  Πτολ^^ααιο?  ev  Ttvt  βιβλίω 
StaAuoai  ττρούθ€Τθ,  πολλών  δε  ct?  άπόΒβιζιν 
8€Ομ€νον  καΐ  ορών  και  θ€ω ρημάτων,  και  τό  γ€ 
άντιστρέφον  και  6  ΕυΛτλειδτ^?  ως  θεώρημα  Βείκνυσιν. 
ίσως  δε  αν  τίνες  άπατώμενοι  και  τοΰτο  τάττζίν 
iv  τοις  αιτημασιν  a^tcoaetav,  ώς  δtά  την  ελάττωσιν 
τών  δυο   ορθών   αύτόθεν  την   πίστιν  παρεχόμενον 

described  by  Proclus  are  (1),  (3)  and  (4).  When  the  spire  is 
continuous  or  closed,  c  =  a  and  there  are  only  three  sections 
corresponding  to  (1),  (2)  and  (3) ;  (4)  and  (5)  reduce  to  two 
equal  circles  touching  one  another.  But  the  interlaced  spire, 
in  which  c<a,  gives  three  new  types  of  section,  and  in  these 
Tannery  sees  his  "  three  curves  in  addition  to  five  sections." 
There  are  difficulties  in  the  way  of  accepting  this  interpreta- 
tion, but  no  better  has  been  proposed. 

Further  passages  on  the  spire  by  Heron,  including  a 
formula  for  its  volume,  are  given  infra,  pp.  476-483. 

"  Eucl.  i.  Post.  5,  for  which  v.  vol.  i.  pp.  442-443,  especially 
n.  c. 

Aristotle  {Anal.  Prior,  ii.  16,  65  a  4)  alludes  to  a  petitio 
principii  current  in  his  day  among  those  who  "  think  they 
establish  the  theory  of  parallels  " — τάς  τταραΧΧηλους  γράφα,ν. 
As  Heath  notes  {The  Thirteen  Books  of  Euclid' a  Elements, 
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(b)  Attempts  to  Prove  the  Parallel  Postulate 

(i.)  General 
Proclus,  On  Euclid  i.,  ed.  Friedlein  191.  16-193.  9 

"  If  a  straight  line  falling  on  two  straight  lines  make 
the  interior  angles  on  the  same  side  less  than  two  right 
angles,  the  two  straight  lines,  if  produced  indefinitely, 
meet  on  that  side  on  which  are  the  angles  less  than  two 
right  angles."  " 

This  ought  to  be  struck  right  out  of  the  Postulates ; 
for  it  is  a  theorem,  and  one  involving  many  diffi- 
culties, which  Ptolemy  set  himself  to  resolve  in  one 
of  his  books,  and  for  its  proof  it  needs  a  number 
of  definitions  as  well  as  theorems.  Euclid  actually 
proves  its  converse  as  a  theorem.  Possibly  some 
would  erroneously  consider  it  right  to  place  this 
assumption  among  the  Postulates,  arguing  that,  as 
the  angles  are  less  than  two  right  angles,  there  is 

vol.  i.  pp.  191-192),  Philoponus's  comment  on  this  passage 
suggests  that  the  petitio  principii  lay  in  a  direction  theory  of 
parallels.  Euclid  appears  to  have  admitted  the  validity  of 
the  criticism  and,  by  assuming  his  famous  postulate  once  and 
for  all,  to  have  countered  any  logical  objections. 

Nevertheless,  as  the  extracts  here  given  will  show,  ancient 
geometers  were  not  prepared  to  accept  the  undemonstrable 
character  of  the  postulate.  Attempts  to  prove  it  continued 
to  be  made  until  recent  times,  and  are  summarized  by  R. 
Bonola,  "  Sulla  teoria  delle  parallele  e  sulle  geometric  non- 
euclidee  "  in  Questioni  riguardanti  la  geometria  elementare, 
and  by  Heath,  loc.  cit.,  pp.  204-219.  The  chapter  on  the 
subject  in  W.  Rouse  Ball's  Mathematical  Essays  and  Recrea- 
tions, pp.  307-326,  may  also  be  read  with  profit.  Attempts 
to  prove  the  postulate  were  abandoned  only  when  it  was 
shown  that,  by  not  conceding  it,  alternative  geometries  could 
be  built. 
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της  τών  evOeiajv  συν€νσ€ως  καΐ  συμπτώσεως, 
ττρος  ους  6  Τεμΐνος  ορθώς  απήντησε  λέγων  οτι 
παρ  αυτών  εμάθομεν  τών  της  επιστήμης  ταύτης 
ηγεμόνων  μη  πάνυ  προσεχευν  τον  νουν  ταΐς 
τΓΐ^αναΓ?  φαντασίαις  εΙς  την  τών  λόγων  τών  εν 
γεωμετρία  παραΒοχην.  ομοιον  γάρ  φησι  και 
Αριστοτέλης  ρητορικον  άποΒείζεις  άπαιτεΐν  και 
γεωμετρου  πιθανολογοΰντος  άνεχεσθαι,  και  6  παρά 
τω  ΐΐλάτωνι  Σιίμμίας,  οτι  "  τοις  εκ  τών  εικότων 
τάς  άποΒείζεις  ποιονμενοις  σννοιΒα  ουσιν  άλαζόσι." 
κάνταΰθα  τοίνυν  το  μεν  ηλαττωμενων  τών  ορθών 
συνευειν  τάς  ευθείας  αληθές  και  άναγκαΐον,  το 
8έ  συνευούσας  επι  πλέον  εν  τω  εκβάλΧεσθαι  σνμ- 
πεσεΐσθαί  ποτέ  ττι^ανόν,  αλλ'  ουκ  άναγκαΐον,  ει 
μη  τις  άποΒείζειεν  λόγος,  οτι  επΙ  τών  ευθειών 
τοΰτο  αληθές.  το  γάρ  είναι  τινας  γραμμάς 
συνιουσας  μεν  ctt'  άπειρον,  ασύμπτωτους  8e 
υπάρχουσας,  καίτοι  Βοκοΰν  άπίθανον  είναι  και 
παρά8οξον,  όμως  άληθες  εστί  και  πεφώραται  eV 
άλλων  εΙΒών  της  γραμμής.  μηποτε  ονν  τοΰτο 
και  επι  τών  ευθειών  δυνατόν,  όπερ  επ*  εκείνοι 
των  γραμμών;  εως  γάρ  αν  δι'  άποΒείζεως  αυτό 
κατα^ησώμεθα,  περισπά  την  φαντασίαν  τά  επ* 
άλλων  Βεικνυμενα  γραμμών,  ει  8ε  και  οΐ  Βιαμφισ- 
βητοΰντες  λόγοι  προς  την  συμπτωσιν  πολύ  το 
πληκτικόν  εχοιεν,  πώς  ούχι  πολλώ  πλέον  αν  το 
ΤΓΐ^ανόν  τοΰτο  και  το  άλογον  εκβάλλοιμεν  της 
ημετέρας  παραδοχής; 

'Αλλ'    ότι   μεν    άπό8ειζιν  χρη    ζητεΐν   του    προ- 
κείμενου   θεωρήματος   8ηλον   εκ   τούτων,    και    ότι 


"  For  GernJnus,  v.  infra,  p.  370  η.  ο. 
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immediate  reason  for  believing  that  the  straight  hnes 
converge  and  meet.  To  such,  Geminus  <*  rightly 
rejoined  that  we  have  learnt  from  the  pioneers  of  this 
science  not  to  incline  our  mind  to  mere  plausible, 
imaginings  when  it  is  a  question  of  the  arguments 
to  be  used  in  geometry.  For  Aristotle  *  says  it  is 
as  reasonable  to  demand  scientific  proof  from  a 
rhetorician  as  to  accept  mere  plausibilities  from  a 
geometer,  and  Simmias  is  made  to  say  by  Plato  "  that 
he  "  recognizes  as  quacks  those  who  base  their  proofs 
on  probabilities."  In  this  case  the  convergence  of 
the  straight  lines  by  reason  of  the  lessening  of  the 
right  angles  is  true  and  necessary,  but  the  statement 
that,  since  they  converge  more  and  more  as  they  are 
produced,  they  will  some  time  meet  is  plausible  but 
not  necessary,  unless  some  argument  is  produced  to 
show  that  this  is  true  in  the  case  of  straight  lines. 
For  the  fact  that  there  are  certain  lines  which  con- 
verge indefinitely  but  remain  non-secant,  although 
it  seems  improbable  and  paradoxical,  is  nevertheless 
true  and  well-established  in  the  case  of  other  species 
of  lines.  May  not  this  same  thing  be  possible  in  the 
case  of  straight  lines  as  happens  in  the  case  of  those 
other  lines  ?  For  until  it  is  established  by  rigid 
proof,  the  facts  shown  in  the  case  of  other  lines  may 
turn  our  minds  the  other  way.  And  though  the  con- 
troversial arguments  against  the  meeting  of  the  two 
lines  should  contain  much  that  is  surprising,  is  that 
not  all  the  more  reason  for  expelling  this  merely 
plausible  and  irrational  assumption  from  our  accepted 
teaching  ? 

It  is  clear  that  a  proof  of  the  theorem  in  question 
must  be  sought,  and  that  it  is  alien  to  the  special 

»  Eth.  Nic.  i.  3.  4,  1094  b  25-27.  •  Pltaedo  92  d. 
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rrjs  των  αιτημάτων  €στΙν  άλλότριον  ΙΒιότητος, 
πώς  δε  άττοδει/ίτίον  αυτό  καΐ  δια  ττοίων  λόγων 
άναίρ€Τ€ον  τάς  προς  αντο  φ^ρομίνας  ενστάσεις, 
τηνίκαΰτα  Χ^κτέον,  ηνίκα  αν  καΐ  6  στοιχβίωτης 
αύτοΰ  μ€λλΎ)  ποί€Ϊσθαι  μνήμην  ως  €ναργ€Ϊ  προσ- 
χρώμενος.  τότ€  γαρ  άναγκαΐον  αύτοΰ  δεΓ^^αι 
την  βνάργααν  ουκ  άναποΒείκτως  προφαίνομ4νην 
αλλά  δι'  άτΓοδει^εων  γνώριμον  γιγνομ4νην. 

(ϋ.)  Posidonius  and  Geminus 

Ibid.,  ed.  Friedlein  176.  5-10 

Kai  ό  μεν  Ένκλζβης  τούτον  ορίζεται  τον  τρόπον 
τας  παραλλήλους  ζύθζίας,  6  δε  Τίοσβώώνίος, 
παράλληλοι,  φησίν,  elalv  at  μήτ€  συνεύουσαι,  μήτ€ 
άπονεύουσαι    iv    ivi    εττιττεδω,    αλλ     ϊσας    βχουσαί 

'  i.e.,  Eucl.  i.  28. 

*  Posidonius  was  a  Stoic  and  the  teacher  of  Cicero  ;  he 
was  born  at  Apamea  and  taught  at  Rhodes,  flourishing 
151-135  B.C.  He  contributed  a  number  of  definitions  to 
elementary  geometry,  as  we  know  from  Proclus,  but  is  more 
famous  for  a  geographical  work  On  the  Ocean  (lost  but 
copiously  quoted  by  Strabo)  and  for  an  astronomical  work 
Uepl  μΐτΐώρων.  In  this  he  estimated  the  circumference  of 
the  earth  (v.  supra,  p.  267)  and  he  also  wrote  a  separate  work 
on  the  size  of  the  sun. 

*  As  with  so  many  of  the  great  mathematicians  of  antiquity, 
we  know  practically  nothing  about  Geminus's  life,  not  even 
his  date,  birthplace  or  the  correct  spelling  of  his  name.  As 
he  wrote  a  commentary  on  Posidonius's  Περί  μ€Τ€ωρων,  we 
have  an  upper  limit  for  his  date,  and  "  the  view  most  gener- 
ally accepted  is  that  he  was  a  Stoic  philosopher,  born  prob- 
ably in  the  island  of  Rhodes,  and  a  pupil  of  Posidonius,  and 
that  he  wrote  about  73-67  b.c.  "  (Heath,  H.G.M.  ii.  223). 
Further  details  may  be  found  in  Manitius's  edition  of  the 
so-called  Gemini  elementa  astronomiae, 

Geminus  wrote  an  encyclopaedic  work  on  mathematics 
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character  of  the  Postulates.  But  how  it  should  be 
proved,  and  by  what  sort  of  arguments  the  objections 
made  against  it  may  be  removed,  must  be  stated  at 
the  point  where  the  writer  of  the  Elements  is  about 
to>recall  it  and  to  use  it  as  obvious.*'  Then  it  Λνίΐΐ 
be  necessary  to  prove  that  its  obvious  character  does 
not  appear  independently  of  proof,  but  by  proof  is 
made  a  matter  of  knowledge. 

(ii.)  Posidonius^  and  Geminus* 
Ibid.,  ed.  Friedlein  176.  5-10 

Such  is  the  manner  in  which  Euclid  defines  parallel 
straight  lines,  but  Posidonius  says  that  parallels  are 
lines  in  one  plane  which  neither  converge  nor  diverge 

which  is  referred  to  by  ancient  writers  under  various  names, 
but  that  used  by  Eutocius  {Ίων  μαθημάτων  θεωρία,  V.  supra, 
pp.  280-281)  was  most  proloably  the  actual  title.  It  is  un- 
fortunately no  longer  extant,  but  frequent  references  are 
made  to  it  by  Proclus,  and  long  extracts  are  preserved  in  an 
Arabic  commentary  by  an-NairizT. 

It  is  from  this  commentary  that  Geminus  is  known  to  have 
attempted  to  prove  the  parallel-postulate  by  a  definition  of 
parallels  similar  to  that  of  Posidonius.  The  method  is  repro- 
duced in  Heath,  H.O.M.  ii.  228-230.  It  tacitly  assumes 
"  Playfair's  axiom,"  that  through  a  given  point  only  one 
parallel  can  be  drawn  to  a  given  straight  line;  this  axiom 
— which  was  explicitly  stated  by  Proclus  in  his  commentary 
on  Eucl.  i,  30  (Procl.  in  Eucl.  i.,  ed.  Friedlein  374. 18-370.  3)— 
is,  in  fact,  equivalent  to  Euclid's  Postulate  5.  Saccheri  noted 
an  even  more  fundamental  objection,  that,  before  Geminus's 
definition  of  parallels  can  be  used,  it  has  to  be  proved  that 
the  locup  of  points  equidistant  from  a  straight  line  is  a  straight 
line ;    and  this  cannot  be  done  without  some  equivalent 

Eostulate.  Nevertheless,  Geminus  deserves  to  be  held  in 
onour  as  the  author  of  the  first  known  attempt  to  prove  the 
parallel-postulate,  a  worthy  predecessor  to  Lobachewsky 
and  Riemann. 
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ττάσας  τα?  καθέτονζ  τας  άγομβνας  άπο  των  της 
irepas  σημείων  im  την  λοίπην. 

(iii.)  Ptohmy 
Ibid.,  ed.  Friedlein  362.  12-363.  19 

*Αλλ'  δττως  μεν  6  'Στοίχ€ίωτης  8€ίκννσιν  οτι 
δυο  όρθαΐς  Ισων  ούσων  των  ivTos  αί  €ύθ€Ϊαι 
παράλληλοι  elai,  φανβρον  e/c  των  γβγραμμ^νων. 
ΧΙτολζμαΐος  8e  ev  οΐζ  άποΒζΐζαι  TTpoeOcTO  τάς  άττ' 
€λαττόνων  η  δυο  ορθών  €κβαλλομ4νας  συμπίτττ€ΐν, 
βφ'  ά  μίρη  elalv  at  των  Βυο  ορθών  ίλάσσονζς, 
τοντο  προ  πάντων  Sclkvvs  το  θεώρτημα  το  hvelv 
όρθαΐς  Ισων  ύπαρχουσών  τών  €ντ6ς  παραλλήλους 
tfvai  τα?  ζύθβίας  οΰτω  πως  SciKwaiv, 

"Εστωσαν  δυο  ευ^ειαι  at  ΑΒ,  ΓΔ,  και  τ€μν€τω 
τι,ς  αυτά?  ^νθ^Ια  rj   ΕΖΗΘ,   ώστ€  τάς  ύπο  ΒΖΗ 


καΐ  νπο  ΖΗΔ  γωνίας  δυο  όρθαΐς  ΐσας  ττοιεΐν. 
λέγω  ΟΤΙ,  παράλληλοι  elaiv  αί  ζύθζΐαι,  τουτέστιν 
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but  the  perpendiculars  drawn  from  points  on  one  of 
the  Unas  to  the  other  are  all  equal, 

(iii.)  Ptolemy  • 
Ibid.,  ed.  Friedlein  362.  12-363.  18 

How  the  writer  of  the  Elements  proves  that,  if  the 
interior  angles  be  equal  to  two  right  angles,  the 
straight  lines  are  parallel  is  clear  from  what  has  been 
written.  But  Ptolemy,  in  the  work  ''  in  which  he 
attempted  to  prove  that  straight  lines  produced  from 
angles  less  than  two  right  angles  will  meet  on  the 
side  on  which  the  angles  are  less  than  two  right 
angles,  first  proved  this  theorem,  that  if  the  interior 
angles  be  equal  to  two  right  angles  the  lines  are  parallel, 
and  he  proves  it  somewhat  after  this  fashion. 

Let  the  two  straight  lines  be  AB,  ΓΔ,  and  let  any 
straight  line  ΕΖΗΘ  cut  them  so  as  to  make  the  angles 
BZH  and  ΖΗΔ  equal  to  two  right  angles.  I  say  that 
the  straight  Unes  are  parallel,  that  is  they  are  non- 

•  For  the  few  details  known  about  Ptolemy,  v,  infra, 
p.  408  and  n.  b. 

'  This  work  is  not  otherwise  known. 
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ασύμπτωτοι  elatv.  el  γαρ  Βυνατόν,  συμπίπτω' 
τωσαν  €κβαλλόμ€ναι  at  ΒΖ,  ΗΔ  κατά  το  Κ. 
enel  oSv  evOela  ι^  HZ  €φ€στ7]Κ€ν  em  την  ΑΒ,  Βύο 
όρθαΐς  Ισας  ττοιει  τα?  ύττό  ΑΖΗ,  ΒΖΗ  γωνίας, 
ομοίως  8e,  eTret  ΐ]  HZ  ΐφ^στηκεν  irri  την  ΓΔ,  δυο 
όρθαΐς  ίσα?  ποί€Ϊ  τάς  ύπο  ΓΗΖ,  ΔΗΖ  γωνίας, 
αΐ  τ€σσαρ€ς  άρα  at  ύττό  ΑΖΗ,  ΒΖΗ,  ΓΗΖ,  ΔΗΖ 
τ€τρασιν  όρθαΐς  taat  elaiv,  ων  αϊ  δυο  at  υπό  ΒΖΗ, 
ΖΗΔ  δυο  όρθαΐς  νπόκ€ΐνται  Ισαι.  λοιπαι  αρα 
at  ύττό  ΑΖΗ,  ΓΗΖ  και  αύται  δυο  όρθαΐς  ισαι. 
€1  ουν  at  ΖΒ,  ΗΔ  δυο  όρθαΐς  ίσων  ονσών  των 
ivTOS  €κβαλλόμ€ναί  συνέπεσαν  κατά  το  Κ,  και 
αι  ΖΑ,  Η  Γ  €κβαλλόμ€ναί  συμπεσοΰνται.  δυο 
γαρ  όρθαΐς  και  αι  υπό  ΑΖΗ,  ΓΗΖ  ισαι  ζΐσίν. 
η  γαρ  κατ  αμφότερα  συμποσούνται  αι  eiJ^eiat, 
^  κατ'  ουδέτερα,  €i7rep  και  αύται  κακεΐναι  δυο 
όρθαΐς  βισιν  ισαι.  συμπιπτέτωσαν  οΰν  αϊ  ILK, 
Η  Γ  κατά  το  Λ.  αί  αρα  ΛΑΒΚ,  ΑΓΔΚ  eWuai 
■χωρίον  περιίγουσιν,  όπερ  αΒύνατον.  ουκ  άρα 
Ζυνατόν  εστίν  δυο  όρθαΐς  ΐσων  ούσών  των  εντός 
συμπίτττειν  τάς  ευθείας,     παράλληλοι  άρα  είσίν. 

Ibid.,  ed.  Friedlein  365.  5-367.  27 

"HBrj  μεν  οΰν  και  άλλοι  τίνες  ώς  θεώρημα  προ- 
τάζαντες  τοϋτο  αίτημα  παρά  τω  Σιτοιχειωτ^  ληφθέν 
άποΒείζεως  ηζίωσαν.     Βοκεΐ  δε  και  ο  ΐΐτολεμαιος 

•  There  is  a  Common  Notion  to  this  effect  interpolated  in 
the  text  of  Euclid  ;  v.  vol.  i.  pp.  444  and  445  n.  a. 

"  The  argument  would  have  been  clearer  if  it  had  been 
proved  that  the  two  interior  angles  on  one  side  of«ZH  were 
severally  equal  to  the  two  interior  angles  on  the  other  side, 
that  is  ΒΖΙΙ  =  ΓΗΖ  and  ΔΗΖ  =  ΑΖΗ;  whence,  if  ZA,  ΠΓ 
meet  at  A,  the  triangle  ΖΗΛ  can  be  rotated  about  the  mid- 
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secant.  For,  if  it  be  possible,  let  BZ,  ΗΔ,  when  pro- 
duced, meet  at  K.  Then  since  the  straight  line  HZ 
stands  on  AB,  it  makes  the  angles  AZH,  BZH  equal 
to  two  right  angles  [Eucl.  i.  13].  Similarly,  since 
HZ  stands  on  ΓΔ,  it  makes  the  angles  ΓΗΖ,  ΔΗΖ 
equal  to  two  right  angles  [ibid.^.  Therefore  the  four 
angles  AZH,  BZH,  ΓΗΖ,  ΔΗΖ  are  equal  to  four  right 
angles,  and  of  them  two,  BZH,  ΖΗΔ,  are  by  hypo- 
thesis equal  to  two  right  angles.  Therefore  the 
remaining  angles  AZH,  ΓΗΖ  are  also  themselves 
equal  to  two  right  angles.  If  then,  the  interior 
angles  being  equal  to  two  right  angles,  ZB,  ΗΔ  meet 
at  Κ  when  produced,  ZA,  ΗΓ  will  also  meet  when 
produced.  For  the  angles  AZH,  ΓΗΖ  are  also  equal 
to  two  right  angles.  Therefore  the  straight  lines  will 
either  meet  on  both  sides  or  on  neither,  since  these 
angles  also  are  equal  to  two  right  angles.  Let  Ζ  A, 
ΗΓ  meet,  then,  at  A.  Then  the  straight  lines  ΛΑΒΚ, 
ΑΓΔΚ  enclose  a  space,  which  is  impossible."  There- 
fore it  is  not  possible  that,  if  the  interior  angles  be 
equal  to  two  right  angles,  the  straight  lines  should 
meet.     Therefore  they  are  parallel.*' 

Ibid.,  ed.  Friedlein  365.  δ-367.  27 

Therefore  certain  others  already  classed  as  a 
theorem  this  postulate  assumed  by  the  writer  of  the 
Elements  and  demanded  a  proof.     Ptolemy  appears 

point  of  ZH  so  that  ZH  lies  where  HZ  is  in  the  figure,  while 
ZK,  HK  lie  along  the  sides  ΗΓ,  ZA  respectively  :  and  there- 
fore 1ΙΓ,  ΖΛ  must  meet  at  the  point  where  Κ  falls. 

The  proof  is  based  on  the  assumption  that  two  straight 
liiii-s  cannot  enclose  a  space.  But  Riemann  devised  a  geo- 
metry in  which  this  assumption  does  not  hold  good,  for  all 
straiglit  lines  having  a  common  point  have  another  point 
conmion  also. 
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αυτό  S^iKvvvaL  iv  τω  ττ^ρΐ  του  τα?  απ*  ίλαττόνων 
η  δυο  ορθών  €κβαλλομ€νας  συμπίτττ^ιν,  και  Βζίκνυσί 
ττολλά  ττρολαβών  των  μ^χρί  τούδε  του  θΐωρηματοζ 
ύπό  του  Σιτοιχβίωτοΰ  ττροαποΒζΒζίγμενων.  /cat 
ύττοκζίσθω  πάντα  etvac  <χληθη,  ίνα  μη  καΐ  ημ^ΐς 
οχλον  €π€ΐσάγωμ€ν  άλλον,  καΐ  ώ?  λημμάτιον  τοΰτο 
8€ίκνυσθαι  δια  των  προ€φημ4νων'  iv  δε  καΐ  τοΰτο 
των  ττρο^ζΖζΐγ μένων  το  τάς  άπο  Βυεΐν  όρθαΐς  ίσων 
€κβαλλομ€νας  μηΒαμώς  συμπίτττζίν.  λέγω  τοίνυν 
OTL  καΐ  το  άνάτταλιν  αληθές,  καΐ  το  παραλλήλων 
ούσών  των  ευθειών  καΐ  τβμνομένων  υπό  μιας 
€V0€Las  TOLS  ivTos  και  εττι  τα  αυτά  μέρη  γωνίας 
Βυο  όρθαΐς  ΐσας  είναι,  ανάγκη  γαρ  την  τέμνουσαν 
τάς  παραλλήλους  η  8υο  όρθαΐς  ΐσας  ποΐ€Ϊν  τάς 
εντός  και  εττι  τά  αί5τά  μέρη  γωνίας  η  8υο  ορθών 
έλάσσους  η  μ^ίζους.  €στωσαν  ουν  παράλληλοι 
αϊ  ΑΒ,  ΓΔ,  και  έμπιπτέτω  ει?  αυτά?  η  ΗΖ; 
λέγω  ΟΤΙ  ου  ττοιεΓ  Βυο  ορθών  μβίζους  τάς  εντός 
και  επι  τά  αιπ-ά.     ει  γαρ  at  ύπό  ΑΖΗ,  ΓΗΖ  δυο 

Α  ζ  Β 


ΓΗ  Λ 

ορθών  μΐίζους,  αί  λοιπαι  αί  υπό  ΒΖΗ,  ΔΗΖ  δυο 
ορθών  έλάσσους.  αλλά  και  δυο  ορθών  μ^ίζους 
αι  αύται•  ουδέν  γαρ  μάλλον  αί  ΑΖ,  ΓΗ  παράλ- 
ληλοι η  ΖΒ,  ΗΔ,  ώστε  ει  ή  έμπ^σοΰσα  ει?  τά? 
ΑΖ,  ΓΗ  δυο  ορθών  μίίζους  ττοιεϊ  τά?  βντό?,  και 
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to  have  proved  it  in  his  book  on  the  proposition  that 
straight  lines  drawn  from  angles  less  than  two  right 
angles  meet  if  produced,  and  he  uses  in  the  proof 
many  of  the  propositions  proved  by  the  writer  of 
the  Elements  before  this  theorem.  Let  all  these  be 
taken  as  true,  in  order  that  we  may  not  introduce 
another  mass  of  propositions,  and  by  means  of  the 
aforesaid  propositions  this  theorem  is  proved  as  a 
lemma,  that  straight  lines  drawn  from  two  angles  to- 
gether equal  to  two  right  angles  do  not  meet  when  pro- 
duced"'— for  this  is  common  to  both  sets  of  preparatory 
theorems.  I  say  then  that  the  converse  is  also  true, 
that  if  parallel  straight  lines  be  cut  hy  one  straight  line 
the  interior  angles  on  the  same  side  are  equal  to  two  right 
angles.^  For  the  straight  hne  cutting  the  parallel 
straight  lines  must  make  the  interior  angles  on  the 
same  side  equal  to  two  right  angles  or  less  or  greater. 
Let  AB,  ΓΔ  be  parallel  straight  lines,  and  let  HZ  cut 
them  ;  I  say  that  it  does  not  make  the  interior  angles 
on  the  same  side  greater  than  two  right  angles.  For 
if  the  angles  AZH,  Γ  HZ  are  greater  than  two  right 
angles,  the  remaining  angles  BZH,  ΔΗΖ  are  less 
than  two  right  angles."  But  these  same  angles  are 
greater  than  two  right  angles  ;  for  AZ,  ΓΗ  are  not 
more  parallel  than  ZB,  ΗΔ,  so  that  if  the  straight  line 
falling  on  AZ,  ΓΗ  make  the  interior  angles  greater 
than  two  right  angles,  the  same  straight  line  falling 

"  This  is  equivalent  to  Eucl.  i.  28. 
"  This  is  equivalent  to  Eucl.  i.  29.  • 

•  By  Eucl.  i.  13,  for  the  angles  AZH,  BZH  are  together 
equal  to  two  right  angles  and  so  are  the  angles  ΓΗΖ ,  ΔΗΖ. 
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•η  ζίς  τα?  ΖΒ,  Η  Δ  βμπίτττονσα  δυο  ορθών  ττοίησα 
μζίζονς  τάς  €ντός•  αλλ'  αϊ  αύται  καΐ  δυο  ορθών 
ελάσσονς'  ai  γαρ  τέσσαρες  at  νττο  ΑΖΗ,  ΓΗΖ, 
ΒΖΗ,  ΔΗ  Ζ  rerpaaiv  όρθαΐς  ΐσαΐ'  δττζρ  αδύνατον, 
ομοίως  Βη  Β€ίζομ€ν  οτι  ets"  τάς  παράλληλους 
€μπίτΓτουσα  ου  ποί€Ϊ  δυο  ορθών  €λάσσονς  τάς 
€ντ6ς  καΐ  em  τα  αυτά  μ€ρη  γωνίας,  el  δε  μήτ€ 
μβίζους  μήτξ  ελάσσους  ττοιεΓ  τών  Βύο  ορθών, 
λζίττεται  την  ζμπίτττουσαν  Βύο  όρθαΐς  ΐσας  TToietv 
τάς  €ντ6ς  και  em  τα  αυτά  μ€ρη  γωνίας. 

Τούτου  Βη  οΰν  προΒεΒ^ιγμ^νου  το  ττροκςίμενον 
αναμφισβητήτως  άποΒβίκνυται.  λέγω  γάρ  οτι  iav 
eiy  Βύο  ευθείας  eu^eta  εμπίπτουσα  τάς  €ντός  και 
€πΙ  τά  αυτά  μέρη  γωνίας  Βύο  ορθών  έλάσσονας  ποιη, 
σνμπ€σοΰνται  αΐ  eu^eiat  ^κβαλλόμ^ναι,  e^'  α  μίρη 
elaiv  αϊ  τών  Βύο  ορθών  ελάσσονες .  μη  γάρ  συμ- 
πιπτ4τωσαν.  αλλ'  et  άσύμπτωτοί  είσιν,  έφ*  α. 
μέρη  at  τών  Βύο  ορθών  €λάσσον€ς,  πολλώ  μάλλον 
€σονται  ασύμπτωτοι  έπι  θάτβρα,  έφ'  α  τών  Βύο 
ΐΐσΐν  ορθών  αϊ  μζίζον€ς,  ώστζ  e0'  ίκάτ^ρα  αν  etev 
ασύμπτωτοι  at  eu^etat.  ei  Be  τοΰτο,  παράλληλοι 
€.1σιν.  αλλά  BeBeiKTai  οτι  η  et?  τάς  παράλληλους 
εμπίπτουσα  τάς  εντός  και  έπΙ  τά  αυτά  μέρη  Βύο 
όρθαΐς  ΐσας  ποιησ€ΐ  γωνίας,  at  αύται  αρα  και  Βύο 
όρθαΐς  ισαι  και  Βύο  ορθών  €λάσσoveς,  οπ€ρ 
άΒύνατον. 

Ύαΰτα   πpoBeBeιχώς   6    ΙΙτολ€μαΐος   και    καταν- 

'  See  note  c  on  p.  377. 

*  The  £α11ας^  lies  in  the  assumption  that  "  AZ,  ΓΗ  are  not 
more  parallel  than  ZB,  ΗΔ,"  so  that  the  angles  BZH,  ΔΗΖ 
must  also  be  greater  than  two  right  angles.     This  assump- 
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on  ZB,  ΗΔ  also  makes  the  interior  angles  greater 
than  two  right  angles  ;  but  these  same  angles  are  less 
than  two  right  angles,  for  the  four  angles  AZH,  ΓΗΖ, 
BZH,  ΔΗΖ  are  equal  to  four  right  angles  "  ;  which  is 
impossible.  Similarly  we  may  prove  that  a  straight 
line  falling  on  parallel  straight  Unes  does  not  make 
the  interior  angles  on  the  same  side  less  than  two 
right  angles.  But  if  it  make  them  neither  greater 
nor  less  than  two  right  angles,  the  only  conclusion 
left  is  that  the  transversal  makes  the  interior  angles 
on  the  same  side  equal  to  two  right  angles.* 

With  this  preliminary  proof,  the  theorem  in  ques- 
tion is  proved  beyond  dispute.  I  mean  that  if  a 
straight  line  falling  on  two  straight  Unes  make  the  interior 
angles  on  the  same  side  less  than  two  right  angles,  the  two 
straight  lines,  if  produced,  will  meet  on  that  side  on  which 
are  the  angles  less  than  two  right  angles.  For  [,  if 
possible,]  let  them  not  meet.  But  if  they  are  non- 
secant  on  the  side  on  which  are  the  angles  less  than 
two  right  angles,  by  much  more  will  they  be  non- 
secant  on  the  other  side,  on  which  are  the  angles 
greater  than  two  right  angles,  so  that  the  straight 
lines  would  be  non-secant  on  both  sides.  Now  if  this 
should  be  so,  they  are  parallel.  But  it  has  been 
proved  that  a  straight  hne  falling  on  parallel  straight 
lines  makes  the  interior  angles  on  the  same  side  equal 
to  two  right  angles.  Therefore  the  same  angles  are 
both  equal  to  and  less  than  two  right  angles,  which 
is  impossible. 

Having  first  proved  these  things  and  squarely  faced 

tion  is  equivalent  to  the  hypothesis  that  through  a  given 

Eoint  only  one  parallel  can  be  drawn  to  a  given  straight  line  ; 
ut  this  hypothesis  can  be  proved  equivalent  to  Euclid's 
postulate.  It  is  known  as  "  Playfair's  Axiom,"  but  is,  in 
fact,  stated  by  Proclus  In  his  note  on  Eucl.  i.  81. 
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τήσας  eij  το  προκζίμβνον  άκριβέστ^ρόν  τι  ττροσ' 
θζΐναι  βονλζται  και  δει^αι  δτι,  iav  ciV  δυο  cvdeias 
evdeia  εμπίπτουσα  τας  evTOS  καΐ  βπΐ  τα  αυτά 
μ€ρη  8υο  ορθών  ποιτ]  iXdaaovas,  ου  μόνον  ουκ 
elalv  ασύμπτωτοι  αϊ  ey^etat,  ώς  SeSei/crai,  άλλα 
και  η  σνμπτωσις  αυτών  κατ  €Κ€Ϊνα  γίνεται  τα 
μίρη,  €φ'  α  at  τών  Βυο  ορθών  ελάσσονες ,  ουκ  εφ* 
α  at  μείζονες,  εστωσαν  γαρ  δυο  εύθεΐαι  αί  ΑΒ, 
ΓΔ  και  εμπίπτουσα  εις  αύτάς  ή  ΕΖΗΘ  ποιείτω 
τας  ύπο  ΑΖΗ  και  ύπο  ΓΗΖ  δυο  ορθών  ελάσσους. 


Β 


►Κ 


Ή 


at  λοιτται  αρα  μείζους  δυο  ορθών,  δτι  μεν  [οΰν]^ 
ουκ  ασύμπτωτοι  αί  ew^eiat  8ε8εικται.  ει  8ε  συμ- 
πίπτουσιν,  η  επί  τα  Α,  Γ  συμπεσοΰνται,  rj  επι 
τα  Β,  Δ.  συμπιπτετωσαν  επι  τα  Β,  Δ  κατά  το 
Κ.  επεί  ουν  αί  μεν  ύπο  ΑΖΗ  και  ΓΗΖ  δυ'ο 
ορθών  είσιν  ελάσσους,  αί  8ε  ύπο  ΑΖΗ,  ΒΖΗ  δυο 
όρθαΐς  ισαι,  κοινής  άφαιρεθείσης  της  ύπο  ΑΖΗ, 
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the  theorem  in  question,  Ptolemy  tries  to  make  a  more 
precise  addition  and  to  prove  that,  if  a  straight  line 
falling  on  two  straight  lines  make  the  interior  angles 
on  the  same  side  less  than  two  right  angles,  not  only- 
are  the  straight  lines  not  non-secant,  as  has  been 
proved,  but  their  meeting  takes  place  on  that  side  on 
which  the  angles  are  less  than  two  right  angles,  and 
not  on  the  side  on  which  they  are  greater.  For  let 
AB,  ΓΔ  be  two  straight  lines  and  let  ΕΖΗΘ  fall  on 
them  and  make  the  angles  AZH,  ΓΗΖ  less  than  two 
right  angles.  Then  the  remaining  angles  are  greater 
than  two  right  angles  [Eucl.  i.  13].  Now  it  has  been 
proved  that  the  straight  lines  are  not  non-secant.  If 
they  meet,  they  will  meet  either  on  the  side  of  A,  Γ 
or  on  the  side  of  B,  Δ.  Let  them  meet  on  the  side 
of  B,  Δ  at  K.  Then  since  the  angles  AZH,  ΓΗΖ  are 
less  than  two  right  angles,  while  the  angles  AZH, 
BZH  are  equal  to  two  right  angles,  when  the  common 
angle  AZH  is  taken  away,  the  angle  ΓΗΖ  will  be  less 


oiv  is  clearly  out  of  place. 
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η  νπο  ΓΗ  Ζ  ίλάσσων  earat  της  ύττο  ΒΖΗ. 
τριγώνου  άρα  του  ΚΖΗ  ή  €κτ6ς  της  €ντ6ς  καΐ 
άττεναντίον  Ιλάσσων,  oirep  άΒυνατον.  ουκ  αρα 
κατά  ταΰτα  συμττίτττουσιν .  άλλα  μην  συμπιπτουσί. 
κατά  θάτ€ρα  άρα  η  συμπτωσις  αυτών  εσται,  καθ 
α  at  των  δυο  ορθών  elatv  eXaaaoves. 

(iv.)  Proclus 
Ibid.,  ed.  Friedlein  371.  23-373.  2 

Ύουτου  8η  ττρουττοτεθ εντός  λ4γω  οτι,  eav  παραλ' 
ληλων  εύθαών  την  CTcpav  re/xvet  τις  ςύθέΐα,  re/Ltet 
και  την  λοιπην. 

"Εστωσαν  γάρ  παράλληλοι  αΐ  ΑΒ,  ΓΔ,  καΐ 
τΐμνετω    την    ΑΒ    ή    ΕΖΗ.      λέγω    οτι    την    ΓΔ 

Ε 


ΈτΓβι  γάρ  δυο  ίύθζΐαί  eiuiv  άφ*  €ν6ς  σημείου 
του  Ζ,  €1?  άπειρον  βκβαλλόμεναι  αί  ΒΖ,  ΖΗ, 
παντός  μεγέθους  μείζονα  εχουσι  Βιάστασιν,  ωστβ 
και  τούτου,  όσον  εστί  το  μεταζύ  τών  παραλλήλων. 
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than  the  angle  BZH.  Therefore  the  exterior  angle 
of  the  triangle  KZH  will  be  less  than  the  interior  and 
opposite  angle,  which  is  impossible  [Eucl.  i.  16]. 
Therefore  they  will  not  meet  on  this  side.  But  they 
do  meet.  Therefore  their  meeting  will  be  on  the 
other  side,  on  which  the  angles  are  less  than  two 
right  angles. 

(iv.)  Proclu» 
Ibid.,  ed.  Friedlein  371.  23-373.  2 

This  having  first  been  assumed,  I  say  that,  if  any 
straight  line  cut  one  of  parallel  straight  lines,  it  will  cut 
the  other  also. 

For  let  AB,  ΓΔ  be  parallel  straight  lines,  and  let 
EZH  cut  AB.     I  say  that  it  will  cut  ΓΔ. 

For  since  BZ,  ZH  are  two  straight  lines  drawn  from 

one  point  Z,  they  have,  when  produced  indefinitely, 

a  distance  greater  than  any  magnitude,  so  that  it  will 

also  be  greater  than  that  between  the  parallels. 
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όταν  ovv  μ€Ϊζον  αλλήλων  Βιαστώσίν  της  τούτων 
διαστάσεω?  re/xet  η  TjH  την  ΓΔ.  iav  άρα  τταραλ- 
λήλων  την  ίτέραν  Τ€μνη  τις  ζύθ^ΐα,  τεμεΐ  και  την 
λοιπην. 

Τούτου  προαποΒίίχθξντος  ακολούθως  Ββίζομεν 
το  ττροκζίμ^νον.  €στωσαν  γαρ  Svo  evdeTai  at 
ΑΒ,  ΓΔ,  και  Ιμττηττέτω  εΙς  αυτά?  η  ΕΖ  ελάσ- 
σονα? hvo  ορθών  ττοιονσα  τάς  νπο  ΒΕΖ,  ΔΖΕ/ 
λίγω  ΟΤΙ  συμποσούνται  αΐ  etJ^etat  κατά  ταύτα  τά 
μ€ρη,  €φ*  α  αΐ  των  8ύο  ορθών  οίσιν  ελάσσους. 

Εττειδ?)  γαρ  at  ύπό  ΒΕΖ,  ΔΖΕ  ΐ,λάσσους  etat 
δυο  ορθών,  τη  υπέροχη  τών  δυο  ορθών  €στω  Ιση 
η  ύπό  ΘΕΒ.  και  οκβββλησθω  η  ΘΕ  em  το  Κ. 
eVei  ot;v  cis  τάς  ΚΘ,  ΓΔ  βμπβπτωκεν  ή  ΈιΤα  και 
ποΐ€Ϊ  τάς  εντός  ^ύο  όρθαΐς  ΐσας  τάς  ύπό  ΘΕΖ, 
ΔΖΕ,  παράλληλοι  οίσιν  αϊ  ΘΚ,  ΓΔ  eu^eiat.  και 
τόμνει  την  ΚΘ  η  ΑΒ*  τ€μ€Ϊ  άρα  καΐ  την  ΓΔ  δια 
τό  προ^€^βιγμΙνον .  συμποσούνται  άρα  at  ΑΒ, 
ΓΔ  κατά  τά  μόρη  €Κ€Ϊνα,  e^'  ά  at  τών  Βύο  ορθών 
ελάσσονος,  ώστ€  SeSeiKTai  τό  προκοίμονον. 

*  ΔΕΖ  codd.,  correxi. 


"  The  method  is  ingenious,  but  Clavius  detected  the  flaw, 
which  lies  in  the  initial  assumption,  taken  from  Aristotle,  that 
two  divergent  straight  lines  will  eventually  be  so  far  apart 
that  a  perpendicular  drawn  from  a  point  on  one  to  the  other 
will  be  greater  than  any  assigned  distance ;  Clavius  draws 
attention  to  the  conchoid  of  Nicomedes  {v.  vol.  i.  pp.  298- 
301),  which  continually  approaches  its  asymptote,  and  there- 
fore continually  gets  farther  away  from  the  tangent  at  the 
vertex  ;  but  the  perpendicular  from  any  point  on  the  curve 
to  that  tangent  will  always  be  less  than  the  distance  between 
the  tangent  and  the  asymptote. 
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Whenever,  therefore,  they  are  at  a  distance  from  one 
another  greater  than  the  distance  between  the 
parallels,  ZH  will  cut  ΓΔ.  If,  therefore,  any  straight 
line  cuts  one  of  parallels,  it  will  cut  the  other  also. 

This  having  first  been  established,  we  shall  prove 
in  turn  the  theorem  in  question.  For  let  AB,  ΓΔ  be 
two  straight  lines,  and  let  EZ  fall  on  them  so  as  to 


make  the  angles  BEZ,  ΔΖΕ  less  than  two  right  angles. 
I  say  that  the  straight  lines  will  meet  on  that  side  on 
which  are  the  angles  less  than  two  right  angles. 

For  since  the  angles  BEZ,  ΔΖΕ  are  less  than  two 
right  angles,  let  the  angle  ΘΕΒ  be  equal  to  the  excess 
of  the  two  right  angles.  And  let  ΘΕ  be  produced 
to  K,  Then  since  EZ  falls  on  ΚΘ,  ΓΔ  and  makes  the 
interior  angles  ΘΕΖ,  ΔΖΕ  equal  to  two  right  angles, 
the  straight  hnes  ΘΚ,  ΓΔ  are  parallel.  And  AB  cuts 
ΚΘ  ;  therefore,  by  what  was  before  shown,  it  will 
also  cut  ΓΔ.  Therefore  AB,  ΓΔ  will  meet  on  that 
side  on  which  are  the  angles  less  than  two  right 
angles,  so  that  the  theorem  in  question  is  proved.*» 
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(c)    ISOPERIMETRIC    FiGURES 

Theon.  Alex,  in  Ptol.  Math.  Syn.  Comm.  i.  3,  ed.  Rome, 

Studi  e  Testi,  Ixxii.  (1936),  354.  19-357.  22 

Ώσαιίτω?  δ'  otl,  των  ΐσην  π€ρίμ€τρον  €χόντων 
σχημάτων  Βιαφόρων,  inetSr]  μζίζονά  εστίν  τα 
πολυγωνότ€ρα,  των  μέν  ετηττύ^ων  6  κύκλος  γίνεται 
μίίζων,  των  Be  στζρεών  rj  σφαίρα." 

ΪΙοιησόμζθα  δη  την  τούτων  άποΒβίξιν  iv  cttito/x^ 
€Κ  των  Τ^ηνοΒώρω  ΒβΒζί,γμ^νων  iv  τω  Πβρι  Ισοττζρι- 
μέτρων  σχημάτων. 

Τώι/   Ισην   ττίρίμετρον   εχόντων   τεταγμένων   «5- 


•  Ptolemy,  Math,  Syn.  i.  3,  ed.  Heiberg  i.  pars  i.  13.  16-19. 

*  Zenodorus,  as  will  shortly  be  seen,  cites  a  proposition  by 
Archimedes,  and  therefore  must  be  later  in  date  than  Archi- 
medes ;  as  he  follows  the  style  of  Archimedes  closely,  he  is 
generally  put  not  much  later.     Zenodorus's  work  is  nol 
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(c)    ISOPERIMETRIC    FiGURES 

Theon  of  Alexandria,  Commentary  on  Ptolemy^s  Syntaxis 
i.  3,  ed.  Rome,  Studi  β  Testi,  Ixxii.  (1936),  354.  19-357.  22 

"  In  the  same  way,  since  the  greatest  of  the  various 
figures  having  an  equal  perimeter  is  that  which  has 
most  angles,  the  circle  is  the  greatest  among  plane 
figures  and  the  sphere  among  solid."  " 

We  shall  give  the  proof  of  these  propositions  in  a 
summary  taken  from  the  proofs  by  Zenodorus  *  in  his 
book  On  Isoperimetric  Figures. 

Of  all  reailinear  figures  having  an  equal  perimeter— 


extant,  but  Pappus  also  quotes  from  it  extensively  {Coll.  τ• 
ad  init.),  and  so  does  the  passage  edited  by  Hultsch  (Papp. 
Coll.,  ed.  Hultsch  1138-1165)  which  is  extracted  from  an 
introduction  to  Ptolemy's  Syntaxis  of  uncertain  authorship 
{v.  Rome,  Studi  β  Testi,  liv.,  1931,  pp.  xiii-xvii).  It  is  dis- 
puted which  of  these  versions  is  the  most  faithful. 
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θυγράμμων  σχημάτων,  λέγω  Βη  Ισοπλεύρων  τί 
καΐ  Ισογωνίων ,  το  ττολυγωνότερον  μείζον  εστίν. 

"Εστω  γαρ  ισοπεριμετρα  ισόπλευρα  re  καΐ  Ισο- 
γώνυα  τά  ΑΒΓ,  ΔΕΖ,  πολνγωνότερον  8e  έστω 
το  ΑΒΓ.     λέγω,  otl  μεΐζόν  εστίν  το  ΑΒΓ. 

ΈΙληφθω  γαρ  τά  κέντρα  των  περί  τά  ΑΒΓ, 
ΔΕΖ  πολύγωνα  περιγραφομένων  κύκλων  τά  \\, 
Θ,  καΐ  επεζεύχθωσαν  at  ΗΒ,  Η  Γ,  ΘΕ,  ΘΖ.  καΐ 
ert  από  των  Η,  Θ  επΙ  τάς  ΒΓ,  ΕΖ  κάθετοι  ηχθωσαν 
αΐ  ΗΚ,  ΘΑ.  επεί  οΰν  πολνγωνότερον  εστίν  το 
ΑΒΓ  του  ΔΕΖ,  πλεονάκις  η  ΒΓ  την  του  ΑΒΓ 
περίμετρον  καταμετρεΐ  ηπερ  ή  ΕΖ  την  του  ΔΕΖ. 
και  είσίν  ί'σαι  at  περίμετροι,  μείζων  άρα  η  Έι7λ 
της  ΒΓ•  ώστε  και  η  Ε  Α  της  ΒΚ.  κείσθω  τη 
ΒΚ  ίση  ή  ΛΜ,  και  επεζεύχθω  η  ΘΜ.  καΐ  επεί 
4στιν  ως  η  ΈιΤ^  ευθεία  προς  την  του  ΔΕΖ  ττολυ- 
γώνου  περίμετρον  ούτως  η  ύπο  ΕΘΖ  προς  ο  όρθάς, 
δια  το  ίσόπλευρον  efvat  το  πολύγωνον  και  ΐσας 
άπολαμβανειν  περιφερείας  του  περιγραφομένου 
κύκλου  καΐ  τάς  προς  τω  κεντρω  γωνίας  τον  αύτον 
€χειν  λόγον  ταΐς  περιφερείαις  εφ*  ών  βεβηκασιν, 
ώς  8ε  η  του  ΔΕΖ  περίμετρος,  τουτέστιν  η  του 
ΑΒΓ,  προς  την  ΒΓ  ούτως  αί  ο  όρθαΐ  προς  την 
υπό  ΒΗΓ,  δι*  ΐσου  άρα  ώς  η  ΕΖ  προς  ΒΓ,  του- 
τέστιν η  ΕΑ  προς  AM,  ούτως  και  η  υπό  ΕΘΖ 
γωνία  προς  την  υπό  ΒΗΓ,  τουτέστιν  η  υπό  ΕΘΑ 
προς  την  υπό  Β  Η  Κ.  και  επει  η  Ε  Α  προς  AM 
μείζονα  λόγον  έχει  ηπερ  η  υπό  ΕΘΑ  γωνία  προς 
την   υπό   ΜΘΛ,   ώς   εζης   Βείζομεν,   ώς  8ε   ή   ΕΑ 

"  ΘΖ  is  not,  in  fact,  joined  in  the  ms.  figures. 

*  This  is  proved  in  a  lemma  immediately  following  the 
proposition  by  drawing  an  arc  of  a  circle  with  Θ  as  centre 
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/  mean  equilateral  and  equiangular  figures — the  greatest 
is  that  which  has  most  angles. 

For  let  ΑΒΓ,  ΔΕΖ  be  equilateral  and  equiangular 
figures  having  equal  perimeters,  and  let  ΑΒΓ  have 
the  more  angles.     I  say  that  ΑΒΓ  is  the  greater. 

For  let  H,  θ  be  the  centres  of  the  circles  circum- 
scribed about  the  polygons  ΑΒΓ,  ΔΕΖ,  and  let  HB, 
ΗΓ,  ΘΕ,  ΘΖ  «  be  joined.  And  from  H,  θ  let  HK,  ΘΛ 
be  drawn  perpendicular  to  ΒΓ,  EZ.  Then  since  ΑΒΓ 
has  more  angles  than  ΔΕΖ,  ΒΓ  is  contained  more 
often  in  the  perimeter  of  ΑΒΓ  than  EZ  is  contained 
in  the  perimeter  of  ΔΕΖ.  And  the  perimeters  are 
equal.  Therefore  EZ>  ΒΓ  ;  and  therefore  EA>  BK. 
Let  AM  be  placed  equal  to  BK,  and  let  ΘΜ  be  joined. 
Then  since  the  straight  line  EZ  bears  to  the  peri- 
meter of  the  polygon  ΔΕΖ  the  same  ratio  as  the 
angle  ΕΘΖ  bears  to  four  right  angles — owing  to  the 
fact  that  the  polygon  is  equilateral  and  the  sides  cut 
off  equal  arcs  from  the  circumscribing  circle,  while  the 
angles  at  the  centre  are  in  the  same  ratio  as  the  arcs 
on  which  they  stand  [Eucl.  iii.  26] — and  the  peri- 
meter of  ΔΕΖ,  that  is  the  perimeter  of  ΑΒΓ,  bears  to 
ΒΓ  the  same  ratio  as  four  right  angles  bears  to  the 
angle  ΒΗΓ,  therefore  ex  aequali  [Eucl.  v.  17] 

EZ  :  ΒΓ  =  angle  ΕΘΖ  :  angle  ΒΗΓ, 

i.e.,  EA  :  AM  =  angle  ΕΘΖ  :  angle  ΒΗΓ, 

i.e.,  Ε  A  :  AM  =  angle  ΕΘΑ  :  angle  BHK. 

And  since        Ε  A  :  AM>  angle  ΕΘΑ  :  angle  ΜΘΑ, 

as  we  shall  prove  in  due  course,* 

and  ΘΜ  as  radius  cutting  ΘΕ  and  ΘΛ  produced,  as  in  Eucl. 
Optic.  8  {v.  vol.  i.  pp.  502-505) ;  the  proposition  is  equivalent 
tu  the  formula       tan  α :  tan  β>  α :  /3  if  ^>  α>β. 
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ττρος  AM  ή  xmo  ΕΘΛ  προς  την  tmo  BHK,  -η  ύττ6 
Ε  ΘΑ  Ίτρος  την  νττο  ΒΗΚ  μζίζονα  λόγον  €χ€ΐ 
ηττ€ρ  προς  την  νττο  ΜΘΑ.  μείζων  αρα  η  ύττο 
ΜΘΑ  γωνία  της  υπό  ΒΗΚ.  ecrriv  Se  και  ορθή 
η  προς  τω  Λ  ορθή  τη  προς  τω  Κ  Ιση.  λοιττη  άρα 
η  ύπο  ΗΒΚ  μζίζων  ecrrat  της  ύπό  ΘΜΑ.  κείσθω 
τβύπό  ΗΒΚ  ίση  η  ύπό  ΛΜΝ  καΐ  Βιήχθω  η  ΑΘ 
ίΤΓΐ  το  Ν.  και  €πζΙ  Ιση  εστίν  ή  ύπο  ΗΒΚ  τη  ύπο 
ΝΜΑ,  άλλα  καΐ  η  προς  τω  Λ  ΐση  τ^  προς  τω 
Κ,  eoTt  δε  και  η  ΒΚ  πλευρά  τη  ΜΑ  Ιση,  ΐση  άρα 
και  η  ΗΚ  τ^  ΝΑ.  μείζων  άρα  ij  ΗΚ  της  ΘΑ. 
μείζον  άρα  και  το  ύπό  της  ΑΒΓ  περιμέτρου  και 
της  Η  Κ  τοΰ  ύπο  της  ΔΕΖ  περιμέτρου  και  της 
ΘΑ.  και  εστίν  το  μεν  ύπο  της  ΑΒΓ  περιμέτρου 
και  της  Η  Κ  διττλάσιον  τοΰ  ΑΒΓ  πολυγώνου,  επει 
και  το  ύπό  της  Β  Γ  και  της  Η  Κ  διπλάσιο»'  «στι»' 
του  ΗΒΓ  τριγώνου,  τό  8ε  ύπό  της  ΔΕΖ  περί' 
μέτρου  και  της  ΘΑ  διπλάσιο»/  τοΰ  ΔΕΖ  πολχ/γώνου. 
μείζον  άρα  το  ΑΒΓ  πολύγωνον  τοΰ  ΔΕΖ. 


Jbid.  858.  12-360.  8 

Ύοί5του  ΒεΒειγμενου  λέγω,  οτι  εάν  κνκλοζ 
εύθυγράμμω  ίσοπλενρω  τε  και  Ισογωνίω  Ισοπερί- 
μετρος  η,  μείζων  εσται  ο  κιίκλος. 

Κύκλο?  γαρ  6  ΑΒΓ  Ισοπλενρω  τε  και  Ισογωνίφ 
τω  ΔΕΖ  ενθνγράμμω  Ισοπερίμετρος  έστω'  λέγω, 
ΟΤΙ  μείζων  εστίν  6  κνκλος. 

ΈιΙληφθω  τοΰ  μεν  ΑΒΓ  κνκλον  κεντρον  τό  Η, 
τοΰ  Βέ  περί  τό  ΔΕΖ  πολιίγωνον  περιγραφομένου 
τό  Θ,  και  περιγεγράφθω  περί  τόν  ΑΒΓ  κύκλον 
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and  ΕΛ  :  ΛΜ  =  angle  ΕΘΛ  :  angle  BHK, 

.•.  angle  ΕΘΛ  :  angle  BHK>  angle  ΕΘΛ  :  ΜΘΛ. 

angle  ΜΘΛ>  angle  BHK. 

Now  the  right  angle  at  Λ  is  equal  to  the  right  angle 
at  K.  Therefore  the  remaining  angle  HBK  is  greater 
than  the  angle  ΘΜΛ  [by  Eucl.  i.  32].  Let  the  angle 
ΛΜΝ  be  placed  equal  to  the  angle  HBK,  and  let  ΛΘ 
be  produced  to  N.  Then  since  the  angle  HBK  is 
equal  to  the  angle  ΝΜΛ,  and  the  angle  at  Λ  is  equal 
to  the  angle  at  K,  while  BK  is  equal  to  the  side  ΜΛ, 
therefore  HK  is  equal  to  ΝΛ  [Eucl.  i.  26].  Therefore 
HK>  ΘΛ.  Therefore  the  rectangle  contained  by  the 
perimeter  of  ΑΒΓ  and  Η  Κ  is  greater  than  the  rect- 
angle contained  by  the  perimeter  of  ΔΕΖ  and  ΘΛ. 
But  the  rectangle  contained  by  the  perimeter  of 
ΑΒΓ  and  HK  is  double  of  the  polygon  ΑΒΓ,  since  the 
rectangle  contained  by  ΒΓ  and  Η  Κ  is  double  of 
the  triangle  ΗΒΓ  [Eucl.  i.  41]  ;  and  the  rectangle 
contained  by  the  perimeter  of  ΔΕΖ  and  ΘΑ  is  double 
of  the  polygon  ΔΕΖ.  Therefore  the  polygon  ΑΒΓ  is 
greater  than  ΔΕΖ. 

Jbid.  3ΰ8.  12-360.  3 

This  having  been  proved,  I  say  that  if  a  circle  have 
an  equal  perimeter  with  an  equilateral  and  equiangular 
rectilineal  Jigure,  the  circle  shall  be  the  greater. 

For  let  ΑΒΓ  be  a  circle  having  an  equal  perimeter 
with  the  equilateral  and  equiangular  rectilineal  figure 
Δ£Ζ.     I  say  that  the  circle  is  the  greater. 

Let  Η  be  the  centre  of  the  circle  ΑΒΓ,  θ  the  centre 
of  the  circle  circumscribing  the  polygon  ΔΕΖ  ;  and 
let  there  be  circumscribed  about  the  circle  ΑΒΓ  the 
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ττολνγωνον  ομοιον  τω  ΔΕΖ  ro  ΚΛΜ,  καΐ  irrc' 
ζίύχθω  η  Η  Β,  /cat  κάθετος  άττο  του  Θ  ΙπΙ  την 
ΕΖ  "ηχθω  ή  ΘΝ,  και  ^ττ^ζ^ύχθωσαν  αί  ΗΛ,  ΘΕ. 


€7Γ€ΐ  οΰν  η  του  ΚΛΜ  ττολυγώνου  7Τ€ρίμ€τρο9 
μίίζων  iarlv  της  του  ΑΒΓ  κύκλου  ττ^ριμίτρον 
ώ?  €v  τω  riepi  σφαίρας  καΐ  κυλίνΒρου  *  Αρχιμήδης, 
ίση  Be  η  του  ΑΒΓ  κύκλου  πβρίμξτρος  Tjj  του 
ΔΕΖ  ττολυγώνου  π€ριμ€τρω,  μείζων  άρα  και  η 
του  ΚΛΜ  ττολυγώνου  ττβρίμ^τρος  της  του  ΔΕΖ 
ττολΐ)γώνου  ττ€ριμ€τρου.  και  elaiv  όμοια  τα  πολύ- 
γωνα• μζίζων  άρα  η  ΒΛ  της  ΝΕ.  και  ομοιον  το 
ΗΛΒ  τρίγωνον  τω  ΘΕΝ  τριγώνω,  incl  και  τα 
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polygon  ΚΛΜ  similar  to  ΔΕΖ,  and  let  Η  Β  be  joined, 
and  from  θ  let  ΘΝ  be  drawn  perpendicular  to  EZ, 
and  let  ΗΛ,  ΘΕ  be  joined.     Then  since  the  perimeter 


of  the  polygon  ΚΛΜ  is  greater  than  the  perimeter  of 
the  circle  ΑΒΓ,  as  Archimedes  proves  in  his  work  On 
the  Sphere  and  Cylinder,'^  while  the  perimeter  of  the 
circle  ΑΒΓ  is  equal  to  the  perimeter  of  the  polygon 
ΔΕΖ,  therefore  the  perimeter  of  the  polygon  KAM  is 
greater  than  the  perimeter  of  the  polygon  ΔΕΖ.  And 
the  polygons  are  similar  ;  therefore  BA>NE.  And 
the  triangle   ΗΛΒ  is  similar  to  the  triangle  ΘΕΝ, 

•  Prop.  1,  V.  supra,  pp.  48-49. 
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δλα  πολύγωνα,  μζίζων  άρα  καΐ  η  Η  Β  της  ΘΝ. 
και  εστίν  ΐση  η  του  ΑΒΓ  κνκλον  ττζρίμζτρος  ttj 
του  ΔΕΖ  πολυγώνου  πζριμίτρω.  το  άρα  ύπό  της 
περιμέτρου  του  ΑΒΓ  κύκλου  καΐ  της  Η  Β  μείζον 
εστίν  του  ύπό  της  περιμέτρου  του  ΔΕΖ  πολυ- 
γώνου καΐ  της  ΘΝ.  άλλα  το  μεν  ύπο  της  περι- 
μέτρου του  ΑΒΓ  κύκλου  και  της  ΗΒ  ^ιπλάσιον 
του  ΑΒΓ  κύκλου  *  Αρχιμήδης  ε8ειζεν,  ύυ  και  την 
Βεΐζιν  εζης  εκθησόμεθα•  το  Βε  ύπό  της  περιμέτρου 
του  ΔΕΖ  πολυγώνου  και  της  ΘΝ  Βιπλάσιον  του 
ΔΕΖ  πολυγώνου.  μείζων  άρα  6  ΑΒΓ  κύκλος 
του  ΔΕΖ  πολυγώνου,  όπερ  ε8ει  Βεΐζαι. 

Ibid.  364.  12-14 

Αεγω  Βη  και  δτι  των  ισοπεριμετρων  ευθυγράμ- 
μων σχημάτων  καΐ  τάς  πλευράς  ισοπληθεΐς 
εχόντων  το  μεγιστον  ισόπλευρόν  τέ  εστίν  και 
Ισογώνιον. 

Ibid.  374.  12-14 

Αεγω  Βη  δτι  και  η  σφαίρα  μείζων  εστίν  πάντων 
των  ΐσην  επιφάνειαν  εχόντων  στερεών  σχημάτων, 
προσχρησάμενος  τοις  ύπό  ^  ΑρχιμηΒους  ΒεΒειγ- 
μένοις  εν  τω  ΥΙερι  σφαίρας  και  κυλίνΒρου. 

(d)  Division  of  Zodiac  Circle  into  360  Parts  : 
Hypsicles 

Η3φ8ΐ(ί.  Anaph.,  ed.  Manitius  5.  25-31 

Ύοΰ  των  Ζ,ωΒίων  κύκλου  εις  τζ  περιφερείας  ΐσας 

'  Dim.  Circ.  Prop.  1,  v.  vol.  i.  pp.  316-321. 

'  The  proofs  of  these  two  last  propositions  are  worked  out 
by  similar  methods. 
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since  the  whole  polygons  are  similar ;  therefore  HB> 
ΘΝ.  And  the  perimeter  of  the  circle  ΑΒΓ  is  equal 
to  the  perimeter  of  the  polygon  ΔΕΖ.  Therefore  the 
rectangle  contained  by  the  perimeter  of  the  circle 
ΑΒΓ  and  HB  is  greater  than  the  rectangle  contained 
by  the  perimeter  of  the  polygon  ΔΕΖ  and  ΘΝ.  But 
the  rectangle  contained  by  the  perimeter  of  the 
circle  ΑΒΓ  and  HB  is  double  of  the  circle  ΑΒΓ  as 
was  proved  by  Archimedes  ,<*  whose  proof  we  shall 
set  out  next ;  and  the  rectangle  contained  by  the 
perimeter  of  the  polygon  ΔΕΖ  and  ΘΝ  is  double 
of  the  polygon  ΔΕΖ  [by  Eucl.  i.  41].  Therefore  the 
circle  ΑΒΓ  is  greater  than  the  polygon  ΔΕΖ,  which 
was  to  be  proved. 

Ibid.  S64.  12-14 

Now  I  say  that,  of  all  rectilineal  figures  having  an 
equal  number  of  sides  and  equal  perimeter,  the  greatest  is 
that  rvhich  is  equilateral  a7id  equiangular. 

Ibid.  374.  12-14 

Now  I  say  that,  o/*  all  solid  figures  having  an  equal 
surface,  the  sphere  is  the  greatest ;  and  I  shall  use  the 
theorems  proved  by  Archimedes  in  his  work  On  the 
Sphere  and  Cylinder.^ 

(d)  Division  of  Zodiac  Circle  into  360  Parts! 

Hypsicles 

Hypsicles,  On  Risings,  ed.  Manitius  •  5.  25-31 

The  circumference  of  the  zodiac  circle  having  been 

«  Des  Hypsikles  Schrift  Anaphorikos  nach  Uberlieferung 
und  Inhalt  kritisch  behandelt,  in  Programm  des  Gymna- 
siumszum  Heiligen  Kreuz  in  Dresden  (Dresden,  1888),  Ρ  Abt. 
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Βίγιρημένον,  εκάστη  των  περιφερειών  μοίρα  τοττικη 
καλείσθω.  ομοίως  Βη  και  του  χρόνου,  εν  ω  ό 
ζωΒιακος  άφ*  ου  έτυχε  σημείου  επΙ  το  αυτό 
σημεΐον  παραγίγνεται,  εΙς  τζ  χρόνους  ίσους  ^ιηρη- 
μενου,  έκαστος  των  χρόνων  μοίρα  χρονική  κα- 
λείσθω. 

(e)  Handbooks 

(i.)  Cleomedes 

Cleom.  De  motu  circ.  ii.  6,  ed.  Ziegler  218.  8-924.  8 

Τοιούτων  8e  των  περί  την  εκλειφιν  της  σελήνης 
«Γναι  €7τι8ε8ειγμενων  8οκεΐ  εναντιοΰσθαι  τω  λόγω 
τω  κατασκευάζοντι  εκλείττειν  την  σεληνην  εις  την 
σκιάν  εμττίτττουσαν  της  γης  τα  λεγόμενα  κατά  τάς 
7ταρα8όζους  των  εκλείφεων.  φασί  γαρ  τίνες,  ότι 
γίνεται  σελήνης  εκλειφις  και  αμφοτέρων  των 
φωτών  ύττερ  τον  ορίζοντα  Θεωρουμένων,  τούτον 
hk  Βηλον  ττοιεΐ,  διότι  ^17  εκλείπει  η  σελήνη  τη  OKiq. 

"  Hypsicles,  who  flourished  in  the  second  half  of  the 
second  century  B.C.,  is  the  author  of  the  continuation  of 
Euclid's  Elements  known  as  Book  xiv.  Diophantus  attri- 
buted to  him  a  definition  of  a  polygonal  number  which  is 
equivalent  to  the  formula  J  n{2+(w-  l)(a-2)}  for  the  nth 
a-gonal  number. 

The  passage  here  cited  is  the  earliest  known  reference  in 
Greek  to  the  division  of  the  ecliptic  into  360  degrees.  This 
number  appears  to  have  been  adopted  by  the  Greeks  from 
the  Chaldaeans,  among  whom  the  zodiac  was  divided  into 
twelve  signs  and  each  sign  into  thirty  parts  according  to  one 
system,  sixty  according  to  another  {v.  Tannery,  Memoirea 
gcientifiques,  ii.  pp.  256-268).  The  Chaldaeans  do  not,  how- 
ever, seem  to  have  applied  this  system  to  other  circles  ; 
Hipparchus  is  believed  to  have  been  the  first  to  divide  the 
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divided  into  360  equal  arcs,  let  each  of  the  arcs  be 
called  a  degree  in  space,  and  similarly,  if  the  time  in 
which  the  zodiac  circle  returns  to  any  position  it  has 
left  be  divided  into  360  equal  times,  let  each  of  the 
times  be  called  a  degree  in  time.'* 


(e)  Handbooks 

(i.)  Cleomedes* 

Cleomedes,  On  the  Circular  Motion  of  the  Heavenly 
Bodies  ii.  6,  ed.  Ziegler  218.  8-224.  8 

Although  these  facts  have  been  proved  with  regard 
to  the  eclipse  of  the  moon,  the  argument  that  the 
moon  suffers  eclipse  by  falhng  into  the  shadow  of 
the  earth  seems  to  be  refuted  by  the  stories  told 
about  paradoxical  eclipses.  For  some  say  that  an 
eclipse  of  the  moon  may  take  place  even  when  both 
luminaries  are  seen  above  the  horizon.  This  should 
make  it  clear  that  the  moon  does  not  suffer  eclipse  by 

circle  in  general  into  360  degrees.  The  problem  which 
Hypsicles  sets  himself  in  his  book  is :  Given  the  ratio  between 
the  length  of  the  longest  day  and  the  length  of  the  shortest  day 
at  any  given  place,  to  find  how  many  time-degrees  it  takes  any 
given  sign  to  rise.  A  number  of  arithmetical  lemmas  are 
proved. 

*  Cleomedes  is  known  only  as  the  author  of  the  two  books 
Υ^υκλικη  θεωρία  μΐτΐώρων.  This  work  is  almost  wholly  based 
on  Posidonius.  He  must  therefore  have  lived  after  Posidonius 
and  presumably  before  Ptolemy,  as  he  appears  to  know 
nothing  of  Ptolemy's  works.  In  default  of  better  evidence, 
he  is  generally  assigned  to  the  middle  of  the  first  century  b.c. 

The  passage  explaining  the  measurement  of  the  earth  by 
Eratosthenes  has  already  been  cited  {supra,  pp.  266-273). 
This  is  the  only  other  passage  calling  for  notice. 
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της  γης  πβριπίπτονσα,  αλλ'  erepov  τρόπον.  .  ,  .  ot 
TTokaiorepoi  των  μαθηματικών  όντως  €π€χ€ίρουν 
Xveiv  την  άπορίαν  ταντην.  βφασαν  γάρ,  δτι  .  .  , 
οι  δ'  €7τΙ  γης  €στώτ€ς  ovSev  αν  κωλνοιντο  οραν 
αμφότερους  αυτούς  €πι  τοΐς  κυρτώμασι  της  γης 
€στώτ€ς.  .  .  .  τοιαύτην  μεν  ουν  οι  παλαίότεροι 
των  μαθηματικών  την  της  ττροσαγομενης  απορίας 
λνσιν  ζποιησαντο.  μη  ποτ€  δ'  ούχ  νγιώς  elaiv 
€νην€γμ4νοι.  εφ*  ϋφους  μεν  γάρ  η  όφις  ημών 
γ€νομ€νη  δυναιτ'  αν  τοΰτο  τταθεΐν,  κωνο€ΐ8οΰς  του 
ορίζοντος  γινομένου  πολύ  άπο  της  γης  €Κ  τον  aipa 
•ημών  βζαρθεντων,  επι  δε  της  γης  ίστώτων 
ουδα][χ-ώ?.  et  γάρ  και  κύρτωμα  εστίν,  εφ*  οδ 
βεβηκαμεν,  αφανίζεται  ημών  ή  όφις  υπό  του 
μεγέθους  της  γης.  .  .  .  άλλα  πρώτον  μεν  άπ- 
αντητεον  λέγοντας,  δτι  ττεπλασται  ό  λόγος  οΰτος 
υπό  τίνων  άπορίαν  βουλομενων  εμποιησαι  τοΐς 
περί  ταϋτα  καταγινομενοις  τών  αστρολόγων  και 
φιλοσόφων.  .  .  .  πολλών  δε  και  παντο^απών  περί 
τον  άερα  παθών  συνίστασθαι  πεφυκότων  ουκ  αν 
€Ϊη  αδύνατον,  ηΒη  κατα8ε8υκότος  του  ηλίου  και 
{mo  τον  ορίζοντα  δντος  φαντασίαν  ημΐν  προσπεσεΐν 
ώς  μηΒεπω  καταΒεΒυκότος  αύτοΰ,  η  νέφους  παχύ- 
τερου προς  τη  δύσει  οντος  και  λαμπρυνομενου 
ύπο  τών  ηλιακών  ακτινών  και  ηλίου  ημΐν  φαντασίαν 
άποπεμποντος  η    άνθηλίου    γενομένου.        και  γάρ 

"  i.e.,  the  horizon  would  form  the  base  of  a  cone  whose 
vertex  would  be  at  the  eye  of  the  observer.  He  could  thus 
look  down  on  both  the  sun  and  moon  as  along  the  generators 
of  a  cone,  even  though  they  were  diametrically  opposite 
each  other. 
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falling  into  the  shadow  of  the  earth,  but  in  some  other 
way.  .  .  .  The  more  ancient  of  the  mathematicians 
tried  to  explain  this  difficulty  after  this  fashion.  They 
said  that  persons  standing  on  the  earth  would  not  be 
prevented  from  seeing  them  both  because  they  would 
be  standing  on  the  convexities  of  the  earth.  .  .  . 
Such  is  the  solution  of  the  alleged  difficulty  given  by 
the  more  ancient  of  the  mathematicians.  But  its 
soundness  may  be  doubted.  For,  if  our  eye  were 
situated  on  a  height,  the  phenomenon  in  question 
might  take  place,  the  horizon  becoming  conical "  if 
we  were  raised  sufficiently  far  above  the  earth,  but  it 
could  in  no  wise  happen  if  we  stood  on  the  earth. 
For  though  there  might  be  some  convexity  where  we 
stood,  our  sight  itself  becomes  evanescent  owing  to 
the  size  of  the  earth.  .  .  .  The  fundamental  objection 
must  first  be  made,  that  this  story  has  been  invented 
by  certain  persons  vtishing  to  make  difficulty  for  the 
astronomers  and  philosophers  who  busy  themselves 
with  such  matters.  .  .  .  Nevertheless,  as  the  con- 
ditions which  naturally  arise  in  the  air  are  many  and 
various,  it  would  not  be  impossible  that,  when  the 
sun  has  just  set  and  is  below  the  horizon,  we  should 
receive  the  impression  of  its  not  having  yet  set,  if 
there  were  a  cloud  of  considerable  density  at  the 
place  of  setting  and  if  it  were  illumined  by  the  solar 
rays  and  transmitted  to  us  an  image  of  the  sun,  or  if 
there  were  a  mock  sun.''     For  such  images  are  often 

*  Lit.  "  anthelion,"  defined  in  the  Oxford  English  Dic- 
tionary as  "  a  luminous  ring  or  nimbus  seen  (chiefly  in 
alpine  or  polar  regions)  surrounding  the  shadow  of  the 
observer's  head  projected  on  a  cloud  or  fog  bank  opposite 
the  sun."  The  explanation  here  tentatively  put  forward  by 
Cleomedes  is,  of  course,  the  true  one. 
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τοιαύτα  ττολλά  φαντάζεται  ev  τω  aept,  καΐ  μάλιστα 
TTepl  τον  ΥΙόντον. 

(ϋ.)   Theon  of  Smyrna 
Ptol.  Math.  Syn.  x.  1,  ed.  Heiberg  i.  pars  ii.  296.  14-16 

Ev  /xev  γαρ  ταΐς  παρά  θ4ωνος  του  μαθηματικού 
Βοθείσαις  ήμΐν  ενρομεν  άναγεγραμμενην  τηρησιν 
τφ  ιγ'  €Τ€ΐ  ΆΒριανοΰ. 

Theon  Smyr.,  ed.  Hiller  1.  1-2.  2 

Οτι  μ€ν  ονχ  οΐόν  τ€  avveivai  των  μαθηματικως 
λεγομένων  παρά  Τίλάτωνι  μ•η  καΐ  αυτόν  ησκη- 
μβΐ'ον  ev  ttj  θεωρία  ταύττ),  πας  αν  που  όμολο- 
γησειεν  ώς  δε  ουδέ  τά  άλλα  ανωφελής  ουδέ 
άνόνητος  ή  περί  ταΰτα  εμπειρία,  δια  ττολλών  αύτος 
εμφανίζειν  εοικε.  το  μεν  οΰν  συμπάσης  γεωμετρίας 
και  συμπάσης  μουσικής  και  αστρονομίας  εμπειρον 
γενόμενον  τοις  ΥΙΧάτωνος  συγγράμμασιν  εντυγ- 
χάνειν  μακαριστόν  μεν  ει  τω  γένοιτο,  ου  μην 
εϋπορον  ού8ε  paSiov  άλλα  πάνυ  πολλοΰ  τοΰ  €κ 
παίδων  πόνου  8εόμενον.  ώστε  8ε  τους  Βιημαρτη- 
κότας  τοΰ  εν  τοις  /Μα^?ί/Μασιν  άσκηθήναι,  ορεγο- 
μενους  8ε  της  γνώσεως  των  συγγραμμάτων  αύτοΰ 
μη  παντάπασιν  ών  ποθοΰσι  Βιαμαρτεΐν,  κεφαλαιώδη 
και  σύντομον  ποιησόμεθα  των  αναγκαίων  και  ών 
8εΐ  μάλιστα  τοις  εντευξομενοις  Πλάτωνι  μαθη- 
ματικών θεωρημάτων  παράΒοσιν,  αριθμητικών  τε 
και  μουσικών  και  γεωμετρικών  των  τε  κατά 
στερεομετρίαν  και  άστρονομίαν,  ών  χωρίς  ούχ 
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seen  in  the  air,  and  especially  in  the  neighbourhood 
of  Pontus. 

(ii.)  Theon  of  Smyrna 

Ptolemy,  Syntaxis  x.  1,  ed.  lleiberg  i.  pars  ii.  296.  14-16 

For  in  the  account  given  to  us  by  Theon  the  mathe- 
matician we  find  recorded  an  observation  made  in 
the  sixteenth  year  of  Hadrian.** 

Theon  of  Smyrna,  ed.  Hiller  1.  1  -2.  2 

Everyone  would  agree  that  he  could  not  under- 
stand the  mathematical  arguments  used  by  Plato 
unless  he  were  practised  in  this  science  ;  and  that  the 
study  of  these  matters  is  neither  unintelligent  nor 
unprofitable  in  other  respects  Plato  himself  would 
seem  to  make  plain  in  many  ways.  One  who  had 
become  skilled  in  all  geometry  and  all  music  and 
astronomy  would  be  reckoned  most  happy  on  making 
acquaintance  with  the  writings  of  Plato,  but  this 
cannot  be  come  by  easily  or  readily,  for  it  calls  for 
a  very  great  deal  of  application  from  youth  up- 
wards. In  order  that  those  who  have  failed  to 
become  practised  in  these  studies,  but  aim  at  a 
knowledge  of  his  writings,  should  not  wholly  fail  in 
their  desires,  I  shall  make  a  summary  and  concise 
sketch  of  the  mathematical  theorems  which  are 
specially  necessary  for  readers  of  Plato,  covering  not 
only  arithmetic  and  music  and  geometry,  but  also 
their  application  to  stereometry  and  astronomy,  for 

"  i.e.,  in  a.d.  132.  Ptolemy  mentions  other  observations 
made  by  Theon  in  the  years  a.d.  127, 129,  and  130.  In  three 
places  Theon  of  Alexandria  refers  to  his  namesake  as  "  the 
old  Theon,"  ό  0eW  παλαιό?  (ed.  Basil,  pp.  390,  395,  396). 
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οΐόν  re  elvai  φησι  τνχ€Ϊν  του  αρίστου  βίου,  δια 
ττολλών  πάνυ  Βηλώσας  ώζ  ου  χρη  των  μαθημάτων 
άμζλβΐν. 


•  By  way  of  example,  Theon  proceeds  to  relate  Plato's 
reply  to  the  craftsmen  about  the  doubling  of  the  cube  {v. 
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without  these  studies,  as  he  says,  it  is  not  possible  to 
attain  the  best  life,  and  in  many  ways  he  makes 
clear  that  mathematics  should  not  be  ignored." 

vol.  i.  p.  257),  and  also  the  Epinomis.  Theon's  work,  which 
has  often  been  cited  in  these  volumes,  is  a  curious  hotch- 
potch, containing  little  of  real  value  to  the  study  of  Plato 
and  no  original  work. 
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1.  HIPPARCHUS  AND  MENELAUS 

Theon  Alex,  in  Ptol.  Math.  Syn.  Comm.  i.  10,  ed.  Rome, 
Studi  e  Testi,  Ixxii.  (1936),  451.  4-5 

AeSet/crat  μεν  ovv  καΐ  Ίππάρχω  πραγματ€ία 
των  iv  κΰκλω  evdeiwv  iv  φ  βφλίοίς,  €tl  re  καΐ 
MeveXdcp  iv  Γ. 

Heron,  Metr.  i.  22,  ed.  H.  Schdne  (Heron  iii.)  58.  13-20 

"Εστω  €ννάγωνον  ίσόπλ^νρον  /cat  Ισογώνίον  το 
ΑΒΓΔΕΖΗΘΚ,  οΰ  εκάστη  των  πλευρών  μονάδων 
ΐ.  evpetv  αύτοΰ  το  εμβαδόν,  ττ^ριγ^γράφθω  nepi 
αντο    kvkXos,    οΰ   κίντρον   έστω    το  Α,   και   cVe- 

"  The  beginnings  of  Greek  trigonometry  may  be  found  in 
the  science  of  sphaeric,  the  geometry  of  the  sphere,  for  which 
V.  vol.  i.  p.  5  n.  b.  It  reached  its  culminating  point  in  the 
Sphaerica  of  Theodosius. 

Trigonometry  in  the  strict  sense  was  founded,  so  far  as  we 
know,  by  Hipparchus,  the  great  astronomer,  who  was  born 
at  Nicaea  in  Bithynia  and  is  recorded  by  Ptolemy  to  have 
made  observations  between  161  and  126  b.c,  the  most  im- 
portant of  them  at  Rhodes.  His  greatest  achievement  was 
the  discovery  of  the  precession  of  the  equinoxes,  and  he  made 
a  calculation  of  the  mean  lunar  month  which  differs  by  less 
than  a  second  from  the  present  accepted  figure.  Unfortun- 
ately the  only  work  of  his  which  has  survived  is  his  early 
Commentary  on  the  Phenomena  of  Eudoxus  and  Aratut.     It 
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1.  HIPPARCHUS  AND  MENELAUS 

Theon  of  Alexandria,  Commentary  on  Ptolemy^s  Syntaxi$ 
i.  10,  ed.  Rome,  Studi  β  Testi,  Ixxii.  (1936),  451.  4-5 

An  investigation  of  the  chords  in  a  circle  is  made  by 
Hipparchus  in  twelve  books  and  again  by  Menelaus 
in  six," 

Heron,  Metrics  i.  22,  ed.  H.  SchSne  (Heron  ill.)  58.  13-20 

Let  ΑΒΓΔΕΖΗΘΚ  be  an  equilateral  and  equi- 
angular enneagon,''  whose  sides  are  each  equal  to  10. 
To  find  its  area.  Let  there  be  described  about  it  a 
circle  vnth.  centre  A,  and  let  Ε  Λ  be  joined  and  pro- 
is  clear,  however,  from  the  passage  here  cited,  that  he  drew 
up,  as  did  Ptolemy,  a  table  of  chords,  or,  as  we  should  say, 
a  table  of  sines  ;  and  Heron  may  have  used  this  table  («.  the 
next  passage  cited  and  the  accompanying  note). 

Menelaus,  who  also  drew  up  a  table  of  chords,  is  recorded 
by  Ptolemy  to  have  made  an  observation  in  the  first  year  of 
Trajan's  reign  (a.d.  98).  He  has  already  been  encountered 
(vol.  i.  pp.  348-349  and  n.  c)  as  the  discoverer  of  a  curve 
called  "  paradoxical."  His  trigonometrical  work  Sphaerica 
has  fortunately  been  preserved,  but  only  in  Arabic,  which 
will  prevent  citation  here.  A  proof  of  the  famous  theorem 
in  spherical  trigonometry  bearing  his  name  can,  however,  be 
given  in  the  Greek  of  Ptolemy  {infra,  pp.  458-463)  ;  and  a 
summary  from  the  Arabic  is  provided  by  Heath,  H.O.M.  ii. 
262-273. 

'  i.e.,  a  figure  of  nine  sides. 
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ζζύχθω  η  EA  καΐ  εκβ^βλησθω  επΙ  το  Μ,  καΐ 
€π€ζ€νχΘω  η  ΜΖ.  το  άρα  ΕΖΜ  τρίγωνον  SoOev 
ioTLV  του  βνναγώνου.  BeSetKTai  Be  iv  τοις  nepl 
των  iv  κύκλω  ζύθίίών,  δτί  η  ΖΕ  της  ΕΜ  τρίτον 
μέρος  €στΙν  ώς  €γγιστα. 

2.  PTOLEMY 

(α)  General 

Suidas,  s.v,  Πτολ^μαΐοί 

ΤΙτολ€μαΐος,  ο  Κλαύδιο?  χρηματίσας^  *AAe^- 
ανΒρ€νς,  φιλόσοφος,  γεγονώς  εττΐ  των  χρόνων 
Μ,άρκου  τον  βασιλέως,  ούτος  βγραφζ  Μηχανικά 
βιβλία  γ,  Xiepl  φάσεων  καΐ  ζπισημασιών  αστέρων 
ά77λαν65ν  βιβλία  β,  "Αττλωαιν  ΐπιφανείας  σφαίρας, 
Kawva  ττρόχζίρον,  τον  Meyav  άστρονόμον  rjroi 
Σιννταζιν  και  άλλα. 

"  Α  similar  passage  (i.  24•,  ed.  Η.  Schone  62.  11-20)  asserts 
that  the  ratio  of  the  side  of  a  regular  hendecagon  to  the 

diameter  of  the  circumscribing  circle  is  approximately  —  ; 

and  of  this  assertion  also  it  is  said  δ£'δ«κτοι  δέ  &>  rots  π^ρΐ 
των  ev  κνκλω  evBei&v.  These  are  presumably  the  works  of 
Hipparchus  and  Menelaus,  though  this  opinion  is  contro- 
verted by  A.  Rome,  "  Premiers  essais  de  trigonomotrie 
rectiligne  chez  les  Grecs  "  in  UAntiquitd  classique,  t.  2  (1933), 
pp.  177-192.  The  assertions  are  equivalent  to  saying  that 
sin  20°  is  approximately  0-333...  and  sin  16°  21'  49"  is 
approximately  0•28. 

*  Nothing  else  is  certainly  known  of  the  life  of  Ptolemy 
except,  as  can  be  gleaned  from  his  own  works,  that  he  made 
observations  between  a.d.  125  and  141  (or  perhaps  151). 
Arabian  traditions  add  details  on  which  too  much  reliance 
should  not  be  placed.     Suidas's  statement  that  he  was  born 
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duced  to  M,  and  let  MZ  be  joined.  Then  the  triangle 
EZM  is  given  in  the  enneagon.  But  it  has  been 
proved  in  the  works  on  chords  in  a  circle  that 
ZB  :  EM  is  approximately  ^," 

2.  PTOLEMY 

(a)  General 

Suidas,  s.v.  Ptolemaeus 

Ptolemy,  called  Claudius,  an  Alexandrian,  a  philo- 
sopher, born  in  the  time  of  the  Emperor  Marcus.  He 
wrote  Mechanics,  three  books,  On  the  Phases  and 
Seasons  of  the  Fixed  Stars,  two  books,  Explanation  of  the 
Surface  of  a  Sphere,  A  Ready  Reckoner,  the  Great 
Astronomy  or  Syntaxis  ;  and  others.'' 

in  the  time  of  the  Emperor  Marcus  [Aurelius]  is  not  accurate 
as  Marcus  reigned  from  a.d.  161  to  180. 

Ptolemy's  Mechanics  has  not  survived  in  any  form  ;  but 
the  books  On  Balancings  and  On  the  Elements  mentioned  by 
Simplicius  may  have  been  contained  in  it.  The  lesser  astro- 
nomical works  of  Ptolemy  published  in  the  second  volume 
of  Heiberg's  edition  of  Ptolemy  include,  in  Greek,  Φάσ«? 
απλανών  αστέρων  κ<ύ  συναγωγή  Ιττισημασιών  and  ΐΐροχΐίρων 
κανόνων  διάτα^υ  και  φηφοφορία,  which  can  be  identified  with 
two  titles  in  Suidas  s  notice.  In  the  same  edition  is  the 
Planisphaerium,  a  Latin  translation  from  the  Arabic,  which 
can  be  identified  with  the  Άπλωσι?  eVic^aveia?  σφαίρα$  of 
Suidas  ;  it  is  an  explanation  of  the  stereographic  system  of 
projection  by  which  points  on  the  heavenly  sphere  are  repre- 
sented on  the  equatorial  plane  by  projection  from  a  pole — - 
circles  are  projected  into  circles,  as  Ptolemy  notes,  except 
great  circles  through  the  poles,  which  are  projected  into 
straight  lines. 

Allied  to  this,  but  not  mentioned  by  Suidas,  is  Ptolemy's 
Analemma,  which  explains  how  points  on  the  heavenly  sphere 
can  be  represented  as  points  on  a  plane  by  means  of  ortho- 
gonal projection  upon  three  planes  mutually  at  right  angles — 
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Simpl.  in  De  caelo  iv.  4  (Aristot.  311  b  1), 
ed.  Heiberg  710.  14-19 

Πτολβ/χαΓο?  δε  6  μαθηματικός  iv  τω  Hepl  ροπών 
την  evavriav  €χων  τω  ^ApiaTOTcXei  8όζαν  πειράται 
κατασκ€υάζζΐν  και  αυτός,  οτι  iv  τη  βαυτών  χώρα 
οΰτ€  το  ύδωρ  οΰτ€  6  άηρ  €χ€ΐ  βάρος,  καΐ  οτι  μς,ν 
το  ΰ8ωρ  ουκ  €χ€ί,  Ββίκνυσι,ν  e/c  τοΰ  τους  κατα- 
δύοντας μη  αίσθάνζσθαι  βάρους  τοΰ  i^τ^κζL•μivoυ 
ν8ατος,  καίτοι  τινάς  εΙς  ττολύ  καταδύοντας  βάθος. 

Ibid.  i.  2,  269  a  9,  ed,  Heiberg  20.  1 1 

ΤΙτολ€μαΐοζ  iv  τω  Hepl  των  στοιχείων  βιβλίω 
και  iv  τοις  *Οπτικοΐς   .   .  . 

Ibid.  i.  1,  268  a  6,  ed.  Heiberg  9.  21-27 

0  δε  θαυμαστός  ΤΙτολζμαΐος  iv  τω  Ylepi 
διαστάσεως    μονοβίβλω    άττεδει^ε»/,    otl    ουκ    elal 

the  meridian,  the  horizontal  and  the  "  prime  vertical."  Only 
fragments  of  the  Greek  and  a  Latin  version  from  the  Arabic 
have  survived  ;  they  are  given  in  Heiberg's  second  volume. 

Among  the  "  other  works  "  mentioned  by  Suidas  are  pre- 
sumably the  Inscription  in  Canobus  (a  record  of  some  of 
Ptolemy's  discoveries),  which  exists  in  Greek ;  the  'Tnodeaets 
των  ■πλανωμίνων,  of  which  the  first  book  is  extant  in  Greek 
and  the  second  in  Arabic ;  and  the  Optics  and  the  book  On 
Dimension  mentioned  by  Simplicius. 

But  Ptolemy's  fame  rests  most  securely  on  his  Great 
Astronomy  or  Syntaxis  as  it  is  called  by  Suidas.  Ptolemy 
himself  called  this  majestic  astronomical  work  in  thirteen 
books  the  Μαθηματική  σνρταξίί  or  Mathematical  Collection. 
In  due  course  the  lesser  astronomical  works  came  to  be  called 
the  MtK-poj  άστρονομοΰμ€νο5  (tottos),  the  Little  Astronomy,  and 
the  Syntaxis  came  to  be  called  the  Μεγάλη  σύνταξίζ,  or  Great 
Collection,     Later  still  the  Arabs,  combining  their  article  Al 
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Simplicius,  Commentary  on  Aristotle's  De  caelo  iv.  4 
(311  b  1),  ed.  Heiberg  710.  14-19 

Ptolemy  the  mathematician  in  his  work  On  Balan- 
cings maintains  an  opinion  contrary  to  that  of  Aris- 
totle and  tries  to  show  that  in  its  own  place  neither 
water  nor  air  has  weight.  And  he  proves  that  water 
has  not  weight  from  the  fact  that  divers  do  not  feel 
the  weight  of  the  water  above  them,  even  though 
some  of  them  dive  into  considerable  depths. 

Ibid.  i.  2,  269  a  9,  ed.  Heiberg  20.  11 

Ptolemy  in  his  book  On  the  Elements  and  in  his 
Optics  .  .  ," 

Ibid.  i.  1,  268  a  6,  ed.  Heiberg  9.  21-27 

The  gifted  Ptolemy  in  his  book  On  Dimension 
showed  that  there  are  not  more  than  three  dimen- 

with  the  Greek  superlative  μίγιστος,  called  it  Al-majisti ; 
corrupted  into  Almagest,  this  has  since  been  the  favourite 
name  for  the  work. 

The  Syntaxis  was  the  subject  of  commentaries  by  Pappus 
and  Theon  of  Alexandria.  The  trigonometry  in  it  appears 
to  have  been  abstracted  from  earlier  treatises,  but  condensed 
and  arranged  more  systematically. 

Ptolemy's  attempt  to  prove  the  parallel-postulate  has 
already  been  noticed  {supra,  pp.  372-383). 

"  Ptolemy's  Optics  exists  in  an  Arabic  version,  which  was 
translated  into  I^atin  in  the  twelfth  century  by  Admiral 
Eugenius  Siculus  {v.  G.  Govi,  U  ottica  di  Claudia  Tolomeo  di 
Eugenia  Ammiraglio  di  Sicilia)  ;  but  of  the  five  books  the 
first  and  the  end  of  the  last  are  missing.  Until  the  Arabic 
text  was  discovered,  Ptolemy's  Optics  was  commonly  sup- 
posed to  be  identical  with  the  Latin  work  known  as  De 
Speculis ;  but  this  is  now  thought  to  be  a  translation  of 
Heron's  Catoptrica  by  William  of  Moerbeke  {v.  infra, 
p.  502  n.  a). 
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πλβίονίς  των  τρίών  διαστάσει?,  €κ  του  hetv  μεν 
τα?  διαστ(ίσ€ΐ5•  ώρισμ€νας  efvai,  τάς  δε  ώρισμίνας 
διαστάσει?  κατ*  evOeias  λαμβάν^σθαι  καθίτους, 
τρεις  δε  μόνας  προς  όρθάς  άλληλαις  ευθεία?  δυνατόν 
είναι  λαβ€Ϊν,  δυο  μ€ν  καθ'  ας  το  επιττεδον  ορίζεται, 
τρίτην  δε  την  το  βάθος  μετρούσαν  ώστε,  ει  τι? 
εΐ7^  μετά  την  τριχη  διάστασιν  αλλτ^,  άμετρος  άν 
€Ϊη  παι^ελώ?  και  αόριστος. 

(6)  Table  of  Sines 

(i.)  Introduction 

Ptol.  ΛίαίΑ.  Syn.  i.  10,  ed.  Heiberg  i.  pars  i.  31.  7-32.  9 

I  .  Περί  τ•ης  πηλικότητος  των  iv  τω  κνκλω 
ευθειών 

ΙΙρος  μεν  ονν  την  εζ  ετοίμου  χρησιν  κανονικην 
τίνα  μετά  ταΰτα  εκθεσιν  ττοιησόμεθα  της  πηΧι- 
κότητος  αυτών  την  μεν  ττερίμετρον  εις  τξ  τμήματα 
διελόντε?,  παρατιθεντες  δε  τα?  ύττο  τάς  καθ' 
ημιμοίριον  τταραυζ'τησεις  τών  περιφερειών  ύπο- 
τεινομενας  ευθείας,  τοντεστι  πόσων  εισίν  τμημά- 
των ώς  της  Ζιαμετρου  δια  το  εζ  αυτών  τών  επι- 
λογισμών  φανησόμενον  iv  τοις  άριθμοΐς  εϋχρηστον 
εις  ρκ  τ/ίΐ,η/Αατα  Βιηρημενης.  πρότερον  δε  Βείζομεν, 
πώς  άν  ώς  ενι  μάλιστα  δι'  ολίγων  και  τών  αυτών 
θεωρημάτων  εύμεθό8ευτον  και  ταχειαν  την  επι- 
βολην  την  προς  τάς  πηλικότητας  αυτών  ποιοίμεθα, 
όπως  μη  μόνον  εκτεθειμένα  τά  μεγέθη  τών 
ευθειών  εχωμεν  άνεπιστάτως ,  αλλά  και  δια  τ^? 
€κ  τών  γραμμών  μεθοδικής  αύτώι^  συστάσεως 
τον  ελεγχον  εξ  ευχερούς  μζταχειριζώμεθα.  καθόλου 
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sions  ;  for  dimensions  must  be  determinate,  and 
determinate  dimensions  are  along  perpendicular 
straight  lines,  and  it  is  not  possible  to  find  more  than 
three  straight  lines  at  right  angles  one  to  another, 
two  of  them  determining  a  plane  and  the  third 
measuring  depth  ;  therefore,  if  any  other  were  added 
after  the  third  dimension,  it  would  be  completely 
unmeasurable  and  undetermined. 


(6)  Table  of  Sines 
(i.)  Introduction 

Ptolemy,  Syntaxis  i.  10,  ed.  Heiberg  i.  pars  i.  31.  7-32.  9 
10.  On  the  lengths  of  the  chords  in  a  circle 

With  a  view  to  obtaining  a  table  ready  for  im- 
mediate use,  we  shall  next  set  out  the  lengths  of 
these  [chords  in  a  circle],  dividing  the  perimeter 
into  360  segments  and  by  the  side  of  the  arcs  placing 
the  chords  subtending  them  for  every  increase  of 
half  a  degree,  that  is,  stating  how  many  parts  they 
are  of  the  diameter,  which  it  is  convenient  for  the 
numerical  calculations  to  divide  into  120  segments. 
But  first  we  shall  show  how  to  establish  a  systematic 
and  rapid  method  of  calculating  the  lengths  of  the 
chords  by  means  of  the  uniform  use  of  the  smallest 
possible  number  of  propositions,  so  that  we  may  not 
only  have  the  sizes  of  the  chords  set  out  correctly, 
but  may  obtain  a  convenient  proof  of  the  method  of 
calculating  them   based  on  geometrical  considera- 
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μέντοι  χρησόμζθα  ταΐς  των  αρυθμών  εφόΒοις  κατά 
τον  της  ζζηκοντάΒος  τρόπον  δια,  το  Βνσχρηστον 
των  μοριασμών  ctl  τ€  τοις  ττολυπλασιασμοΐς  και 
μ€ρισμοΐς  άκολονθησομ€ν  του  συν^γγίζοντος  α€ΐ 
καταστοχαζόμενοι,  καΐ  καθ*  όσον  αν  το  τταρα- 
λΐΐπόμενον  μηΒζνΙ  άζιολόγω  8ίαφ4ρ7)  του  ττρός 
αίσθησιν  άκρφοΰς. 

(μ.)  sin  18°  and  sin  86* 
Ibid.  32.  10-35.  16 

"Εστω  hrj  πρώτον  ημίκνκλιον  το  ΑΒΓ  €πΙ 
8ίαμ4τρου  της  ΑΔΓ  π€ρΙ  κ^ντρον  το  Δ,  και  άπο 
του  Δ  τη  ΑΓ  προς  όρθάς  γωνίας  ηχθω  η  ΔΒ, 
καΐ  τ€τμήσθω  8ίχα  η  ΔΓ  κατά  το  Ε,  καΐ  ΐπζζίύχθω 
η  ΕΒ,  καΐ  κείσθω  αύτη  Ιση  η  ΕΖ,  και  επεζξύχθω 
η  ΖΒ.  λ4γω,  δτί  ή  μεν  ΖΔ  8€καγώνου  ΐστίν 
πλευρά,  η  δε  ΒΖ  πενταγώνου. 


"  By  δια  TTJs  €f  των  γραμμών  μΐθοΒικης  συστάσ(ως  Ptolemy 
meant  more  than  a  graphical  method  ;  the  phrase  indi- 
cates a  rigorous  proof  hj  means  of  geometrical  considera- 
tions, as  will  be  seen  when  the  argument  proceeds ;  c/. 
the  use  of  δ*ά  τών  γραμμών  infra,  p.  434.  It  may  be  in- 
ferred, therefore,  that  when  Hipparchus  proved  "  by  means 
of  lines  "  (δια  τών  γραμμών.  On  the  Phaenomena  of  Eudoxua 
and  Aratus,  ed.  Manitius  148-150)  certain  facts  about  the 
risings  of  stars,  he  used  rigorous,  and  not  merely  graphical 
calculations  ;  in  other  words,  he  was  familiar  with  the  main 
formulae  of  spherical  trigonometry. 

*  i.e.,  ΖΔ  is  equal  to  the  side  of  a  regular  decagon,  and  BZ 
to  the  side  of  a  regular  pentagon,  inscribed  in  the  circle  ΑΒΓ. 
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tions."  In  general  we  shall  use  the  sexagesimal 
system  for  the  numerical  calculations  owing  to  the 
inconvenience  of  having  fractional  parts,  especially 
in  multiplications  and  divisions,  and  we  shall  aim  at 
a  continually  closer  approximation,  in  such  a  manner 
that  the  difference  from  the  correct  figure  shall  be 
inappreciable  and  imperceptible. 

(ii.)  sin  18°  and  sin  SQ" 
Ibid.  32.  10-35.  16 
First,  let  ΑΒΓ  be  a  semicircle  on  the  diameter  ΑΔΓ 
and  with  centre  Δ,  and  from  Δ  let  ΔΒ  be  drawn  per- 


pendicular to  ΑΓ,  and  let  ΔΓ  be  bisected  at  E,  and 
let  EB  be  joined,  and  let  EZ  be  placed  equal  to  it, 
and  let  ZB  be  joined.  I  say  that  ΖΔ  is  the  side  of  a 
decagon,  and  BZ  of  a  pentagon.* 
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"Ettci  γαρ  eu^eta  γραμμή  rj  ΔΓ  τ€τμηταί  Βίχα 
κατά  το  Ε,  καΐ  πρόσκ€ίταί  τις  avTTJ  evdeXa  η  ΔΖ, 
το  ύπό  των  ΓΖ  /cat  ΖΔ  ττερι^χόμ^νον  ορθογώνιον 
μ€τά  του  άπο  της  ΕΔ  τετραγώνου  Ισον  εστίν  τω 
άττό  τη?  ΕΖ  τετράγωνα),  τουτέστιν  τω  άττό  της 
BE,  εττεί  ίση  εστίν  η  ΕΒ  τη  ΖΕ.  άλλα  τω  άττό 
της  ΕΒ  τετραγώνω  ΐσα  εστί  τά  άπο  των  ΕΔ  /cat 
ΔΒ  TCT/aaycura•  το  άρα  ύπό  των  ΓΖ  /cat  ΖΔ 
περιεγόμενον  όρθογώνιον  μετά  του  άπο  της  ΔΕ 
τετραγώνου  ίσον  εστίν  τοις  άπο  των  ΕΔ,  ΔΒ 
τετραγώνοις.  /cat  κοινού  αφαιρεθέντος  του  άπο 
της  ΕΔ  τετραγώνου  λοιπόν  τό  ύπό  των  ΓΖ  /cat 
ΖΔ  ίσον  εστίν  τω  άπό  της  ΔΒ,  τουτέστιν  τω  άπό 
της  ΔΓ"  η  Ζ  Γ  άρα  άκρον  και  μέσον  λόγον  τετμηται 
κατά  τό  Δ.  επει  οΰν  η  του  εζαγώνου  και  η  του 
Βεκαγώνου  πλευρά  των  εις  τόν  αυτόν  κύκλον 
εγγραφόμενων  επι  της  αύτης  ευθείας  άκρον  και 
μέσον  λόγον  τέμνονται,  η  δε  ΓΔ  εκ  του  κέντρου 
ούσα  την  του  εζαγώνου  περιέχει  πλευράν,  η  ΔΖ 
άρα  εστίν  ΐση  τη  του  8εκαγώνου  πλευρά,  ομοίως 
δε,  επει  η  τοΰ  πενταγώνου  πλευρά  Βύναται  την 
τ€  τοΰ  εζαγώνου  και  την  τοΰ  δεκαγώνου  των  εις 
τόν  αυτόν  κύκλον  εγγραφόμενων,  τοΰ  δε  ΒΔΖ 
ορθογωνίου  τό  άπό  της  ΒΖ  τετραγωνον  Ίσον  εστίν 
τω  τε  άττό  της  ΒΔ,  ήτις  εστίν  εζαγώνου  πλευρά, 
και  τω  άπό  της  ΔΖ,  ήτις  εστίν  Βεκαγώνου  πλευρά, 
η  ΒΖ  άρα  ΐση  εστίν  τη  τοΰ  πενταγώνου  πλευρά. 

Έττει  ούν,  ως  εφην,  ύποτιθεμεθα  την  τοΰ  κύκλου 
8ιάμετρον  τμημάτων  ρκ,  γίνεται  δια  τά  προκείμενα 
ή    μεν    ΔΕ    τ^/Αΐσεια    ούσα    της    εκ    τοΰ    κέντρου 

'  Following  the  usual  practice,  I  shall  denote  segments 
(τμήματα)  of  the  diameter  by  ",  sixtieth  parts  of  a  τμήμα  by 
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For  since  the  straight  line  ΔΓ  is  bisected  at  E,  and 
the  straight  line  ΔΖ  is  added  to  it, 

ΓΖ  .  ΖΔ  +  ΕΔ2  =  EZ2  [Eucl.  ii.  6 

=  BE2, 
since  EB  =  ZE. 

But  ΕΔ2  +ΔΒ2  =  ΕΒ2 ;  [Eucl  i.  47 

therefore      ΓΖ  .  ΖΔ  +  ΕΔ2  =  ΕΔ2  +  ΔΒ2. 
When  the  common  term  ΕΔ2  is  taken  away, 
the  remainder       ΓΖ  .  ΖΔ  =  ΔΒ2 
i.e.,  =ΔΓ2; 

therefore  ΖΓ  is  divided  in  extreme  and  mean  ratio 
at  Δ  [Eucl.  vi.,  Def.  3].  Therefore,  since  the  side  of 
the  hexagon  and  the  side  of  the  decagon  inscribed  in 
the  same  circle  when  placed  in  one  straight  Une  are 
cut  in  extreme  and  mean  ratio  [Eucl,  xiii.  9]>  and  ΓΔ, 
being  a  radius,  is  equal  to  the  side  of  the  hexagon 
[Eucl,  iv,  15,  corolL],  therefore  ΔΖ  is  equal  to  the  side 
of  the  decagon.  Similarly,  since  the  square  on  the 
side  of  the  pentagon  is  equal  to  the  rectangle  con- 
tained by  the  side  of  the  hexagon  and  the  side  of 
the  decagon  inscribed  in  the  same  circle  [Eucl,  xiii. 
10],  and  in  the  right-angled  triangle  ΒΔΖ  the  sqQare 
on  BZ  is  equal  [Eucl.  i.  47]  to  the  sum  of  the  squares 
on  ΒΔ,  which  is  a  side  of  the  hexagon,  and  ΔΖ,  which 
is  a  side  of  the  decagon,  therefore  BZ  is  equal  to  the 
side  of  the  pentagon. 

Then  since,  as  I  said,  we  made  the  diameter  "  con- 
sist of  120»,  by  what  has  been  stated  ΔΕ,  being  half 

the  numeral  with  a  single  accent,  and  second-sixtieths  by  the 
numeral  with  two  accents.  As  the  circular  associations  of 
the  system  tend  to  be  forgotten,  and  it  is  used  as  a  general 
system  of  enumeration,  the  same  notation  will  be  used  for  the 
squares  of  parts. 
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τμημάτων  λ  καΐ  το  άττ'  αυτή?  ^,  17  δε  ΒΔ  €κ  του 
κέντρου  οΰσα  τμημάτων  ς  καΐ  το  από  αύτης  //χ, 
το  δε  άττο  της  ΕΒ,  τοχηέστιν  το  άττό  της  ΕΖ,  των 
€πΙ  το  αντο  βψ'  μηκ€ΐ  άρα  €σται  η  ΕΖ  τμημάτων 
^  ο  ve  ζγγιστα,  καΐ  Χοιττη  η  ΔΖ  των  αυτών  λζ 
ο  ve.  η  άρα  του  Βεκαγώνου  πλευρά,  ύποτείνουσα 
δε  ττζριφέρζίαν  τοιούτων  As",  οίων  βστίν  6  κύκλος 
τξ,  τοιούτων  έ'σται  λζ  ο  vi,  οίων  η  8ιάμ€τρος  ρκ. 
πάλιν  εττει  η  μβν  ΔΖ  τμημάτων  ΙστΙ  λζ  ο  ve,  το 
δε  άττό  αύτης  ^ατοε  δ  ιε,  εστί  δε  icat  το  άττο  της 
ΔΒ  των  αυτών  /γχ,  ά  συντεθβντα  ττοιει  το  άπο 
της  ΒΖ  τ€τράγωνον  ,δ^οε  δ  ϊε,  μηκ€ΐ  άρα  €σται 
ή  ΒΖ  τμημάτων  δ  λβ  γ  €γγιστα.  και  ή  του  πεντα- 
γώνου άρα  πλευρά,  ύποτείνουσα  δε  μοίρας  οβ, 
οίων  ioTiv  ο  κύκλος  τξ,  τοιούτων  εστίν  δ  λβ  γ, 
οίων  η  διάμετρος  ρκ. 

Φανερον  δε  αύτό^εν,  οτι  και  η  του  εξαγώνου 
πλευρά,  ύποτείνουσα  δε  μοίρας  ξ,  και  ΐση  ούσα 
τη  εκ  τοΰ  κέντρου,  τμημάτων  εστίν  ξ.  ομοίως 
δε,  εττει  η  μεν  τοΰ  τετραγώνου  πλευρά,  ύποτείνουσα 
δε  μοίρας  9,  Βυνάμει  διττλασια  εστίν  της  εκ  τοΰ 
κέντρου,  η  δε  τοΰ  τριγώνου  πλευρά,  ύποτείνουσα 
δε  μοίρας  ρκ,  Βυνάμει  της  αύτης  εστίν  τριπλασίων, 
το  δε  άττό  της  εκ  τοΰ  κέντρου  τμημάτων  εστίν  /γχ, 
συναχθήσεται    το    μεν    απο    της    τοΰ    τετραγώνου 

πλευράς  ^ζσ,  το  δε  άττό  της  τοΰ  τριγώνου  Μ  ώ. 
ώστε  και  μηκει  η  μεν  τάς  ζ  μοίρας  ύποτείνουσα 
ευθεία  τοιούτων  εσται  ίτδ  m  ϊ  εγγιστα,  οίων  ή 
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of  the  radius,  consists  of  30*'  and  its  square  of  9001», 
and  ΒΔ,  being  the  radius,  consists  of  60»  and  its 
square  of  3600P,  while  EB^,  that  is  EZ^,  consists  of 
4500»  ;  therefore  EZ  is  approximately  67»  4>'  55"," 
and  the  remainder  ΔΖ  is  37»  4'  55".  Therefore  the 
side  of  the  decagon,  subtending  an  arc  of  36°  (the 
whole  circle  consisting  of  360°),  is  37»  4'  55"  (the 
diameter  being  120»).  Again,  since  ΔΖ  is  37»  4'  55", 
its  square  is  1375»  4'  15",  and  the  square  on  ΔΒ  is 
3600»,  which  added  together  make  the  square  on  BZ 
4975»  4'  15",  so  that  BZ  is  approximately  70»  32'  3". 
And  therefore  the  side  of  the  pentagon,  subtending 
72°  (the  circle  consisting  of  360°),  is  70»  32'  3"  (the 
diameter  being  120»). 

Hence  it  is  clear  that  the  side  of  the  hexagon,  sub- 
tending 60°  and  being  equal  to  the  radius,  is  60». 
Similarly,  since  the  square  on  the  side  of  the  square,'' 
subtending  90°,  is  double  of  the  square  on  the  radius, 
and  the  square  on  the  side  of  the  triangle,  subtending 
120°,  is  three  times  the  square  on  the  radius,  while 
the  square  on  the  radius  is  3600»,  the  square  on  the 
side  of  the  square  is  7200»  and  the  square  on  the  side 
of  the  triangle  is  10800».  Therefore  the  chord  sub- 
tending 90°  is  approximately  84»  51'  10"  (the  diameter 

•  Theon's  proof  that  \/4500  is  approximately  67''  4'  55" 
has  already  been  given  (vol.  1.  pp.  56-61). 

*  This  is,  of  course,  the  square  itself;  the  Greek  phrase  is 
not  so  difficult.  We  could  translate,  "  the  second  power  of 
the  side  of  the  square,"  but  the  notion  of  powers  was  outside 
the  ken  of  the  Greek  mathematician. 
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8ιάμ€τρος     ρκ,    ij     hk     τα?     p«     των     αυτών    ργ 
V€  κγ. 


(iii.)  sin"^  θ  +  cos^  θ  =  1 
Ibid.  35.  17-36.  12 

A?8e  μ€ν  οϋτως  ήμΐν  e/c  προχείρου  καΐ  καθ* 
αυτά?  είληφθωσαν,  και  εσται  φανερον  evreudev, 
OTL  των  8ιΒομ€νων  ευθειών  εζ  ευχερούς  δίδονται 
και  αί  ύττο  τάς  λειπούσας  εΙς  το  ημικυκλίον  περι- 
φερείας ύποτείνουσαι  δια  το  τά  άττ'  αύτώΐ'  συντι- 
θέμενα ποιεΐν  το  από  της  Βιαμετρου  τετράγωνον 
οίον,  επεώη  η  υπο  τας  As"  μοίρας  ευθεία  τμημάτων 
εΒείχθη  λζ  8  νε   καΐ  το   απ*   αύτης  ^ατοε  δ  ΐε,  το 

α 

δ€  από  της  Βιαμετρου  τμημάτων  εστίν  Μ  βυ, 
εσται  και  τό  μεν  από  της  ύποτεινούσης  τας  λει- 
πουσας  εις  τό  ημικύκλιον  μοίρας  ρμ8  τών  λοιπών 

»  Let  ΛΒ  be  a  chord  of  a  circle  subtending  an  angle  α  at 
the  centre  O,  and  let  AKA'  be  drawn  perpendicular  to  OB  so 
as  to  meet  OB  in  Κ  and  the  circle 
Β  again  in  A'.     Then 

sina(=sinAB)=^^  =  iM:. 

And  AA'  is  the  chord  subtended  by 
double  of  the  arc  AB,  while  Ptolemy 
expresses  the  lengths  of  chords  as  so 
many  120th  parts  of  the  diameter ; 
therefore  sin  α  is  half  the  chord  sub- 
tended by  an  angle  2a  at  the  centre, 
which  is  conveniently  abbreviated  by 
Heath  to  ^(crd.  2a),  or,  as  we  may  alternatively  express 
the  relationship,  sin  AB  is  "  half  the  chord  subtended  by 
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consisting  of  120»),  and  the  chord  subtending  120°  is 
103»  55'  23''.« 

(iii.)  sin^  θ  +cos^  θ  =  1 

Ibid.  35.  17-36.  12 

The  lengths  of  these  chords  have  thus  been  obtained 
immediately  and  by  themselves,*  and  it  will  be  thence 
clear  that,  among  the  given  straight  Unes,  the  lengths 
are  immediately  given  of  the  chords  subtending  the 
remaining  arcs  in  the  semicircle,  by  reason  of  the  fact 
tluit  the  sum  of  the  squares  on  these  chords  is  equal 
to  the  square  on  the  diameter ;  for  example,  since  the 
chord  subtending  36°  was  shown  to  be  37p  4'  55"  and 
its  square  1375»  4'  15",  while  the  square  on  the 
diameter  is  14400»,  therefore  the  square  on  the  chord 
subtending  the  remaining  144°  in  the  semicircle  is 

double  of  the  arc  AB,"  which  is  the  Ptolemaic  form ;  as 
IHolemy  means  by  this  expression  precisely  what  we  mean 
by  sin  AB,  I  shall  interpolate  the  trigonometrical  notation  in 
the  translation  wherever  it  occurs.  It  follows  that  cos  a 
[  =  sin(90-a)]=i  crd.  (180° -2a),  or,  as  Ptolemy  says, 
"  half  the  chord  subtended  by  the  remaining  angle  in  the 
semicircle."  Tan  α  and  the  other  trigonometrical  ratios 
were  not  used  by  the  Greeks. 

In  the  passage  to  which  this  note  is  appended  Ptolemy 
proves  that 

side  of  decagon  (  =  crd.  36  °  =  2  sin  1 8  °)  =  37 "  4'  55', 

side  of  pentagon  (  =crd.  72°  =  2  sin  36°)  =  70"  32'  3", 

side  of  hexagon  (  =crd.  60°  =2  sin  30°)  =60", 

side  of  square  (  =crd.  90°  =2  sin  45°)  =  84"  51'  10', 

side  of  equilateral  ,^j.^   120°  =2  sin  60°)  =  103"  55'  23'. 
triangle  ^ 

*  i.e.,  not  deduced  from  other  known  chords. 
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Μ//κΒ  V€  Jle,  αύτη  δε  μηκ€ί  των  αυτών  ρϊΒ  ζ  λζ 
εγγι,στα,  και  em  των  άλλων  ομοίως. 

"Ον  δε  τρόπον  άπο  τούτων  και  at  λοιτταί  των 
κατά  μίροζ  Βοθήσονταί,  ΒεΙξομ^ν  εφξξης  ττροζκθέ- 
μ€νοι  λημμάτων  ζΰχρηστον  ττάνυ  ττρος  την  τταροϋσαν 
ττραγματζίαν, 

(iv.)  "  Ptolemy's  Theorem  ** 
Tbid.  36.  13-37.  18 

"Εστω  γαρ  κύκλος  ίγγεγραμμένον  βχων  τ€τρά- 
ττλευρον  τυχόν  το  ΑΒΓΔ,  και  εττεζζυχθωσαν  at 
Α  Γ  και  ΒΔ.  δεικτεον,  OTt  το  ύπο  των  Α  Γ  και 
ΒΔ  π€ρΐ€χόμ€νον  ορθογώνιον  Ισον  ecrri  συναμφο- 
τ€ροις  τω  τ€  ύπο  των  ΑΒ,  ΔΓ  και  τφ  ύπο  των 
ΑΔ,  ΒΓ. 

ΚείοΓ^ω  γαρ  τη  ύπο  των  ΔΒΓ  γωνία  Ιση  ή  ύπο 
ABE.     iav  οΰν  κοινην  προσθώμεν  την  ύπο  ΕΒΔ, 


•  ί.Λ,  crd.  144°(=2  sin  72")  =  114»  7'  87'.  If  the  given 
chord  subtends  an  angle  2Θ  at  the  centre,  the  chord  sub- 
tended by  the  remaining  arc  in  the  semicircle  subtends  an 
angle  (180-25),  and  the  theorem  asserts  that 

(crd.  25)»  +  (crd.  180 -25)=»  =  (diameter)•, 
or  Bin*  θ    ♦  cos*  θ       =1, 
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13024»  55'  45"  and  the  chord  itself  is  approximately 
114»  7'  37",  and  similarly  for  the  other  chords." 

We  shall  explain  in  due  course  the  manner  in  which 
the  remaining  chords  obtained  by  subdivision  can  be 
calculated  from  these,  setting  out  by  way  of  preface 
this  little  lemma  which  is  exceedingly  useful  for  the 
business  in  hand. 

(iv.)  "  Ptolemy's  Theorem  " 
Ibid.  36.  13-37.  18 

Let  ΑΒΓΔ  be  any  quadrilateral  inscribed  in  a 
circle,  and  let  ΑΓ  and  ΒΔ  be  joined.  It  is  required 
to  prove  that  the  rectangle  contained  by  ΑΓ  and  ΒΔ 
is  equal  to  the  sum  of  the  rectangles  contained  by 
AB,  ΔΓ  and  ΑΔ,  ΒΓ. 

For  let  the  angle  ABE  be  placed  equal  to  the  angle 


ΔΒΓ.    Then  if  we  add  the  angle  ΕΒΔ  to  both,  the 
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ecrrai  και  rj  νττο  ΑΒΔ  γωνία  ίση  rfj  νπο  ΕΒΓ. 
eanv  Se  καΐ  η  νπο  ΒΔΑ^τί]  νττό  ΒΓΕ  ίση•  το  γαρ 
αυτό  τ/ζ•^/Αα  ΰττοτείνουσιν*  Ισογωνιον  αρα  ΙστΙν 
το  ΑΒΔ  τρίγωνον  τω  ΒΓΕ  τρνγώνω.  ώστε  και 
άνάλογόν  €στιν,  ώς  η  ΈΤ  ττρος  την  ΓΕ,  οΰτωζ  η 
ΒΔ  TTpos  την  ΔΑ•  το  αρα  νττο  Β  Γ,  ΑΔ  'ίσον  €στΙν 
τω  νττο  ΒΔ,  ΓΕ.  ττάλιν  €tt€l  ΐση  €στΙν  η  νττό 
ABE  γωνία  τη  νπο  ΔΒΓ  γωνία,  eortv  δε  και  η 
νπο  ΒΑΕ  ΐση  τη  νπο  ΒΔΓ,  ισογωνιον  άρα  eortv 
το  ABE  τρίγωνον  τω  ΒΓΔ  τ  ριγώνω•  άνάλογόν 
άρα  €στίν,  ώς  η  ΒΑ  προς  ΑΕ,  ή  ΒΔ  προς  ΔΓ• 
το  άρα  νπο  ΒΑ,  ΔΓ  ΐσον  €στιν  τω  νπο  ΒΔ,  ΑΕ. 
^Βίίχθη  δε  και  το  νπο  Β  Γ,  ΑΔ  ΐσον  τω  νπο  ΒΔ, 
ΓΕ•  και  όλον  άρα  το  νπο  ΑΓ,  ΒΔ  ΐσον  ε'στιν 
σνναμφοτέροις  τω  τ€  νπο  ΑΒ,  Δ  Γ  και  τω  υπέρ 
ΑΔ,  ΒΓ•  όπερ  έδει  δει^αι. 

(ν.)  sin  {θ  -  φ)  =  sin  θ  cos  φ  -  cos  θ  sin  φ 
Ibid.  37.  19-39.  3 

Τούτου  προ€κτ€θ€ντος  έστω  ημικνκλιον  το 
ΑΒΓΔ  ετΓΐ  Ζιαμέτρον  της  ΑΔ,  και  άπο  του  Α 
δϊίο  ^ιήχθωσαν  αί  ΑΒ,  Α  Γ,  και  έστω  εκατερα 
αι^τώι^  δοθείσα  τω  μ^γέθ^ι,  οίων  η  Βιάμ€τρος 
Βοθεΐσα  "ρκ,  και  βπβζίνχθω  η  ΈΤ.  λ^γω,  δτι  και 
αντη  δε'δοται. 

Έ7Γεζευ;^^ωσαν  γαρ  αί  ΒΔ,  ΓΔ•  δεδο/ζε'ναι  αρα 
ΐίσιν  δηλονότι  και  αύται  δια  το  λειπειν  €Κ€ίνων 
els  το  ημικνκλιον.  ε'ττει  ονν  iv  κύκλω  τΐτράπλζνρόν 
εστίν  το  ΑΒΓΔ,  το  άρα  υπό  ΑΒ,  ΓΔ  μ€τά  τον 
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angle  ABA  =  the  angle  ΕΒΓ.  But  the  angle  ΒΔΑ  = 
the  angle  ΒΓΕ  [Eucl.  iii.  21],  for  they  subtend  the 
same  segment  ;  therefore  the  triangle  ΑΒΔ  is  equi- 
angular with  the  triangle  ΒΓΕ. 

ΒΓ  :  ΓΕ  =  ΒΔ  :  ΔΑ  ;  [Eucl.  vi.  4 

ΒΓ  .  ΑΔ  =  ΒΔ  .  ΓΕ.  [Eucl.  vi.  6 

Again,  since  the  angle  ABE  is  equal  to  the  angle 
ΔΒΓ,  while  the  angle  BAE  is  equal  to  the  angle  ΒΔΓ 
[Eucl.  iii.  21],  therefore  the  triangle  ABE  is  equi- 
angular with  the  triangle  ΒΓΔ  ; 

BA  :  AE  =  ΒΔ  :  ΔΓ  ;  [Eucl.  vi.  4 

BA  .  ΔΓ  =  ΒΔ  .  AE.  [Eucl.  vi.  6 

But  it  was  shown  that 

ΒΓ.  ΑΔ  =  ΒΔ.ΓΕ; 

and.•.  ΑΓ.ΒΔ  =  ΑΒ.ΔΓ+ΑΔ.ΒΓ; 

[Eucl.  ii.  1 
which  was  to  be  proved. 

(v.)  sin  (Θ  -φ)  =  sin  θ  cos  φ  -  cos  θ  sin  φ 
Ibid.  37.  19-39.  3 

This  having  first  been  proved,  let  ΑΒΓΔ  be  a  semi- 
circle having  ΑΔ  for  its  diameter,  and  from  A  let 
the  two  [chords]  AB,  ΑΓ  be  drawn,  and  let  each  of 
them  be  given  in  length,  in  terms  of  the  120»  in  the 
diameter,  and  let  ΒΓ  be  joined.  I  say  that  this  also 
is  given. 

For  let  ΒΔ,  ΓΔ  be  joined  ;  then  clearly  these  also 
are  given  because  they  are  the  chords  subtending 
the  remainder  of  the  semicircle.  Then  since  ΑΒΓΔ 
is  a  quadrilateral  in  a  circle, 
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νπο   των   ΑΔ,   ΒΓ    ΐσον   iarlv  τω    νπο   ΑΓ,   ΒΔ. 
και  €στίν  τό  τ€  ύπο  των  ΑΓ,  ΒΔ  Βοθ^ν  και  το 


νπο  ΑΒ,  ΓΔ•  καΐ  λοίττόν  αρα  τό  νττο  ΑΔ,  ΒΓ 
hoOiv  ioTiv.  και  Ιστιν  "η  ΑΔ  8ίάμ€τρος•  SoOeiaa 
αρα  ioTiv  καΐ  η  ΒΓ  evdela. 

Kat  φαν€ρ6ν  ήμΐν  ydyovev,  οτι,  iav  Βοθώσιν  δυο 
τΓ€ριφ€ρ€ίαι  καΐ  αϊ  ύττ'  αυτά?  evOeiai,  SoOetaa 
€σται  και  τ)  την  υττίροχην  των  δυο  π€ρίφ€ρ€ΐών 
νποτ€ΐνονσα  evdela.  Βηλον  Se,  οτι  δια  τοντου  τον 
θεωρήματος  άλλα?  re  ουκ  ολίγας  ζνθΐίας  εγγρά- 
φομ€ν  από  των  iv  ταΐς  καθ^  αυτά?  Β^Βομενων 
υπεροχών  καΐ  Βη  και  την  νπό  τάς  ΒώΒεκα  μοίρας, 
€π€ΐΒηπ€ρ  εχομεν  την  τ€  νπό  τάς  ζ  και  την  νπο 
τάς  οβ. 
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AB  .  ΓΔ  +ΑΔ  .  ΒΓ  =  ΑΓ  .  ΒΔ, 

["  Ptolemy's  theorem  " 

And  ΑΓ  .  ΒΔ  is  given,  and  also  AB  .  ΓΔ  ;  therefore 
the  remaining  term  ΑΔ  .  ΒΓ  is  also  given.  And  ΑΔ 
is  the  diameter ;  therefore  the  straight  line  ΒΓ 
is  given.* 

And  it  has  become  clear  to  us  that,  if  two  arcs  are 
given  and  the  chords  subtending  them,  the  chord 
subtending  the  difference  of  the  arcs  will  also  be 
given.  It  is  obvious  that,  by  this  theorem  we  can 
inscribe ''  many  other  chords  subtending  the  differ- 
ence between  given  chords,  and  in  particular  we 
may  obtain  the  chord  subtending  12**,  since  we  have 
that  subtending  60"  and  that  subtending  72®. 


•  If  AT  subtends  an  angle  2Θ  and  AB  an  angle  9φ  at  the 
centre,  the  theorem  asserts  that 


crd.  2Θ  -  2φ) .  (crd.  180°)  =(crd.  2Θ) .  (crd.  180°  -  2φ)  - 

(crd.  2^).(crd.  ISO'-a^) 

«.Λ»  sin  {Θ -  Φ)  =sin  θ  cos  φ-  cos  θ  sin  φ. 

'  Or  "  calculate,"  as  we  might  almost  translate  ίγγράφομεν; 
ef.  svpra,  p.  414  n.  α  on  €#c  των  γραμμών, 
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(vi.)  sin^^e^  1(1 -cose) 
Ibid.  39.  4-41.  3 

Πάλιν  ττροκ^ίσθω  δοθείσης  τινο?  evOeiag  ev 
κύκλω  την  νπο  το  ήμισυ  της  νποτ€ΐνομ€νης  irepi- 
φ^ρ^ίας  evOelav  evpetv.  καΐ  έστω  ήμικνκλιον  το 
ΑΒΓ  €πΙ  Sta/u-erpou  της  ΑΓ  και  δοθείσα  evdela  η 
ΓΒ,  και  η  ΓΒ  περιφέρεια  δίχα  τετμησθω  κατά, 
το  Δ,  καΐ  εττεζεύχθωσαν  αι  ΑΒ,  ΑΔ,  ΒΔ,  ΔΓ, 
και  άττο  του  Δ  εττΐ  την  Α  Γ  κάθετος  ηχθω  η  ΔΖ. 
λέγω,  δτι  η  Ζ  Γ  ημίσεια  εστί  της  των  ΑΒ  και 
Α  Γ  υπέροχης. 

Κείσθω  γαρ  τη  ΑΒ  ΐση  ή  ΑΕ,  και  επεζεύχθω 
η  ΔΕ.  επει  ΐση  εστίν  η  ΑΒ  τη  ΑΕ,  κοινή  Se  η 
ΑΔ,  Βύο  8η  at  ΑΒ,  ΑΔ  δυο  rats  ΑΕ,  ΑΔ  ισαι 
εισίν  εκατερα  εκατερα.  και  γωνία  η  ύπο  ΒΑΔ 
yojvta  ττ;  υττο  ΙΙΑΔ  ιση  εστίν  και  ρασις  αρα  η 
ΒΔ  βάσ€ΐ  τη  ΔΕ  ιοη  εστίν,     αλλά  η  ΒΔ  τ^  ΔΓ 

W »/  xtAT-iv  '«ATT""  »'  ♦« 

tOT^  εστίϊ'•  icat  ι)  ΔΙ  αρα  τη  ΔΕ  ιστ^  εστίν,  επει 
οΰν  ισοσκελούς  οντος  τριγώνου  του  ΔΕ  Γ  άττο 
της  κορυφής  επι  την  βάσιν  κάθετος  ■ήκται  η  ΔΖ, 
Ϊση  εστίν  ή  ΈΤι  τη  ΖΓ.  αλλ'  η  ΕΓ  δλη  ή  ύπερ' 
οχη  εστίν  των  ΑΒ  και  ΑΓ  ευθειών  η  άρα  Ζ  Γ  ήμί' 
σειά  εστίν  της  των  αυτών  υπεροχής,  ώστε,  επει 
της  υπό  την  Β  Γ  περιφερειαν  ευθείας  υποκείμενης 
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(vi.)  im2  1^  =  1(1 -coi  Θ) 

Ibid.  39.  4-41.  3 

Again,  given  any  chord  in  a  circle,  let  it  be  required 
to  find  the  chord  subtending  half  the  arc  subtended 
by  the  given  chord.  Let  ΑΒΓ  be  a  semicircle  upon 
the  diameter  ΑΓ  and  let  the  chord  ΓΒ  be  given,  and 

Β 


Ε  Ζ   Γ 


let  the  arc  ΓΒ  be  bisected  at  Δ,  and  let  AB,  ΑΔ,  ΒΔ, 
ΔΓ  be  joined,  and  from  Δ  let  ΔΖ  be  drawn  perpen- 
dicular to  ΑΓ.  I  say  that  ΖΓ  is  half  of  the  difference 
between  AB  and  ΑΓ. 

For  let  AE  be  placed  equal  to  AB,  and  let  ΔΕ  be 
joined.  Since  AB  =  AE  and  ΑΔ  is  common,  [in  the 
triangles  ΑΒΔ,  ΑΕΔ]  the  two  [sides]  AB,  ΑΔ  are 
equal  to  AE,  ΑΔ  each  to  each  ;  and  the  angle  ΒΑΔ  is 
equal  to  the  angle  ΕΑΔ  [Eucl.  iii.  27]  ;  and  therefore 
the  base  ΒΔ  is  equal  to  the  base  ΔΕ  [Eucl.  i.  4].  But 
ΒΔ  =  ΔΓ;  and  therefore  ΔΓ  =  ΔΕ.  Then  since  the 
triangle  ΔΕΓ  is  isosceles  and  ΔΖ  has  been  drawn  from 
the  vertex  perpendicular  to  the  base,  ΕΖ  =  ΖΓ  [Eucl. 
i.  26].  But  the  whole  Ε  Γ  is  the  difference  between 
the  chords  AB  and  ΑΓ  ;  therefore  ΖΓ  is  half  of  the 
difference.  Thus,  since  the  chord  subtending  the  arc 
ΒΓ  is  given,  the  chord  AB  subtending  the  remainder 
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αύτόθζρ  δβδοται  και  η  Xelnovaa  eh  το  ημικνκλιον 
"ή  ΑΒ,  ^οθήσ€ταί  και  η  "ΣΤ  T^jLttaeta  οΰσα  τη?  των 
ΑΓ  και  ΑΒ  υπέροχης-  αλλ'  εττβι  iv  όρθογωνίω 
τω  ΑΓΔ  καθέτου  άχθζίσης  της  ΔΖ  ισογώνιον  γί- 
V€Tat  το  ΑΔΓ  όρθογώνιον  τω  ΔΓΖ,  και  eoTiv,  ώς 
η  ΑΓ  ττρος  ΓΔ,  η  ΓΔ  προς  ΓΖ,  το  άρα  υπό  των 
ΑΓ,  ΓΖ  περιβχόμενον  όρθογώνιον  Ισον  icrrlv  τω 
άπο  της  ΓΔ  τζτραγώνω.  Βοθέν  δε  το  υπό  των  ΑΓ, 
ΓΖ.  So0€v  άρα  εστίν  καΐ  τό  από  της  ΓΔ  τετρά- 
γωνον.  ώστε  καΧ  μηκει  ή  ΓΔ  ευθεία  Βοθησεται 
την  T^jLtiaeiav  ύποτείνουσα  της  ΒΓ  περιφερείας. 

Και  δια  τούτον  δη  πάλιν  του  θεωρήματος  αλλαι 
τ€  ληφθήσονται  ττλεισται  /^ατά  τα?  ημισείας  των 
προεκτεθειμενων,  καΐ  Βή  και  από  της  τας  ιβ 
μοίρας  ύποτεινούσης  ευθείας  η  τε  υπό  τας  γ  και 
η  υπό  τα?  γ  και  η  υπό  την  μίαν  ήμισυ  και  η  υπό 
τό  ήμισυ  τέταρτον  της  /uiaj  μοίρας.  εύρίσκομςν 
δε  εκ  των  επιλογισμών  την  μεν  υπό  την  μίαν 
ήμισυ  μοΐραν  τοιούτων  ά  λδ  ci  εγγιστα,  οίων 
εστίν  η  οιάμετρος  ρκ,  την  oe  υπο  το  Δ.  ο  των 
αυτών  Ο  μζ  η. 

(vii.)  cos  (θ  +φ)=€05  θ  cos  φ  -  sin  θ  sin  φ 
Ibid.  41.  Φ-43.  5 

Πάλιν  έστω  κύκλος  ο  ΑΒΓΔ  περί  Βιάμετρον 
μεν  την  ΑΔ,  κεντρον  δε  τό  Ζ,  και  από  τον  Α 
άπειλήφθωσαν  δυο  περιφερειαι  Ποθείσαι  κατά  τό 
έξης  αί  ΑΒ,  ΒΓ,  και  επεζεύχθωσαν  at  ΑΒ,  ΒΓ 
υτΓ*  αυτά?  ευ^είαι  και  αύται  ΒεΒομεναι.  λέγω 
ΟΤΙ,  εαν  επιζεύζωμεν  την  ΑΓ,  δο^τ^σεται  καΐ  αυτή. 

•  If  ΒΓ  subtends  an  angle  2Θ  at  the  centre  the  proposition 
asserts  that 
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of  the  semicircle  is  immediately  given,  and  ΖΓ  will 
also  be  given,  being  half  of  the  difference  between 
ΑΓ  and  AB.  But  since  the  perpendicular  ΔΖ  has 
been  drawn  in  the  right-angled  triangle  ΑΓΔ,  the 
right-angled  triangle  ΑΔΓ  is  equiangular  with  ΔΓΖ 
[Eucl.  vi.  8],  and 

ΑΓ:ΓΔ  =  ΓΔ:ΓΖ, 

and  therefore  ΑΓ  .  ΓΖ  =  ΓΔ». 

But  ΑΓ  .  ΓΖ  is  given  ;  therefore  ΓΔ^  is  also  given. 
Therefore  the  chord  ΓΔ,  subtending  half  of  the  arc 
ΒΓ,  is  also  given." 

And  again  by  this  theorem  many  other  chords  can 
be  obtained  as  the  halves  of  known  chords,  and  in 
particular  from  the  chord  subtending  12°  can  be 
obtained  the  chord  subtending  6°  and  that  subtend- 
ing 3°  and  that  subtending  1^°  and  that  subtending 
^°  +  ^°(  =  1°).  We  shall  find,  when  we  come  to  make 
the  calculation,  that  the  chord  subtending  1^°  is 
approximately  1»  34'  15"  (the  diameter  being  120»») 
and  that  subtending  |°  is  0»  47'  8"." 

(vii.)  cos  (Θ  +  Φ)  =  cos  θ  cos  ψ  -  sin  θ  sin  φ 

Ibid.  41.  4-43.  5 

Again,  let  ΑΒΓΔ  be  a  circle  about  the  diameter 
ΑΔ  and  with  centre  Z,  and  from  A  let  there  be  cut  off 
in  succession  two  given  arcs  AB,  ΒΓ,  and  let  there 
be  joined  AB,  ΒΓ,  Avhich,  being  the  chords  subtending 
them,  are  also  given.  I  say  that,  if  we  join  ΑΓ,  it 
also  will  be  given. 


(crd.  0)2  =  i(crd.  180)  .  {(crd.  180°) -crd.   180° -25} 
i.e.,       sinH^    =i(l-cos0). 

*  The  symbol  in  the  Greek  for  Ο  should  be  noted;    v, 
vol.  i.  p.  47  n.  a. 
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Αιηχθω  γαρ  δια  τοΰ  Β  διάμετρος  του  κύκλου 
ή  ΒΖΕ,  καΐ  €π€ζ€νχθωσαν  αϊ  ΒΔ,  Δ  Γ,  ΓΕ,  ΔΕ• 
SfjXov  Sr)  avroOev,  δτι  δια  μ€ν  την  Β  Γ  Βοθησ€ταί 
καΐ  η  ΓΕ,  δια  δε  την  ΑΒ  8οθήσ€ται  η  τ€  ΒΔ  και 
ή  ΔΕ.  καΐ  δια  τα  αυτά  τοΓ?  έμπροσθεν,  eTrel  iv 
κύκλω  Τ€τράπλ€υρόν  iaTiv  το  ΒΓΔΕ,  καΐ  Βιηγμ€ναί 
€ΐσΙν  αϊ  ΒΔ,  ΓΕ,  το  ύπο  των  Βιηγμενων  ττερι- 
€χόμ€νον  ορθογώνιον  ΐσον  εστίν  συναμφοτ€ροις 
τοις  ύπο  των  άττζναντιον  ώστε,  εττει  δεδο/χενου 
του  ύττό  των  ΒΔ,  ΓΕ  δε'δοται  και  το  ύττο  των»  Β  Γ, 
ΔΕ,  SeSoTat  αρα  καΐ  το  νπο  BE,  ΓΔ.  δε'δοται 
δε  και  η  BE  8ίάμ€τρος,  καΐ  λοιττη  ή  ΓΔ  εσται 
δεδο/Αεντ;,  «αί  δια  τοΰτο  καΐ  ή  λείπονσα  ει?  το 
ημικύκλιον  η  ΓΑ'  ώστε,  εάι/  Βοθώσιν  δυο  ττερι- 
φ4ρ€ΐαι  και  αι  ι5π*  αι5τά?  εύ^ειαι,  8οθησ€ται  και 
η  συναμφοτβρας  τα?  περιφερείας  κατά.  σννθεσιν 
νποτείνουσα  ευθεία  δια  τοιίτου  του  θεωρήματος. 


"  If  ΑΒ  subtends  an  angle  2θ  and  ΒΓ  an  angle  2^  at  the 
centre,  the  theorem  asserts  that 


(crd.  180°) .  (crd.  180"  -2Θ-  2φ)={οτά.  180" -2β) .  (crd. 

180° -2^)  -  (crd.  99) .  (crd.  9φ), 
i,«^  οο&{θ  +  φ)         =cos  θ  cos  φ -sin  β  sin  φ. 
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For  through  Β  let  BZE,  the  diameter  of  the  circle, 
be  drawn,  and  let  ΒΔ,  ΔΓ,  ΓΕ,  ΔΕ  be  joined  ;  it  is 


then  immediately  obvious  that,  by  reason  of  ΒΓ  being 
given,  ΓΈ  is  also  given,  and  by  reason  of  AB  being 
given,  both  ΒΔ  and  ΔΕ  are  given.  And  by  the  same 
reasoning  as  before,  since  ΒΓΔΕ  is  a  quadrilateral  in 
a  circle,  and  ΒΔ,  ΓΕ  are  the  diagonals,  the  rectangle 
contained  by  the  diagonals  is  equal  to  the  sum  of  the 
rectangles  contained  by  the  opposite  sides.  And 
so,  since  ΒΔ  .  ΓΕ  is  given,  while  ΒΓ  .  ΔΕ  is  also 
given,  therefore  BE  ,  ΓΔ  is  given.  But  the  diameter 
BE  is  given,  and  [therefore]  the  remaining  term  ΓΔ 
will  be  given,  and  therefore  the  chord  ΓΑ  subtending 
the  remainder  of  the  semicircle  <• ;  accordingly,  if  two 
arcs  be  given,  and  the  chords  subtending  them,  by 
this  theorem  the  chord  subtending  the  sum  of  the 
arcs  will  also  be  given. 
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Φαν€ρ6ν  8e,  ΟΤΙ  συντ(.ΘΙντ€ς  act  μ^τα  των  ττρο- 
€ΚΎζθζΐμένων  πασών  την  ύττο  α  L•'  μοΐραν  και 
τα?  σνναπτομέναζ  €τηλογίζόμΕνοι  ττάσας  άττλώς 
€γγράφομ€ν,  δσαι  ΒΙς  γίνόμζναι  τρίτον  μέρος 
e^ovatv,  και  μόναι  €tl  ττ^ρίλειφθησονταί  at  μζταζύ 
των  άνα  α  Δ.'  μοΐραν  διαστημάτων  Svo  καθ^ 
€καστον  €σόμ€ναι,  eTreihrjTrep  καθ^  ημιμοίριον 
ποιονμβθα  την  βγγραφην.  ώστ€,  iav  την  ύττο  το 
ημιμοίριον  evdelav  €νρωμ€ν,  αϋτη  κατά  τ€  την 
σννθβσιν  και  την  ύπεροχην  την  προς  τάς  τά 
Βιαστηματα  περιέχουσας  και  δ^δο/ζενα?  ευθείας 
και  τάς  λοιπάς  τάς  μ€ταζύ  πάσας  ημΐν  συναΐ'α- 
πληρώσ€ΐ.  €π€ΐ  Se  ^οθβίσης  τίνος  ευθείας  ως  της 
υπό  την  ά  Ζ_'  μοΐραν  η  το  τρίτον  της  αντης  περι- 
φερείας ύποτείνουσα  δια  των  γραμμών  ου  διδοτα/ 
πως'  εΐ  Βε  γε  δυνατόν  ην,  εΐχομεν  άν  α75τό^6ν  και 
την  υπό  το  ημιμοίριον  πρότερον  μεθοΒεύσομεν 
την  ύπο  την  ά  μοΐραν  από  τε  της  υπό  την  α  Ζ. 
μοΐραν  και  της  ύπο  Ζ.'  δ'  ύποτεθεμενοι  λημμάτιον 
ο,  καν  μη  προς  το  καθόλου  δυι^ται  τά?  πηλι- 
κότητας  όρίζειν,  επί  γε  τών  οϋτως  ελαχίστων  το 
ττρός  τάς  ώρισμενας  άπαράλλακτον  Βυναιτ*  αν 
σνντηρεΐν. 

(viii.)  Method  oj"  Interpolation 
Ibid.  43.  6-46.  20 
Αεγω  γάρ,  δτι   εάν  εν  κύκλω  8ιαχθώσιν  άνισοι 
huo  €i)^etat,  1^  μείζων  προς  την  ελάσσονα  ελάσσονα 
λόγον  έχει  ηπερ  ή  επι  της  μείζονος  ευθείας  περι- 
φέρεια προς  την  επι  της  ελάσσονος, 

"Εστω  γάρ  κύκλος  6  ΑΒΓΔ,  και  Βιηχθωσαν  εν 
αιίτω    δυο    cu^etat    άνισοι    ελάσσων    μεν    η    ΑΒ, 
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It  is  clear  that,  by  continually  putting  next  to  all 
known  chords  a  chord  subtending  1^"  and  calculating 
the  chords  joining  them,  we  may  compute  in  a  simple 
manner  all  chords  subtending  multiples  of  lj°,  and 
there  will  still  be  left  only  those  within  the  ]|° 
intervals — two  in  each  case,  since  we  are  making  the 
diagram  in  half  degrees.  Therefore,  if  we  find  the 
chord  subtending  |°,  this  will  enable  us  to  complete, 
by  the  method  of  addition  and  subtraction  with 
respect  to  the  chords  bounding  the  intervals,  both 
the  given  chords  and  all  the  remaining,  intervening 
chords.  But  when  any  chord  subtending,  say,  1|°,  is 
given,  the  chord  subtending  the  third  part  of  the 
same  arc  is  not  given  by  the  [above]  calculations — if 
it  were,  we  should  obtain  immediately  the  chord  sub- 
tending ^°  ;  therefore  we  shall  first  give  a  method 
for  finding  the  chord  subtending  1°  from  the  chord 
subtending  1|°  and  that  subtending  £°,  assuming  a 
little  lemma  which,  even  though  it  cannot  be  used 
for  calculating  lengths  in  general,  in  the  case  of  such 
small  chords  will  enable  us  to  make  an  approximation 
indistinguishable  from  the  correct  figure. 


(viii.)  Method  of  Interpolation 
Ibid.  43.  6-46.  20 

For  I  say  that,  if  two  unequal  chords  he  drawn  ^V^  a 
arch,  the  greater  will  bear  to  the  less  a  less  ratio  than  that 
which  the  arc  on  the  greater  chord  hears  to  the  arc  on  the 
lesser. 

For  let  ΑΒΓΔ  be  a  circle,  and  in  it  let  there  be 
drawn  two  unequal  chords,  of  which  AB  is  the  lesser 
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μείζων  Be  η  Β  Γ.     λέγω,  δτί  ή   ΓΒ   evOeTa  ττρος 
την  ΒΑ  evdetav  ελάσσονα  λόγον  εχα  ηπερ  ^  ΒΓ 
■περιφέρεια  προς  την  ΒΑ  περίφερειαν, 

Ύετμησθω  γαρ  η  ύπο  ΑΒΓ  γωνία  8ίχα  ΰττο  της 
ΒΔ,  /cat  επεζενχθωσαν  η  τε  ΑΕΓ  /cat  ή  ΑΔ  και 
η  ΓΔ.  /cat  επεί  η  ύπο  ΑΒΓ  γωνία  8ίχα  τετμηται 
ύπο  της  ΒΕΔ  ευθείας,  ΐση  μεν  εστίν  η  ΓΔ  ευθεία 
τη  ΑΔ,  μείζων  8ε  η  ΓΕ  της  ΕΑ.  ηχθω  Βη  άττο 
του  Δ  κάθετος  επΙ  την  ΑΕΓ  η  ΔΖ,  €π€ΐ  τοίνυν 
μείζων  €στΙν  η  μεν  ΑΔ  της  ΕΔ,  ij  δε  ΕΔ  της  ΔΖ, 
ό  αρα  κεντρω  μεν  τω  Δ,  Βιαστηματι  8έ  τω  ΔΕ 
γραφόμενος  κύκλος  την  μεν  ΑΔ  τεμεΐ,  ύπερπε- 
σεΐται  δε  τήν  ΔΖ.  γεγράφθω  8η  6  ΗΕΘ,  και 
ΐκβεβλησθω  η  ΔΖΘ.  καΐ  επεί  6  μεν  ΔΕΘ  τομεύς 
μείζων  εστίν  του  ΔΕΖ  τριγώνου,  το  8έ  ΔΕΑ 
τρίγωνον  μείζον  του  ΔΕΗ   τομεως,  το  άρα  ΔΕΖ 


•  Lit.  "  let  ΔΖΘ  be  produced.* 
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and  ΒΓ  the  greater.     I  say  that 

ΓΒ  :  BA  <arc  ΒΓ  :  arc  BA. 
For  let  the  angle  ΑΒΓ  be  bisected  by  ΒΔ,  and  let 


ΑΕΓ  and  ΑΔ  and  ΓΔ  be  joined.  Then  since  the 
angle  ΑΒΓ  is  bisected  by  the  chord  ΒΕΔ,  the  chord 
ΓΔ  =  ΑΔ  [Eucl.  iii.  26,  29],  while  ΓΕ>  EA  [Eucl.  vi.  3]. 
Now  let  ΔΖ  be  drawn  from  Δ  perpendicular  to 
ΑΕΓ.  Then  since  ΑΔ>  ΕΔ,  and  ΕΔ>ΔΖ,  the  circle 
described  with  centre  Δ  and  radius  ΔΕ  will  cut  ΑΔ, 
and  will  fall  beyond  ΔΖ.  Let  [the  arc]  ΗΕΘ  be 
described,  and  let  ΔΖ  be  produced  to  θ."     Then  since 

sector  ΔΕΘ>  triangle  ΔΕΖ, 
and  triangle  ΔΕΑ>  sector  ΔΕΗ, 
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τριγωνον  ττρος  το  ΔΕΑ  τρίγωνον  ελάσσονα  Χόγον 
€χ€ΐ  ηπ€ρ  6  ΔΕΘ  τομενς  προς  τον  ΔΕΗ.  αλλ' 
ώς  μ€ν  το  ΔΕΖ  τρίγωνον  ττρος  το  ΔΕΑ  τρίγωνον, 
όντως  ή  ΕΖ  evdeta  προς  την  ΕΑ,  ώς  Be  ό  ΔΕΘ 
τομζύς  προς  τον  ΔΕΗ  τομέα,  όντως  ή  νπο  ΖΔΕ 
γωνία  προς  την  νπο  ΕΔΑ*  η  αρα  ΖΕ  ενθεΐα  προς 
την  ΕΑ  ελάσσονα  λόγον  έχει  ηπερ  η  νπο  ΖΔΕ 
γωνία  προς  την  νπο  ΕΔΑ.  και  σννθεντι  άρα  η 
ΖΑ  ενθεΐα  προς  την  ΕΑ  ελάσσονα  λόγον  έχει 
ηπερ  η  νπο  ΖΔΑ  γωνία  προς  την  νπο  ΑΔΕ•  /cat 
των  ηγονμενων  τα  διπλάσια,  η  ΓΑ  ενθεΐα  προς 
την  ΑΕ  ελάσσονα  λόγον  έχει  ηπερ  ή  νπο  ΓΔΑ 
γωνία  προς  την  νπο  ΕΔΑ•  icat  διβλόκτι  η  ΓΕ 
ενθεΐα  προς  την  ΕΑ  ελάσσονα  λόγον  έχει  ηπερ  ή 
νπο  ΓΔΕ  γωνία  προς  την  νπο  ΕΔΑ.  αλλ'  ώς 
μεν  η  ΓΕ  ενθεΐα  προς  την  Ε  Α,  όντως  η  ΓΒ  ενθεΐα 
προς  την  ΒΑ,  ώς  δε  η  νπο  ΓΔΒ  γωνία  προς  την 
υπό  ΒΔΑ,  όντως  η  ΓΒ  περιφέρεια  προς  την  ΒΑ" 
η  ΓΒ  αρα  ενθεΐα  προς  την  ΒΑ  ελάσσονα  λόγον 
έχει  ηπερ  ή  ΓΒ  περιφέρεια  προς  την  ΒΑ  περι- 
φερειαν. 

Ύοντον  8η  ονν  ύποκειμενον  έστω  κνκλος  6 
ΑΒΓ,  και  Βιηχθωσαν  εν  αντω  δυο  ενθεΐαι  η  τε 
ΑΒ  και  ή  AT,  νποκείσθω  8ε  πρώτον  ή  μεν  ΑΒ 
ύποτείνονσα  /ι-ια?  μοίρας  L•'  8' ,  η  8ε  ΑΓ  μοΐραν 
ά.  επει  η  Α  Γ  ενθεΐα  προς  την  ΒΑ  ενθεΐαν 
ελάσσονα  λόγον  έχει  ηπερ  ij  ΑΓ  περιφέρεια  προς 
την  ΑΒ,  ij  δε  ΑΓ  περιφέρεια  επίτριτός  εστίν  της 
ΑΒ,  η  ΓΑ  αρα  ενθεΐα  της  ΒΑ  ελάσσων  εστίν  η 
επίτριτος.  άλλα  ή  ΑΒ  ενθεΐα  ε8είχθη  τοιούτων 
Ο  μζ  ijf  οίων  eortv  ή   Βιάμετρος  ρκ'  η   άρα   ΓΑ 

438 


TRIGONOMETRY 

.•.   triangle  ΔΕΖ  :  triangle  ΔΕΑ  <sector  ΔΕΘ  : 

sector  ΔΕΗ. 
But    triangle  ΔΕΖ  :  triangle  ΔΕΑ  =  EZ  :  EA, 

[Eucl.  vi.  1 
and 

sector  ΔΕΘ  :  sector  ΔΕΗ  =  angle  ΖΔΕ  :  angle  ΕΔΑ, 
ZE  :  Ε  A  <  angle  ΖΔΕ  :  angle  ΕΔΑ. 
.•.  componendo,    ZA  :  Ε  A  <  angle  ΖΔΑ  :  angle  ΑΔΕ  ; 
and,  by  doubling  the  antecedents, 

ΓΑ  :  AE  <angle  ΓΔΑ  :  angle  ΕΔΑ  ; 
and  dirimendo,  ΓΕ  :  Ε  A  <  angle  ΓΔΕ  :  angle  ΕΔΑ. 
But  ΓΕ  :  EA  =  ΓΒ  :  BA,  [Eucl.  vi.  3 

and 
angle  ΓΔΒ  :  angle  ΒΔΑ  =  arc  ΓΒ  :  arc  BA  ; 

[Eucl.  vi.  S3 
ΓΒ  :  BA  <arc  ΓΒ  :  arc  BA." 

On  this  basis,  then,  let  ΑΒΓ  be  a  circle,  and  in  it 
let  there  be  drawn  the  two  chords  AB  and  ΑΓ,  and  let 
it  first  be  supposed  that  AB  subtends  an  angle  of  £° 
and  ΑΓ  an  angle  of  1°.     Then  since 

ΑΓ  :  Β  A  <arc  ΑΓ  :  arc  AB, 

while  arc  ΑΓ  =  | .  arc  AB, 

ΓΑ:ΒΑ<*. 

But  the  chord  AB  was  shown  to  be  Oi»  47'  8'  (the 
diameter   being    120») ;    therefore    the    chord    Γ  A 

»  If  the  chords  ΓΒ,  BA  subtend  angles  2Θ,  2φ  at  the  centre, 
this  is  equivalent  to  the  formula, 

sin  g     fl 
sin  φ    φ* 
where  β<φ<1π. 
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evdela  ελάσσων  iarlv  των  αυτών  ά  β  v'  ταΰτα  γαρ 
€7τίτρίτά  Ιστιν  βγγιστα  των  Ο  μζ  η. 

Πάλιν  €7τΙ  τήζ  αυτή?  καταγραφής  η  μ^ν  ΑΒ 
ΐύθίΐα  ύποκζίσθω  ύττοτίίνουσα  μοΐραν  α,  τ)  δε  Α  Γ 
μοΐραν  d  Δ.* ,  κατά  τα  αιη-ά  δτ^,  εττει  ij  ΑΓ  rrc/ot- 
φ€ρ€ΐα  τηζ  ΑΒ  ioTiv  ήμιολία,  η  ΓΑ  αρα  evdeia 
της  ΒΑ  ίλάσσων  εστίν  η  ήμιόλίος.  άλλα  την 
Α  Γ  άπε^είζαμζν  τοιούτων  οΰσαν  α  λδ  Ϊ€,  οίων 
ioTtv  η  8ιάμ€τρος  ρκ'  η  άρα  ΑΒ  evdeia  μείζων 
εστίν  των  αυτών  α  β  ν'  τούτων  γαρ  ημι- 
όλιά  εστίν  τα  προκείμενα  α  λδ  ΐε.  ώστε,  εττεί 
τών  αυτών  ε8είχθη  καΐ  μείζων  και  ελάσσων  η  την 
μίαν  μοΐραν  ύττοτείνουσα  ευθεία,  καΐ  ταύτην  8ηλον- 
ότί  εζομεν  τοιούτων  a  β  ν  eyyicrra,  οίων  εστίν  η 
Βιάμετρος  "ρκ,  καΐ  δια  τα  ττροΒεΒειγμενα  και  την 
υττο  το  ημιμοίριον,  ήτις  ευρίσκεται  τών  αΰτώΐ' 
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<1P  2'  50"  ;  for  this  is  approximately  four-thirds  of 
OP  47'  8". 

Again,  with  the  same  diagram,  let  the  chord  AB 

Β 


be  supposed  to  subtend  an  angle  of  1",  and  ΑΓ  an 
angle  of  1^°.     By  the  same  reasoning, 
since  arc  ΑΓ  =  ^  .  arc  AB, 

ΓΑ  :  BA  <f . 
But  we  have  proved  ΑΓ  to  be  1»  34'  15"  (the  diameter 
being  120»)  ;  therefore  the  chord  AB>  l»  2'  50"  ;  for 
1^  34'  15"  is  one-and-a-half  times  this  number.  There- 
fore, since  the  chord  subtending  an  angle  of  1*  has 
been  shown  to  be  both  greater  and  less  than  [ap- 
proximately] the  same  [length],  manifestly  we  shall 
find  it  to  have  approximately  this  identical  value 
IP  2'  50"  (the  diameter  being  120»),  and  by  what  has 
been  proved  before  we  shall  obtain  the  chord  sub- 
tending  1°,   which   is   found   to  be   approximately 
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Ο  λα  K€  €γγιστα.  /cat  συναναπληρωθησ€ται  τά 
λοιττά,  ώς  ζφαμ^ν,  Βιαστηματα  €Κ  μέν  της  προς 
την  μίαν  ήμισυ  μοΐραν  λόγου  €V€K€v  ώς  €πΙ  του 
πρώτου  διαστήματος  συνθ€σ€ως  του  ήμιμοφίου 
^ζίκνυμβνης  της  υπό  τας  β  μοίρας,  e/c  δε  της 
υπέροχης  της  προς  τας  γ  μοίρας  καΐ  της  ύπο  τάς 
β  Δ.'  Βώομενης'  ωσαύτως  δε  καΐ  βπΐ  των  λοιπών. 


(ίχ.)  The  Table 

Ibid.  4,6.  21-63.  46 

Ή  μεν  οΰν  πραγματεία  τών  iv  τω  κύκλω  ευθειών 
ούτως  αν  οΐμαι  ραστα  μεταχειρισθείη .  ίνα  Se, 
ώς  εφην,  εφ*  εκάστης  τών  χρειών  εζ  ετοίμου  τά? 
πηλικότητας  εχωμεν  τών  ευθειών  εκκειμενας, 
κανόνια  ύποτάξομεν  ανά  στίχους  με  δια  τό  σύμ- 
μετρον,  ων  τά  μεν  πρώτα  μέρη  περιεζει  τάς  ττηλι- 
κότητας  τών  περιφερειών  καθ*  ημιμοίριον  παρηυζη- 
μενας,  τά  δε  δεύτερα  τάς  τών  παρακείμενων  ταΐς 
περιφερείαις  ευθειών  πηλικότητας  ώς  της  Βιαμετρου 
τών  ρκ  τμημάτων  υποκείμενης,  τά  δε  τρίτα  τό  λ' 
μέρος  της  καθ*  εκαστον  ημιμοίριον  τών  ευθειών 
παραυζήσεως,  ίνα  έχοντες  και  την  του  ενός  εξη- 
κοστού μεσην  επιβολην  αδιαφορούσαν  προς  αΐσθη- 
σιν  της  ακριβούς  και  τών  ^ιιετα^ύ  τοϋ  ημίσους 
μερών  εζ  ετοίμου  τάς  επιβαλλούσας  ττηλικότητας 
επιλογίζεσθαι  Βυνώμεθα.  εύκατανόητον  δ*,  ότι 
διά  τών  αυτών  κ:αι  προκείμενων  θεωρημάτων, 
καν  iv  Βισταγμώ  γενώμεθα  γραφικής  αμαρτίας 
περί  τίνα  τών  iv  τω  κανονίω  παρακείμενων  ευ- 
θειών, pq,8iav  ποιησόμεθα  την  τε  εζετασιν  και  την 
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Ο*  3  Γ  25*.  The  remaining  intervals  may  be  com- 
pleted, as  we  said,  by  means  of  the  chord  subtending 
1^° — in  the  case  of  the  first  interval,  for  example,  by 
adding  ^°  we  obtain  the  chord  subtending  2°,  and 
from  the  difference  between  this  and  3°  we  obtain  the 
chord  subtending  2|°,  and  so  on  for  the  remainder. 

(ix.)  The  Table 
Ibid.  46.  21-63.  46 

The  theory  of  the  chords  in  the  circle  may  thus, 
I  think,  be  very  easily  grasped.  In  order  that,  as  I 
said,  we  may  have  the  lengths  of  all  the  chords  in 
common  use  immediately  available,  we  shall  draw 
up  tables  arranged  in  forty-five  symmetrical  rows.•* 
The  first  section  will  contain  the  magnitudes  of  the 
arcs  increasing  by  half  degrees,  the  second  will  con- 
tain the  lengths  of  the  chords  subtending  the  arcs 
measured  in  parts  of  which  the  diameter  contains 
120,  and  the  third  will  give  the  thirtieth  part  of  the 
increase  in  the  chords  for  each  half  degree,  in  order 
that  for  every  sixtieth  part  of  a  degree  we  may  have 
a  mean  approximation  differing  imperceptibly  from 
the  true  figure  and  so  be  able  readily  to  calculate  the 
lengths  corresponding  to  the  fractions  between 
the  half  degrees.  It  should  be  well  noted  that,  by 
these  same  theorems  now  before  us,  if  we  should 
suspect  an  error  in  the  computation  of  any  of  the 
chords  in  the  table,*  we  can  easily  make  a  test  and 

"  As  there  are  360  half  degrees  in  the  table,  the  statement 
appears  to  mean  that  the  table  occupied  eight  pages  each 
of  45  rows  ;  so  Manitius,  Des  Claudius  Ptolemdus  Uandhux:h 
der  Astronomie,  l^r  Bd.,  p.  35  n.  o. 

*  Such  an  error  might  be  accumulated  by  using  the  ap- 
proximations for  1°  and  ^°  ;  but,  in  fact,  the  sines  in  the 
table  are  generally  correct  to  five  places  of  decimals. 
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ΐΉονόρθωσιν  -ήτοι  άττο  τη?  νττο  την  Βίπλασίονα  της 
επιζητούμενης  η  της  ττρός  άλλα?  τινάς  των  δεδο- 
μβνων  ύπ€ροχης  η  της  την  λζίπουσαν  elg  το 
ημικνκλιον  ττζριφέρζίαν  νττοτ€ΐνούσης  ευθείας,  και 
εστίν  ή  τον  κανονίου  καταγραφή  τοιαύτη' 

ta'.    Κανόνιον  των  εν  κύκλω  ευθειών 
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apply  a  correction,  either  irom  the  chord  subtending 
double  of  the  arc  which  is  under  investigation,  or 
from  the  difference  with  respect  to  any  others  of  the 
given  magnitudes,  or  from  the  chord  subtending 
the  remainder  of  the  semicircular  arc.  And  this  is 
the  diagram  of  the  table  : 

11.  Table  of  the  Chords  in  a  Circle 


Arcs 

Chords 

Sixtieths 

1 

η 

2 
3 

0" 

1 
1 

31' 

2 
34 

25" 

50 

15 

0" 

0 

0 

1  / 

2" 

2 
2 

50'" 

50 

50 

2 
2 
3 

5 

37 

8 

40 
4 

28 

0 
0 
0 

2 
2 
2 

50 

48 
48 

3έ 
4 

3 

4 
4 

39 
11 
42 

52 
16 
40 

0 
0 
0 

2 
2 

2 

48 
47 
47 

•          •          •          • 

60      ι    60    ι         0        10      1       0    I    0    |54    1    21 
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55 
56 

57 

38 
39 
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2 

1 
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3 

47 
30 

177i 
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119 
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58 
58 
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55 

24 
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0       1 
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17 
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41 

179 

179^ 
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119 
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59 

59 

0 

44 

56 

0 

0 

0 
0 
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0       0 

25 
9 
0 
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(c)  Menelaus's  Theorem 

(i.)  Lemmas 

Ibid.  68.  14-74.  8 

ΐγ*,     ΙΙρολαμβανόμζνα  ζΐς  τάς  σφαψίκ^ζ 

*  Ακολούθου  δ'  οντος  άποδει^αι  καΐ  τάς  κατά 
μΐροζ  γινομίνας  πηλικότητας^  των  άπολαμβανο- 
μί,νων  ττζριφζρζΐών  /χετα^ύ  του  re  Ισημ€ρινοΰ  καΙ 
τοΰ  δ«χ  μέσων  των  Ζωδίων  κύκλου  των  γραφο- 
μ€νων  μεγίστων  κύκλων  δια  των  τοΰ  Ισημερινού 
ττόλων  προεκθησόμεθα  λημμάτια  βραχέα  καΐ  εύ- 
χρηστα, δι*  ών  τάς  ττλείστας  σχεΒόν  Βείζεις  των 
σφαιρικώζ  θεωρουμένων,  ως  ενι  μάλιστα,  άπλού- 
στερον  και  μεθοΒικώτερον  ποιησόμεθα, 

ΈΙς  Βύο  Βύ]  ευθείας  τάς  ΑΒ  και  ΑΓ  Βιαχθεΐσαι 

Βύο  εύ^εΐαι  η  τε  BE  και  η  ΓΔ  τεμνετωσαν  άλληλας 
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(c)  Menelaus's  Theorem 

(i.)  Lemmas 

Ibid.  68.  14-74.  8 

13.  Preliminary  matter  for  the  spherical  proofs 

The  next  subject  for  investigation  being  to  show 
the  lengths  of  the  arcs,  intercepted  between  the 
celestial  equator  and  the  zodiac  circle,  of  great  circles 
drawn  through  the  poles  of  the  equator,  we  shall  set 
out  some  brief  and  serviceable  little  lemmas,  by 
means  of  which  we  shall  be  able  to  prove  more  simply 
and  more  systematically  most  of  the  questions 
investigated  spherically. 

Let  two  straight  lines  BE  and  ΓΔ  be  drawn  so  as 


to  meet  the  straight  lines  AB  and  ΑΓ  and  to  cut  one 
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κατά  το  Ζ  σημζΐον.  Aeyo»,  ort  6  της  ΓΑ  προς  Α  Ε 
λόγος  συι^'^τΓται  €Κ  re  του  της  ΓΔ  προς  ΔΖ  και 
του  TiJ?  ΖΒ  ττρό?  BE. 

"Ηχβω  yap  δια  του  Ε  τ^  ΓΔ  παράλληλος  ή  ΈιΙΙ. 
inel  παράλληλοι  elaiv  αί  ΓΔ  και  ΕΗ,  ο  της  ΓΑ 
προ?  ΕΑ  Aoyoj  6  αυτός  εστίν  τω  τ•^?  ΓΔ  προς 
ΕΗ.  έξωθεν  δε  ij  ΖΔ•  ό  α/>α  τη?  ΓΔ  προς  Ε  Η 
Aoyos"  συγκείμενος  εσται  εκ  τ€  του  της  ΓΔ  προς 
Δ  Ζ  και  του  της  ΔΖ  ττρο?  ΗΕ•  ωστ€  και  6  της 
ΓΑ  προ?  ΑΕ  Aoyo?  σύγκειται  εκ  τε  του  της  ΓΔ 
προ?  ΔΖ  και  τοί?  της  ΔΖ  προς  HE.  εστίν  δε  και 
ό  της  ΔΖ  προ?  HE  Aoyo?  ό  αι5το?  τω  της  ΖΒ  προς 
BE  δια  το  παραλλι^λου?  πάλιν  είναι  τα?  Ε  Η  και 
ΖΔ•  6  αρα  ttJ?  ΓΑ  προς  ΑΕ  Aoyo?  σύγκειται  εκ 
Τ€  του  τη?  ΓΔ  προ?  ΔΖ  και  του  της  ΖΒ  προς 
ΒΕ•  όπερ  προεκειτο  δει^αι. 

Κατά  τά  αυτά  δε  Βειχθησεται,  οτι  και  κατά 
διαιρεσιν  ό  τη?  ΓΕ  προ?  ΕΑ  Aoyo?  συνηπται  εκ 
τε  τον  της  Τ7»  προς  ΔΖ  και  του  της  ΔΒ  προς 
ΒΑ,  διά  τοΰ  Α  τη  ΕΒ  παράλληλου  άχθείσης  και 


•  Lit.  "  the  ratio  of  ΓΑ  to  ΑΕ  is  compounded  of  the  ratio 
of  ΓΔ  to  ΔΖ  and  ZB  to  BE." 
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another  at  the  point  Z.     I  say  that 

ΓΑ  :  AE  =  (ΓΔ  :  ΔΖ)(ΖΒ  :  BE).« 
For  through  Ε  let  EH  be  drawn  parallel  to  ΓΔ. 
Since  ΓΔ  and  EH  are  parallel, 

ΓΑ  :  EA  =  ΓΔ  :  EH.  [Eucl.  vi.  4 

But  ΖΔ  is  an  external  [straight  line]  ; 

ΓΔ  :  EH  =  (ΓΔ  :  ΔΖ)(ΔΖ  :  HE) ; 
ΓΑ  :  AE  =  (ΓΔ  :  ΔΖχΔΖ  :  HE). 
But  ΔΖ  :  HE  =  ZB  :  BE,  [Eucl.  vi.  4 

by  reason  of  the  fact  that  EH  and  ΖΔ  are  parallels  ; 
ΓΑ:ΑΕ  =  (ΓΔ:ΔΖ)(ΖΒ:ΒΕ);       .     (1) 
which  was  set  to  be  proved. 

With  the  same  premises,  it  will  be  shown  by  trans- 
formation of  ratios  that 

ΓΕ  :  EA  =  (ΓΖ  :  ΔΖ)(ΔΒ  :  ΒΑ), 


a  parallel  to  EB  being  drawn  through  A  and  ΓΔΗ 
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ιτροσζκβληθζίσης  in  αντην  της  ΓΔΗ.  cTret  γαρ 
ττάλίν  παράλληλος  εστίν  ij  ΑΗ  τ^  ΕΖ,  eartv,  ώς 
ή  ΓΕ  vpos  ΕΑ,  ή  ΓΖ  προς  ΖΗ.  άλλα  της  ΖΔ 
ζζωθεν  λαμβανομένης  6  της  ΓΖ  ττρό?  Ζ  Η  λόγοί 
συγκ€ΐταί  e/c  re  του  τη^  ΓΖ  ττρο?  ΖΔ  και  του  της 
ΔΖ  ΤΓ/οό?  ΖΗ•  eoTiv  δε  ό  της  ΔΖ  ττρό?  Ζ  Η  λθ}/ο? 
ο  aiJro?  τω  της  ΔΒ  tt/jos  ΒΑ  δια  το  eis"  παράλ- 
ληλους τάς  ΑΗ  /cat  ΖΒ  ^ιήχθαι,  τας  ΒΑ  /cat  ΖΗ• 
ό  α/οα  της  ΓΖ  ττ/οό?  Ζ  Η  λό)/θ5'  στ^ι/^ττται  €/c  τε 
τοι5  Tijs  ΓΖ  προς  ΔΖ  icai  τοί?  της  ΔΒ  ττρό?  ΒΑ. 
αλλά  τω  T^s  ΓΖ  προ?  Ζ  Η  λόγψ  6  αυτός  icmv  6 
της  ΓΕ  προς  ΕΑ•  /cat  ο  T^ff  ΓΕ  άρα  ττρό?  ΕΑ 
λόγος  συγκ€ΐται  €Κ  τ€  του  της  ΓΖ  προς  ΔΖ 
και  του  της  ΔΒ  ττρό?  ΒΑ•  όττε/ο  έδει  δεΐ^αι. 

Πάλιν  έστω  κύκλος  6  ΑΒΓ,  oiJ  κίντρον  το  Δ, 

/cai   ζίληφθω  εττι  τά?  π^ριφ^ρ^ίας  αύτοΰ  τυχόντα 
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being  produced  to  it.    For,  again,  since  AH  is  parallel 
toEZ, 

ΓΕ  :  EA  =  ΓΖ  :  ZH.  [Eucl.  vi.  2 

But,  an  external  straight  line  ΖΔ  having  been  taken, 

ΓΖ  :  ZH  =  (ΓΖ  :  ΖΔ)(ΔΖ  :  ZH)  ; 
and  AZ:ZH=AB:BA, 

by  reason  of  Β  A  and  Ζ  Η  being  drawn  to  meet  the 
parallels  AH  and  ZB  ; 

ΓΖ  :  ZH  =  (ΓΖ  :  ΔΖ)(ΔΒ  :  ΒΑ). 
But  ΓΖ  :  ZH  =  ΓΕ  :  Ε  A  ;  [supra 

and  .•.  ΓΕ  :  Ε  A  =  (ΓΖ  :  ΔΖ)(ΔΒ  :  ΒΑ)  ;      .     (2) 

which  was  to  be  proved. 

Again,  let  ΑΒΓ  be  a  circle  with  centre  Δ,  and  let 


there  be  taken  on  its  circumference  any  three  points 
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τρία  σημ€Ϊα  τά  A,  Β,  Γ,  ώστε  ίκατέραν  των  ΑΒ, 
Β  Γ  7Τ€ριφ€ρ€ΐών  iXaaaova  efvat  ημικυκλίου'  /cat 
€7rt  των  i^TJs  δε  λαμβανομένων  π€ριφ€ρ€ίών  το 
ομοιον  ύπακουεσθω'  και  ζττξζζνχθωσαν  αϊ  ΑΓ 
και  ΔΕΒ.  λίγω,  δτι  εστίν,  ώς  ή  ύπο  την  8ιπλην 
της  ΑΒ  Ίτεριφζρείαζ  πρόζ  την  ύπο  την  8ιπλην  της 
ΒΓ,  οΰτως  η  ΑΕ  ευθεία  προς  την  ΕΓ  ευθείαν. 

"ΙΙχθωσαν  γαρ  κάθετοι  άπο  των  Α  και  Γ  ση- 
μείων επί  την  ΔΒ  η  τε  ΑΖ  και  ή  ΓΗ.  επει 
παράλληλος  εστίν  η  ΑΖ  τη  ΓΗ,  και  8ιηκται  εις 
αύτάς  ευθεία  ή  ΑΕΓ,  εστίν,  ώς  η  ΑΖ  προς  την 
ΓΗ,  ούτως  η  ΑΕ  προς  ΕΓ.  αλλ'  6  αυτός  εστίν 
λόγος  6  της  ΑΖ  προς  ΓΗ  και  της  ύπο  την  8ιπλην 
της  ΑΒ  περιφερείας  προς  την  ύπο  την  8ιπλην  της 
ΒΓ•  ημίσζία  γαρ  εκατερα  εκατερας'  και  6  της  ΑΕ 
αρα  προς  Ε  Γ  λόγος  6  αυτός  εστίν  τω  της  ύπο  την 
Βιπλην  της  ΑΒ  προς  την  ύπο  την  Βιπλην  της 
ΒΓ•  δπερ  ε8ει  δει^αι. 

Παρακολουθεί  δ'  αύτόθεν,  ότι,  καν  Βοθώσιν  η 
τε  ΑΓ  ολτ^  περιφέρεια  και  ό  λόγος  ό  της  ύπο  την 
Βιπλην  της  ΑΒ  προς  την  ύπο  την  8ιπλην  της  Β  Γ, 
δο^τ^σβται  και  εκατερα  των  ΑΒ  και  Β  Γ  περι- 
φερειών, εκτεθείσης  γαρ  της  αυτής  καταγραφής 
επεζεύχθω  ή  ΑΔ,  και  ήχθω  άπο  του  Δ  κάθετος 
επί  την  ΑΕΓ  ή  ΔΖ.  οτι  μεν  οΰν  της  ΑΓ  περί' 
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A,  Β,  Γ,  in  such  a  manner  that  each  of  the  arcs  AB, 
ΒΓ  is  less  than  a  semicircle  ;  and  upon  the  arcs  taken 
in  succession  let  there  be  a  similar  relationship  ;  and 
let  ΑΓ  be  joined  and  ΔΕΒ,     I  say  that 

the  chord  subtended  by  double  of  the  arc  AB  : 
the  chord  subtended  by  double  of  the  arc  ΒΓ 

[i.e.,  sin  AB  :  sin  ΒΓ  «]  =  AE  :  ΕΓ. 

For  let  perpendiculars  AZ  and  ΓΗ  be  drawn  from 
the  points  A  and  Γ  to  ΔΒ.  Since  AZ  is  parallel  to 
ΓΗ,  and  the  straight  line  ΑΕΓ  has  been  drawn  to 
meet  them, 

AZ  :  ΓΗ  =  AE  :  ΕΓ.  [Eucl.  vi.  4 

But    AZ  :  ΓΗ  =  the  chord  subtended  by  double  of  the 
arc  AB  : 
the  chord  subtended  by  double  of 
the  arc  ΒΓ, 
for  each  term  is  half  of  the  corresponding  term  ; 
and  therefore 

AE:Er=the  chord  subtended  by  double  of 
the  arc  AB  : 
the  chord  subtended  by  double  of 
the  arc  ΒΓ.       ,         .         .     (S) 
[  =  sin  AB  :sinBr], 

which  was  to  be  proved. 

It  follows  immediately  that,  if  the  whole  arc  ΑΓ  be 
given,  and  the  ratio  of  the  chord  subtended  by  double 
of  the  arc  AB  to  the  chord  subtended  by  double  of 
the  arc  ΒΓ  [i.e.  sin  AB  :  sin  ΒΓ],  each  of  the  arcs 
AB  and  ΒΓ  will  also  be  given.  For  let  the  same 
diagram  be  set  out,  and  let  ΑΔ  be  joined,  and  from 
Δ  let  ΔΖ  be  drawn  perpendicular  to  ΑΕΓ.     If  the  arc 

*  V.  eupra,  p.  420  n.  a. 
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φερβίαζ  Βοθζίσης  η  re  νττο  ΑΔΖ  γωνία  την  ημί- 
σ€ίαν  αύτηζ  νποτβίνουσα  δεδο/χεκί^  Ισται  καΐ 
δλον  το  ΑΔΖ  τρίγωνον,  δηλον  cTrei  δ€  τ^?  Α  Γ 


(νθζίας  δλης  ΒεΒομΐνης  υπόκαται  και  6  της  ΑΕ 
ττρός  Ε  Γ  λόγος  6  αυτός  ών  τω  της  υπό  την  διττληι/ 
της  ΑΒ  ττρός  την  υπό  την  Βιπλην  της  Β  Γ,  η  τ€ 
ΑΕ  ecrrat  hodelaa  και  λοιττη  η  ΖΕ.  και  δια  τοΰτο 
και  της  ΔΖ  8€8ομ€νης  8οθησ€ται  και  η  τ€  υπό 
ΕΔΖ  γωνία  του  ΕΔΖ  ορθογωνίου  και  όλη  η  υπό 
ΑΔΒ•  ωστ€  και  η  τ€  ΑΒ  πβριφζρ^ια  δοβτ^σ^ται 
και  λοιπή  ij  ΒΓ*  δπ^ρ  eSei  δεΓ^αι. 

Πάλιν  έστω  κύκλος  6  ΑΒΓ  ττερι  KevTpov  το  Δ, 
και  €7Γΐ  T-^S"  π€ριφ€ρ€ίας  αύτοΰ  ΐίληφθω  τρία 
σημζΐα  τά  Α,  Β,  Γ,  ωστ€  ίκατίραν  των  ΑΒ,  ΑΓ 
7Τ€ριφ€ρ€ΐών  ελάσσονα  «Γναι  ημικυκλίου'  και  iirl 
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ΑΓ  is  given,  it  is  then  clear  that  the  angle  ΑΔΖ,  sub- 
tending half  the  same  arc,  will  also  be  given  and 
therefore  the  whole  triangle  ΑΔΖ  ;  and  since  the 
whole  chord  ΑΓ  is  given,  and  by  hypothesis 

AE:Er  =  the  chord   subtended   by  double   of  the 
arc  AB  : 
the  chord  subtended  by  double  of  the 
arc  ΒΓ, 

[i.e.  =  sin  AB  :  sin  ΒΓ], 

therefore  AE  will  be  given  [Eucl.  Dat.  7],  and  the 
remainder  ZE.  And  for  this  reason,  ΔΖ  also  being 
given,  the  angle  ΕΔΖ  will  be  given  in  the  right-angled 
triangle  ΕΔΖ,  and  [therefore]  the  whole  angle  ΑΔΒ  ; 
therefore  the  arc  AB  will  be  given  and  also  the 
remainder  ΒΓ  ;  which  was  to  be  proved. 

Again,  let  ΑΒΓ  be  a  circle  about  centre  ΐλ,  and  let 


Β 


£ 


AlZ        A    Η 


three  points  A,  B,  Γ  be  taken  on  its  circumference  so 
that  each  of  the  arcs  AB,  ΑΓ  is  less  than  a  seniiicircle  ; 
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των  ζζης  δε  λαμβανομένων  π€ριφ€ρ€ίών  το  δμοιον 
ύττακονίσθω'  καΐ  ίτηζ^νχββΐσαί  -η  re  ΔΑ  και  ύ) 
ΓΒ  ΐκβζβλήσθωσαν  καΐ  συμτητττίτωσαν  κατά  το 
Ε  σημ€Ϊον.  λέγω,  δτι  εστίν,  ως  -η  νττο  την  Βιττλην 
της  ΓΑ  7Τ€ριφ€ρ€.ιας  ττρος  την  νττο  την  Βίττλην  της 
ΑΒ,  οΰτως  η  ΓΕ  evOela  προς  την  BE. 

'Ομοίως  γαρ  τω  προτέρω  λημματίω,  iav  άττο 
των  Β  καΐ  Γ  άγάγωμζν  καθέτους  έττΐ  την  ΔΑ  την 
Τ€  ΒΖ  καΐ  την  VH,  έσται  δια  το  παραλλήλους 
αυτά?  etp'ai,  ώς  ή  ΓΗ  προς  την  ΒΖ,  όντως  η  ΓΕ 
ττρος  την  ΕΒ•  ωστ€  και,  ώς  ή  ύπο  την  8ιπλην  της 
ΓΑ  προς  την  υπό  την  8ιπλην  της  ΑΒ,  όντως  η 
ΓΕ  προς  την  ΕΒ•  οπ€ρ  έδει  δ^Γ^αι. 

Και  ενταύθα  he  αντόθζν  παρακολονθεΐ,  διότι, 
και^  ή  ΓΒ  περιφέρεια  μόνη  ^οθη,  και  ο  Aoyos"  ό 
τη?  ΰττό  Τϊ)»'  δΐ77ληι/  της  ΓΑ  ττρο?  τι^ν  ύττό  την 
8ιπλην  της  ΑΒ  δο^τ^»  '<^^^  ^  ΑΒ  περιφέρεια  8οθή- 
σεται.  πάλιν  γαρ  έπι  της  όμοιας  καταγραφής 
έπιζενχθείαης  της   ΔΒ   και   καθέτου   άχθείσης  έπΙ 


Β, 


Ε  Α' 


την  Β  Γ  της  ΔΖ  ή  μεν  ύπο  6ΔΖ  γωνία  την  ημί- 
σειαν  ν7τοτ€ΐνουσα  της  Β  Γ  περιφερείας  ecrra* 
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and  upon  the  arcs  taken  in  succession  let  there  be  a 
similar  relationship ;  and  let  ΔΑ  be  joined  and  let 
ΓΒ  be  produced  so  as  to  meet  it  at  the  point  E.  I 
say  that 

the  chord  subtended  by  double  of  the  arc  ΓΑ  : 
the  chord  subtended  by  double  of  the  arc  AB 

[i.e.,  sin  ΓΑ  :  sin  AB]  =  ΓΕ  :  BE. 

For,  as  in  the  previous  lemma,  if  from  Β  and  Γ  we 
draw  BZ  and  ΓΗ  perpendicular  to  ΔΑ,  then,  by 
reason  of  the  fact  that  they  are  parallel, 

ΓΗ  :  BZ  =  ΓΕ  :  EB.  [Eucl.  vi.  4 

.•.  the  chord  subtended  by  double  of  the  arc  ΓΑ  : 
the  chord  subtended  by  double  of  the  arc  AB 
[ί.β.,  sin  ΓΑ  :  sin  AB]  =  ΓΕ  :  EB  ;  .         ,        .     (4) 
which  was  to  be  proved. 

And  thence  it  immediately  follows  why,  if  the  arc 
ΓΒ  alone  be  given,  and  the  ratio  of  the  chord  sub- 
tended by  double  of  the  arc  ΓΑ  to  the  chord  sub- 
tended by  double  of  the  arc  AB  [i.e.,  sin  Γ  A  :  sin  AB], 
the  arc  AB  will  also  be  given.  For  again,  in  a  similar 
diagram  let  ΔΒ  be  joined  and  let  AZ  be  drawn  per- 
pendicular to  ΒΓ  ;  then  the  angle  ΒΔΖ  subtended  by 
half  the  arc  ΒΓ  will  be  given ;    and  therefore  the 
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ΒεΒομενη'  καΐ  δλον  άρα  το  ΒΔΖ  ορθογώνιον.  erreX 
δε  καΙ  6  τ€  της  ΓΕ  προς  την  ΕΒ  λόγος  BeSorai 
καΐ  eVt  η  ΓΒ  eWela,  8οθ-ησ€ται  καΐ  rj  τε  ΕΒ  και 
€τι  δλη  η  ΕΒΖ*  ωστ€  και,  inel  η  ΔΖ  δεδοται, 
8οθησ€ται  καΐ  η  τ€  νττο  ΕΔΖ  γωνία  του  αντοΰ 
ορθογωνίου  καΐ  λουπη  η  ύπο  ΕΔΒ.  ωστ€  καΐ  η 
ΑΒ  7Γ€ρίφ€ρζΐα  €σταί  δεδο/χενη. 


(ii.)  The  Theorem 
Ibid.  74.  9-76.  9 

Ύουτων  ττροΧηφθζντων  γ^γράφθωσαν  cttI  σφαι- 
ρικής επιφανείας  μεγίστων  κύκλων  ττεριφερειαι, 
ώστε  εις  δυο  τάς  ΑΒ  και  Α  Γ  δυο  γραφείσας  τας 
BE  και  ΓΔ  τεμνειν  άλληλας  κατά  το  Ζ  ση  μείον 
έστω  δε  εκάστη  αυτών  ελάσσων  ημικυκλίου'  το 
δε  αυτό  και  επί  πασών  τών  καταγραφών  υπ- 
ακουεσθω. 

Αεγω  Βη,  οτι  6  της  ύπο  την  Βιπλην  της  ΓΕ 
περιφερείας  προς  την  ύπο  την  Βιπλην  της  ΕΑ 
λόγος  συνηπται  εκ  τε  του  της  υπό  την  Βιπλην  της 
ΓΖ  προς  την  ύπο  την  Βιπλην  της  ΖΔ  και  του  της 
υπό  την  Βιπλην  της  ΔΒ  προς  την  ύπο  την  Βιπλην 
της  ΒΑ. 

Έίληφθω  γαρ  το  κεντρον  της  σφαίρας  και  έστω 
το  Η,  και  ηχθωσαν  άπό  του  Η  επι  τάς  Β,  Ζ,  Ε 
τομάς  τών  κύκλων  η  τε  Yi^  και  ι^  ΗΖ  και  η  HE, 
και  επιζευχθεΐσα  η  ΑΔ  εκβεβλησθω  και  συμπι- 
πτετω  τη  ΗΒ  εκβληθείση  και  αυτ^  κατά  τό  Θ 
σημεΐον,  ομοίως  δε  επιζευχθεΐσαι  αϊ  ΔΓ  και  ΑΓ 
τεμνετωσαν  τάς  Η  Ζ  και  HE  κατά  τό  Κ  και  Α 
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whole  of  the  right-angled  triangle  ΒΔΖ.  But  since 
the  ratio  ΓΕ  :  EB  is  given  and  also  the  chord  ΓΒ, 
therefore  EB  will  also  be  given  and,  further,  the 
whole  [straight  line]  EBZ  ;  therefore,  since  ΔΖ  is 
given,  the  angle  ΕΔΖ  in  the  same  right-angled  tri- 
angle will  be  given,  and  the  remainder  ΕΔΒ.  There- 
fore the  arc  AB  will  be  given. 


(ii.)  The  Theorem 
Rid.  74.  9-76.  9 

These  things  having  first  been  grasped,  let  there  be 
described  on  the  surface  of  a  sphere  arcs  of  great 
circles  such  that  the  two  arcs  BE  and  ΓΔ  will  meet 
the  two  arcs  AB  and  ΑΓ  and  will  cut  one  another  at 
the  point  Ζ  ;  let  each  of  them  be  less  than  a  semi- 
circle ;  and  let  this  hold  for  all  the  diagrams. 

Now  I  say  that  the  ratio  of  the  chord  subtended  by 
double  of  the  arc  ΓΕ  to  the  chord  subtended  by 
double  of  the  arc  EA  is  compounded  of  (a)  the  ratio 
of  the  chord  subtended  by  double  of  the  arc  ΓΖ  to 
the  chord  subtended  by  double  of  the  arc  ΖΔ,  and 
(b)  the  ratio  of  the  chord  subtended  by  double  of  the 
arc  ΔΒ  to  the  chord  subtended  by  double  of  the  arc 
BA, 

Γ.       sin  ΓΕ  _  sin  ΓΖ      sin  ΔΒΊ 
L**'^''sinEA~slnZA  '  ^ΠΓΒα]  * 

For  let  the  centre  of  the  sphere  be  taken,  and  let 
it  be  H,  and  from  Η  let  HB  and  HZ  and  HE  be  drawn 
to  B,  Z,  E,  the  points  of  intersection  of  the  circles, 
and  let  ΑΔ  be  joined  and  produced,  and  let  it  meet 
HB  produced  at  the  point  Θ,  and  similarly  let  ΔΓ  and 
ΑΓ  be  joined  and  cut  HZ  and  HE  at  Κ  and  the  point 
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σημεΐον  im  /xta?  817  ytVerai  evOeiag  τα  Θ,  Κ,  A 
σημ€Ϊα  δια  το  ev  ΒυσΙν  άμα  elvat  εττιττεδοι?  τώ  τ€ 
του  ΑΓΔ  τριγώνου  /cat  τω  του  ΒΖΕ  κύκλου,  ήτις 


ίττιζΐυχθζΐσα  ποΐ€Ϊ  €ΐς  Βύο  ζύθζίας  τα?  ΘΑ  καΙ 
ΓΑ  Βιηγμβνας  τάς  ΘΑ  και  ΓΔ  τ€μνούσας  άλλτ^λα? 
κατά  το  Κ  σημ€Ϊον'  6  άρα  τη^  ΓΑ  προς  ΛΑ  Aoyo? 
σννηττται  €κ  τ€  του  της  ΓΚ  ττ/οό?  ΚΔ  και  του  της 
ΔΘ  ττρος  ΘΑ.  αλλ'  ώ?  jt^ev  η  ΓΑ  ττρό?  ΑΑ, 
οντω?  ij  ύτΓΟ  την  διττλ^^ν  τη?  ΓΕ  προς  την  ύπο  την 
Βιπλήν  της  ΕΑ  π^ριφ^ρ^ίας,  ώς  δε  η  ΓΚ  ττρό? 
ΚΔ,  ούτως  η  ύπο  την  διττλην  της  ΓΖ  περιφςρ^ας 
προς  την  υπό  την  Βιπλήν  της  ΖΔ,  ώς  δέ  η  ΘΔ 
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Λ ;  then  the  points  Θ,  K,  Λ  will  lie  on  one  straight 
line  because  they  lie  simultaneously  in  two  planes, 
that  of  the  triangle  ΑΓΔ  and  that  of  the  circle  BZE, 
and  therefore  we  have  straight  lines  ΘΛ  and  ΓΔ 
meeting  the  two  straight  lines  ΘΑ  and  ΓΑ  and  cutting 
one  another  at  the  point  Κ  ;  therefore 

ΓΛ  :  ΛΑ  -  (ΓΚ  :  ΚΔ)(ΔΘ  :  ΘΑ).  [by  (2) 

But     ΓΛ  :  A  A  =  the  chord  subtended  by  double  of 
the  arc  ΓΕ  : 

the  chord  subtended  by  double 
of  the  arc  Ε  A 

[i.e.,  sin  ΓΕ  :  sin  Ε  A], 

while  ΓK:KΔ  =  the  chord  subtended  by  double  of 
the  arc  ΓΖ  : 

the  chord  subtended  by  double  of 
the  arc  ΖΔ  [by  (3) 

[i.e.,  sin  ΓΖ  :  sin  ΖΔ], 
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προς  ΘΑ,  ούτως  "η  υπό  την  διττλην  τη?  ΔΒ  ττζρι- 
φζρβίας  προς  την  ύπο  την  Βι,πλην  της  ΒΑ•  καΐ  6 
λόγος  άρα  6  της  νπο  την  Βιπλην  της  ΓΕ  προς  την 
ύπο  την  Βίπλην  της  ΕΑ  (τυνηπται  εκ  τβ  του  της 
ύπο  την  ΒιπΧην  της  ΓΖ  προς  την  ύπο  την  ΒιπΧην 
της  ΖΔ  /cat  τοϋ  της  ύπο  την  Βιπλήν  της  ΔΒ  προς 
την  ύπο  την  Βιπλην  της  ΒΑ. 

Κατά  τα  αυτά  Βη  και  ωσπερ  €πϊ  της  εττιττβδου 
καταγραφής  των  ΐύθβιών  Β^ίκνυται,  δτι  καΐ  6  της 
ύπο  την  Βιπλην  της  ΓΑ  προς  την  ύπο  t?jv  Βιπλην 
της  ΕΑ  λόγος  συνηπται  €κ  τε  του  της  ύπο  την 
Βιπλην  της  ΓΔ  προς  την  ύπο  την  Βιπλην  της  ΔΖ 
και  τοΰ  της  ύπο  την  Βιπλην  της  ΖΒ  προς  την  ύπο 
την  Βίπλην  της  BE*  άπερ  προ€Κ€ΐτο  δβί^αι. 


•  From  the  Arabic  version,  it  is  known  that  *'  Menelaus's 
Theorem  "  was  the  first  proposition  in  Book  ill.  of  his 
Sphaerica,  and  several  interesting  deductions  follow. 
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and      ΘΔ  :  ΘΑ  =  the  chord  subtended  by  double  of 
the  arc  ΔΒ  : 

the  chord  subtended  by  double  of 
the  arc  BA  [by  (4) 

[i.e.,  sin  ΔΒ  :  sin  BA], 

and  therefore  the  ratio  of  the  chord  subtended  b}- 
double  of  the  arc  ΓΕ  to  the  chord  subtended  by 
double  of  the  arc  EA  is  compounded  of  (a)  the  ratio 
of  the  chord  subtended  by  double  of  the  arc  ΓΖ  to 
the  chord  subtended  by  double  of  the  arc  ΖΔ,  and 
(b)  the  ratio  of  the  chord  subtended  by  double  of  the 
arc  ΔΒ  to  the  chord  subtended  by  double  of  the 
arc  BA, 

sin  ΓΕ     sin  ΓΖ     sin  ΔΒΊ 


Γ.      sii 
i.e.,  — 

L        su 


sin  EA     sin  ΖΔ     sin  BAj 

Now  with  the  same  premises,  and  as  in  the  case  of 
the  straight  lines  in  the  plane  diagram  [by  (1)],  it 
is  shown  that  the  ratio  of  the  chord  subtended  by 
double  of  the  arc  ΓΑ  to  the  chord  subtended  by 
double  of  the  arc  EA  is  compounded  of  (a)  the  ratio 
of  the  chord  subtended  by  double  of  the  arc  ΓΔ  to 
the  chord  subtended  by  double  of  the  arc  ΔΖ,  and 
(b)  the  ratio  of  the  chord  subtended  by  double  of 
the  arc  ZB  to  the  chord  subtended  by  double  of  the 
chord  BE, 

Γ.      sin  rA_sinrA      sin  ΖΒΊ 
L*^''shr^A~SiAZ  *  shTBEJ» 
which  was  set  to  be  proved.** 
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(a)  Definitions 
Heron,  Deff.^  ed.  Heiberg  (Heron  iv.)  14.  1-24 

Και  τα  μ€.ν  προ  της  γζωμζτρίΚ'ης  στοίχ€ΐώσ€ω$ 
Τ€χνολογονμ€να  υπογράφων  σοι  και  ύποτυπου- 
μ^νος,  ώς  €χ€ΐ  μάλιστα  συντόμως,  Διονύσιε  λαμ- 
πρότατ€,  την  τ€  άρχην  και  την  δλην  συνταζιν 
ποιησομαι  κατά  την  του  Εύ/ίλειδου  του  Σιτοιχειω- 
τοΰ  TTJs  iv  γξωμ€τρία  θεωρίας  8ι8ασκαλίαν•  οΐμαι 
γαρ    οϋτως    ου    μόνον    τάς    εκείνου    πραγματείας 

"  The  problem  of  Heron's  date  is  one  of  the  most  disputed 
questions  in  the  history  of  Greek  mathematics.  The  only 
details  certainly  known  are  that  he  lived  after  Apollonius, 
whom  he  quotes,  and  before  Pappus,  who  cites  him,  say 
between  150  b.c.  and  a.d.  250.  Many  scraps  of  evidence 
have  been  thrown  into  the  dispute,  including  the  passage 
here  first  cited  ;  for  it  is  argued  that  the  title  λαμπρότατος 
corresponds  to  the  Latin  clarissimus,  which  was  not  in  com- 
mon use  in  the  third  century  a.d.  Both  Heiberg  (Heron, 
vol.  v.  p.  ix)  and  Heath  {II.G.M.  ii.  306)  place  him,  however, 
in  the  third  century  a.d.,  only  a  little  earlier  than  Pappus. 

The  chief  works  of  Heron  are  now  definitively  published  in 
five  volumes  of  the  Teubner  series.  Perhaps  the  best  known 
are  his  Pneumatica  and  the  Automata^  in  which  he  shows 
how  to  use  the  force  of  compressed  air,  water  or  steam  ;  they 
are  of  great  interest  in  the  history  of  physics,  and  have  led 
some  to  describe  Heron  as  "  the  father  of  the  turbine,"  but 
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ALEXANDRIA  « 

(a)  Definitions 

Heron,  Definitions,  ed.  Heiberg  (Heron  iv.)  14.  1-24 

In  setting  out  for  you  as  briefly  as  possible,  Ο  most 
excellent  Dionysius,  a  sketch  of  the  technical  terms 
premised  in  the  elements  of  geometry,  I  shall  take  as 
my  starting  point,  and  shall  base  my  whole  arrange- 
ment upon,  the  teaching  of  Euclid,  the  writer  of  the 
elements  of  theoretical  geometry  ;  for  in  this  way  I 
think  I  shall  give  you  a  good  general  understanding, 

as  they  have  no  mathematical  interest  they  cannot  be  noticed 
here.  Heron  also  wrote  a  Belopoe'ica  on  the  construction  of 
engines  of  war,  and  a  Mechanics,  which  has  survived  in 
Arabic  and  in  a  few  fragments  of  the  Greek. 

In  geometry.  Heron's  elaborate  collection  of  Definitions 
has  survived,  but  his  Commentary  on  Euclid's  Elements  is 
known  only  from  extracts  preserved  by  Proclus  and  an- 
Nairizi,  the  Arabic  commentator.  In  mensuration  there  are 
extant  the  Metrica,  Oeometrica,  Stereometrica,  Geodaesia, 
Mensurae  and  Liber  Gei-'ponicus.  The  Metrica,  discovered 
in  a  Constantinople  ms.  in  1896  by  R.  Schone  and  edited  by 
his  son  H.  Schone,  seems  to  have  preserved  its  original  form 
more  closely  than  the  others,  and  will  be  relied  on  here  in 
preference  to  them.  Heron's  Dioptra,  describing  an  instru- 
ment of  the  nature  of  a  theodolite  and  its  application  to 
surveying,  is  also  extant  and  will  be  cited  here. 

For  a  full  list  of  Heron's  many  works,  v.  Heath,  H.O.M. 
ii.  308-310. 
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ευσύνοπτους  eaeaOai  σοι,  άλλα  και  πλείστας  άλλα? 
των  εΙς  γ^ωμετρίαν  ανηκόντων,  αρζομαι  τοίνυν 
άττο  σημείου. 

α  .  Έημεΐόν  εστίν,  ου  μέρος  ονθέν  η  ττερας 
αδιαστατον  η  πέρας  γραμμής,  πεφυκε  δε  διάνοια 
μόνη  ληπτον  είναι  ώσανεΐ  άμερες  τε  και  άμεγεθες 
τυγχάνον.  τοιούτον  ουν  αυτό  φασιν  είναι  οίον  εν 
χρόνω  το  ενεστός  και  οίον  μονάΒα  θεσιν  εχονσαν. 
εστι^  μεν  οΰν  τη  ουσία  ταύτον  τη  μονά8ι•  αδιαίρετα 
γαρ  άμφω  και  ασώματα  και  αμέριστα•  τη  δε  επι- 
φανεία  και  τη  σχεσει  διαφέρει•  η  μεν  γαρ  μονάς 
αρχή  αριθμού,  το  δε  σημεΐον  της  γ εω μετρούμενης 
ουσίας  αρχή,  αρχή  δε  κατά  εκθεσιν,  ούχ  ώς  μέρος 
ον  της  γραμμής,  ώς  του  αριθμού  μέρος  η  μονάς, 
προεπινοουμενον  δε  αυτής•  κινηθεντος  γάρ  ή  μάλλον 
νοηθεντος  εν  ρυσει  νοείται  γραμμή,  και  ούτω 
σημεΐον  αρχή  εστί  γραμμής,  επιφάνεια  δε  στέρεου 
σώματος. 

Ibid.  60.  22-62.  9 

ζζ'.  Σττειρα  γίνεται,  όταν  κύκλος  επι  κύκλου 
το  κεντρον  έχων  ορθός  ών  προς  το  του  κύκλου 
επίπεδον  περιενεχθείς  εις  το  αυτό  πάλιν  άποκατα- 
σταθή'  το  δε  αυτό  τοϋτο  και  κρίκος  καλείται, 
διεχής  μεν  οΰν  εστί  σπείρα  ή  έχουσα  διάλειμμα, 
συνεχής  δε  ή  καθ^  εν  σημεΐον  συμπίπτουσα,  επαλ- 
λάττουσα    δε,    καθ^    ην    6    περιφερόμενος    κύκλος 

^  ίστί,  Friedlein,  ότι  codd.. 

«  The  first  definition  is  that  of  Euclid  i.  Def.  1,  the  third 
in  eifec.t  that  of  F^lato,  who  defined  a  point  as  άρχη  γραμμής 
(Aristot.  Metaph.  992  a  20)  ;  the  second  is  reminiscent  of 
Nicomachus,  Arith.  Introd.  ii.  7.  1,  v.  vol.  i.  pp.  86-89. 
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not  only  of  Euclid's  works,  but  of  many  others  per- 
taining to  geometry.  I  shall  begin,  then,  with  the 
point. 

1.  A  point  is  that  which  has  no  parts,  or  an  ex- 
tremity without  extension,  or  the  extremity  of  a  line," 
and,  being  both  without  parts  and  without  magnitude, 
it  can  be  grasped  by  the  understanding  only.  It  is 
said  to  have  the  same  character  as  the  moment  in 
time  or  the  unit  having  position.^  It  is  the  same  as 
the  unit  in  its  fundamental  nature,  for  they  are  both 
indivisible  and  incorporeal  and  without  parts,  but  in 
relation  to  surface  and  position  they  differ  ;  for  the 
unit  is  the  beginning  of  number,  while  the  point  is 
the  beginning  of  geometrical  being — but  a  beginning 
by  way  of  setting  out  only,  not  as  a  part  of  a  Une, 
in  the  way  that  the  unit  is  a  part  of  number — and 
is  prior  to  geometrical  being  in  conception  ;  for  when 
a  point  moves,  or  rather  is  conceived  in  motion,  a 
line  is  conceived,  and  in  this  way  a  point  is  the  be- 
ginning of  a  line  and  a  surface  is  the  beginning  of  a 
solid  body. 

Jbid.  60.  22-62.  9 

97.  A  spire  is  generated  when  a  circle  revolves  and 
returns  to  its  original  position  in  such  a  manner  that 
its  centre  traces  a  circle,  the  original  circle  remaining 
at  right  angles  to  the  plane  of  this  circle  ;  this  same 
curve  is  also  called  a  ring.  A  spire  is  open  when  there 
is  a  gap,  continuous  when  it  touches  at  one  point,  and 
self-crossing  when  the  revolving  circle  cuts  itself. 

*  The  Pythagorean  definition  of  a  point :  v.  Proclus,  in 
Eucl.  L,  ed.  Friedlein  95.  22.  Proclus's  whole  comment  is 
worth  reading,  and  among  modern  writers  there  is  a  full 
discussion  in  Heath,  The  Thirteen  Books  of  Euclid's  Elements, 
vol.  i.  pp.  155-158. 
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αυτός  αύτον  re/xvet.  γίνονται  8e  καΐ  τούτων  τομαΐ 
γραμμαί  TLves  ΙΒίάζονσαι.  οΐ  δε  τετράγωνοι 
κρίκοι  €κπρίσματά  eiai  κυλίνδρων  γίνονται  δε 
και  άλλα  τίνα  ττοικίλα  πρίσματα  e/c  re  σφαιρών 
και  €κ  μικτών  επιφανειών, 

(b)  Measurement  of  Areas  and  Volumes 

(i.)  Area  of  a  Triangle  Given  the  Sides 

Heron,  Metr.  i.  8,  ed.  H.  Schone  (Heron  iii.)  18.  12-24.  21 

"Εστί  δε  καθολική  μ4θο8ος  ώστε  τριών  πλευ- 
ρών Βοθεισών  οΙουΒηποτοΰν  τριγώνου  το  εμβαΒον 
εύρεΐν  χωρίς  κάθετου'  οίον  εστωσαν  αϊ  του  τριγώνου 
πλευραι  μονάδων  ζ,  η,  θ.  σύνθες  τα  ζ  και  τα  η 
και  τα  θ•  γίγνεται  κ8.  τούτων  λαβε  το  ήμισυ• 
γίγνεται  ιβ.  άφελε  τάς  ζ  μονά8ας•  λοιπαι  ε. 
πάλιν  άφελε  άπο  τών  ιβ  τάς  ^  λοιπαι  ο.  και  ετι 
τάς  θ•  λοιπαι  γ.  ποίησαν  τα  ιβ  επί  τα  ε•  γίγνονται 
^.  ταΰτα  επί  τον  ο•  γίγνονται  σμ'  ταϋτα  επι  τον 
γ'  γίγνεται  φκ'  τούτων  λαβε  πλευράν  και  εσται  το 
εμβαΒον  του  τριγώνου,  επεί  ουν  αϊ  φκ  ρητην  την 
πλευράν  ουκ  εχουσι,  ληφόμεθα  μετά  Βιαφόρου 
ελαχίστου  την  πλευράν  οϋτως•  επει  6  συνεγγίζων 
τω  φκ  τετράγωνος  εστίν  6  φκθ  και  πλευράν  έχει 
τον  κζ,  μερισον  τάς  φκ  εις  τον  κζ•  γίγνεται  /cr 
και  τρίτα  δυο•  πρόσθες  τα?  κζ'  γίγνεται  νγ  τρίτα 
δυο.  τούτων  το  ήμισυ'  γίγνεται  κ5^  ^ύ' »  εσται 
άρα  του  φκ  η  πλευρά  εγγιστα  τα  icr  ^y'.  τα  γάρ 
JcT  Δ.γ'  εφ*  εαυτά  γίγνεται  φκ  λδ"'•  ώστε  το  διά- 
φορον  μονάδος  εστί  μόριον  λτ',  εάν  δε  βουλώμεθα 
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Certain  special  curves  are  generated  by  sections  of 
these  spires.  But  the  square  rings  are  prismatic 
sections  of  cylinders  ;  various  other  kinds  of  prismatic 
sections  are  formed  from  spheres  and  mixed  surfaces.*• 


(b)  Measurement  of  Areas  and  Volumes 

(i.)  Area  of  a  Triangle  Given  the  Sides 

Heron,  Metrica  i.  8,  ed.  H.  SchOne  (Heron  ill.)  18.  12-24.  21 

There  is  a  general  method  for  finding,  without 
drawing  a  perpendicular,  the  area  of  any  triangle 
whose  three  sides  are  given.  For  example,  let  the 
sides  of  the  triangle  be  7,  8  and  9•  Add  together 
7,  8  and  9  J  the  result  is  24•.  Take  half  of  this,  which 
gives  12.  Take  away  7  ;  the  remainder  is  5.  Again, 
from  12  take  away  8  ;  the  remainder  is  4.  And 
again  9  ;  the  remainder  is  3.  Multiply  12  by  5  ;  the 
result  is  60.  Multiply  this  by  4  ;  the  result  is  240. 
Multiply  this  by  3  ;  the  result  is  720.  Take  the 
square  root  of  this  and  it  will  be  the  area  of  the  tri- 
angle. Since  720  has  not  a  rational  square  root,  we 
shall  make  a  close  approximation  to  the  root  in  this 
manner.  Since  the  square  nearest  to  720  is  729, 
having  a  root  27,  divide  27  into  720  ;  the  result  is 
26f  ;  add  27  ;  the  result  is  53|.  Take  half  of  this  ; 
the  result  is  26 J  +  ^(  =  26f ).  Therefore  the  square 
root  of  720  will  be  very  nearly  26f .  For  26|  multi- 
plied by  itself  gives  720^^5-  ;  so  that  the  difference 
is  ^.    If  we  wish  to  make  the  difference  less  than  -^^, 

•  The  passage  should  be  read  in  conjunction  with  those 
from  Proclus  cited  supra,  pp.  360-365  ;  note  the  sUght  differ- 
ence in  terminology — self-crossing  for  interlaced. 

471 


GREEK  MATHEMATICS 

€v  Ιλάσσονι  μορίω  τον  Αγ'  την  Βιαφοράν  γίγν€σθαι, 
άντΙ  του  φκθ  τάξομεν  τα  νΰν  evpedevra  φκ  καΐ  λί"', 
και  ταύτα  7Γθΐησαντ€δ"  €νρησομ€ν  ττολλώ  «λάττονα 
ζτοΰγ  Αγ'  την  Βιαφοράν  γιγνομίνην. 

Ή  δε  γίωμξτρικΎ)  τούτου  α.ττό^€ίζίζ  €στιν  ηΒζ• 
τριγώνου  ^οθεισών  των  ττλζνρών  evpelv  το  4μβα8όν. 
8ννατ6ν  μ€ν  οΰν  εστίν  άγαγόντα[ςΥ  μίαν  κάθίτον 
καΐ  πορισάμζνον  αντης  το  μ4γ€θος  evpeiv  του 
τριγώνου  το  €μβα8όν,  Beov  Se  eoro»  χωρίς  της 
καθέτου  το  εμβαδόν  πορίσασθαι. 

"Εστω  το  So9ev  τρίγωνον  το  ΑΒΓ  καΐ  €στω 
4κάστη  των  ΑΒ,  Β  Γ,  ΓΑ  δο^εΓσα•  εύρζΐν  το  €μβα- 

^  τον  add.  Heiberg. 
•  άγαγόντα[ς]  corr.  Η.  SchOne. 


"  If  a  non-square  number  A  is  equal  to  a*  ±6,  Heron's 
method  gives  as  a  first  approximation  to  Va, 

and  as  a  second  approximation, 

An  equivalent  formula  is  used  by  Rhabdas(t>.  vol.  !.  p.  30 
n,  b)  and  by  a  fourteenth  century  Calabrian  monk  Barlaam, 
who  wrote  in  Greek  and  who  indicated  that  the  process  could 
be  continued  indefinitely.  Several  modern  writers  have  used 
the  formula  to  account  for  Archimedes'  approximations  to 
\/S  (v.  vol.  i.  p.  322  n.  a). 

*  Heron  had  previously  shown  how  to  do  this. 
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instead  of  729  we  shall  take  the  number  now  found, 
720/^,  and  by  the  same  method  we  shall  find  an 
approximation  differing  by  much  less  than  -^^ ." 

The  geometrical  proof  of  this  is  as  follows  :  In  a 
triangle  tvhose  sides  are  given  to  find  the  area.  Now  it  is 
possible  to  find  the  area  of  the  triangle  by  drawing 
one  perpendicular  and  calculating  its  magnitude,* 
but  let  it  be  required  to  calculate  the  area  without 
the  perpendicular. 

Let  ΑΒΓ  be  the  given  triangle,  and  let  each  of 


AB,  ΒΓ,  ΓΑ  be  given  ;   to  find  the  area.     Let  the 
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δον.  €γγ€γράφθω  els  το  τρίγωνον  κύκλος  6  ΔΕΖ, 
ον  κβντρον  €στω  το  Η,  και  έττζζζνγθωσαν  αι  ΑΗ, 
ΒΗ,  ΓΗ,  ΔΗ,  ΕΗ,  ΖΗ.  το  μ^ν  άρα  ύπο  ΒΓ, 
ΕΗ  8ί7τλάσίόν  eaTL  του  ΒΗΓ  τριγώνου,  το  δε 
νττο  ΓΑ,  ΖΗ  του  ΑΓΗ  τριγώνου,  (το  δε  υπό  ΑΒ, 
ΔΗ  του  ΑΒΗ  τριγώνου")^'  το  άρα  ύπο  της  πζρι- 
μ€τρου  του  ΑΒΓ  τριγώνου  καΐ  της  ΕΗ,  τουτεστι 
της  €κ  τοϋ  κέντρου  του  ΔΕΖ  κύκλου,  Βίπλάσιόν 
ioTL  τοΰ  ΑΒΓ  τριγώνου.  €κβ€βλησθω  η  ΓΒ,  και 
Tjj  ΑΔ  ίση  κβίσθω  η  ΒΘ*  η  άρα  ΓΒΘ  ημίσ€ΐά  εστί 
της  περιμέτρου  τοΰ  ΑΒΓ  τριγώνου  δια  το  ΐσην 
είναι  την  μεν  ΑΔ  τη  ΑΖ,  την  δε  ΔΒ  τη  BE,  την 
δε  ΖΓ  τη  ΓΕ.  το  άρα  ύπο  των  ΓΘ,  ΕΗ  ίσον  Ιστϊ 
τω  ΑΒΓ  τ  ριγώνω,  άλλα  το  ύπο  των  ΓΘ,  Ε  Η 
πλευρά  εστίν  τοΰ  άπο  της  ΓΘ  εττι  το  άπο  της 
ΕΗ*  εσται  άρα  του  ΑΒΓ  τριγώνου  το  εμβαδόν 
εφ*  εαυτό  γενομενον  ίσον  τω  απο  της  Θ  Γ  εττι  το 
άπο  της  ΕΗ.  ηχθω  τη  μεν  ΓΗ  προς  ορθάς  η 
ΗΛ,  τη  δε  ΓΒ  ή  ΒΛ,  και  επεζευχθω  η  ΓΑ.  εττει 
οΰν  ορθή  εστίν  εκατερα  των  ύπο  ΓΗΑ,  ΓΒΑ,  εν 
κύκλω  άρα  εστί  το  Γ  Η  ΒΛ  τετράπλευρον  αί  άρα 
ύπο  ΓΗΒ,  ΓΑΒ  Βυσιν  όρθαΐς  είσιν  ισαι.  εισιν  δε 
και  αί  ύπο  ΓΗΒ,  ΑΗΔ  δυσιν  όρθαΐς  ισαι  δια  το 
Βίχα  τετμησθαι  τάς  προς  τω  Η  »γωνίας  ταΐς  ΑΗ, 
ΒΗ,  ΓΗ  και  ισα?  είναι  τάς  ύπο  των  ΓΗΒ,  ΑΗΔ 
ταΓ?  ύπό  των  ΛΗΓ,  ΔΗΒ  και  τάς  πάσας  τετρασιν 
όρθαΐς  ισας  είναι•  ΐση  άρα  εστίν  η  ύπό  ΑΗΔ  τη 
υπό  ΓΛΒ.  εστί  δε  και  όρθη  η  ύπό  ΑΔΗ  όρθη 
τη  ύπό  ΓΒΛ  ιστ^•  δμοιον  άρα  εστί  τό  ΑΗΔ  τ/οι- 
γωνον  τω    ΓΒΛ   τριγώνω.      ώς   άρα   η   Β  Γ   προς 

*  το  8e   .  .  .   τριγώνου:    these  words,  along  wiih   several 
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circle  ΔΕΖ  be  inscribed  in  the  triangle  with  centre  Η 
[Eucl.  iv.  4],  and  let  AH,  BH,  ΓΗ,  ΔΗ,  EH,  ZH  be 
joined.     Then 

ΒΓ  .  EH  =  2  .  triangle  ΒΗΓ,   [Eucl.  i.  41 

ΓΑ  .  ZH  =  2  .  triangle  ΑΗΓ,  [ibid. 

AB  .  ΔΗ  =  2  .  triangle  ABH.  [ibid. 

Therefore  the  rectangle  contained  by  the  perimeter 
of  the  triangle  ΑΒΓ  and  EH,  that  is  the  radius  of 
the  circle  ΔΕΖ,  is  double  of  the  triangle  ΑΒΓ.  Let 
ΓΒ  be  produced  and  let  ΒΘ  be  placed  equal  to  ΑΔ  ; 
then  ΓΒΘ  is  half  of  the  perimeter  of  the  triangle  ΑΒΓ 
because  ΑΔ  =  AZ,  ΔΒ  =  ΒΕ,  ΖΓ  =  ΓΕ  [by  Eucl.  iii.  17]. 
Therefore 

ΓΘ  .  EH  =  triangle  ΑΒΓ.  [ibid. 

But  ΓΘ  .  EH  =  VrS^TElP  ; 

therefore      (triangle  ΑΒΓ)2  =  ΘΓ2  .  EH^. 

Let  HA  be  drawn  perpendicular  to  ΓΗ  and  BA  per- 
pendicular to  ΓΒ,  and  let  Γ  A  be  joined.  Then  since 
each  of  the  angles  ΓΗΑ,  ΓΒΑ  is  right,  a  circle  can  be 
described  about  the  quadrilateral  ΓΗΒΛ  [by  Eucl. 
iii.  31] ;  therefore  the  angles  ΓΗΒ,  ΓΑΒ  are  together 
equal  to  two  right  angles  [Eucl.  iii.  22].  But  the 
angles  ΓΗΒ,  ΑΗΔ  are  together  equal  to  two  right 
angles  because  the  angles  at  Η  are  bisected  by  AH, 
BH,  ΓΗ  and  the  angles  ΓΗΒ,  ΑΗΔ  together  with 
ΑΗΓ,  ΔΗΒ  are  equal  to  four  right  angles  ;  therefore 
the  angle  ΑΗΔ  is  equal  to  the  angle  ΓΑΒ.  But  the 
right  angle  ΑΔΗ  is  equal  to  the  right  angle  ΓΒΛ ; 
therefore  the  triangle  ΑΗΔ  is  similar  to  the  triangle 
ΓΒΑ. 

other  obvious  corrections  not  specified  in  this  edition,  were 
rightly  added  to  the  text  by  a  fifteenth-century  scribe. 
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ΒΑ,  η  ΑΔ  ττρος  ΔΗ,  τουτέστιν  η  ΈΘ  προς  ΕΗ, 
και  eVaAAct^^,  ως  ή  ΓΒ  προς  ΒΘ,  '^  ΒΑ  προς  ΕΗ, 
τουτέστιν  ή  ΒΚ  προς  ΚΕ  δια  το  παράλληλον  βΐναι 
την  ΒΑ  τ^  ΕΗ,  /cat  σννθ4ντι,  ώς  η  ΓΘ  ττρό?  ΒΘ, 
όντως  η  BE  ττρό?  ΕΚ•  ωστ€  καΐ  ώς  το  άπο  της 
ΓΘ  προς  το  υπό  των  ΓΘ,  ΘΒ,  ούτως  το  υπο 
BE  Γ  προς  το  υπο  ΓΕΚ,  τουτ4στί  προς  το  άπο 
ΕΗ•  ev  ορθογώνια)  γαρ  άπο  της  ορθής  ΙπΙ  την 
βάσιν  κάθζτος  ηκται  τ^  ΕΗ•  ώστε  το  άπο  της  ΓΘ 
€πΙ  το  άπο  της  ΕΗ,  οΰ  πλευρά  ην  το  €μβα86ν 
του  ΑΒΓ  τριγώνου,  ίσον  εσται  τω  ύπό  ΓΘΒ  €πι 
το  υπο  ΓΕΒ.  και  €στι  Βοθεΐσα  εκάστη  των  ΓΘ, 
ΘΒ,  BE,  ΓΕ•  η  μεν  γαρ  ΓΘ  ημίσεια  eort  της 
περιμέτρου  του  ΑΒΓ  τριγώνου,  η  δε  ΒΘ  η  υπέρ- 
οχη, ^  υπερέχει  η  ^jutaeia  της  περιμέτρου  της 
ΓΒ,  η  δε  BE  η  υπέροχη,  fj  υπερέχει  η  η/Μίσεια 
της  περιμέτρου  της  ΑΓ,  ή  δε  ΕΓ  ή  υπεροχή, 
fj  υπερέχει  ή  ημίσεια  της  περιμέτρου  της  ΑΒ, 
επεώηπερ  ΐση  εστίν  η  μεν  ΕΓ  τη  ΓΖ,  η  δε  ΒΘ 
τη  ΑΖ,  επει  και  τη  ΑΔ  εστίν  Ϊση.  8οθεν  άρα  και 
το  έμβα86ν  του  ΑΒΓ  τριγώνου. 


(ϋ.)  Volume  of  a  Spire 

Ibid.  ii.  13,  ed.  H.  Sch6ne  (Heron  iii.)  126.  10-130.  3 

"Εστω  γάρ  τις  iv  εττιττεδα»  ευθεία  η  ΑΒ  και 
δυο  τχ^χόντα  επ*  αύτη?  σημεία,  είληφθω  6  ΒΓΔΕ 
(^κνκλοςΥ  όρθος  ων  προς  το  ύποκείμενον  επίπεΒον, 
εν   φ    εστίν   ή   ΑΒ    ευθεία,    και   μένοντος   του   Α 

*  κύκλος  add.  Η.  Schune. 
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Therefore  ΒΓ  :  BA  =  ΑΔ  :  ΔΗ 

=  ΒΘ  :  EH, 
and  permutando,     ΓΒ  :  ΒΘ  =  ΒΛ  :  EH 

=  BK:KE, 
because  ΒΛ  is  parallel  to  EH, 
and  componendo     ΓΘ:ΒΘ  =  ΒΕ:ΕΚ; 
therefore      Γθ^ :  ΓΘ  .  ΘΒ  =  BE  .  ΕΓ  :  ΓΕ  .  EK, 
i.e.  =ΒΕ.ΕΓ:ΕΗ2, 

for  in  a  right-angled  triangle  EH  has  been  drawn 
from  the  right  angle  perpendicular  to  the  base ; 
therefore  Γθ^  .  EH^,  whose  square  root  is  the  area 
of  the  triangle  ΑΒΓ,  is  equal  to  (ΓΘ  .  ΘΒ)(ΓΕ  .  EB). 
And  each  of  ΓΘ,  ΘΒ,  BE,  ΓΕ  is  given  ;  for  ΓΘ  is  half 
of  the  perimeter  of  the  triangle  ΑΒΓ,  while  ΒΘ  is  the 
excess  of  half  the  perimeter  over  ΓΒ,  BE  is  the  excess 
of  half  the  perimeter  over  ΑΓ,  and  ΕΓ  is  the  excess 
of  half  the  perimeter  over  AB,  inasmuch  as  ΕΓ  =  ΓΖ, 
ΒΘ  =  ΑΔ  =  ΑΖ.  Therefore  the  area  of  the  triangle 
ΑΒΓ  is  given.» 

(ii.)  Volume  of  a  Spire 

Ibid.  11.  13,  ed.  H.  SchOne  (Heron  ill.)  126.  10-130.  3 

Let  AB  be  any  straight  line  in  a  plane  and  A,  Β 
any  two  points  taken  on  it.  Let  the  circle  ΒΓΔΕ  be 
taken  perpendicular  to  the  plane  of  the  horizontal, 
in  which  hes  the  straight  line  AB,  and,  while  the  point 

"If  the  sides  of  the  triangle  are  a,  b,  e,  and  «  =  ^(o  +b+c). 
Heron's  formula  may  be  stated  in  the  familiar  terms, 

area  of  triangle  =  \/'s(s  -  a){s  -  6)(«  -  c). 

Heron  also  proves  the  formula  in  his  Dioptra  30,  but  it  is 
now  known  from  Arabian  sources  to  have  been  discovered  by 
Archimedes. 
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σημείου  ττΐριφβρβσθω  κατά  το  επιττεδον  •η  ΑΒ, 
άχρι  ου  el?  το  αυτό  άττοκατασταθτ]  συμπζριφίρο- 
μβνου  και  τοϋ  ΒΓΔΕ  κύκλου  ορθοΰ  διαμένοντος 
προς  το  ΰποκ^Ιμ^νον  εττιττεδον.  α7τογ€ννησ€ΐ  αρα 
τινά  €πιφάνβιαν  η  ΒΓΔΕ  π^ριφ^ρ^ια,  ην  Βη 
σπβιρικην  καλοΰσιν  καν  μη  η  δε  δλος  ό  κύκλος, 
αλλά  τμήμα  αύτοϋ,  ττάλιν  άπογ€ννησ€ΐ  το  τοΰ 
κύκλου  TjU^jLta  σττειρικής  βπιφανβίας  τμήμα,  καθ- 
άττ€ρ  elai  και  at  ταΓ?  κίοσιν  ύποκζίμίναι  σττβΓραι* 
τριών  γάρ  ούσών  βττιφανζίών  ev  τω  καλούμενο) 
αναγραφεί,  ον  hiq  τίνες  και  εμβολΙα  καλοΰσιν,  hύo 
μεν  κοίλων  των  άκρων,  /Μία?  δε  μέσης  και  κυρτής, 
άμα  περιφερόμεναι  αϊ  τρεις  άπογεννώσι  το  εϊ8ος 
της  τοις  κίοσιν  υποκείμενης  σπείρας. 

Αεον  οΰν  έστω  την  άπογεννηθεΐσαν  σπειραν  υπο 
τοΰ  ΒΓΔΕ  κύκλου  μετρησαι.  δεδοσ^ω  η  μεν 
ΑΒ  μονάδων  κ,  17   δε  Β  Γ  διάμετρος  μονάδων  ιβ. 


ΐΐληφθω  το  κεντρον  τοϋ  κύκλου  το  Ζ,  και  άπο  των 
Α,  Ζ  τώ  ύποκειμενω  επιπε8ω  προς  ορθάς  ηχθωσαν 
at  ΔΖΕ,  ΗΑΘ.     και  δια  των  Δ,  Ε  τ^  ΑΒ  παράλ- 
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A  remains  stationary,  let  AB  revolve  in  the  plane 
until  it  concludes  its  motion  at  the  place  where  it 
started,  the  circle  ΒΓΔΕ  remaining  throughout 
perpendicular  to  the  plane  of  the  horizontal.  Then 
the  circumference  ΒΓΔΕ  will  generate  a  certain  sur- 
face, which  is  called  spiric  ;  and  if  the  whole  circle 
do  not  revolve,  but  only  a  segment  of  it,  the  seg- 
ment of  the  circle  will  again  generate  a  segment 
of  a  spiric  surface,  such  as  are  the  spirae  on  which 
columns  rest  ;  for  as  there  are  three  surfaces  in  the 
so-called  anagrapkeus,  which  some  call  also  emboleus, 
two  concave  (the  extremes)  and  one  (the  middle) 
convex,  when  the  three  are  moved  round  simultane- 
ously they  generate  the  form  of  the  spira  on  which 
columns  rest.** 

Let  it  then  be  required  to  measure  the  spire  gener- 
ated by  the  circle  ΒΓΔΕ.  Let  A  Β  be  given  as  20, 
and  the  diameter  ΒΓ  as  12,  Let  Ζ  be  the  centre  of 
the  circle,  and  through  '>  A,  Ζ  let  ΗΑΘ,  ΔΖΕ  be 
drawn  perpendicular  to  the  plane  of  the  horizontal. 
And  through  Δ,  Ε  let  ΔΗ,  EO  be  drawn  parallel  to 

"  The  άναγραφΐύζ  or  ΐμβολΐΰξ  is  the  pattern  or  templet  for 
applying  to  an  architectural  feature,  in  this  case  an  Attic-Ionic 
column-base.  The  Attic-Ionic  base 
consists  essentially  of  two  convex 
mouldings,  separated  by  a  concave 
one.  In  practice,  there  are  always 
narrow  vertical  ribbons  between  the 
convex  mouldings  and  the  concave 
one,  but  Heron  ignores  them.  In  the 
templet,  there  are  naturally  two  con- 
cave surfaces  separated  by  a  convex, 
and  the  kind  of  figure  Heron  had  in 
mind  appears  to  be  that  here  illus- 
trated. I  am  indebted  to  Mr.  D.  S.  Robertson,  Regius 
Professor  of  (jreek  in  the  University  of  Cambridge,  for  help 
in  elucidating  this  passage.  *  Lit.  "  from." 
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ληλοι  ηχθωσαν  αί  ΔΗ,  ΕΘ.  SeSfft/crai  δε  Αιονυ- 
σοοώρω  ev  τω  Ylepl  της  σποράς  βπιγραφομενω, 
ΟΤΙ  δν  λόγον  €χ€ΐ  ό  ΒΓΔΕ  κύκλος  ττρος  το  ήμισυ 
του  ΔΕ  Η  Θ  παραλληλογράμμου,  τούτον  e^ei  καΐ 
η  γ€ννηθ€Ϊσα  σπβΐρα  ύπο  του  ΒΓΔΕ  κύκλου  προς 
τον  κύλινΒρον,  ου  άξων  μέν  εστίν  6  Η  Θ,  ή  δε  εκ 
τοΰ  κέντρου  της  βάσεως  ή  ΕΘ.  inel  οΰν  η  ΒΓ 
μονάΒων  ιβ  εστίν,  ή  άρα  Ζ  Γ  εσται  μονάΒων  Γ. 
εστί  δε  /cat  η  ΑΓ  μονάΒων  η•  εσται  άρα  η  ΑΖ 
μονάΒων  ιΒ,  τουτέστιν  η  ΕΘ,  ήτις  εστίν  εκ  τοΰ 
κέντρου  της  βάσεως  τοΰ  είρημενου  κυλίνΒρου' 
ΒοθεΙς  άρα  εστίν  6  κύκλος•  άλλα  καΐ  6  άξων  Βοθείς' 
εστίν  γαρ  μονάΒων  ιβ,  επει  και  η  ΔΕ.  ώστε 
ΒοθεΙς  και  6  είρη μένος  κύλινΒρος'  και  εστί  το  ΔΘ 
ηαραλληλόγραμμον  (Βοθεν^^'  ώστε  και  το  ήμισυ 
αύτοΰ.  άλλα  και  6  ΒΓΔΕ  κύκλος•  Βοθεΐσα  γαρ 
η  ΓΒ  Βιάμετρος.  λόγος  άρα  τοΰ  ΒΓΔΕ  κύκλου 
προς  το  ΔΘ  παραλληλόγραμμον  Βοθεις•  ώστε  και 
της  σπείρας  προς  τον  κύλινΒρον  λόγος  εστί  Βοθείς. 
και  εστί  Βοθείς  6  κύλινΒρος•  Βοθεν  άρα  και  το 
στερεόν  της  σπείρας. 

Σιυντεθησεται  Βη  ακολούθως  τη  αναλύσει  οΰτως. 
αφελε  άπο  των  κ  τα  ιβ•  λοιπά  η.  και  πρόσθες  τά 
κ•  γίγνεται  icfj'  και  μετρησον  κύλινΒρον,  οΰ  η  μεν 
Βιάμετρος  της  βάσεως  εστί  μονάΒων  κη,  το  δε 
ύφος  ιβ•  και  γίγνεται  το  στερεόν  αύτοΰ  ,ζτ^β' 
και  μετρησον  κύκλον,  οΰ  Βιάμετρός  εστί  μονάΒων 
ιβ'  γίγνεται  τό  εμβαΒόν  αύτοΰ,  καθώς  εμάθομεν, 
ρϊγ  ζ'•  καΐ  λαβε  των  ϊϊη  τό  ημισν  γίγνεται  ιδ. 
επΙ    τό    ήμισυ    των   ιβ'   γίγνεται    πΒ•    και   πολλα- 

^  hoOiv  add.  Η.  Schene, 
480 


MENSURATION  :  HERON  OF  ALEXANDRIA 

AB.  Now  it  is  proved  by  Dionysodorus  "  in  the  book 
which  he  wrote  On  the  Spire  that  the  circle  ΒΓΔΕ 
bears  to  half  of  the  parallelogram  ΔΕΗ  θ  the  same 
ratio  as  the  spire  generated  by  the  circle  ΒΓΔΕ  bears 
to  the  cylinder  having  ίΐθ  for  its  axis  and  ΕΘ  for  the 
radius  of  its  base.  Now,  since  ΒΓ  is  12,  ΖΓ  will  be  6. 
But  ΑΓ  is  8  ;  therefore  AZ  will  be  14,  and  likewise 
ΕΘ,  which  is  the  radius  of  the  base  of  the  aforesaid 
cylinder.  Therefore  the  circle  is  given  ;  but  the 
axis  is  also  given  ;  for  it  is  12,  since  this  is  the  length 
of  ΔΕ.  Therefore  the  aforesaid  cylinder  is  also  given  ; 
and  the  parallelogram  ΔΘ  is  given,  so  that  its  half 
is  also  given.  But  the  circle  ΒΓΔΕ  is  also  given  ; 
for  the  diameter  ΓΒ  is  given.  Therefore  the  ratio  of 
the  circle  ΒΓΔΕ  to  the  parallelogram  is  given  ;  and 
so  the  ratio  of  the  spire  to  the  cyhnder  is  given. 
And  the  cylinder  is  given  ;  therefore  the  volume  of 
the  spire  is  also  given.^ 

Following  the  analysis,  the  synthesis  may  thus  be 
done.  Take  12  from  20  ;  the  remainder  is  8.  And 
add  20  ;  the  result  is  28.  Let  the  measure  be  taken 
of  the  cylinder  having  for  the  diameter  of  its  base  28 
and  for  height  12  ;  the  resulting  volume  is  7392. 
Now  let  the  area  be  found  of  a  circle  having  a  dia- 
meter 12  ;  the  resulting  area,  as  we  learnt,  is  1131. 
Take  the  half  of  28  ;  the  result  is  14.  Multiply  it 
by  the  half  of  12  ;    the  result  is  84.    Now  multiply 

*  For  Dionysodorus  v.  supra,  p.  162  n.  a  and  p.  364  n.  a. 

If  ΔΕ  =  ΗΘ  =  2r  and  ΕΘ  =  o,  then  the  vohime  of  the  spire 
bears  to  the  volume  of  the  cylinder  the  ratio  2πα  .  wr*  :  2r  .  πα* 
or  rrr  :  a,  which,  as  Dionysodorus  points  out,  is  identical  with 
the  ratio  of  the  circle  to  half  the  parallelogram,  that  is,  wr*  :  ra 
or  ttt  :  a. 
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ττλασιάσα?  τα  ,ζτ^β  ^ττΐ  τα  ρϊγ  ζ'•  και  τα  γ€νόμ€να 

ζ 


τταράβαλζ  τταρα  τον  πδ•  γίγν€ται  β'^ζ'  κ.     τοσ- 
ούτον €σται  το  OTepeov  τη?  σττεφα?. 

(iii.)  Division  of  a  Circle 
Ibid.  iii.  18,  ed.  H.  SchOne  (Heron  iii.)  172.  13-174.  2 

Ύόν  Ζοθέντα  κνκλον  διελεΓι/  els  τρία  ίσα  ΒνσΙν 
ΐύθΐίαίζ.  το  μβν  ουν  πρόβλημα  οτί  ον  ρητόν  €στι, 
δηλοι^,  της  ευχρηστίας  δε  ev€K€v  8ί€λονμ€ν  αυτόν 
θ)ς  €γγιστα  ούτω.  έστω  6  δοθείς  κύκλος,  οδ 
Kevrpov  το  Α,  και  ζνηρμόσθω  €ίς  αντον  τρίγωνον 
Ιοόπλενρον,  οΰ  πλευρά,  η  BV,  καΐ  παράλληλος  αύτη 
ηχθω  ή  ΔΑΕ  και  επεζεύχθωσαν  αΐ  ΒΔ,  ΔΓ.  λέγω, 
ΟΤΙ  το  ΔΒΓ  τμήμα  τρίτον  εγγιστά  εστί  μέρος  τοί; 
δλου  κύκλου,  επεζεύχθωσαν  γαρ  αϊ  ΒΑ,  ΑΓ.  ό 
άρα  ΑΒΓΖΒ  τομεύς  τρίτον  εστί  μέρος  του  δλου 
κύκλου.  και  εστίν  ΐσον  το  ΑΒΓ  τρίγωνον  τω 
ΒΓΔ  τ  ριγώνω•  το  άρα  ΒΔΓΖ  σχήμα  τρίτον 
μέρος  εστί  του  δλου  κύκλου,  ω  8η  μεΐζόν  εστίν 
αύτοϋ    το    ΔΒΓ    τμήμα    ανεπαίσθητου    δντος    ώς 

προς    τον    δλον    κύκλον.      ομοίως    8ε    και    έτερον 
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7392  by  113^  and  divide  the  product  by  84;    the 
result  is  9956y.     This  will  be  the  volume  of  the  spire. 

(iii.)  Division  of  a  Circle 
Ibid.  iii.  18,  ed.  H.  SchOne  (Heron  iii.)  172.  13-174.  2 

To  divide  a  given  circle  into  three  equal  parts  by  two 
straight  lines.  It  is  clear  that  this  problem  is  not 
rational,  and  for  practical  convenience  we  shall  make 
the  division  as  closely  as  possible  in  this  way.  Let 
the  given  circle  have  A  for  its  centre,  and  let  there  be 
inserted  in  it  an  equilateral  triangle  with  side  ΒΓ, 
and  let  ΔΑΕ  be  drawn  parallel  to  it,  and  let  ΒΔ,  ΔΓ 


be  joined.  I  say  that  the  segment  ΔΒΓ  is  approxi- 
mately a  third  part  of  the  whole  circle.  For  let 
BA,  ΑΓ  be  joined.  Then  the  sector  ΑΒΓΖΒ  is  a  third 
part  of  the  whole  circle.  And  the  triangle  ΑΒΓ  is 
equal  to  the  triangle  ΒΓΔ  [Eucl.  i.  37]  ;  therefore  the 
figure  ΒΔΓΖ  is  a  third  part  of  the  whole  circle,  and 
the  excess  of  the  segment  ΔΒΓ  over  it  is  neghgible 
in  comparison  with  the  whole  circle.    Similarly,  if  we 
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TrXcvpav  Ισοπλζυρου  τριγώνου  €γγράφαντ€ς  άφβ- 
λοΰμ€ν  erepov  τρίτον  μίρος'  ώστ€  καΐ  το  κατα- 
λ€ΐπόμ€νον  τρίτον  μ€ρος  έ'σται  [μ^ροςΥ  του  όλου 
κύκλου. 

(iv.)  Measurement  of  an  Irregular  Area 

Heron,  Diopt.  23,  ed.  H.  Schone  (Heron•  iii.) 
260.  18-264.  15 

To  SoOev  χωρίον  μζτρησαι  δια  Βιόντρας.     βστω 
το     SoOev     χωρίον     ττ^ρι^χόμ^νον     ύττό     γραμμής 


Α   /Α   ,Β 


άτακτου  της  ΑΒΓΔΕΖΗΘ.  eTret  οΰν  €μάθομ€ν 
δια  της  κατασκζνασθζίσης  Βιόπτρας  δΐ(Ζ}/€ΐν  πάση 
τη  Sodeicnj  ^ύθ^ία  {ετεραν)*  ττρος  ορθάς,  ΐλαβόν 
τι  σημ€Ϊον  €m  της  π€ρί€χουσης  το  χωρίον  γραμμής 
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inscribe  another  side  of  the  equilateral  triangle,  we 
may  take  away  another  third  part  ;  and  therefore 
the  remainder  will  also  be  a  third  part  of  the  whole 
circle.* 

(iv.)  Measurement  of  an  Irregular  Area 

Heron,  Dioptra  *  23,  ed.  H.  SchOne  (Heron  ill.) 
260.  18-264.  15 

To  measure  a  given  area  hy  means  of  the  dioptra.  Let 
the  given  area  be  bounded  by  the  irregular  line 
ΑΒΓΔΕΖΗΘ.  Since  we  learnt  to  draw,  by  setting 
the  dioptra,  a  straight  line  perpendicular  to  any 
other  straight  line,  I  took  any  point  Β  on  the  line  en- 

"  Euclid,  in  his  book  On  Divisions  of  Figures  which  has 
partly  survived  in  Arabic,  solved  a  similar  problem— <o  draw 
in  a  given  circle  two  parallel  chords  cutting  off  a  certain 
fraction  of  the  circle  ;  Euclid  actually  takes  the  fraction  as 
one-third.  Tiie  general  character  of  the  third  book  of 
Heron's  Metrics  is  very  similar  to  Euclid's  treatise. 

It  is  in  the  course  of  this  book  (iii.  20)  that  Heron  extracts 
the  cube  root  of  100  by  a  method  already  noted  (vol.  i.  pp. 
60-63). 

'  The  dioptra  was  an  instrument  fulfilling  the  same  pur- 
poses as  the  modern  theodolite.  An  elaborate  description  of 
the  instrument  prefaces  Heron's  treatise  on  the  subject,  and 
it  was  obviously  a  fine  piece  of  craftsmanship,  much  superior 
to  the  "  parallactic  "  instrument  with  which  Ptolemy  had  to 
work — another  piece  of  evidence  against  an  early  date  for 
Heron. 


jJLfpOS 

•  erepav  add.  H.  Schone. 
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TO  B,  /cat  ηγαγον  evdeiav  τνχονσαν  δια  της 
Βιόπτρας  την  ΒΗ,  καΐ  ταυττ^  προς  ορθάς  την  Β  Γ, 
{/cat  ταντηΥ  ίτέραν  ττρος  όρθάς  την  VL,  /cat 
ομοίως  τη  ΓΖ  ττρος  όρθάς  την  ΖΘ.  /cat  ΐλαβον 
CTTt  των  ά;(^€ΐσών  evdetcov  συνεχή  σημεία,  επΙ  μεν 
της  ΒΗ  τα  Κ,  Λ,  Μ,  Ν,  Ξ,  0•  eVi  8e  τη?  ΒΓ  τα 

Π,  Ρ•  eVi  δέ  τψ  ΓΖ  τά  Σ,  τ,  γ.  Φ,  Χ,  Ψ.  Ω• 

€7Γΐ  δε  τη?  ΖΘ  τα  Γ,  <?.  /cat  από  των  ληφθέντων 
σημείων  ταΐς  εύθείαις,  εφ^  &ν  εστί  τα  σημεία, 
προς    όρθάς    ηγαγον    τάς    Κ"^,    ΛΑ,    Μ,Α,    Ν^Β, 

Ξ,Γ,    Ο,Δ,    Π,Ε,    Ρ,Γ,    Σ,Ζ,    Τ,Η,    Υ,Θ,   ΦΔ, 

ΧΜ,  ΨΜ,  ΩΕ,  γΜ,  ςΜ  οΰτως  ώστε  [τάς  iπlγ  τά 
πέρατα  των  άχθεισών  προς  όρθάς  [επιζενγννμεναςΥ 
άπολαμβάνείν  γραμμάς  από  της  περιεχονσης  το 
χωρίον  γραμμής  σύνεγγυς  ευθείας•  /cat  toutcuj' 
γενηθεντων  εσται  δυνατόν  το  χωρίον  μετρεΐν.     το 

e 

μεν  γάρ  ΒΓΖΜ  παραλληλόγραμμον  όρθογώνιόν 
εστίν '  έπειτα  τάς  πλευράς  άλυσει  η  σχοινίω  βε- 
βασανισμενω,  τουτέστιν  μητ*  εκτείνεσθαι  μήτε 
συστεΧλεσθαι  8υναμενω,  μετρησαντες  εζομεν  το 
εμβαδόν  του  παραλληλογράμμου.  τά  δ'  εκτός 
τούτου  τρίγωνα  ορθογώνια  και  τραπέζια  ομοίως 
μετρησομεν,  έχοντες  τάς  πλευράς  αυτών  €σται 
γάρ    τρίγωνα    μεν    ορθογώνια    τά    ΒΚ"^,    ΒΠ^Ε, 

ΓΡ,Γ,  ΓΣ,Ζ,  ΖΩΕ,  ΖγΜ,  ΘΗΜ•  τά  δέ  AotTra 
τραπέζια  ορθογώνια,  τά  μεν  οΰν  τρίγωνα  με- 
τρείται των  περί  την  όρθην  γωνίαν  πολλαπλασια- 
ζόμενων €7γ'  άλληλα•  και  του  γενομένου  τό  ήμισυ, 
τά  δε  τραπέζια•  συναμφοτερων  των  παράλληλων 
το  ήμισυ  επΙ  την  €7γ*  αύτάς  κάθετον  ουσαν,  οίον 
486 


MENSURATION  :  HERON  OF  ALEXANDRIA 

closing  the  area,  and  by  means  of  the  dioptra  drew 
any  straight  line  BH,  and  drew  ΒΓ  perpendicular 
to  it,  and  drew  another  straight  line  ΓΖ  perpen- 
dicular to  this  last,  and  similarly  drew  ΖΘ  per- 
pendicular to  ΓΖ.  And  on  the  straight  lines  so 
drawn  I  took  a  series  of  points — on  BH  taking 
K,  A,  M,  N,  S,  O,  on  ΒΓ  taking  Π,  P,  on  ΓΖ  taking 
Σ,  T,  Y,  Φ,  X,  Ψ,  i2,  and  on  ΖΘ  taking  r,  Q.  And 
from  the  ooints  so  taken  on  the  straight  lines  de- 
signated ^  the  letters,  I  drew  the  perpendiculars 
K\  ΛΑ,  M>,  Ν  B,  S,r,  Ο,Δ,  ΓΙ  Ε,  P^r,  2  Ζ,  ΤΗ, 

Υθ,  ΦΔ,  ΧΜ,  ΨΜ,  ί2Ε,  ς-ύ,  ςΜ  in  such  a  manner 
that  the  extremities  of  the  perpendiculars  cut  off 
from  the  line  enclosing  the  area  approximately 
straight  lines.     When  this  is  done  it  will  be  possible 

to  measure  the  area.  For  the  parallelogram  ΒΓΖΜ 
is  right-angled  ;  so  that  if  we  measure  the  sides  by 
a  chain  or  measuring-rod,  which  has  been  carefully 
tested  so  that  it  can  neither  expand  nor  contract,  we 
shall  obtain  the  area  of  the  parallelogram.  We  may 
similarly  measure  the  right-angled  triangles  and 
trapezia  outside  this  by  taking  their  sides  ;  tor  BK^, 

ΒΠΕ,  ΓΡγ,  ΓΣΖ,  ΖΩΕ,  Ζς-ύ,  ΘΗΜ  are  right- 
angled  triangles,  and  the  remaining  figures  are 
right-angled  trapezia.  The  triangles  are  measured 
by  multiplying  together  the  sides  about  the  right 
angle  and  taking  half  the  product.  As  for  the 
trapezia — take  half  of  the  sum  of  the  two  parallel 
sides   and   multiply   it   by   the   perpendicular   upon 

*  καί  ravTTj  add.  H.  SchOne. 

*  TCLs  «VI  om.  H.  Schone. 

*  «rtdeuyvu/x^vas  om.  H.  Schdne. 
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των  Κ"^,  ΑΛ  το  -ήμισυ  εττι  τΎ]ν  ΚΑ*  καΐ  των 
λοιπών  δβ  ομοίως,  earai  άρα  μ€μ€τρημ€νον  δλον 
το  χωρίον  Βιά  τ€  τον  μέσου  τταραλληλογράμμου 
και  των  €κτ6ς  αύτοΰ  τριγώνων  καΐ  τραπεζίων. 
εάν  δε  τύχτ]  ττοτε  μ€ταζύ  αυτών  των  άχθ€ίσών 
Trpos  ορθάς  ταΐς  του  παραλληλογράμμου  ττλ^υραΐς 
καμπύλη  γραμμή  μη  συν^γγίζουσα  ενθζία  {οΐον 
μ€ταζύ  των  Ξ,  Γ,  Ο,Δ  γραμμή  η  ,Γ^Δ),  αλλά 
π€ριφ€ρ€Ϊ,    μ€τρησομ€ν    οϋτως'     άγαγ6ΐΗ•€ς     (jHY 

ς- 
Ο,Δ  προς  όρθάς  την  ^ΔΜ,  καΐ  εττ*  αυτ^?  λα^δόντε^ 

σημ€Ϊα    συν€χη    τα    Μ,    Μ,   καΙ    άττ'    αυτών   ττρός 

όρθάς  άγαγόντ€ς  τη  Μ,Δ  τά?  MM,  MM,  ώστ€ 
τάς  μ€ταζύ  των  άχθζΐ,σών  σύνβγγυς  εύ^εια?  εΓναι, 

πάλιν  μ€τρησομ€ν  τό  τε  ΜΞΟ^Δ  ηαραλληλόγραμ- 

μον  και  το  ΜΜ^Δ  τρίγωνον,  και  το  ^ΓΜΜΜ 
τραττέζιον,  καΐ  ετι  το  €Τ€ρον  τραπέζιον,  και  €ζομ€ν 

το  7Γ€ρΐ€χόμ€νον  χωρίον  υπό  τε  της  ^ΓΜΜ^Δ 
γραμμής  και  των  ,ΓΞ,  {ΞΟ,)*  Ο^Δ  ευθειών 
μ€μ€τρημ€νον, 

(c)  Mechanics 

Heron,  Diopt.  37,  ed.  Η.  SchOne  (Heron  iii.)  806.  22-312.  22 

T^    Bodeiajj    δννά/ιει    το    Bodev    βάρος    κινησαι 

»  τή  add.  Η.  SchOne.  »  ΞΟ  add.  Η.  SchOne. 

"  Heron's  Mechanics  in  three  books  has  survived  in  Arabic, 
but  has  obviously  undergone  changes  in  form.  It  begins 
with  the  problem  of  arranging  toothed  wheels  so  as  to  move 
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them,  as,  for  example,  half  of  K"^,  ΑΛ  by  ΚΛ  ;  and 
similarly  for  the  remainder.  Then  the  whole  area 
will  have  been  measured  by  means  of  the  parallelo- 
gram in  th'e  middle  and  the  triangles  and  trapezia 
outside  it.  If  perchance  the  curved  hne  between 
the  perpendiculars  drawn  to  the  sides  of  the  parallelo- 
gram should  not  approximate  to  a  straight  line  (as, 
for  example,  the  curve  ^Γ^Δ  between  S^F,  Ο^Δ),  but 

V 
to  an  arc,  we  may  measure  it  thus  :   Draw  ^ΔΜ  per- 
pendicular to  Ο^Δ,  and  on  it  take  a  series  of  points 

θ      r,  θ    i       η  ζ 

Μ,  Μ,  and  from  them  draw  MM,  MM  perpendicular  to 

Γ 

Μ^Δ,  so  that  the  portions  between  the  straight  lines 
so  drawn  approximate  to  straight  lines,  and  again  we 

r 
can  measure  the  parallelogram  Μ^Ο^Δ  and  the  tri- 

η  ζ  S"  β  ι 

angle  ΜΜ^Δ,  and  the  trapezium  ^FMMM,  and  also  the 
other  trapezium,  and  so  we  shall  obtain  the  area 

bounded  by  the  hne  FMM  Δ  and  the  straight  lines 
JS,  SO,  OA 

(c)  Mechanics* 
Heron,  Dioptra  37,  ed.  H.  SchOne  (Heron  ill.)  306. 22-312.  22 
With  a  given  force  to  move  a  given  weight  hy  the 

a  given  weight  by  a  given  force.  This  account  is  the  same 
as  that  given  in  the  passage  here  reproduced  from  the  Dioptra, 
iind  it  is  obviously  the  same  as  the  account  found  by  Pappus 
(viii.  19,  ed.  Hultsch  1060.  1-1068.  23)  in  a  work  of  Heron's 
(now  lost)  entitled  Βαρούλκο?  ("  weight-lifter ") — though 
Pappus  himself  took  the  ratio  of  force  to  weight  as  4 :  160 
and  the  ratio  of  successive  diameters  as  2  :  1.  It  is  suggested 
by  Heath  {H.O.M.  ii.  346-347)  that  the  chapter  from  the 
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Ota  τύμπανων  οΒοντωτών  τταραθέσ^ωζ.  κατα- 
σκευασθώ πήγμα  καθάπαρ  γλωσσόκομον  els  τους 
μακρούς  /cat  παράλληλους  τοίχους  Βίακζίσθωσαν 
άζον€ς  παράλληλοι  έαυτοΐς,  iv  ^ιαστημασί  κείμενοι 


ωστ€  τά  συμφυή  αύτοΐς  οδοντωτά  τύμπανα  παρα- 
κεΐσθαι  και  συμπεπλεχθαι  άλλ•^λοι?,  καθά  μελλομεν 
8ηλοΰν.  έστω  το  είρημένον  γλωσσόκομον  το 
ΑΒΓΔ,  εν  φ  αζων  έστω  διακείμενος,  ώς  εΐρηται^ 
και  Βυνάμενος  εύλύτως  στρεφεσθαι,  ο  ΕΖ.  τούτω 
δε  συμφυές  έστω  τύμπανον  ώΒοντωμενον  το  Η  Θ 
έχον  την  8ιάμετρον,  ει  τυχοι,  πενταπλασίονα  (τηςΥ 
του  ΕΖ  άζονος  Βιαμετρου.  και  Ινα  επί  παραδείγ- 
ματος την  κατασκεχτην  ποιησώμεθα,  έστω  το  μεν 
άγόμενον  βάρος  ταλάντων  χιλίων,  η  8ε  κινούσα 
δυΐ'α/χ.ι?  έστω  ταλάντων  ε,  τουτέστιν  6  κινών 
άνθρωπος  η  παι8άριον,  ώστε  Βύνασθαι  καθ^  εαυτόν 
άνευ  μηχανής  ελκειν  τάλαντα  ε.  ούκοΰν  εάν  τά 
εκ  του  φορτίου  εκ8ε8εμενα  όπλα  8ιά  τίνος  (otttjs 
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juxtaposition  of  toothed  wheels. '^  Let  a  framework  be 
prepared  like  a  chest ;  and  in  the  long,  parallel  walls 
let  there  lie  axles  parallel  one  to  another,  resting  at 
such  intervals  that  the  toothed  wheels  fitting  on  to 
them  will  be  adjacent  and  will  engage  one  with  the 
other,  as  we  shall  explain.  Let  ΑΒΓΔ  be  the  afore- 
said chest,  and  let  EZ  be  an  axle  lying  in  it,  as  stated 
above,  and  able  to  revolve  freely.  Fitting  on  to  this 
axle  let  there  be  a  toothed  wheel  ΗΘ  whose  diameter, 
say,  is  five  times  the  diameter  of  the  axle  EZ.  In 
order  that  the  construction  may  serve  as  an  illustra- 
tion, let  the  weight  to  be  raised  be  1000  talents,  and 
let  the  moving  force  be  5  talents,  that  is,  let  the  man 
or  slave  who  moves  it  be  able  by  himself,  without 
mechanical  aid,  to  lift  5  talents.  Then  if  the  rope 
holding  the  load  passes  through  some  aperture  in 

ΈαρονΧκός  was  substituted  for  the  original  opening  of  the 
Mechanics,  which  had  become  lost. 

Other  problems  dealt  with  in  the  Mechanics  are  the  para- 
dox of  motion  known  as  Aristotle's  wheel,  the  parallelogram 
of  velocities,  motion  on  an  inclined  plane,  centres  of  gravity, 
the  five  mechanical  powers,  and  the  construction  of  engines. 
Edited  with  a  German  translation  by  L.  Nix  and  W.  Schmidt, 
it  is  published  as  vol.  ii.  in  the  Teubner  Heron. 

"  Perhaps  "  rollers." 

*  T^s  add.  Vincentius. 
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ονσηςΥ  iv  τώ  AB  τοίχω   επαληθ-η   π€.ρΙ  τον  ΕΖ 

άζονα  ^ )^  κατ€ίλούμ€να  τά  €Κ  του  φορτίου 

όπλα  Κίνησα  το  βάρος^'  ίνα  δε  KLvrjdfi  το  Η  Θ 
τυμττανον,  (Sel  8υνα)μ€ΐ*  ύπάρχ€ΐν  rrXeov  ταλάντων 
διακοσίων,  δια  το  την  8ίάμ€τρον  του  τύμπανου 
της  8ιαμ€τρου  του  άζονος,  ώ?  ύπεθέμ^θα,  π€ντα- 
πλην   (^€ΪναίΥ•   ταύτα  γαρ   άπζΒζίχθη   iv  ταΓ?  των 

€  8υνάμ€ων  anoSei^eaiv.     αλλ'  { y  €χομ€ν  τι 

την  Βύναμιν  ταλάντων  διακοσίων,  άλλα  τΓ€ντ€. 
γ€γον€τω  οΰν  eTcpos  άζων  (παρά?^ηλοςΥ  διακεί- 
μ€νος  τω  ΕΖ,  6  ΚΑ,  €χων  συμφυές  τυμττανον 
ώ8οντωμ4νον  το  ΜΝ.  ο^οντώΒ^ς  δβ  και  το  Η  Θ 
τυμττανον,  ωστ€  €ναρμόζ€ΐν  ταΐς  όΒοντώσ€σί  του 
ΜΝ  τύμπανου .  τω  he  αύτω  άζονι  τω  ΚΑ  συμφυές 
τυμπανον  το  ΞΟ,  €χον  ομοίως  την  Ζιάμζτρον 
π€νταπλασίονα  της  του  ΜΝ  τύμπανου  8ιαμ€τρου. 
δια  8η  τοΰτο  Ββησβι  τον  βουλόμβνον  κίν€Ϊν  δια  τοΰ 
ΞΟ  τύμπανου  το  βάρος  €χ€ίν  Βύναμιν  ταλάντων 
μ,  €π€ώηπ€ρ  των  σ  ταλάντων  το  πέμπτον  €στΙ 
τάλαντα  μ.  πάλιν  οΰν  παρακΐίσθω  (τω  ΞΟ 
τυμπάνω  ώΒοντωμίνωΥ  τυμπανον  ό8οντωθ€ν  βτβ- 
ρον  (το  Π  Ρ,  και  €στω  τω)*  τυμπάνω  ώ8οντωμ4νω 
τω  Π  Ρ  συμφυ€ς  CTcpov  τυμπανον  το  ΣΤ"  €χον 
ομοίως  π^νταπλην  την  8ιάμ€τρον  της  Π  Ρ  τύμπανου 
8ιαμ4τρου'  η  δε  ά(νάλογος  εσται  8ύναμιςΥ^  του 
ΣΤ    τύμπανου    η    €χουσα   το   βάρος   ταλάντων   η• 

*  όνης  οΰσης  add.  Hultsch  et  Η.  SchOne. 

*  After  άξονα  there  is  a  lacuna  of  five  letters. 

*  τά  €K  τοΰ  φορτίου  όπλα  #fivija«  το  βάρος  Η.  SchOne,  το  ίκ 
τοΰ  φορτίου  (πλακών  ev  τισι  το  βάρος  Cod. 

*  8ei  δυνάμει — "  septem  litteris  madore  absumptis,  supplevi 
dubitanter,"  H.  SchCne. 

*  e^ot  add.  H.  SchOne. 
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the  wall  A  Β  and  is  coiled  round  the  axle  EZ,  the  rope 
holding  the  load  will  move  the  weight  as  it  winds  up. 
In  order  that  the  wheel  Η  θ  may  be  moved,  a  force  of 
more  than  200  talents  is  necessary,  owing  to  the 
diameter  of  the  wheel  being,  as  postulated,  five  times 
the  diameter  of  the  axle  ;  for  this  was  shown  in  the 
proofs  of  the  five  mechanical  powers. <•  We  have 
[not,  however  .  .  .]  a  force  of  200  talents,  but  only 
of  5.  Therefore  let  there  be  another  axle  ΚΛ,  lying 
parallel  to  EZ,  and  having  the  toothed  wheel  MN 
fitting  on  to  it.  Now  let  the  teeth  of  the  wheel  ΗΘ 
be  such  as  to  engage  with  the  teeth  of  the  wheel 
MN.  On  the  same  axle  KA  let  there  be  fitted  the 
wheel  ^O,  whose  diameter  is  likewise  five  times 
the  diameter  of  the  wheel  MN.  ΝοΛν,  in  consequence, 
anyone  wishing  to  move  the  weight  by  means  of  the 
'wheel  SO  will  need  a  force  of  40  talents,  since  the 
fifth  part  of  200  talents  is  40  talents.  Again,  then,  let 
another  toothed  wheel  IIP  lie  alongside  the  toothed 
Avheel  1^0,  and  let  there  be  fitted  to  the  toothed 
wheel  ΠΡ  another  toothed  wheel  ΣΤ  whose  diameter 
is  likewise  five  times  the  diameter  of  the  wheel  Π  Ρ  ; 
then  the  force  needing  to  be  applied  to  the  wheel 
ΣΤ  will  be  8  talents  ;  but  the  force  actually  available 

•  The  wheel  and  axle,  the  lever,  the  pulley,  the  wedge  and 
the  screw,  which  are  dealt  with  in  Book  ii.  of  Heron's 
Mechanics. 

•  After  άλλ'  is  a  special  sign  and  a  lacuna  of  22  letters. 
'  παράλληλος  add.  H.  Schone. 

'  τω  Ξ0  τνμηάνω  ω^οντωμίνω  add.  Η.  Schone. 

•  το  ΠΡ,  καχ  ίστω  τω  add.  Η.  Schone. 

^°  τύμττανον  το  ΣΤ,  SO  Ι  read  in  place  of  the  συμφυίς  in 
SchOne's  text. 

^^  ανάλογος  «στα*  Βυναμίί — SO  Η.  Schone  completes  the 
lacuna. 
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αλλ'  η  υπάρχουσα  ήμΐν  Βυναμίς  δεδοται  ταλάντων 
€.  ομοίως  erepov  τταρακεισθω  τύμπανον  ωΒοντω- 
μβνον  το  ΥΦ  τω  ΣΤ  ό8οντωθ€ντί'  touSc  του  ΥΦ 
τύμπανου  τω  άζονι  συμφυβς  Ιστω  τύμπανον  το 
ΧΨ  ώ8οντωμ€νον,  ου  η  8ιάμ€τρος  προς  την  του 
ΥΦ  τύμπανου  Βίάμζτρον  λόγον  4χ€τω,  δν  τα  οκτώ 
τάλαντα  προς  τα  της  Βοθείσης  Βυνάμβως  τάλαντα  i. 
Και  τούτων  παρασκ€υασθ4ντων ,  iav  Ιπινοήσωμβν 
το  ΑΒΓΔ  (γλωσσόκομονΥ  μβτ^ωρον  κ€ίμ€νον, 
καΐ  €Κ  μ€ν  του  ΕΖ  άζονος  το  βάρος  βζάφωμεν, 
€κ  δε  τοΰ  ΧΨ  τύμπανου  την  βλκουσαν  owa/Lttv, 
ούΒοπότ€ρον  αυτών  κατ€ν€χθήσ€ταί,  βύλύτως  στρε- 
φομένων των  άζόνων,  καΐ  της  των  τύμπανων 
παραθέσεως  καλώς  άρμοζούσης ,  αλλ'  ώσπερ  ζυγοΰ 
Τίνος  ισορροπήσει  ή  Βυναμις  τω  βάρει.  iav  Be 
evl  αυτών  προσθώμεν  ολίγον  έτερον  βάρος,  καταρ- 
ρεφει    καΐ    ενεχθήσεται    εφ^    ο    προσετέθη    βάρος, 

ώστε  εάν  εν  τών  ε  ταλάντων  Βυνάμει  ^ )* 

et  τύχοι  μναΐαΐον  προστεθη  βάρος,  κατακρατήσει 
καΐ  επισπάσεται  το  βάρος.  άντΙ  δέ^  της  προσθε- 
σεως  τούτω  παρακείσθω  κοχλίας  έχων  την  έλικα 
άρμοστήν  τοις  οΒοΰσι  τοΰ  τύμπανου,  στρεφόμενος 
εύλυτως  περί  τόρμους  ενόντας  εν  τρήμασι  στρογ- 
γύλοις,  ων  6  μεν  έτερος  ύπερεχετω  εις  το  έκτος 
μέρος  του  γλωσσοκόμου  κατά  τον  ΓΔ  (τοΐχον 
τον  παρακείμενον}*  τω  κοχλία'  ή  άρα  υπεροχή 
τετραγωνισθεΐσα  λαβέτω  χειρολάβην  τήν  9ί",  δι' 
^S"  επιλαμβανόμενός  τις  και  επιστρέφων  επιστρέφει 
τον  κοχλίαν  και  το  ΧΨ*  τύμπανον ,  ώστε  και  το 
ΥΦ  συμφυές  αύτώ.  δια  δε  τοΰτο  και  το  παρα- 
κείμενον  το  ΣΤ  επιστραφήσεται,  και  το  συμφυές 
αύτώ  το  Π  Ρ,  καΐ  το  τούτω  παρακείμενον  το  Ξ,Ο, 
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to  us  is  5  talents.  Let  there  be  placed  another 
toothed  wheel  ΥΦ  engaging  with  the  toothed  wheel 
ΣΤ  ;  and  fitting  on  to  the  axle  of  the  wheel  ΥΦ  let 
there  be  a  toothed  wheel  ΧΨ,  whose  diameter  bears 
to  the  diameter  of  the  wheel  ΥΦ  the  same  ratio  as 
8  talents  bears  to  the  given  force  5  talents. 

When  this  construction  is  done,  if  we  imagine  the 
chest  ΑΒΓΔ  as  lying  above  the  ground,  with  the 
weight  hanging  from  the  axle  EZ  and  the  force  rais- 
ing it  applied  to  the  wheel  ΧΨ,  neither  of  them  will 
descend,  provided  the  axles  revolve  freely  and  the 
juxtaposition  of  the  wheels  is  accurate,  but  as  in  a 
beam  the  force  will  balance  the  weight.  But  if  to  one 
of  them  we  add  another  small  weight,  the  one  to  which 
the  weight  was  added  will  tend  to  sink  down  and  will 
descend,  so  that  if,  say,  a  mina  is  added  to  one  of 
the  5  talents  in  the  force  it  will  overcome  and  draw 
the  weight.  But  instead  of  this  addition  to  the  force, 
let  there  be  a  screw  having  a  spiral  which  engages 
the  teeth  of  the  wheel,  and  let  it  revolve  freely  about 
pins  in  round  holes,  of  which  one  projects  beyond 
the  chest  through  the  wall  ΓΔ  adjacent  to  the  screw; 
and  then  let  the  projecting  piece  be  made  square  and 
be  given  a  handle  Qr.  Anyone  who  takes  this  handle 
and  turns,  will  turn  the  screw  and  the  wheel  ΧΨ,  and 
therefore  the  wheel  ΥΦ  joined  to  it.  Similarly  the 
adjacent  wheel  "ΣΎ  will  revolve,  and  Π  Ρ  joined  to  it, 
and  then  the  adjacent  wheel  SO,  and  then  MN  fitting 

*  γλωσσόκομον  add.  H.  Schone. 

•  After  δυνάμει  is  a  lacuna  of  seven  letters. 

•  In  Schone's  text  8c  is  printed  after  τούτφ. 
^  τοΐχον  τον  ιταρακύμενον  add.  Η.  Schune. 
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και  το  τούτω  συμφυές  το  ΜΝ,  /cat  το  τούτω 
παρακ€ίμ€νον  το  Η  Θ,  ώστ€  και  ό  τούτω  συμφχτης 
αζων  6  ΕΖ,  ττ^ρΐ  ον  €π€ΐλουμ€να  τα  €κ  του  φορτίου 
δττλα  κίνησα  το  βάρος,  δτι  γαρ  κινήσει,  πρό8ηλον 
€Κ  του  προστζθηναί  ίτέρα  8υνάμ€ί  (την^  της 
χ€ΐρολάβης,  ήτις  ττζριγράφζί  κύκλον  της  του 
κοχλιού  7Τ€ριμ€τρου  μείζονα'  άπβ^είχθη  γαρ  δτι 
οΐ  μείζονες  κύκλοι  των  ελασσόνων  κατακρατοΰσιν, 
όταν  ττερί  το  αύτο  κεντρον  κυλίωνται. 

(d)  Optics  :  Equality  of  Angles  of  Incidence 
AND  Reflection 

Damian.  Opt.  14,  ed.  R.  SchSne  20,  12-18 

*Α7Τ€8ειζ€  γαρ  6  μηχανικός  "Ηρών  εν  τοις  αυτοϋ 
Κατοτττρικοΐς ,  δτι  αϊ  προς  ϊσας  γωνίας  κλώμεναι 
βύ^ειαι  ελάχισταί  etat  πασών^  των  άττδ  της  αυτής 
και  ομοιομεροΰς  γραμμής  προς  τα  αυτά  κλωμενων 
[προς  άνισους  γωνίας].^  τοΰτο  δβ  άπο8ειζας 
φησιν  δτι  εΐ  μη  μελλοι  ή  φύσις  μάτην  περιάγειν 
την  ήμετεραν  δφιν,  προς  ΐσας  αυτήν  ανακλάσει 
γωνίας. 

Olympiod.  In  Meteor,  iii.  2  (Aristot.  371  b  18), 
ed.  Stuve  212.  5-213.  21 

*Κπ€ΐΒή  γαρ  τοΰτο  ώμολογημενον  εστί  παρά 
πάσιν,  δτι  oihkv  μάτην  εργάζεται  ή  φύσις  ουδέ 
ματαιοπονεί,  εάν  μη  Βώσωμεν  προς  ΐσας  γωνίας 
yiVea^ai  την  άνάκλασιν,  προς  άνισους  ματαιοπονεί 


»  την  add.  Η.  Schflne. 

*  πασών  G.  Schmidt,  των  μέσων  codd. 

•  προί  άνίσουί  γωνίας  om.  R.  Schone. 
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on  to  this  last,  and  then  the  adjacent  wheel  ΗΘ,  and 
so  finally  the  axle  EZ  fitting  on  to  it ;  and  the  rope, 
winding  round  the  axle,  will  move  the  weight.  That 
it  will  move  the  weight  is  obvious  because  there  has 
been  added  to  the  one  force  that  moving  the  handle 
which  describes  a  circle  greater  than  that  of  the  screw ; 
for  it  has  been  proved  that  greater  circles  prevail  over 
lesser  when  they  revolve  about  the  same  centre. 

(d)  Optics  :  Equality  of  Angles  of  Incidencb 
AND  Reflection 

Damianus,"  On  the  Hypotheses  in  Optics  14, 
ed.  R.  Schoue  20.  12-18 

For  the  mechanician  Heron  showed  in  his  Catoptrica 
that  of  all  [mutually]  inclined  straight  lines  drawn 
from  the  same  homogenous  straight  line  [surface]  to 
the  same  [points],  those  are  the  least  which  are  so 
inclined  as  to  make  equal  angles.  In  his  proof  he  says 
that  if  Nature  did  not  wish  to  lead  our  sight  in  vain, 
she  would  incline  it  so  as  to  make  equal  angles. 

Olympiodorus,  Commentary  on  AristotWs  Meteora  ill.  2 
(371  b  18),  ed.  Stuve  212.  5-213.  21 

For  this  would  be  agreed  by  all,  that  Nature  does 
nothing  in  vain  nor  labours  in  vain  ;  but  if  we  do  not 
grant  that  the  angles  of  incidence  and  reflection  are 
equal.  Nature  would  be  labouring  in  vain  by  following 

»  Damianus,  or  Heliodorus,  of  Larissa  (date  unkno\vn)  is 
the  author  of  a  small  work  on  optics,  which  seems  to  be  an 
abridgement  of  a  large  work  based  on  Euclid's  treatise. 
The  full  title  given  in  some  mss. — Ααμιανοΰ  φιλοσόφου  τον 
Ηλιοδώρου  Καρισσαίου  Περί  οητικων  ΰποθίσίων  βιβλία  β  leaves 
uncertain  which  was  his  real  name. 
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η  φνσις,  καΐ  άντΙ  του  δια  βραχείας  nepioSov 
φθασαι  το  6ρώμ€νον  την  οφιν,  δια  μακράς  TreptoSou 
τοΰτο  φανησεται  καταλαμβάνονσα.^  ζύρζθησονται, 
γαρ  ai  τάς  άνισους  γωνίας  ττ^ριέχουσαι  evOcLai, 
αΙτιν€ς  άττο  της  οφζως  \7Τ€ρι4γουσαι^  φέρονται^ 
προς  το  κάτοτττρον  κάκ€Ϊθζν  προς  το  ορώμ^νον, 
μ€ίζον€ς  ουσαι  των  τάς  ΐσας  γωνίας  πβριβχουσών 
evdeicuv.     και  δτι  τοΰτο  αληθές,  SrjXov  ivTeudev. 

Ύποκζίσθω  γαρ  το  κάτοπτρον  ζύθβΐά  τις  ή  ΑΒ, 
καΐ  έστω  το  μέν  ορών  Γ,  το  δ'  όρώμ^νον  το  Δ, 
το  δε  Ε  σημ€Ϊον  του  κατόπτρου,  eV  &  προσπί' 
τττουσα  η  όφις  ανακλάται  προς  το  όρώμ^νον,  έστω. 


και  €π€ζ€νχθω  ή  ΓΕ,  ΕΔ.     λ€γω  on  η  ΰττό  ΑΕΓ 

γωνία  ΐση  Ιστι  τη  ύττό  ΔΕΒ. 
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unequal  angles,  and  instead  of  the  eye  apprehending 
the  visible  object  by  the  shortest  route  it  would  do 
80  by  a  longer.  For  straight  lines  so  drawn  from  the 
eye  to  the  mirror  and  thence  to  the  visible  object  as 
to  make  unequal  angles  will  be  found  to  be  greater 
than  straight  lines  so  drawn  as  to  make  equal  angles. 
That  this  is  true,  is  here  made  clear. 

For  let  the  straight  line  AB  be  supposed  to  be  the 
mirror,  and  let  Γ  be  the  observer,  Δ  the  visible  object, 
and  let  Ε  be  a  point  on  the  mirror,  falling  on  which 
the  sight  is  bent  towards  the  visible  object,  and  let 
ΓΕ,  ΕΔ  be  joined.  I  say  that  the  angle  ΑΕΓ  is  equal 
to  the  angle  ΔΕΒ.» 


•  Different  figures  are  given  in  different  mss.,  with  corre- 
sponding small  variants  in  the  text.  With  G.  Schmidt,  I 
have  reproduced  the  figure  in  the  Aldine  edition. 


*  καταλαμβάνουσα  om.  Ideler. 

'  ν€ρΐ€χουσαι  om.  R.  SchOne,  πίρΐ€χουσι.  Ideler,  Sttive. 

•  φέρονται  R.  Schune,  φ€ρομά>α5  codd. 
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Et  γαρ  μη  eariv  ΐση,  €στω  erepov  σημ^ΐον  του 
κάτοπτρου,  ev  ώ  ττροσπίπτουσα  η  όφις  προς 
άνισους  γωνίας  ανακλάται,  το  Ζ,  /cat  €7Τ€ζ€υχθω 
Ύ)  ΓΖ,  ΖΔ.  8ηλον  OTL  η  υπό  ΓΖΑ  γωνία  μείζων 
4στΙ  της  υπό  ΔΖΕ  γωνίας.  λ4γω  δτι  αϊ  ΓΖ,  ΖΔ 
ζύθβΐαι,  αΐτίν€ς  τάς  άνισους  γωνίας  π^ρύχουσιν 
ύποκ€ίμ€νης  της  ΑΒ  ^ύθζίας,  μείζονες  ζίσι  των 
ΓΕ,  ΕΔ  ευθειών,  αΐτινες  τάς  ΐσας  γωνίας  περι- 
€χουσι  μετά  της  ΑΒ.  ηχθω  γαρ  κάθετος  άπό  του 
Δ  επΙ  την  ΑΒ  κατά  τό  Η  σημεΐον  και  εκβεβλήσθω 
επ  ευθείας  ως  επι  το  ly.  φανερον  οη  οτι  at  προς 
τω  Η  ycoviai  ισαι  είσίν  ορθαΐ  γάρ  είσι.  και  έστω 
η  ΔΗ  τη  ΗΘ  ίση,  και  επεζευχθω  η  ΘΖ  καΐ  η  ΘΕ. 
αύτη  μεν  η  κατασκευή,  επει  οΰν  ΐση  εστίν  τ}  ΔΗ 
τη  Η  Θ,  άλλα  και  η  υπό  Δ  HE  γωνία  τη  υπό  Θ  HE 
γωνία  ΐση  εστί,  κοινή  8ε  πλευρά  των  δυο  τριγώνων 
ij  HE,  [και  βάσις  η  ΘΕ  βάσει  τη  ΕΔ  ιση  εστί, 
καΐγ  τό  ΗΘΕ  τρίγωνον  τω  ΔΗ  Ε  τριγώνω  ΐσον 
εστί,  και  (^aVf  λοιπαι  yojviai  ratj  λοιπαΓ?  ywrtats" 
eiaij'  taat,  ύφ*  ας  at  ισαι  πλευραι  ύποτείνουσιν. 
ΐση  άρα  η  ΘΈι  τη  ΕΔ.  πάλιν  επει8ή  τη  ΙΙΘ  ΐση 
εστίν  ή  HA  και  γωνία  ή  υπό  ΔΗΖ  γωνία  τη  υπό 
ΘΗΖ  ΐση  εστί,  κοινή  δε  η  ΗΖ  τών  8υο  τριγώνων 
των  ΔΗΖ  καΐ  ΘΗΖ,  [και  βάσις  άρα  η  ΘΖ  βάσει 
τη  ΖΔ  ΐση  εστί,  /cat]'  τό  ΖΗΔ  τρίγωνον  τω  ΘΗΖ 
τριγώνω  ΐσον  εστίν,  ΐση  άρα  εστίν  ή  ΘΖ  τη  ΖΔ. 
και  επει  ΐση  εστίν  η  ΘΕ  τη  ΕΔ,  κοινή  προσκείσθω 
η  ΕΓ.  δυο  άρα  αϊ  ΓΕ,  ΕΔ  δυσι  ται?  ΓΕ,  ΕΘ 
taat  εΙσίν.  ολη  άρα  ή  ΓΘ  δυσι  ταΓ?  ΓΕ,  ΕΔ  ΐση 
εστί.     καΐ  CTret  παντός  τριγώνου  at  8ύο  πλευραι 
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For  if  it  be  not  equal,  let  there  be  another  point 
Z,  on  the  mirror,  falling  on  which  the  sight  makes 
unequal  angles,  and  let  ΓΖ,  ΖΔ  be  joined.  It  is  clear 
that  the  angle  ΓΖΑ  is  greater  than  the  angle  ΔΖΕ. 
I  say  that  the  sum  of  the  straight  lines  ΓΖ,  ΖΔ 
which  make  unequal  angles  with  the  base  line 
AB,  is  greater  than  the  sum  of  the  straight  lines 
ΓΕ,  ΕΔ,  which  make  equal  angles  with  AB.  For  let 
a  perpendicular  be  drawn  from  Δ  to  AB  at  the 
point  Η  and  let  it  be  produced  in  a  straight  line  to  Θ. 
Then  it  is  obvious  that  the  angles  at  Η  are  equal ; 
for  they  are  right  angles.  And  let  ΔΗ  =  ΗΘ,  and  let 
ΘΖ  and  ΘΕ  be  joined.  This  is  the  construction. 
Then  since  ΔΗ  =  ΗΘ,  and  the  angle  ΔΗΕ  is  equal  to 
the  angle  ΘΗΕ,  while  HE  is  a  common  side  of  the  two 
triangles,  the  triangle  ΗΘΕ  is  equal  to  the  triangle 
ΔΗΕ,  and  the  remaining  angles,  subtended  by  the 
equal  sides  are  severally  equal  one  to  the  other  [Eucl. 
i.  4].  Therefore  ΘΕ  =  ΕΔ.  Again,  since  ΗΔ  =  ΗΘ 
and  angle  ΔΗΖ  =  angle  ΘΗΖ,  while  HZ  is  common 
to  the  two  triangles  ΔΗΖ  and  ΘΗΖ,  the  triangle  ΖΗΔ 
is  equal  to  the  triangle  ΘΗΖ  [ibid.].  Therefore 
ΘΖ  =  ΖΔ.  And  since  ΘΕ  =  ΕΔ,  let  ΕΓ  be  added  to 
both.  Then  the  sum  of  the  two  straight  lines  ΓΕ, 
ΕΔ  is  equal  to  the  sum  of  the  two  straight  lines  ΓΕ, 
ΕΘ.  Therefore  the  whole  ΓΘ  is  equal  to  the  sum  of 
the  two  straight  lines  ΓΕ,  ΕΔ.  And  since  in  any 
triangle  the  sum  of  two  sides  is  always  greater  than 


^  και  .  .  .  και.  These  words  are  out  of  place  here  and 
superfluous. 

*  al  add.  Schmidt.  But  possibly  και  ...  νποτ€ίνουσιν, 
being  superfluous,  should  be  omitted. 

'  και  .  .  .  και.  These  words  are  out  of  place  here  and 
superfluous. 
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της  λοίπης  μείζονες  elai  ττάνττ)  μ€ταλαμβανόμ€ναι, 
τριγώνου  άρα  του  ΘΖΓ  ac  δύο  ηΧ^υραΙ  αΐ  ΘΖ, 
ΖΓ  μιας  της  ΓΘ  μ€ίζον€ς  elatv.  αλλ'  η  ΓΘ  ΐοτη 
€στΙ  ταΐς  ΓΕ,  ΕΔ•  at  ΘΖ,  ΖΓ  α/)α  μείζονες  είσι 
των  ΓΕ,  ΕΔ.  αλλ'  η  ΘΖ  ττ^  ΖΔ  εστίν  Ιση'  at 
ΖΓ,  ΖΔ  αρα  των  ΓΕ,  ΕΔ  μείζονες  είσι.  και  είσίν 
at  ΓΖ,  ΖΔ  αί  τάς  άνισους  γωνίας  περιεχουσαί' 
αϊ  άρα  τάς  άνισους  γωνίας  ττεριεχονσαι  μείζονες 
εΙσι  των  τάς  Χσας  γωνίας  ττεριεχουσών  όπερ  εΒει 
Seifat. 

(e)  Quadratic  Equations 

Heron,  Oeom.  21.  9-10,  ed.  Heiberg  (Heron  iv.)  380.  15-31 

Αοθεντων  συναμφοτερων  των  αριθμών  ήγουν  της 
Βιαμετρου,  της  περιμέτρου  καΐ  του  εμβα8οΰ  του 
κύκλου  εν  αριθμώ  ενί  Βιαστεΐλαι  και  εύρεΐν  εκα- 
στον  αριθμόν,  ποίει  οΰτως•  έστω  6  8οθεις  αριθμός 
μονάΒες  σιβ.  ταΰτα  άει  επΙ  τά  ρνΒ•  γίνονται 
μυριάΒες  γ  και  βχμη-  τούτοις  προστίθει  καθ- 
ολικώς ω  μα'  γίνονται  μυριάδες  τρεις  και  ,γυπθ'  ών 
πλευρά  τετράγωνος  γίνεται  ρπγ•  άπό  τούτων  κού- 
φισον  κθ•  λοιπά  ρνο'  ών  μέρος  ta'  yiWrat  tS*  τοσ- 
ούτου η  Βιάμετρος  του  κύκλου.  εάν  8ε  θελης 
και  την  περιφερειαν  εύρεΐν,  ΰφειλον  τά  κθ  άπό  τών 
ρπγ'  λοιπά  ρν8•  ταΰτα  ποίησον  8ίς'  γίνονται  τη• 
τούτων  λαβε   μέρος    ζ''  γίνονται  μ8'  τοσούτου  η 

'  The  proof  here  given  appears  to  have  been  taken  by 
Olympiodorus  from  Heron's  Catoptrica,  and  it  is  substanti- 
ally identical  with  the  proof  in  De  Speculis  4.  This  work 
was  formerly  attributed  to  Ptolemy,  but  the  discovery  of 
Ptolemy's  Optict  in  Arabic  has  encouraged  the  belief,  now 
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the  remaining  side,  in  whatever  way  these  may  be 
taken  [Eucl.  i.  20],  therefore  in  the  triangle  ΘΖΓ  the 
sum  of  the  two  sides  ΘΖ,  ΖΓ  is  greater  than  the  one 
side  ΓΘ.    But 

ΓΘ  =  ΓΕ  +  ΕΔ; 

ΘΖ  +  ΖΓ>ΓΕ  +  ΕΔ. 

But  ΘΖ-ΖΔ; 

ΖΓ  +  ΖΔ>ΓΕ  +  ΕΔ. 

And  ΓΖ,  ΖΔ  make  unequal  angles  ;  therefore  the 
sum  of  straight  hnes  making  unequal  angles  is  greater 
than  the  sum  of  straight  lines  making  equal  angles  ; 
which  was  to  be  proved." 

(e)  Quadratic  Equations 

Heron,  Oeometrica  21.  9-10,  ed.  Heiberg 
(Heron  iv.)  380.  15-31 

Given  the  sum  of  the  diameter,  perimeter  and  area  of 
a  drcle,  to  find  each  of  them  separately.  It  is  done 
thus  :  Let  the  given  sum  be  212.  Multiply  this  by 
154  ;  the  result  is  32648.  To  this  add  841,  making 
S3489,  whose  square  root  is  183.  From  this  take 
away  29,  leaving  154,  whose  eleventh  part  is  14  ;  this 
will  be  the  diameter  of  the  circle.  If  you  wish  to 
find  the  circumference,  take  29  from  183,  leaving 
154  ;  double  this,  making  308,  and  take  the  seventh 
part,  which  is  44  ;   this  will  be  the  perimeter.     To 

usually  held,  that  it  is  a  translation  of  Heron's  Oatoptriea. 
The  translation,  made  by  William  of  Moerbeke  in  1269,  can 
be  shown  by  internal  evidence  to  have  been  made  from  the 
Greek  original  and  not  from  an  Arabic  translation.  It  Ls 
published  in  the  Teubner  edition  of  Heron's  works,  vol.  ii. 
part  L 
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ΤΓ€ρίμ€τρος.  το  Be  €μβα86ν  evpeiv.  iroUi  οΰτως' 
τά  ιδ  της  Βιαμέτρου  εττι  τα  ju8  της  περιμέτρου• 
γίνονται  χΐ5~•  τούτων  λαβξ  μέρος  τέταρτον  γίνονται 
ρνδ•  τοσούτον  το  εμβαΒον  του  κύκλου,  όμοΰ  των 
τριών  αριθμών  μονάδες  σιβ. 

(f)  Indeterminate  Analysis 

Heron,  Geom,  24.  1,  ed.  Heiberg 
(Heron  iv.)  414.  28-415.  10 

Έύρεΐν  δυο  χωρία  τετράγωνα,  δττως  το  του 
ττρώτου  εμβαΒον  του  του  Βευτερου  εμβαΒοΰ  εσται 
τριττλάσιον.     ποιώ  οϋτως•  τά  γ  κύβισον  γίνονται 

"  If  d  is  the  diameter  of  the  circle,  then  the  given  relation 
is  that 

d+—d  +i^d2  =  212. 
7  14  • 

i.0.  i^d*  +  ^d  =  212. 

14         7 

To  solve  this  quadratic  equation,  we  should  divide  by  \\  so  as 
to  make  the  first  term  a  square  ;  Heron  makes  the  first  term 
a  square  by  multiplying  by  the  lowest  requisite  factor,  in  this 
case  154,  obtaining  the  equation 

ll*d''+2  .  29.  ll(i  =  154.212. 
By  adding  841  he  completes  the  square  on  the  left-hand  side 
(ll(i+29)«  =  154.212  +  841 
=  32648+841 
=33489. 
lid +  29     =183. 
lid  =154, 

and  d  =14. 

The  same  equation  Is  again  solved  in  Geom.  24.  46  and  a 
similar  one  in  Geom.  24.  47.     Another  quadratic  equation  is 
solved  in  Geom.  24.  3  and  the  result  of  yet  another  is  given 
in  Metr,  iii.  4. 
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find  the  area.  It  is  done  thus  :  Multiply  the  dia- 
meter, 14,  by  the  perimeter,  44,  making  616  ;  take 
the  fourth  part  of  this,  which  is  154  ;  this  will  be  the 
area  of  the  circle.  The  sum  of  the  three  numbers 
is  212.« 

{f)  Indeterminate  Analysis  '' 

Heron,  Geometrica  24.  1,  ed.  Heiberg 
(Heron  iv.)  414.  28-415.  10 

To  find  two  rectangles  such  that  the  area  of  the  first  is 
three  times  the  area  of  the  second.'^     I  proceed  thus  : 

*  The  Constantinople  ms.  in  which  Heron's  Metrica  was 
found  in  1896  contains  also  a  number  of  interesting  problems 
in  indeterminate  analysis  ;  and  two  were  already  extant  in 
Heron's  Oeeponicus.  The  problems,  thirteen  in  all,  are  now 
published  by  Heiberg  in  Heron  iv.  414.  28-426.  29. 

"  It  appears  also  to  be  a  condition  that  the  perimeter  of 
the  second  should  be  three  times  the  perimeter  of  the  first. 
If  we  substitute  any  factor  η  for  3  the  general  problem 
becomes  :  To  solve  the  equations 

u  +  v=n{x+y)        .         .         .       (1) 
xy  =  n.uv  ,         .         ,      (2) 

The  solution  given  is  equivalent  to 

x  =  2n^-\,  y=2n* 

Μ  =  ii(4»' -  2),  v=n. 

Zeuthen  {BihUotheca  mathematica,  viii.  ( 1 907-1908),  pp.  1 18- 
13.4)  solves  the  problem  thus:  Let  us  start  with  the  hypo- 
thesis that  v^n.  It  follows  from  (1)  that  «  is  a  multiple 
of  n,  say  nz.     We  have  then 

x■l•y  =  \  +2, 
while  by  (2)  xy=n^z, 

whence  xy  =  n^(x  +y)  -n^ 

or  (a;  -  n^){y  -  n')  =  n\n^  -  1 ). 

An  obvious  solution  of  this  equation  is 

X-  n'  =  M'  -  I,  y  -  n'=n', 
which  gives  2  =  4ii'-2,  whence  «  =  η(4η'-2).     The  other 
values  follow. 
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κζ•  ταΰτα  Sis'  γίνονται  v8.  νυν  άρον  μονάδα  <χ• 
λοίττόν  γίνονται,  νγ.  €στω  οΰν  η  μεν  μία  πλευρά. 
ΤΓοδών  νγ,  η  δε  eVepa  πλευρά  πο8ών  v8.  καΐ  του 
άλλου  χωρίου  όντως'  θες  όμοΰ  τά  νγ  καΐ  τά  νδ• 
γίνονται  πό^ες  ρζ'  ταΰτα  ποίει  επΙ  τά  γ  ... 
λοιπόν  γίνονται  πό8ες  τΐη.  έστω  ονν  η  του  προ- 
τέρου πλευρά  πο^ών  τνη,  -η  δε  έτερα  πλευρά  πο^ών 
γ•  τά  δε  εμβαΒά  του  ενός  γίνεται  πο8ών  ^νδ  και 
του  άλλου  πο8ών  ^βω^. 

Ibid.  24.  10,  ed.  Heiberg  (Heron  iv.)  422.  15-424.  5 

Ύριγωνου  ορθογωνίου  το  εμβαΒον  μετά  της  περι- 
μέτρου ΤΓοδών  σπ•  άποΒιαστεΐλαι  τάς  πλευράς  και 
εύρεΐν  το  εμβαδόν,  ποιώ  οΰτως'  άει  ζήτει  τους 
απαρτίζοντας  αριθμούς•  απαρτίζει  δε  τον  σπ  6  ΒΙς 
τον  ρμ,  ο  ο  τον  ο,  ο  ε  τον  vs^,  ο  Q  τον  μ,  ο  η  τον 
λε,  6  ι'  τον  κη,  6  ιδ'  τον  κ.  εσκεφάμην,  δτι  6  η 
και  λε  ποιησουσι  το  Βοθεν  επίταγμα.  tcov  σπ  το 
η''  γίνονται  πό8ες  λε,  8ιά  παντός  λάμβανε  δυάδα 
των  η•  λοιπόν  μενουσιν  Γ  πό8ες.  τά  οΰν  λε  και 
τά  5"  όμοΰ  γίνονται  πό8ες  μα.  ταΰτα  ποίει  εφ' 
εαυτά*  γίνονται  πό8ες  "^ϊχχπα.  τά  λε  επι  τά  Ψ• 
γίνονται  ττόδε?  σΖ•  ταΰτα  ποίει  άει  επι  τά  η•  γίνον- 
ται πό8ες  ,αγπ.  ταΰτα  άρον  άπό  των  ^αχττα* 
λοιπόν  μένει  ά•  ων  πλευρά  τετραγωνική  γίνεται  ά. 
άρτι  θες  τά  μα  και  άρον  μονά8α  α•  λοιπόν  μ•  ών 
Ζ_'  γίνεται  κ'  τοΰτό  εστίν  -η  κάθετος,  πο8ών  κ. 
καλ  θες  πάλιν  τά  μα  και  πρόσθες  α•  γίνονται  πό8ες 
μβ•  ών  Ζ.'  γίνεται  πό8ες  κα•  έστω  ή  βάσις  πο8ών 
κα.  και  θες  τά  λε  και  άρον  τά  Γ•  λοιποί^  μένουσι 
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Take  the  cube  of  3,  making  27  ;  double  this,  making 
54.  Now  take  away  1,  leaving  53.  Then  let  one 
side  be  53  feet  and  the  other  54  feet.  As  for  the 
other  rectangle,  [I  proceed]  thus  :  Add  together  53 
and  54,  making  107  feet :  multiply  this  by  3,  [making 
321  ;  take  away  3],  leaving  318.  Then  let  one  side 
be  318  feet  and  the  other  3  feet.  The  area  of  the 
one  will  be  954  feet  and  of  the  other  2862  feet.•* 

Ibid.  24.  10,  ed.  Heiberg  (Heron  iv.)  422.  15-424.  5 

In  a  right-angled  triangle  the  sum  of  the  area  and 
the  perimeter  is  280  feet ;  to  separate  the  sides  and 
find  the  area.  I  proceed  thus  :  Always  look  for  the 
factors ;  now  280  can  be  factorized  into  2  .  140,  4 .  70, 
5  .  56,  7 .  40,  8  .  35,  10  .  28,  14  .  20.  By  inspection,  we 
find  8  and  35  fulfil  the  requirements.  For  take  one- 
eighth  of  280,  getting  35  feet.  Take  2  from  8, 
leaving  6  feet.  Then  35  and  6  together  make  41  feet. 
Multiply  this  by  itself,  making  1681  feet.  Now 
multiply  35  by  6,  getting  210  feet.  Multiply  this 
by  8,  getting  1680  feet.  Take  this  away  from  the 
1681,  leaving  1,  whose  square  root  is  1.  Now  take 
the  41  and  subtract  1,  leaving  40,  of  which  the  half 
is  20  ;  this  is  the  perpendicular,  20  feet.  And  again 
take  41  and  add  1,  getting  42  feet,  of  which  the 
half  is  21  ;  and  let  this  be  the  base,  21  feet.  And 
take  35  and  subtract  6,  leaving  29  feet.    Now  multiply 

•  The  term  "  feet,"  troBes,  is  used  by  Heron  indiscrimin- 
ately of  lineal  feet,  square  feet  and  the  sum  of  numbers  of 
lineal  and  square  feet. 
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TTohes  κθ.  άρτι  θζς  την  κάθ^τον  im  την  βάσιν 
<jov  L•'  ytVerat  ττόδβ?  σϊ•  καΧ  at  τρει?  TrAeupac 
π€ρίμ€τρουμ€ναι  €χουσι  ττόδα?  ο•  o/ioy  avvdes  /xera 
του  ζμβαΒοΰ'  γίνονται,  ττόδε?  σπ. 

•  Heath  {H.G.M.  ϋ.  446-447)  shows  how  this  solution  can 
be  generalized.  Let  o,  b  be  the  sides  of  the  triangle  con- 
taining the  right  angle,  c  the  hypotenuse,  S  the  area  of  the 
triangle,  r  the  radius  of  the  inscribed  circle  ;   and  let 

s  =  l{a  +  b  +c). 
Then 

S=rs  =  \ab,  r+«=a  +  6,  c  =  e-r. 

Solving  the  first  two  equations,  we  have 

~]=h[r  +  sTV{ir+sy-ers)], 
and  this  formula  is  actually  used  in  the  problem.     The 
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the  perpendicular  and  the  base  together,  [getting 
420],  of  which  the  half  is  210  feet  ;  and  the  three 
sides  comprising  the  perimeter  amount  to  70  feet ; 
add  them  to  the  area,  getting  280  feet." 

method  is  to  take  the  sum  of  the  area  and  the  perimeter 
S  +  2s,  separated  into  its  two  obvious  factors  s{r  +  2),  to  put 
i{r  +  2)=A  (the  given  number),  and  then  to  separate  A  into 
suitable  factors  to  which  s  and  r  +  2  may  be  equated.  They 
must  obviously  be  such  that  sr,  the  area,  is  divisible  by  6. 

In  the  given  problem  A  =280,  and  the  suitable  factors  are 
r  +  2  =  8,  i=35,  because  r  is  then  equal  to  6  and  rs  is  a 
multiple  of  6.     Then 

ο  =  4[6  +  35  -  νΚβ  +  35)»  -  8  .  6  .  35}1  -  i(41  -  1)  =20, 
6  =  Κ4•1+1)=21, 
c  =  35-6      =29. 
This  problem  is  followed  by  three  more  of  the  same  type. 
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(α)  General 

Anthol.  Palat.  xiv.  126,  The  Greek  Anthology,  ed. 
Paton  (L.C.L.)  v.  92-93 

OvTOS"  roL  Αίόφαντον  ίχ€ΐ  τάφος•  a  μ4γα  ^aO/ia• 

και  τάφος  €Κ  τ€χνης  μ,4τρα  βίοιο  Aeyei. 
€κτην  κουρίζ^ιν  βιότου  deos  ωπασ€  μοίρ-ην 

Βω8€κάτΎ]ν  δ'  ζπιθζίς,  μήλα  nopev  χνοάζΐν 
rfj  δ    άφ    €0'  €β8ομάτΎ)  το  γαμηλιον  ηφατο  φέγγος, 

€Κ  δε  γάμων  ττίμπτω  τταιδ*  eTreVeuacv  erei. 
αίαι,  τηλύγ€τον  SeiXov  Τ€Κος,  ημισν  πατρός 

TOvSe  και  η  κρυερος  μίτρον  ίλών  βιότου. 
7Τ€νθος  δ'  αυ  ττισύρ^σσι  παρηγορεων  iviavTOis 

τί^δί  πόσου  σοφίτ)  τέρμ    €π€ρησ€  βίου. 

"  There  are  in  the  Anthology  46  epigrams  which  are 
algebraical  problems.  Most  of  them  (xiv.  116-146)  were 
collected  by  Metrodorus,  a  grammarian  who  lived  about 
A.D.  500,  but  their  origin  is  obviously  much  earlier  and  many 
belong  to  a  type  described  by  Plato  and  the  scholiast  to  the 
Charmides  {v.  vol.  i.  pp.  16,  20). 

Problems  in  indeterminate  analysis  solved  before  the  time 
of  Diophantus  include  the  Pythagorean  and  Platonic  methods 
of  finding  numbers  representing  the  sides  of  right-angled 
triangles  {v.  vol.  i.  pp.  90-95),  the  methods  (also  P3i:ha- 
gorean)  of  finding  "  side-  and  diameter-numbers  "  (vol.  i. 
pp.  132-139),  Archimedes'  Cattle  Problem  (v.  supra,  pp.  202- 
205)  and  Heron's  problems  (r.  supra,  pp.  504-509). 
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(a)  General 

Palatine  Anthology  "  xiv.  126,  The  Greek  Anthology,  ed. 
Paton  (L.C.L.)  v.  92-93 

This  tomb  holds  Diophantus.  Ah,  what  a  marvel ! 
And  the  tomb  tells  scientifically  the  measure  of  his 
Ufe.  God  vouchsafed  that  he  should  be  a  boy  for  the 
sixth  part  of  his  life  ;  when  a  twelfth  was  added,  his 
cheeks  acquired  a  beard  ;  He  kindled  for  him  the 
light  of  marriage  after  a  seventh,  and  in  the  fifth  year 
after  his  marriage  He  granted  him  a  son.  Alas  ! 
late-begotten  and  miserable  child,  when  he  had 
reached  the  measure  of  half  his  father's  life,  the  chill 
grave  took  him.  After  consoling  his  grief  by  this 
science  of  numbers  for  four  years,  he  reached  the  end 
of  his  life.^ 

Diophantus's  surviving  works  and  ancillary  material  are 
admirably  edited  by  Tannery  in  two  volumes  of  the  Teubner 
series  (Leipzig,  1895).  There  is  a  French  translation  by 
Paul  Ver  Eecke,  Diophante  d'Alexandre  (Bruges,  1926). 
The  history  of  Greek  algebra  as  a  ΛvhoIe  is  well  treated  by 
G.  F.  Nesselmann,  Die  Algebra  der  Oriechen,  and  by  T.  L. 
Yieath,  Diophantus  of  Alexandria:  A  Study  in  the  History 
of  Greek  Algebra,  2nd  ed.  1910. 

*  If  «  was  his  age  at  death,  then 

i»  +  i^jOJ  +  f a;  +  5  +  ia;  +  4  =  aj, 
whence  ic  =  84. 
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Theon  Alex,  in  Ptol.  Math.  Syn.  Comm.  i.  10,  ed. 
Rome,  Studi  e  Testi,  Ixxii.  (1936),  453.  4-6 

Κα^'  ά  καΐ  Αιόφαντός  φησί'  "  της  γαρ  μονάΒος 
άμζταθζτου  ονσης  καΐ  4στώσης  7τάντοτ€,  το 
πολλαπλασιαζόμ^νον  είδο?  in*  αντην  αυτό  το 
etbos  Ισται." 

Dioph.  Oe  polyg.  num.  [5],  Dioph.  ed.  Tannery  L 

470.  27-472.  4 

Kat  άπ€Β€ίχθη  το  παρά  Ύφίκλζΐ  ev  ορω  Aeyo- 
μ€νον,  OTt,  "  iav  ωσιν  αριθμοί  άττό  μονάΒος  ev  ΐστ) 
ύπζροχτ}  οττοσοιοϋν,  μονάΒος  μ^νονσης  της  ύττζρ- 
οχης,  6  σνμπας  ΙστΙν  (τρίγωνος,  ΒνάΒος  δε^/ 
τετράγωνος,  τριάΒος  δε,  πεντάγωνος'  λέγεται  δε 
το  πλήθος  των  γωνιών  κατά  τον  bvdSi  μείζονα 
της  υπέροχης,  πλευραι  δε  αυτών  το  πλήθος  τών 
εκτεθέντων  συν  rfj  μονάΒι." 

Mich.  Psell.  Epist.,  Dioph.  ed.  Tannery  ii.  38.  22-39.  1 

Περί  δε  της  ΚΙγυπτιακης  μεθόΒου  ταύτης  Διό- 
φαντος  μεν  διε'λα^5εν  άκριβεστερον ,  6  δε  λογιώτατος 
*Ανατόλιος    τα    συνεκτικώτατα    μέρη     της    κατ* 
*  τρίγωνος,  SvaSos  Sc  add.  Bachet. 

•  Cf.  Dioph.  ed.  Tannery  i.  8.  13-15.    The  word  etSos,  as 
will  be  seen  in  due  course,  is  regularly  used  by  Diophantus 
for  a  term  of  an  equation. 
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Theon  of  Alexandria,  Commentary  on  Ptolemy^s  Syntaxis 
i.  10,  ed.  Rome,  Studi  e  Test),  "ixxii.  (1936),  453.  4-6 

As  Diophantus  says  :  "  The  unit  being  without 
dimensions  and  everywhere  the  same,  a  term  that  is 
multiplied  by  it  will  remain  the  same  term."* 

Diophantus,  On  Polygonal  Numbers  [5],  Dioph.  ed. 
Tannery  i.  470.  27-472.  4 

Theie  has  also  been  proved  what  was  stated  by 
Hypsicles  in  a  definition,  namely,  that  "  if  there  be 
as  many  numbers  as  we  please  beginnirig  from  1  and 
increasing  by  the  same  common  dift'erence,  then, 
when  the  common  difference  is  1 ,  the  sum  of  all  the 
numbers  is  a  triangular  number  ;  when  "i,  a  square 
number  ;  when  3,  a  pentagonal  number  [  ;  and  so 
on].  The  number  of  angles  is  called  after  the  number 
which  exceeds  the  common  difference  by  2,  and  the 
sides  after  the  number  of  terms  including  1."  * 

Michael  Psellus,*  A  Letter,  Dioph.  ed.  Tannery  IL 
38.  22-39.  1 

Diophantus  dealt  more  accurately  with  this  Egypt- 
ian method,  but  the  most  learned  Anatolius  collected 
the  most  essential  parts  of  the  theory  as  stated  by 

*  i.e.,  the  nth  a-gonal  number  (1  being  the  first)  is 
\n  12  +(n  -  l)(a  -  2)}  ;  v.  vol.  i.  p.  98  n.  a. 

'  Michael  Psellus,  *'  first  of  philosophers  "  in  a  barren 
age,  flourished  in  the  latter  part  of  the  eleventh  century  a.d. 
There  has  survived  a  book  purporting  to  be  by  Psellus  on 
arithmetic,  music,  geometry  and  astronomy,  but  it  is  clearly 
not  all  his  own  work.  In  the  geometrical  section  it  is  observed 
that  the  most  favoured  method  of  finding  the  area  of  a  circle 
is  to  take  the  mean  between  the  inscribed  and  circumscribed 
squares,  which  would  give  ir  =  \/8  =2-8284271. 
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CKeTvov  €πιστ'ήμ,ης  άπολ€ζάμ€νος  irepws^  Αιοφάντω 
οννοπτικώτατα  προσβφώνησζ. 

Dioph.  Arith.  i.,  Praef.,  Dioph.  ed.  Tannery  i.  14.  25-16.  7 

Nw  δ'  eTTt  ras  7τροτάσ€ίς  χωρησωμεν  68όν, 
ττλίίστην  €χοντ€£  την  err'  αύτοΐς  tols  etSeai  συν- 
7]θροισμ€νην  ϋλην.  πλζίστων  Β'  όντων  τω  αριθμώ 
και  μεγίστων  τω  ογκω,  /cat  δια  τοΰτο  βραδέως 
βφαιουμένων  νττο  των  τταραλαμβανόντων  αυτά 
καΐ  όντων  iv  αντοΐς  Βυσμνημονζυτών,  ΙΒοκίμασα 
τα  iv  αύτοΐς  €ττώ€χόμ€να  Biaipelv,  καΐ  μάλιστα  τα 
iv  άρχτ}  €χοντα  στοιχ€ΐώΒως  άπο  απλουστβρων 
€7τΙ  σκολιώτερα  SieXecv  ως  προσηκ€ν.  όντως  γαρ 
evoBevTa  γ^νήσ^ται  τοις  άρχομένοις,  καΧ  -η  άγωγη 
αυτών  μνημονβνθησζται,  της  ττραγματειας  αΰτώ»/ 
iv  rpioKatSeKa  βφλίοις  γ€γ€νημ€νης. 

Ihid.  ν.  3,  Dioph.  ed.  Tannery  i.  316.  6 
'Έιγομ^ν  iv  τοις  ΙΙορίσμασιν. 

*  ίτέρως  Tannery,  iripo»  codd. 


"  The  two  passages  cited  before  this  one  allow  us  to  infer 
that  Diophantus  must  have  lived  between  Hypsicles  and 
Theon,  say  150  b.c.  to  a.d.  350.  Before  Tannery  edited 
Michael  Psellus's  letter,  there  was  no  further  evidence,  but 
it  is  reasonable  to  infer  from  this  letter  that  Diophantus  was 
a  contemporary  of  Anatolius,  bishop  of  Laodicea  about 
A.D.  280  {v.  vol.  i.  pp.  2-3).  For  references  by  Plato  and  a 
scholiast  to  the  Egyptian  methods  of  reckoning,  v.  vol.  i. 
pp.  16,  20. 

*  Of  these  thirteen  books  in  the  ArithmeCica,  only  six 
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him  in  a  different  way  and  in  the  most  concise  form, 
and  dedicated  his  work  to  Diophantus." 

Diophantus,  Arithmetica  i..  Preface,  Dioph.  ed.  Tannery  L 
14.  25-16.  7 

Now  let  us  tread  the  path  to  the  propositions 
themselves,  which  contain  a  great  mass  of  material 
compressed  into  the  several  species.  As  they  are 
both  numerous  and  very  complex  to  express,  they 
are  only  slowly  grasped  by  those  into  whose  hands 
they  are  put,  and  include  things  hard  to  remember ; 
for  this  reason  I  have  tried  to  divide  them  up  ac- 
cording to  their  subject-matter,  and  especially  to 
place,  as  is  fitting,  the  elementary  propositions  at 
the  beginning  in  order  that  passage  may  be  made 
from  the  simpler  to  the  more  complex.  For  thus 
the  way  will  be  made  easy  for  beginners  and  what 
they  learn  will  be  fixed  in  their  memory  ;  the  treatise 
is  divided  into  thirteen  books.* 

Ibid.  v.  3,  Dioph.  ed.  Tannery  i.  316.  6 

We  have  it  in  the  Porisms.* 

have  survived.  Tannery  suggests  that  the  commentary  on 
it  written  by  Hypatia,  daughter  of  Theon  of  Alexandria, 
extended  only  to  these  first  six  books,  and  that  consequently 
little  notice  was  taken  of  the  remaining  seven.  There  would 
be  a  parallel  in  Eutocius's  commentaries  on  Apollonius's 
Conies.  Nesselmann  argues  that  the  lost  books  came  in  the 
middle,  but  Tannery  (Dioph.  ii.  xix-xxi)  gives  strong  reasons 
for  thinking  it  is  the  last  and  most  difficult  books  which  have 
been  lost. 

*  Whether  this  collection  of  propositions  in  the  Theory  of 
Numbers,  several  times  referred  to  in  the  Arithmetica, 
formed  a  separate  treatise  from,  or  was  included  in,  that 
work  is  disputed  ;  Hultsch  and  Heath  take  the  former  view, 
in  my  opinion  judiciously,  but  Tannery  takes  the  latter. 
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(b)  Notation 
Ibid.  1.,  Praef.,  Dioph.  ed.  Tannery  i.  2.  3-6.  21 

T171'  evpeaiv  των  iv  τοις  άριθμοΐς  προβλημάτων, 
ημιώτατζ  μοί  Aiovvate,  γινώσκων  ae  σπουΒαίως 
€χοντα  μαθβΐν,  [οργανώσαι  την  μβθοΒον^  €π€ΐ- 
ράθην,  άρζάμζνος  αφ*  ων  συνεστηκί  τά  πράγματα 
θεμελίων,  ύποστήσαι  την  iv  TOts  άρίθμοΐς  φύσιν 
Τ€  καΐ  Βύναμιν. 

Ισως  μ€ν  οΰν  Βοκ€Ϊ  το  πράγμα  8υσχ€ρ€στ€ρον, 
€7Γ€ΐδ'ΐ7  μηπω  γνώριμόν  eoTiv,  Βυσ€λπιστοί  γαρ  ei? 
κατόρθωσίν  eiacv  at  των  άρχομ€νων  φνχαί,  όμως 
δ'  ζύκατάλ'ηπτόν  σοι  γ€νησ€ται,  διά  τ€  την  σην 
προθνμίαν  καΐ  την  βμην  άττόδει^ιν  ταχεία  γαρ  els 
μάθησιν  επιθυμία  προσλαβονσα  διδαχτ^Γ. 

*Αλλά  /cat  προς  τοΓσδε  γινώσκοντί  σοι  πάντας 
τους  αριθμούς  συγκειμένους  €κ  μονάΒων  πλήθους 
τινό?,  φανερον  καθεστηκεν  €ΐς  άπειρον  εχειν  την 
ϋπαρζιν.     τυγχανόντων  Srj  οΰν  iv  τούτοις 

ων  μεν  τετραγώνων,  οι  «ίσιν  i^  αριθμού  τίνος 
εφ*  εαυτόν  πολυπλασιασθεντος•  οΰτος  8ε  ο  αριθμός 
καλείται  πλευρά  του  τετραγώνου' 

ων  Βε  κύβων,  οΐ  είσιν  εκ  τετραγώνων  επι  τας 
αυτών  πλευράς  πολυπλασιασθεντων, 

ών  Βε  ΒυναμοΒυνάμεων ,  οι  είσιν  €Κ  τετραγώνων 
εφ*  εαυτούς  πολυπλασιασθεντων, 

ών  Βε  Βυναμοκύβων,  οι  εΙσιν  iK  τετραγώνων  επΙ 

^  οργάνωσα*  τ^ν  μίθοΒον  om.  Tannery,  following  the  most 
ancient  Ma. 
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(b)  Notation  * 
P>id.  i..  Preface,  Dioph.  ed.  Tannery  i.  2.  3-6.  21 

Knowing  that  you  are  anxious,  my  most  esteemed 
Dionysius,  to  learn  how  to  solve  problems  in  numbers, 
I  have  tried,  beginning  from  the  foundations  on 
which  the  subject  is  built,  to  set  forth  the  nature  and 
power  in  numbers. 

Perhaps  the  subject  will  appear  to  you  rather 
difficult,  as  it  is  not  yet  common  knowledge,  and  the 
minds  of  beginners  are  apt  to  be  discouraged  by 
mistakes  ;  but  it  will  be  easy  for  you  to  grasp,  with 
your  enthusiasm  and  my  teaching  ;  for  keenness 
backed  by  teaching  is  a  swift  road  to  knowledge. 

As  you  know,  in  addition  to  these  things,  that  all 
numbers  are  made  up  of  some  multitude  of  units,  it 
is  clear  that  their  formation  has  no  limit.  Among 
them  are — 

squares,  which  are  formed  when  any  number  is 
multipUed  by  itself ;  the  number  itself  is  called  the 
side  of  the  square  ^  ; 

cubes,  which  are  formed  when  squares  are  multi- 
plied by  their  sides, 

square-squares,  which  are  formed  when  squares  are 
multiplied  by  themselves  ; 

square-cubes,  which  are  formed  when  squares  are 

•  This  subject  is  admirably  treated,  with  two  original  con- 
tributions, by  Heath,  Diophantus  of  Alexandria,  2nd  ed., 
pp.  34-53.  Diophantus's  method  of  representing  large 
numbers  and  fractions  has  already  been  discussed  (vol.  i. 
pp.  44-45).  Among  other  abbreviations  used  by  Diophantus 
are  Π°^,  declined  throughout  its  cases,  for  τίτράγωνος;  and 
ΐσ.  (apparently  t»•  in  the  archetype)  for  the  sign =,  connecting 
two  sides  of  an  equation. 

*  Or  "  square  root." 
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του?  ατΓΟ  της  αύτης  αντοΐς  nXevpds  κύβους  πολυ- 
ΊτΧασίασθ^ντων , 

<Lv  hk  κνβοκύβων,  61  elaiv  e/c  κύβων  c0'  εαυτούς 
ττοΧχητΧασιασθέντων, 

€Κ  τ€  της  τούτων  ήτοι  συνθέσεως  η  ύττεροχης 
η  ττολυττλασιασμοΰ  η  λόγου  του  ττρος  αλλήλους  η 
και  €κάστων  ττρος  τάς  ίδια?  πλευράς  συμβαίνει 
πλεκεσθαι  πλείστα  προβλήματα  αριθμητικά'  λύεται 
οε  βαδίζοντος  σου  την  ύποΒειχθησομενην  68όν. 

*ΕΒοκιμάσθη  οΰν  έκαστος  τούτων  των  αριθμών 
συντομωτεραν  επωνυμίαν  κτησάμενος  στοιχεΐον  της 
αριθμητικής  θεωρίας  efvai•  καλείται  οΰν  ό  μεν 
τετράγωνος  δυνα/χι?  καΙ  εστίν  αύτης  σημεΐον  το 
Δ  επίσημον  έχον  Τ,  Δ^    δυνα/Αΐ?• 

ο  δε  κύβος  και  εστίν  αντοΰ  σημεΐον  Κ  επίσημον 
έχον  Υ,  Κ^  κύβος' 

ό  Se  εκ  τετραγώνου  εφ*  εαυτόν  πολυπλασια- 
σθεντος  8υναμο8ύναμις  και  εστίν  αύτοϋ  σημεΐον 
δέλτα  δυο  επίσημον  έχοντα  Τ,  Δ^Δ  8υναμο8ύναμίς' 

ο  οε  εκ  τετραγώνου  επι  τον  άπο  της  αύτης  αύτώ 
πλευράς  κύβου  πολυπλασιασθ  εντός  Βυναμόκυβος 
και  εστίν  αύτοΰ  σημεΐον  τα  ΔΚ  επίσημον  έχοντα 
ΐ,  ΔΚ^  8υναμόκυβος' 

6  δε  εκ  κύβου  εαυτόν  πολυπλασιάσαντος  κυβό- 
κυβος  και  εστίν  αύτοΰ  σημεΐον  8ύο  κάππα  επίσημον 
έχοντα  Τ,  Κ^Κ  κυβόκυβος. 
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multiplied  by  the  cubes  formed  from  the  same 
side  ; 

cube-cubes,  which  are  formed  when  cubes  are  multi- 
plied by  themselves  ; 

and  it  is  from  the  addition,  subtraction,  or  multi- 
plication of  these  numbers  or  from  the  ratio  which 
they  bear  one  to  another  or  to  their  own  sides  that 
most  arithmetical  problems  are  formed  ;  you  will  be 
able  to  solve  them  if  you  follow  the  method  shown 
below. 

Now  each  of  these  numbers,  which  have  been  given 
abbreviated  names,  is  recognized  as  an  element  in 
arithmetical  science  ;  the  square  [of  the  unknown 
quantity]  *  is  called  dynamis  and  its  sign  is  Δ  with  the 
index  Y,  that  is  Δ^  ; 

the  cube  is  called  cubus  and  has  for  its  sign  Κ  with 
the  index  Y,  that  is  K*  ; 

the  square  multiplied  by  itself  is  called  dynamo- 
dynamis  and  its  sign  is  two  deltas  with  the  index  Y, 
that  is  Δ^Δ  ; 

the  square  multiplied  by  the  cube  formed  from  the 
same  root  is  called  dynamocubus  and  its  sign  is  ΔΚ 
with  the  index  Y,  that  is  ΔΚ^  ; 

the  cube  multiplied  by  itself  is  called  cubocubus  and 
its  sign  is  two  kappas  with  the  index  Y,  K^K. 

"  It  is  not  here  stated  in  so  many  words,  but  becomes 
obvious  as  the  argument  proceeds  that  8ύναψΛ5  and  its 
abbreviation  are  restricted  to  the  square  of  the  unknovm 
quantity ;  the  square  of  a  determinate  number  is  τΐτράγωνος. 
There  is  only  one  term,  κνβος,  for  the  cube  both  of  a  deter- 
minate and  of  the  unknown  quantity.  The  higher  terms, 
when  written  in  full  as  δυναμοδυνα/χυ,  8υναμόκυβθ5  and  κυβό- 
κυβος,  are  used   respectively  for  the  fourth,  fifth  and  sixth 

Eowers  both  of  determinate  quantities  and  of  the  unknown, 
ut   their  abbreviations,  and   that  for  κύβοζ,  are  used    to 
denote  powers  of  the  unknown  only. 
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0  oe  μηΒζν  τούτων  των  ΙΒυωμάτων  κτησάμζνος, 
€χων  δε  iv  ία,υτω  πλήθος  μονάΒων  αόριστον, 
αριθμός  καΧζίται  καΐ  eoTiv  αντοϋ  σημ^ιον  το  c. 

Εστί  δε  και  €Τ€ρον  σημζΐον  το  άμ€τάθ€Τον  των 
ώρισμβνων,  -η  μονάς,  και  εστίν  αυτής  σημεΐον  το  Μ 
€7τίσημον  €χον  το  Ο,  Μ. 

Ω,σττερ  δε  των  αριθμών  τα  ομώνυμα  μόρια  παρ- 
ομοίως καλείται  τοις  άριθμοΐς,  του  μεν  τρία  το 
τρίτον,  του  δε  τέσσαρα  το  τέταρτον,  οϋτως  καΐ 
των  νυν  επονομασθεντων  αριθμών  τα  ομώνυμα 
μόρια  κληθησεται   παρομοίως  τοις  άριθμοΐς' 

του  μεν  αριθμού  το  άριθμοστόν, 

της  δε  δυνάμεως  το  Βυναμοστόν, 

του  δε  κύβου  το  κυβοστόν, 

της  δε  8υναμο8υνάμεως  το  ΒυναμοΒυναμοστόν, 

του  δε  δυναμοκύβου  το  Βυναμοκυβοστόν, 

του  δε  κυβοκύβου  το  κυβοκυβοστόν 

εςει  8έ  εκαστον  αυτών  επι  το  του  ομωνύμου 
αριθμού  σημεΐον  γραμμην  y.  Βιαστελλουσαν  το 
εΐΒος. 


•  Ι  am  entirely  convinced  by  Heath's  argument,  based  on 
the  Bodleian  ms.  of  Diophantus  and  general  considerations, 
that  this  symbol  is  really  the  first  two  letters  of  αριθμός;  this 
suggestion  brings  the  symbol  into  line  with  Diophantus's 
abbreviations  for  Βύναμι,ς,  κύβος,  and  so  on.  It  may  be 
declined  throughout  its  cases,  e.g.,  S'"'"  for  the  genitive  plural, 
infra  p.  552,  line  5. 

Diophantus  has  only  one  symbol  for  an  unknown  quantity, 
but  his  problems  often  lead  to  subsidiary  equations  involving 
other  unknowns.  He  shows  great  ingenuity  in  isolating 
these  subsidiary  unknowns.  In  the  translation  I  shall  use 
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The  number  which  has  none  of  these  character- 
istics, but  merely  has  in  it  an  undetermined  multitude 
of  units,  is  called  arithmos,  and  its  sign  is  S  [x]." 

There  is  also  another  sign  denoting  the  invariable 
element  in  determinate  numbers,  the  unit,  and  its 

ο 

sign  is  Μ  with  the  index  O,  that  is  M. 

As  in  the  case  of  numbers  the  corresponding 
fractions  are  called  after  the  numbers,  a  third  being 
called  after  3  and  a.  fourth  after  4,  so  the  functions 
named  above  will  have  reciprocals  called  after  them  : 

arithmos  [x]  ariihmoston    -  » 

dynamis  [a?^  dynamoston    -g   , 

cuhus  [λ«]  cuhoston    -^  , 

dynamodynamis  [x*]  dynamodynamoston    —  , 

dynamocuhus  [x*]  dynamocuhoston  |^-gj, 

cubocuhus  [χβ]  cubocuboston  j^i^j. 

And  each  of  these  will  have  the  same  sign  as  the 
corresponding  process,  but  with  the  mark  y,  to  dis- 
tinguish its  nature.'' 

different  letters  for  the  different  unknowns  as  they  occur,  for 
example,  x,  z,  m. 

Diophantus  does  not  admit  negative  or  zero  values  of  the 
unknown,  but  positive  fractional  values  are  admitted. 

^  So  the  symbol  is  printed  by  Tannery,  but  there  are  many 
variants  in  the  mss. 
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Ibid,  i.,  Praef.,  Dioph.  ed.  Tannery  i.  12.,  19-21 

Αεΐφις  €7τΙ  λ€Ϊφιν  ποΧλαπλασιασθβΐσα  7τοί€Ϊ 
ντταρζιν,  λζΐφις  δε  εττι  ϋτταρζιν  ττοιεΓ  λίΐφιν,  καΐ 
της  λείφζωζ  (τημύον  Ψ  ελλιπε?  κάτω  vtvov,  Α. 

(c)  Determinate  Equations 

(i.)  Pure  Determinate  Equations 

Ibid,  i.,  Praef.,  Dioph.  ed.  Tannery  i.  14.  11-20 

Mcra  δε  ταΰτα  εάν  από  προβλήματος  τίνος 
γίνηται  ειδι^  τινά  ισα  ειδεσι  τοΓ?  αύτοΐς,  μή  ομο- 
ττληθη  Be,  από  ίκατζρων  των  μ€ρών  δετ^σει  άφαι- 
ρύν  τα  όμοια  από  των  ομοίων,  εω?  άι/  εν  ε?δο? 
ενι  ειδει  ίσον  γ€νηται.  εάν  δε'  πω?  εν  οττοτ^ρω 
ίνυττάρχτ)  η  εν  άμφοτέροις  εν  ελλβίφζσί  τίνα  ζΐ8η, 
δετ^σει  προσθεΐναι  τα  λειποντα  ειδτ^  cv  άμφοτέροις 
TOis"  μ€ρ€σιν,  εω?  αν  €κατ€ρων  των  /χερών  τα  ειόι^ 
€νυπάρχοντα  γ€νηται,  και  πάλιν  ά^ελειν  τά  όμοια 
από  των  ομοίων,  εω?  αν  εκατερω  των  /χερών  εν 
είδο?  καταλ^ιφΟτ}. 


'  Lit.  "  a  deficiency  multiplied  by  a  deficiency  makes  a 
forthcoming." 

*  The  sign  has  nothing  to  do  with  Ψ,  but  I  see  no  reason 
why  Diophantus  should  not  have  described  it  by  means  of  T, 
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Tbid.  i..  Preface,  Dioph.  ed.  Tannery  i.  12.  19-21 

A  mnus  multiplied  by  a  minus  makes  a  phis,'*  a 
minus  multiplied  by  a  plus  makes  a  minus,  and  the 
sign  of  a  minus  is  a  truncated  Ψ  turned  upside  down, 
that  is  Λ.* 

(c)  Determinate  Equations 

(i.)  Pure  "  Determinate  Equations 

Ibid,  i..  Preface,  Dioph.  ed.  Tannery  i.  14.  11-20 

Next,  if  there  result  from  a  problem  an  equation 
in  which  certain  terms  are  equal  to  terms  of  the  same 
species,  but  with  different  coefficients,  it  will  be 
necessary  to  subtract  like  from  like  on  both  sides 
until  one  term  is  found  equal  to  one  term.  If  per- 
chance there  be  on  either  side  or  on  both  sides  any 
negative  terms,  it  will  be  necessary  to  add  the  nega- 
tive terms  on  both  sides,  until  the  terms  on  both  sides 
become  positive,  and  again  to  subtract  like  from  like 
until  on  each  side  one  term  only  is  left.** 

and  cannot  agree  with  Heath  (H.G.M.  ii.  459)  that  "  the 
description  is  evidently  interpolated."  But  Heath  seems 
right  in  his  conjecture,  first  made  in  1885,  that  the  sign  A  is 
a  compendium  for  the  root  of  the  verb  Xeiireiv,  and  is,  in  fact, 
a  Λ  with  an  I  placed  in  the  middle.  When  the  sign  is  resolved 
in  the  manuscripts  into  a  word,  the  dative  Ae^ei  is  generally 
used,  but  there  is  no  conclusive  proof  that  Diophantus  himself 
used  this  non-classical  form. 

"  A  pure  equation  is  one  containing  only  one  power  of  the 
unknown,  whatever  its  degree ;  a  mixed  equation  contains 
more  than  one  power  of  the  unknoAvn. 

<*  In  modern  notation,  Diophantus  manipulates  the  equa- 
tion until  it  is  of  the  form  Aa;"  =  Β ;  as  he  recognizes  only 
one  value  of  χ  satisfying  this  equation,  it  is  then  considered 
solved. 
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(ii.)  Quadratic  Equations 
Ibid.  iv.  39,  Dioph.  ed.  Tannery  i.  298.  7-306.  8 

Eivpeiv  τρξΐς  άριθμούζ  οττως  η  υπέροχη  του 
μείζονος  /cat  του  μέσον  προς  την  νπεροχην  τον 
μέσον  καΐ  τον  ελάσσονος  λόγον  εχτ]  8ε8ομενον, 
ετι  οε  και  συν  δυο  λαμβανόμενοι,  ττοιώσι  τετράγω- 
νον. 

Έττιτετάχθω  Βη  την  νττεροχην  τον  μείζονος  καΐ 
τον  μέσον  της  υπεροχής  τον  μέσον  και  τοΰ  ελά- 
χιστον είναι  γ'"^•. 

Εττει  δε  σνναμφότερος  6  μέσος  καΐ  6  ελάσσων 
ποιεί  Π"",  ποιείτω  Μ  δ.  ο  άρα  μέσος  μείζων  εστί 
8νά8ος'  έστω  SdMjS.  ο  άρα  ελάχιστος  βστα* 
Μβ/^Βα. 

Και  επεώη  ή  νπεροχη  τον  μείζονος  και  τον 
μέσον  της  υπεροχής  τον  μέσον  και  τοΰ  ελάχιστον 
y"^•  {εστί)/  και  ή  νπεροχη  τοΰ  μέσον  και  τοΰ 
ελάχιστον  ^β,  η  άρα  νπεροχη  τοΰ  μείζονος  και 
τοΰ   μέσον    εσται    ^S",   και    6    μείζων    άρα    εσται 

5^Mj5.^ 

Αοιπόν  εστί  Svo  επιτάγματα,  τό  τε  συναμφότερον 
(τον  μείζονα  και  τον  ελάχιστον  ποιεΐν  Π"",  και 
τό  τον  μείζοναΥ  και  τον  μέσον  ποιεΐν  Π""•  fctt 
γίνεταί  μοι  Βιπλή  ή  ισότης' 

5  η  Μ  δ  ισ.  Π*,  και  S  f  Μ  δ  μτ.  Π'• 

ο 

καΐ   δια   τό   τα?   Μ    είΐ'αι   τετραγωνικάς,    ενχερης 
εστίν  ή  ΐσωσις. 

^  ί'στι  add.  Bachet. 
■  τον  μείζονα  .  .  .  τον  μείζονα  add.  Tannery. 
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(ii.)  Quadratic  Equations  " 
Ihid.  iv.  39,  Dioph.  ed.  Tannery  i.  298.  7-306.  8 

To  find  three  numbers  such  that  the  difference  of  the 
greatest  and  the  middle  has  to  the  difference  of  the  middle 
and  the  least  a  given  ratio,  and  further  such  that  the  sum 
of  any  two  is  a  square. 

Let  it  be  laid  down  that  the  difference  of  the 
greatest  and  the  middle  has  to  the  difference  of  the 
middle  and  the  least  the  ratio  3:1. 

Since  the  sum  of  the  middle  term  and  the  least 
makes  a  square,  let  it  be  4.  Then  the  middle  term 
>  2.     Let  it  be  a;  +  2.     Then  the  least  term  =  2  -  a;. 

And  since  the  difference  of  the  greatest  and  the 
middle  has  to  the  difference  of  the  middle  and 
the  least  the  ratio  3:1,  and  the  difference  of  the 
middle  and  the  least  is  2x,  therefore  the  difference 
of  the  greatest  and  the  middle  is  Qx,  and  therefore 
the  greatest  will  be  Ix  +2. 

There  remain  two  conditions,  that  the  sum  of  the 
greatest  and  the  least  make  a  square  and  the  sum  of 
the  greatest  and  the  middle  make  a  square.  And  I 
am  left  with  the  double  equation  * 

8x  +  4  =  a  square, 
6x  +  4  =  a  square. 

And  as  the  units  are  squares,  the  equation  is  con- 
venient to  solve. 

"  The  quadratic  equation  takes  up  only  a  small  part  of  this 
problem,  but  the  whole  problem  will  give  an  excellent  illustra- 
tion of  Diophantus's  methods,  and  especially  of  his  ingenuity 
in  passing  from  one  unknown  to  another.  The  geometrical 
solution  of  quadratic  equations  by  the  application  of  areas 
is  treated  in  vol.  i.  pp.  192-215,  and  Heron's  algebraical 
formula  for  solving  quadratics,  supra,  pp.  502-505. 

*  For  double  equations,  v.  infra  p.  543  n.  b. 
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Πλάσσω   αριθμούς   δυο   ΐνα  6  ύττ*   αυτών  '^  5  β, 
καθώς  ΐσμ€ν  Βιπλην  Ισότητα•  βστω   οΰν   S  Ζ.'  και 

ο  ο     

Μδ•  καΐ  γίνεται  6  5Μρφ.  ζλθών  em  τα?  ύττο~ 
στάσεις,    ου    8wa/xat    άφελεΐν    άττό    Μ  β    τον    5α 

ο       

τουτέστι  τας  Μ.  ρϊβ•  θέλω  οΰν  τον  S  εύρεθηναι 
iXaTTOva  Μ  β,  ώστε  και  ss'M.B  ελάσσονες  εσονταχ 

ο 

Μ 15".     εάν  γαρ  η  8υάς  επι  5  Γ  γενηται  και  ττροσ- 

λάβτ)  Μ  ο,  ττοιεΐ  Μ  ΪΓ. 

ΈπεΙ    οΰν    ζητώ    5η  ΜΒ    ΐσ.    Π"    καΐ    S^MS 
ισ.    □",    άλλα    και    6    άπο    της    δυάδο?,   τουτεστι 

Μ  δ,    [2°^  εστί,  γεγόνασι  τρεις    Π"'*   SiiMo,    και 

__    ο  ο 

5  δ"  Μ  δ,  και  Μ  δ,  και  ij  υπέροχη  του  μείζονος 
και  του  μέσου  της  υπέροχης  τοΰ  μέσου  και  του 
ελαχίστου  γ""  μέρος  εστίν,  άπηκται  οΰν  μοι  εις 
το  εύρεΐν  (τρεΐς^  τετραγώνους,  όπως  η  υπέροχη 
τοΰ  μείζονος  και  τοΰ  μέσου  της  υπέροχης  τοΰ 
μέσου  και  τοΰ  ελαχίστου  γ""  μέρος  ?J,  έτι  Βε  6  μεν 

ελάχιστος  ^  Μ  S,  ό  δέ  μέσος  ελάσσων  Μ  ΪΓ. 
*  rpets  add.  Bachet. 

•  If  we  put 

6x  +  4,  =  {p-q)\ 

on  subtracting,  2x  =  4φq. 

Substituting  '2p  =  \x,  2q=^  {i.e.,  'p  =  \x,  g=2)  in  the  first 
equation  we  get 

8a;  +  4=(i«+2)», 

or  \l2x=x^, 

whence  »  =  112. 
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I  form  two  numbers  whose  product  is  2x,  according 
to  what  we  know  about  a  double  equation  ;  let  them 
be  ^x  and  4  ;  and  therefore  x=  112.<*  But,  returning 
to  the  conditions,  I  cannot  subtract  x,  that  is  112, 
from  2  ;  I  desire,  then,  that  χ  be  found  <2,  so  that 
6x+4><16.     For  2.  6 +4  =  16. 

Then  since  I  seek  to  make  8x  +4  =  a  square,  and 
6a;  +4  =  a  square,  while  2  .  2  =  4  is  a  square,  there  are 
three  squares,  8x  +4,  6x  +4,  and  4,  and  the  difference 
of  the  greatest  and  the  middle  is  one-third ''  of  the 
difference  of  the  middle  and  least.  My  problem 
therefore  resolves  itself  into  finding  three  squares 
such  that  the  difference  of  the  greatest  and  the 
middle  is  one-third  of  the  difference  of  the  middle 
and  least,  and  further  such  that  the  least  =•  4  and  the 
middle  <  16. 

This  method  of  solving  such  equations  is  explicitly  given 
by  Diophantus  in  ii.   II,  Dioph.  ed.  Tannery  1.  96.  8-14: 

ο     .  ο 

ίσται  άρα  ό  μίν  S  όίΜ,β,  ό  8e  $  o,My,  ϊσ.  Π •  και  τοντο  το  ίΐ8ος 
καλΐΐται  διττλοΐσότηί'  Ισοΰται  8k  τον  τρόπον  τοΰτον.  18ών  την 
νπ€ροχήν,  ζτ^ίΐ  δυο  αριθμούς  ίνα  το  νπ'  αυτών  noiy  την  ύπΐροχήν 

elai  8e  Μδ  και  Μ  δ  .  τούτων  ήτοι  της  ύττΐροχης  το  L'  €φ' 
eavTO  ϊσον  ecrrl  τω  ίλάσσονι,  η  της  συνθίσΐως  το  ί.'  ίφ  eairro 
ίσον  τω  μ€ίζονι — "  The  equations  will  then  be  a;  +  2  =  a  square, 
a;  +  3  =a  square  ;  and  this  species  is  called  a  double  equation. 
It  is  solved  in  this  manner :  observe  the  difference,  and  seek 
two  [suitable]  numbers  whose  product  is  equal  to  the  differ- 
ence ;  they  are  4  and  J.  Then,  either  the  square  of  half  the 
difference  of  these  numbers  is  equated  to  the  lesser,  or  the 
square  of  half  the  sum  to  the  greater." 

*  The  ratio  of  the  differences  in  this  subordinate  problem 
has,  of  course,  nothing  to  do  with  the  ratio  of  the  differences 
in  the  main  problem ;  the  fact  that  they  are  reciprocals  may 
lead  the  casual  reader  to  suspect  an  error. 
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Ύ€τάχθω  ό  μ€.ν  ελάχιστος  Mo,  η  Be  του  μ4σου 

7Γ^•  £  α  Μ  ^•  αυτό?  άρα  εσται  ό  0°%  Δ^  α  S  δ  Μ  δ. 

Έττει  ουν  η  υττίροχη  του  μζίζονος  καΐ  του  μ^σου 
της  ύπβροχης  του  μέσου  καΐ  του  ελαχίστου  γ°' 
μέρος  εστίν,  καΐ  εστίν  η  ύττεροχη  του  μέσου  καΐ 
τοΰ  ελαχίστου  Δ*  α  So,  ώστε  η  ύττεροχη  τοΰ 
μεγίστου   και    τοΰ  μέσου    εσται   Δ^  y^  S  α  y^  •   και 

εστίν    6    μέσος    Δ^άΒδΜο*    ο    άρα    μέγιστος 

Ισται    έ^^άγ'^ζεγ'^   Μ  δ   ισ.    Π*^'  πάντα  θ•"'"•  Δ^ 

άρα    ιβζμτηΜλζ'    ϊσ.     □**"      και    το     δ""     αυτών 

Α'^γΒφΜθ  ΐσ.  Π*. 
"Ετι   δ€   θέλω   τον  μέσον  τετράγωνον   ελάσσονα 

eivai    Μ  ΪΓ,    και    την   ττ^-   ΒηλαΒη    ελάσσονος    Μ  ο. 

-η  Βε   ττλευρά  του  μέσου   εστίν    S  ά  Μ  ρ•  ελάττονες 

ο  _    ο 

είσι  Μ  δ.      και  κοινών   άφαιρεθεισών  τών  β  Μ,  ό 

5  εσται  ελάσσονος  Μ  β. 

—    ο 

Τεγονεν     οΰν     μοι     Α^γΖιβΜΘ     ΐσ.    ττοιησαι 

D*•  πλάσσω  Π""  Ttva  άττό  My  λειπουσών  5 
τίνα?•  και  γίνεται  6  Β  εκ  τίνος  αριθμού  Γ*'«  γενο- 
μένου και  ττροσλαβόντος  τον  ιβ,  τουτέστι  της 
ισώσεως  της  £  φ,  καΐ  μερισθεντος  εΙς  την  ύττεροχην 
"^  ύττερεχει  6  άττο  τοΰ  άριθμοΰ  □"'  τών  Δ^  τών 
CV  TTJ  ίσώσει  γ.  άπηκται  ουν  μοι  εις  το  εύρεΐν 
τίνα    αριθμόν,    δς    Γ*'*    γενόμενος    και    ττροσλαβοίν 

ο    

Μ  φ  και  μεριζόμενος  εις  την  ύττεροχην  fj  ύττερεχει 

6  αττό  τοΰ  αύτοΰ  □"*  τριάΒος,  ποιεί  την  παραβολην 

iXdaaovos  Μ  β, 
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Let  the  least  be  taken  as  4,  and  the  side  of  the 
middle  as  ^r  +2  ;  then  the  square  is  z*  +4iZ  +4i. 

Then  since  the  difFerence  of  the  greatest  and  the 
middle  is  one-third  of  the  difference  of  the  middle 
and  the  least,  and  the  difference  of  the  middle  and 
the  least  is  z^  +42f,  so  that  the  difference  of  the 
greatest  and  the  least  is  ^z^ +l^z,  while  the 
middle  term  is  z^  +4!Z  +4i,  therefore  the  greatest 

term  =  1  ^z^  +  5^z  +  4  =  a  square.     Multiply    through- 
out by  9  : 

12e*  +4i8z  +36  =  a  square  ; 

and  take  the  fourth  part : 

3z^  + 125  +9  =  a  square. 

Further,  I  desire  that  the  middle  square  <16, 
whence  clearly  its  side  <4.  But  the  side  of  the 
middle  square  is  ζ  +2,  and  so  ar  +2<4.  Take  away 
2  from  each  side,  and  z<2. 

My  equation  is  now 

3z^  +12z  +9  =  a.  square. 

-(war -3)2,  say.* 

^  6»! +12 

Then  *■■ — 9 — 5", 

and  the  equation  to  which  my  problem  is  now  re- 
solved is 

6»! +12 

2 

I.e.,  <γ• 

"  As  a  literal  translation  of  the  Greek  at  this  point  would 
be  intolerably  prolix,  I  have  made  free  use  of  modern 
notation. 
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"Εστω  ό    ζητουμ€νος   5  d'  όντως   Γ*'*   γ^νόμζνος 

ο     —  ο     

και  ττροσλαβών  Μ  φ,  TTOiei  5  Γ  Μ  ι^•  ό  δε  απ* 
αυτού   Π"*,    /^My,   ττοιβΓ  Δ^  α /1\  Μ  y.      ^Αω  ου»/ 

___    ο    —  ο 

5Γ  Μ  φ  μζρίζεσθαι  elg  Δ^  α  Α  My  και  ttolclv  την 

τταραβολην  iXdaaovos  Μ  β.     άλλα  και  ό  ρ  μ€ριζό- 

μ€.νο£    €1?    Μ  α,    TTOiei    την    παραβολην    β'    ωστ€ 

S  Γ  Μ  ^j8  ττρό?  Δ^  ά  Α  Μ  y  ελάσσονα  λόγον  €χουσίν 
rJTrep  β  προς  ά. 

Και   χωρίον  χωρίω  άνισον   ο    άρα  ύπο  5  Γ  Μ  φ 
καΐ     Μ  ά    ελάσσων    εστίν    του     υττο     δυάδο?     και 

ο  ■  —    ο    

Δ^  ά  /^  Μ  y,  τουτέστιν  S  Γ  Μ  ij3  ελάσσονε?  εισιν 
Δ^  ρ  Α  Μ  Γ.      και   κοιναί    ττροσκζίσθωσαν  αί   Mr. 

5  Γ  Μ  117  ελάσσονε?  Δ^  j§. 

"Οταν   δε   τοίαντην   ΐσωσιν   Ισώσωμΐν,   ττοιοΰμεν 
των  S  το  Ζ.'  ε0'    εαυτό,  yι^'εται   θ,  και   τα?  Δ^  ρ 

ο      _ 

ε'τΓΐ  τα?  Μ  ιη,  γίνονται  λτ•  ττρόσθες  τοις  θ,  γίνονται 
μ€,  ών  π^•  ουκ  ελαττόν  ε'στι  Μ  ζ•  ττρόσθες  το 
ημίσευμα  των  S•  {yιVεται  ουκ  ίλαττον  Μ  ϊ•  και 
μ4ρισον  ει?  τα?  Δ^•)^  ytVεται  ουκ  ίΚαττον  Μ  ε. 

Γε)/ονεν   οΰν   μοι   Δ^ySιjSMc'    ισ.    Π*  7•ω   άπό 
7Γ^•  Μ  y  /\  2  ε,  και  γίνεται  ό  5  Μ    ^  τουτέστιν 

Τετα;)^α    δε    ttjv   του    μέσου    Π""   ττ^    SdMjS• 
*  ytVerat  .  .  .  ras  Δ^  add.  Tannery. 

"  This  is  not  strictly  true.      But  since  \/45  lies  between 

6  and  7,  no  smaller  integral  value  than  7  will  satisfy  the 
conditions  of  the  problem. 
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The  inequality  will  be  preserved  when  the  term 
are  cross-multiplied, 

i.e.,  (6m  + 12)  .  1  <2  .  (m^  -  3)  ; 

i.e.,  6m+12<2m^-6. 

By  adding  6  to  both  sides, 

6i«+18<27«2. 

When  we  solve  such  an  equation,  we  multiply  half 
the  coefficient  of  χ  [or  m]  into  itself — getting  9  ; 
then  multiply  the  coefficient  of  x^  into  the  units 
— 2  .  18  =  36  ;  add  this  last  number  to  the  9 — getting 
45  ;  take  the  square  root — which  is  -t  7  *  ;  add  half 
the  coefficient  of  χ — making  a  number  <10;  and 
divide  the  result  by  the  coefficient  of  x^— getting  a 
number  -tS.'• 

My  equation  is  therefore 

Ss^  +  122  +9  =  a,  square  on  side  (3  -  5z), 

,  42     21 

and  z=  —  =  — • 

22     11 

I  have  made  the  side  of  the  middle  square  to  be 

*  This  shows  that  Diophantus  had  a  perfectly  general 
formula  for  solving  the  equation 

ax^  =  bx+c, 

1  ib  +\/WTac 

namely  a?  =  ^  ^  ν  t'^T^, 

a 

From  vi.  6  it  becomes  clear  that  he  had  a  similar  general 
formula  for  solving 

ax^  +  bx  —  c, 

and  from  v.  10  and  vi.  22  it  may  be  inferred  that  he  had  a 
general  solution  for 

ία*  +c  —  bx. 
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(α 


earai    ή    του    0°"   ir^•    Μ       .     avros   8e    6    Π°* 

Μ     P^"^  . 
^αωμθ' 

"Έρχομαι    οΰν    inl    το    i$    ο,ρχης    /cat    τάσσω 

Μ     ^      Λ,   οντά  Q"",  ΐσ.  τοΐς  SrMo•  και  ττάντα. 

€Ls  ρκα'  καΐ  ytVerat  ό  S         /:  ,  iicii  eoTcv  βλάσσων 
SvdSos. 

Έπι  τα?   ύττοστάσζΐς  του   προβλήματος   του   €ξ 
άρχης  •  ύπβστημεν  ^ή  τον  μεν  μέσον  £  ά  Μ  j5,  τον 

Ο      _  ο 

δε  ελάχιστον  Μ^/Λ5ά,  τον  δε  μεγιστον  5ζΜβ. 


έ'σται  ό  /xev  μέγιστος  αΤ^αζ,  6  δε  jS"*  ,βωιζ,  ό 
e  ελάχιστος  ο  γ°^  πι,,  και  εττει  το  μοριον,  eart  το 
φκζ-"",  ουκ  εστίν  Π°%  5"°"  δε  εστίν  αύτοϋ,  εάν 
λάβωμεν  ρκα,  6  εστί  Π°%  ττάντων  οΰν  το  5"»", 
και  ομοίως  εσται  ό  μεν  α"*  ρκα'^"  ^αωλδ  Ζ.\  6  δε 
j8°*  υξθΖ.\  ό  hk  γ°'  ιδ27. 

Και  εάν  εν  όλοκληροις  θελης   ίνα  μη  το  L•'  ειτι- 
τρεχη,  εις  ο"  εμραλε.     και  εσται  ο  α"*    *  χ   ,  ο  06 

β'"'  ,  6  δε  y°*         .     καΧ  "η  άπόΒειζις  φανερά. 
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43 
ar  +  2  ;   therefore  the  side  will  be  —  and  the  square 

Itself—. 

I  return  now  to  the  original  problem  and  make 
1849 
YaT»  which  is  a  square,   =6x+4.     Multiplying  by 

121  throughout,  I  get  x=  η^^,  which  is  <2. 

In  the  conditions  of  the  original  problem  we  made 
the  middle  term  ==x  +2,  the  least  =  2  -  x,  and  the 
greatest  7x  +2. 
Therefore 

the  greatest  =  -^, 
the  middle    —   "nga* 

the  least       •     ^• 

Since  the  denominator,  726,  is  not  a  square,  but  its 
sixth  part  is,  if  we  take  121,  which  is  a  square,  and 
divide  throughout  by  6,  then  similarly  the  numbers 
are 

1834|      469|      14j. 
121'     121  '     121* 

And  if  you  prefer  to  use  integers  only,  avoiding 
the  |,  multiply  throughout  by  4.  Then  the  numbers 
will  be 

7838      1878       58_^ 
484'      484"'     484* 
And  the  proof  is  obvious. 
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(iii.)  Simultaneous  Equations  Leading  to  a  Quadratic 
Ibid.  i.  28,  Dioph.  ed.  Tannery  i.  62.  20-64.  10 

Ένρ€Ϊν  δυο  αριθμούς  δττως  /cat  η  avvOeais  αυτών 
και  η  συνθ^σις  των  άττ'  αυτών  τετραγώνων  ttoltj 
Βοθεντας  αριθμούς, 

Δ^Γ  Sr]  τους  δι?  απ*  αυτών  τετραγώνους  του  αττο 
συναμφοτερου  αυτών  τετραγώνου  ύττερεχειν  τετρα- 
γώνω.     €στι  hk  καΙ  τοΰτο  ττλασματικόν. 

*Έι7τιτετάχθω  Βη  την  μεν  σύνθεσιν  αυτών  ττοιεΐν 

Μ  κ,  την  δε  σύνθεσιν  τών  απ*  αυτών  τετραγώνων 

ποιεΐν  Μ  ση. 

Ύετάχθω   Βη  η  υπέροχη  αυτών  5  β.       και  έστω 

ο 

6   μείζων    S  α    και    Μ  Ι,    τών  ημίσεων    πάλιν  του 

ο 

συνθέματος,  6  δε  ελάσσων   Ml/h^d.      και    μένει 
πάλιν  το  μεν  σύνθεμα  αυτών  Μ  κ,  ή  δε  υπέροχη 

Αοιπόν    €OTt    #cat    το    σύνθεμα    τών    απ*    αυτών 

ο     

τετραγώνων  ποιεΐν    Μ  ση  •   άλλα  το    σύνθεμα   τών 

_    ο 

απ*    αυτών   τετραγώνων   ποιεί    Δ^  jo  Μ  σ.       ταύτα 
ισα  Μ  ση ,  και  γίνεται  ο  S  Μ  ρ . 

ΈτΓΐ  τάς  υποστάσεις,  εσται  6  μεν  μείζων  Μ  ιβ, 
ό  δέ  ελάσσων  Μ  ■^.     και  ποιοΰσι  τά  τ^?  προτάσεως. 

•  In  general  terms,  Diophantus's  problem  is  to  solve  the 
simultaneous  equations 

He  says,  in  efiFect,  let        ί  -  r;  =  2x ; 
then  ^  =  a+x,  ι/  =  α-ίΒ, 
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(iii.)  Simultaneous  Equations  Leading  to  a  Quadratie 
Ibid.  i.  28,  Dioph.  ed.  Tannery  i.  62.  20-64.  10 

To  find  two  numbers  such  that  their  sum  and  the  sum  of 
their  squares  are  given  numbers.'^ 

It  is  a  necessary  condition  that  double  the  sum  of 
their  squares  exceed  the  square  of  their  sum  by  a 
square.     This  is  of  the  nature  of  a  formula.* 

Let  it  be  required  to  make  their  sum  20  and  the 
sum  of  their  squares  208. 

Let  their  difference  be  2ar,  and  let  the  greater 
=  x  +\0  (again  adding  half  the  sum)  and  the  lesser 
=  10-ar. 

Then  again  their  sum  is  20  and  their  difference  9,x. 

It  remains  to  make  the  sum  of  their  squares  208. 
But  the  sum  of  their  squares  is  Q.x^  +  200. 

Therefore  2χ2  +  200  =  208, 

and  a;>=2. 

To  return  to  the  hypotheses — the  greater  =i  12 
and  the  lesser  =  8.  And  these  satisfy  the  conditions 
of  the  problem. 

and  (α+χ)*+(σ-»)*=Α, 

U.,  2(o*+iB'')=A. 

A  procedure  equivalent  to  the  solution  of  the  pair  of  simul- 
taneous equations  ^  +  ij=2a,  ξη  =  Α,  is  given  in  i.  27,  and  a 
procedure  equivalent  to  the  solution  of  ξ-η=2α,  ξη=Α^ 
in  i.  30. 

*  In  other  words,  ^{ζ'+η')-{ξ  +  η)'=Λ  square;  it  is,  in 
fact,  {ξ-ηΥ.  I  have  followed  Heath  in  translating  Ιστι  Se 
K-at  TovTo  ηλασματικόν  as  "  this  is  of  the  nature  of  a  formula." 
Tannery  evades  the  difficulty  by  translating  "  est  et  hoc 
formativum,"  but  Bachet  came  nearer  the  mark  with  his 
"  effictum  aliunde."  The  meaning  of  πλασμαηκόν  should  be 
"  easy  to  form  a  mould,"  i.e.  the  formula  is  easy  to  discover. 
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(iv.)  Cubic  Equation 
Ibid.  vi.  17,  Dioph.  ed.  Tannery  i.  432.  19-434.  23 

Έιύρ€Ϊν  τρίγωνον  όρθογώνιον  δπω?  6  iv  τω 
€μβα^ω  αύτοΰ,  προσλαβών  τον  iv  rfj  vTroreivovar) , 
TTOLTJ  τ€τράγωνον,  ό  Si  iv  rfj  ττζριμετρω  αύτοΰ  rj 
κίΊβος. 

Ύετάχθω  6  iv  τω  €μβα8ω  αντοΰ  5ά,  ό  Be  ev  τη 

V7TOT€ivov<77j  αύτοΰ  Μ  τινών  τετραγωνικών    JK^d, 

ο    ^^ 

Ιστω  Μ  tS"  /1\  5  α. 

*Αλλ'  inei  νπεθβμζθα  τον  iv  τω  iμβaSώ  αύτοΰ 
ΐΐναι.  S  α,  ό  αρα  ύπο  τών  ττερι  την  όρθην  αύτοΰ 
γίνεται    5  β.       άλλα   5  β    περιέχονται   ύττό   5  α   καΐ 

ο  ο 

Μ  jO•  iav  οΰν  τάζωμεν  μίαν  τών  ορθών  Μ  β,  εσται 
TJ  έτερα  S  α. 

Και  γίνεται  η  περίμετρος  Μ  ΐη  και  ούκ  εστί 
κύβος'  6  8ε  Γη  γεγονεν  εκ  τίνος  Π""  κοΧ  Μ  β' 
Βεησει  αρα  εύρεΐν  Π""  τίνα,  δς,  προσλαβών  Μ  ρ, 
ποιεί  κύβον,  ώστε  κνβον   Π*  νπερεχειν  Μ  β. 

Ύετάχθω  οΰν  η  μεν  τοΰ  Π""  '^'''   5dMd,  η   8e 

Ο  

τοΰ  κνβον  S  α  yl\  Μ  ά.  γίνεται  6  μεν  Π°** 
όJdSβMd,  6  Si  κύβος,  K^diy^A^yMa. 
θέλω  οΰν  τον  κνβον  τον  Π""  νπερεχειν  δυάδι•  ό 
αρα  Π°'  μετά.  δυάδο?,  τοντεστιν  A^dsjSMy, 
Ιστιν  ίσος  Κ^  ά  5  y/lVA^y  Μα,  δθεν  ό  5  ευρίσκεται 
Μ  δ. 

ο 

"Εσται  οΰν  ή  μεν  τοΰ  D""  ττ^•  Με,  ή  δε  τοΰ 
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(iv.)  Cubic  Equation  * 
Ibid.  vi.  17,  Dioph.  ed.  Tannery  i.  432.  19-434.  22 

To  find  a  right-angled  triangle  such  that  its  area,  added 
to  one  of  the  perpendiculars ,  makes  a  square,  while  its 
perimeter  is  a  cube. 

Let  its  area  =  Λ,  and  let  its  hypotenuse  be  some 
square  number  minus  x,  say  16  — ar. 

But  since  we  supposed  the  area  =  x,  therefore  the 
product  of  the  sides  about  the  right  angle  =  2x.  But 
2λ;  can  be  factorized  into  χ  and  2  ;  if,  then,  we  make 
one  of  the  sides  about  the  right  angle  =  2,  the  other 

—  X. 

The  perimeter  then  becomes  18,  which  is  not  a 
cube  ;  but  18  is  made  up  of  a  square  [16]  +2.  It 
shall  be  required,  therefore,  to  find  a  square  number 
which,  when  2  is  added,  shall  make  a  cube,  so  that 
the  cube  shall  exceed  the  square  by  2. 

Let  the  side  of  the  square  =  m  +\  and  that  of  the 
cube  7»  — 1.  Then  the  square  =  m^  +  27ra  + 1  and  the 
c\ihe  =  m^ +Sm  —  Sm^-\,  Now  I  want  the  cube  to 
exceed  the  square  by  2.  Therefore,  by  adding  2  to 
the  square, 

i»2  +2m  ■\-Z  =  m^  +Sm-3m^-l, 
whence  »«  =  4. 

Therefore  the  side  of  the  square  =  5  and  that  of 

•  This  is  the  only  example  of  a  cubic  equation  solved  by 
Diophantus.  For  Archimedes'  geometrical  solution  of  a 
cubic  equation,  v.  supra,  pp.  126-163. 
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κύβου  Μ  y.     αΰτοι  άρα  ό  μ^ν  Π"*  Μ  /ce,  ό  hk  κύβος 

Ήί^θυφίσταμαι  οΰν  το  ορθογώνιον,  και  τάζαζ 
αύτοΰ    το    εμβαΒον   S  ά,   τάσσω   την    νττοτ^ίνουσαν 

ο  ο      __ 

Μ  /?€  /\  5  α•    μ4ν€ΐ     δε     και    η    βάσις    Μ  β,    ή    δε 
κάθετος  5  ά. 

Αοιπον  εστίν  τον  αττο  της  νποτεινοΰσης  ϊσον 
είναι    τοις    αττο    των    ττερί   την   ορθην    γίνεται    δε 

Δ^  α  Μ  χκε  Α  5  ν'    εσται    ΐση    Δ^  α  Μ  δ.       όθεν    ό 

SM    " 

*Έιπι  τάς  υποστάσεις  καΐ  μένει, 

(d)  Indeterminate  Equations 
(i.)  Indeterminate  Equations  of  the  Second  Degree 

(a)  Single  Equations 
Ibid.  ii.  20,  Dioph.  ed.  Tannery  i.  114.  11-22 

Έιύρεΐν  δυο  αριθμούς  δττως  6  άπο  του  εκατερου 
αυτών  τετράγωνος,  προσλαβών  τον  λοιπόν,  ποιτϊ 
τετράγωνον. 

Ύετάχθω  6  α"*  5  ά,  ό  δε  jS"*  Μ  ά  5  ^,  ΐνα  6  άπο 
του  α""  Π°^,  προσλαβών  τον  β"",  ποιη  Π""•  λοιπόν 
εστί  και  τον  άπο  τοϋ  β°^  Ο"",  προσλαβόντα  τον 
α"",  ποιεΐν  Π"""•  αλλ'  ό  άπο  του  β""  Π"*,  προσ- 
λαβών τον  α"",  ποιεί  Δ^δδέΜα-  ταΰτα  ΐσα  □», 

"  Diophantus  makes  no  mention  of  indeterminate  equa- 
tions of  the  first  degree,  presumably  because  he  admits 
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the  cube  =  3  ;  and  hence  the  square  is  25  and  the 
cube  27. 

I  now  transform  the  right-angled  [triangle],  and, 
assuming  its  area  to  be  x,  I  make  the  hypotenuse  = 
25  —  λ;  ;  the  base  remains  =  2  and  the  perpendicular  =  x. 

The  condition  is  still  left  that  the  square  on  the 
hypotenuse  is  equal  to  the  sum  of  the  squares  on  the 
sides  about  the  right  angle  ; 

i.e.,  x^  +  625  -  50j:  =  λ;^  ^.  4^ 

,  621 

whence  x=  ^rx-* 

50 

This  satisfies  the  conditions. 


{d)  Indeterminate  Equations  • 
(i.)  Indeterminate  Equations  of  the  Second  Degree 

(o)  Single  Equations 
Ibid.  ii.  20,  Dioph.  ed.  Tannery  i.  114.  11-22 

To  find  two  numbers  such  that  the  square  of  either^ 
added  to  the  other,  shall  make  a  square. 

Let  the  first  be  x,  and  the  second  2λ;  + 1 ,  in  order 
that  the  square  on  the  first,  added  to  the  second,  may 
make  a  square.  There  remains  to  be  satisfied  the 
condition  that  the  square  on  the  second,  added  to 
the  first,  shall  make  a  square.  But  the  square  on 
the  second,  added  to  the  first,  is  ^x^  Λ-δχ  +1  ;  and 
therefore  this  must  be  a  square. 

rational  fractional  solutions,  and  the  whole  point  of  solving 
an  indeterminate  equation  of  the  first  degree  is  to  get  a  solu- 
tion in  integers. 
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Πλάσσω  τον  Π""  αττό  ^  β  AM  β•  αύτος  άρα 
Ισται  Δ^  ο  Μ  δ  /Λ  S  '^•  και   γίνεται  ό   S     '^, 

"Εσται  6  μ€ν  α°*  ^,  6  δε  β°^  Χ.,  και  ποιοΰσι  το 
πρόβλημα. 

(β)  Double  Equations 
Ibid.  iv.  32,  Dioph.  ed.  Tannery  268.  18-272.  IS 

δοθέντα  αριθμόν  hieXeiv  ets"  Tpeis  αριθμούς  οττωξ 
ο  υττο  του  ττρώτου  και  τον  BevTcpov,  idv  re  προσ- 
λάβτ]  τον  τρίτον,  idv  τ€  λβίφτ),  ττοιτ]  τ€τράγωνον, 

"Εστω  ο  8οθ€ΐς  6  Γ. 

ο 

Ύ€τάχθω  6  γ°^  S  ά,  καΐ  6  β°^  Μ  ελασσόνων  του 

Γ•     €στω   Μ  β'   6    άρα    α"*    εσται    Μ  δ  /1\  S  ά*    καΐ 

λοιττά  εστί  hvo  επιτάγματα,  τον  υπό  α""  και  β''", 
iav   τ€    προσλάβΎ]    τον   γ"",    idv   τ€    λείφτ},    ποιεΐν 

Π""•       και    γίνεται    διπλή    ή     Ισότης'     Μτ^Α-α 

ισ.    Π*'    καΐ    Mrj/h^Y     ΐσ.    Π****    και    ου    ρητόν 

•  The  problem,  in  its  most  general  terms,  is  to  solve  the 
equation 

Aaj»  +  Ba5  +  C=y«. 

Diophantus  does  not  give  a  general  solution,  but  takes  a 
number  of  special  cases.  In  this  case  A  is  a  square  number 
(  =  o*,  say),  and  in  the  equation 

he  apparently  puts  y*  =  (αχ  -  m)\ 

where  m  is  some  integer, 

,  m»-C 

whence  a  =  = =t• 

2am  +  a 
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I    form    the    square    from    2a;  -  2 ;     it    will    be 
3 
4x'  +4i  —  8x;  and  x=»  — . 
13 

3  19 

The  first  number  will  be  —^,  the  second  τ-5,  and 

10  lo 

they  satisfy  the  conditions  of  the  problem.* 


(β)  Double  Equations  * 
Ibid.  iv.  32,  Dioph.  ed.  Tannery  268.  1β-272.  15 

To  divide  a  given  number  into  three  parts  such  that  the 
product  of  the  first  and  second  ±  the  third  shall  make  a 
square. 

Let  the  given  number  be  6. 

Let  the  third  part  be  x,  and  the  second  part  any 
number <6,  say  2  ;  then  the  first  part  =  4-x;  and 
the  two  remaining  conditions  are  that  the  product  of 
the  first  and  second  ±  the  third  =  a  square.  There 
results  the  double  equation 

%  —  x  =  a  square, 
8  -  Sx  =  a  square. 

And  this  does  not  give  a  rational  result  since  the  ratio 

*  Diophantus's  term  for  a  double  equation  is  διπλοΓσότη?, 
δίίτλη  ίσότης  or  διττλ^  ΐσωσις.  It  always  means  with  him 
that  two  different  functions  of  the  unknown  have  to  be  made 
simultaneously  equal  to  two  squares.  The  general  equations 
are  therefore 

Diophantus  solves  several  examples  in  which  the  terms  in  a^ 
ere  missing,  and  also  several  forms  of  the  general  equation. 
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Ιστι  δια  το  μη  elvai  τους  S  προς  αλλήλους  λόγον 
€χοντας  ον  □"*  αριθμός  προς  □'"'  αριθμόν. 

Άλλα  ό  5  ό  α  μονά8ι  βλάσσων  του  β,  οι  Se  5  γ 

ομοίως  μείζονες  Μ'  του  ρ.     άπήκται  οΰν  μοι  εις 

το  €ύρ€Ϊν  αριθμόν  τίνα,  ώς  τον  β,  ίνα  6  Μ'  αυτού 

ο 

μείζων,  προς  τον   Μ'  (αύτοΰ  ελάσσονα,  λόγον  εχτ) 
ον  □"*  αριθμός  πρόςΥ  □"''  αριθμόν. 

"Εστω    7)    ζητούμενος    S  S,    και    ό    Μ'  α    αύτοΰ 

μείζων    εσται    S  α  Μ  α,   ό    δε    Μ'   αύτοΰ    ελάσσων 

ο 

5  α  /^  Μ  ά.        θελομεν    ουν   αυτούς    προς    αλλήλους 
λόγον   εχειν   ον    □"*    αριθμός    προς    Q""   αριθμόν. 

_  ο  ο 

έστω     ον     ο     προς     α*     ώστε  Sa/^  Μ  α     cm     Μ  δ 

_  ο      _  ο  ο 

γίνονται    5  δ  /\  Μ  δ•     και     5  α  Μ  α     επΙ    την    Μ  α 

Ο 

(γίνονται  S  α  Μ  α).'     καί  etaii'  οδτοι  οι  εκκείμενοι 
αριθμοί    λόγον    έχοντες    προς    αλλήλους    ον    έχει 

Π°'    αριθμός    προς     Π""    αριθμόν    νΰν    sSAMS 
ϊσ.  5άΜα,  και  ytVerai  ο  SM'^. 

Τάσσω    οδν    τον    β°*'    Μ  '^^    ό    γαρ     y"*    εστίν 

id'  ό  αρα  α"*  εσται  Μ  '^ASd. 

Αοιπόν  hεΐ  etp-ai  το  επίταγμα,  έστω  τον  υπό  α"" 
και  β°",  προσλαβόντα  τον  y"",  ποιεΐν  Π""»  και 
λείφαντα  τον  y"",  ποιεΐν   [3°"'  άλλ^  ό  υπό  α""  και 

ο       Q 

β"",  προσλαβών  τον  γ"",  ποιεί  Μ   .   AS  "^'  ισ.  Π*^' 

/1\    δε   του   y"",   ττοιει    Μ  >.    /^ζβ  Ut'  ισ.   Π*•     «α* 
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of  the  coefficients  of  χ  is  not  the  ratio  of  a  square  to 
a  square. 

But  the  coefficient  1  of  λ  is  2  - 1  and  the  co- 
efficient 3  of  a;  likewise  is  2  + 1  ;  therefore  my  pro- 
blem resolves  itself  into  finding  a  number  to  take  the 
place  of  2  such  that  (the  number  + 1)  bears  to  (the 
number  —  1)  the  same  ratio  as  a  square  to  a  square. 

Let  the  number  sought  be  y  ;  then  (the  num- 
ber+1)=^+1,  and  (the  number- 1)=^- 1.  We 
require  these  to  have  the  ratio  of  a  square  to  a  square, 
say  4: 1.  Now(_y-l)  .  4  =  4i/-4  and(^  +1).  l=y  +1. 
And  these  are  the  mmibers  having  the  ratio  of  a 
square  to  a  square.     Now  I  put 

41/ -4  =  1/ +1, 

5 
gmng  i/  =  -. 

5 

Therefore   I   make   the   second   part   „,  for  the 

13 
third  =  X  ;  and  therefore  the  first  =  -^  -  «. 

ό 

There  remains  the  condition,  that  the  product  of 
the  first  and  second  ±  th^  third  =  a  square.  But  the 
product  of  the  first  and  second  +  the  third  = 

Q5     2 

-^--ar  =  a  square, 

and  the  product  of  the  first  and  second  —  the  third  = 

-Q-  -  2f  Λ  =  a  square. 


^  οΰτου  .  .  .  προ?  add.  Bachet, 

ο 

γίνονται.  5  ά  Μ  ά  add.  Tannery. 
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_  ο      

πάντα  επΙ  τον  θ,  καΐ  γίνονται  M^e^Sr  ισ.    □*, 

και  Μξζ/ί^Β  κδ  ΐσ.  Π*•  κο-ΐ-  ^ξισώ,  τους  S  της 
μείζονος  Ισότητας  ποίησας  δ*",  /cat  ecrri 

ΜσξΛ\5κΒ  ΐσ.   Π*  καΐ  M|7ASkS  μτ.   Q». 
Nt5v    τοιίτων    λαμβάνω    την    ύπερογην    καΐ    cctti 

ο     

Μ/3?6•  και  εκτίθζμαι  διίο  αριθμούς  ών  το  υπό  iari 
MpQc,  /cai  eiat  Ϊ1  /cat  iy•  καΐ  της  τούτων  ύπζροχης 
ΤΟ  Ζ.  εφ  eauTO  ίσον  εστί  τω  βΛασσονι  Π*»  '^α,ι 
γίνεται  6  5  y""  '^. 

'Επί  τα?  νποστάσ€ίς.     ςσται  6  μ€ν  α°*  e,  ο  δέ 
jS°*  €,  ό  δε  γ°^  η.     καΐ  η  άπόΒβιζις  φανερά. 

•  These  are  a  pair  of  equations  of  the  form 
om*a»  +  a=tt'. 

Multiply  by  »•,  to*  respectively,  getting,  say 

am^n^x  +  an^  =  «'•, 

am*n*aj  +  &to*  =  v"*, 
,•,  on*  -  OTO*  =  «'*  -  «*•. 

Let  an*  -  6to*  =  pg, 

and  put  u'  +  v'=p, 

u' -v'  =  q ; 

«'*=i(i'+g)'.  t'''=i(i'-?)•. 

and  so  o»i*n*a!  +  an'  =  i(p  +  ?)'» 

am*»*a!  +  6m*  =  l(p  -  q)*  | 
whence,  from  either. 


_  Kp" + g")  -  K"»' + few»*), 

~  am*n* 
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Multiply  throughout  by  9>  getting 
65  -  6a;  =  a  square 
and 

65  -  24a;  =  a  square.* 

Equating  the  coefficients  of  χ  by  multiplying  the  first 
equation  by  4, 1  get 

260  -  24x  =  a  square 
and 

65  -  24a;  =  a  square 

Now  I  take  their  difference,  which  is  195,  and  split 
it  into  the  two  factors  15  and  13.  Squaring  the  half 
of  their  difference,  and  equating  the  result  to  the 

Q 

lesser  square,  I  get  x  =  5• 

Returning  to  the  conditions — the  first  part  will  be 

κ  κ  Q 

-,  the  second  r,  and  the  third  -'    And  the  proof  is 
00  ο 

obvious. 


This  is  the  procedure  indicated  by  Diophantus.    In  his 
example, 

p  =  lS,  g  =  13, 

and  {Κΐδ-13}»  =  65-24α, 

g 
whence  24a5=64,  and  «=-• 

ο 
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(ii.)  Indeterminate  Equations  of  Higher  Degree 

Ibid,  iv,  18,  Dioph.  ed.  Tannery  i,  226.  2-228.  5 

Eypetv  δυο  αριθμούς,  δπως  6  άπο  του  -πρώτου 
κύβος  προσλαβών  τον  SevTcpov  ttoltj  κύβον,  6  Be 
άπο  τοΰ  SevTepov  τετράγωνος  ττροσΧαβών  τον 
πρώτον  ποίτΙ  τ€τράγωνον. 

Ύετάχθω  6  α°*  5  α*  6  άρα  β°^  εσται  Μ  κυβικοί 
η  Λ\  Κ^  α.  καΐ  γίνεται  6  άπο  τοΰ  α""  κύβος,  προσ- 
λαβών τον  β"",  κύβος. 

Αοιπόν  ioTL  και  τον  άπο  τοΰ  jS°"  D*"*, 
προσλαβόντα  τον  α°•',  ποΐ€Ϊν  □"".  αλλ'  6 
άπο     τοΰ    β°^     Π°*,    προσλαβών     τον    α"",     ποιέΐ 

Κ'ΚάδάΜξΕ/ΐ^Κ''ΤΤ•      (ταΰτα      ϊσα      Π*     τω 

άπο  π^  Κ^άΜ^,  τουτεστι  Κ^Κ  dK^  irMp-y 
και  κοινών  προστιθέμενων  τών  λειπομενων  καΧ 
αφαιρουμένων    τών    ομοίων    άπο    ομοίων,    λοιποί 

Κ^  λβ  ίσοι  S  ά•  καΧ  πάντα  παρά  S•  Α^  λβ  ισαι  Μ  α. 
Και  εστίν  η  Μ  Π°%  ί^αι  ^^  λβ  εΐ  ^σαν^°\  λελυ- 
μένη  αν  μοι  ί^ν  η   ΐσωσις'  αλλ'  αί  AJ  λβ  εισιν  εκ 
τών  Βις  K^Is^'  οί  δε  Κ^ϊτ  ει'σιν  ύπο  τών  δι?  Μ•^ 

ο   

*  ταΰτα  .  .  .  Μ^δ  add.  Bachet. 

•  As  with  equations  of  the  second  degree,  these  may  be 
single  or  double.  Single  equations  always  take  the  form 
that  an  expression  in  x,  of  a  degree  not  exceeding  the  sixth, 
is  to  be  made  equal  to  a  square  or  cube.  The  general  form 
is  therefore 

Aox' +  Αχο;*  +  .  .  .  +A,=y*ory». 

Diophantus  solves  a  number  of  special  cases  of  different 
degrees. 

In  double  equations,  one  expression  is  made  equal  to  a 
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(ii.)  Indeterminate  Equations  of  Higher  Degree  <* 
Ibid.  iv.  18,  Dioph.  ed.  Tannery  i.  226.  2-228.  5 

To  find  two  numbers  such  that  the  cube  of  the  first 
added  to  the  second  shall  make  a  cube,  and  the  square 
of  the  second  added  to  the  first  shall  make  a  square. 

Let  the  first  number  be  x.  Then  the  second  will 
be  a  cube  number  less  a;^,  say  8  -  a^.  And  the  cube 
of  the  first,  added  to  the  second,  makes  a  cube. 

There  remains  the  condition  that  the  square  on 
the  second,  added  to  the  first,  shall  make  a  square. 
But  the  square  on  the  second,  added  to  the  first,  is 
j;'  +x  +64  -  IQoc^.  Let  this  be  equal  to  {x^  +8)^,  that 
is  to  x^  +  IQx^  +64.''  Then,  by  adding  or  subtracting 
like  terms, 

S'2,x^  =  xi 

and,  after  dividing  by  x, 

32x^  =  1. 

Now  1  is  a  square,  and  if  32λ;2  were  a  square,  my 
equation  would  be  soluble.  But  S2x^  is  formed  from 
2  .  16a^,  and  16x^  is  (2  .  8)(x^),  that  is,  it  is  formed 

cube  and  the  other  to  a  square,  but  only  a  few  simple  cases 
are  solved  by  Diophantus. 

*  The  general  type  of  the  equation  is 

»'-  Aa^  +  Ba;  +  c2  =  t/*. 

TJ 

Put  «  =  »'  +  c,  then  »*  =  -. — ;r-» 

^  A+2c 

and  if  the  right-hand  expression  is  a  square,  there  is  a  rational 
solution. 

In  the  case  of  the  equation  χ•  -  16a;'  +a;  +  64  =  t/*  it  is  not  a 
square,  and  Diophantus  replaces  the  equation  by  another, 
«• -  128x*  +x  +4096  =y*,  in  which  it  is  a  square. 
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και  τοΰ  Κ^  d,  τουτέστί  his  των  Μ  rj'  ωστ€  at  λβ  Δ' 

ο 

€κ  δ*'*  των  η  Μ.     γίγονζ,ν  οΰν  μχ>ι  evpeiv  κνβον  os 
δ*'*  γενόμενος  Trotet  Π""• 

"Εστω  ό  ζητούμ€νος  Κ^  α•  οΰτος  δ*'*  yevo/iei'os' 
ποιεί  K^S  ΐσ.   Π*•     βστω  Δ^ϊ?•  και  γίνεται.  6  S 

ο     _  ο    . 

Μ  δ.     em  τά?  υποστάσεις'  ecrrat  ό  Κ^Μ^δ. 

ο      

Τάσσω  αρα  τον  ^'"'  Μ  ^δΑΚ^  d.  και  λοιπόν  eort 
τον  άπο  του  jS°"  Π""  ττροσλαβόντα  τον  α""  ποιείν 
Π**"•  άλλα  ό  από  τοΰ  β""  προσλαβών  τον  α""  ποιεί 
K'KdM'^Sd/hK^piaj  ΐσ.  Π*  τω  από  π^• 
Κ^αΜΪδ•  και  yiVeTai  ό  Π°*  K'KdU^S-K'^. 
και  γίνονται  λοιποί  Κ7  avS"  ισ.  S  α.  και  yiVcTai 
ό  S  ivos  iS-»". 

ϋιπι  τα?  υποστάσεις•  «στα*  ο  α°*  evos  ι^   ,  ο  0€ 

(e)  Theory  of  Numbers  :  Sums  of  Squares 
Ibid.  ii.  8,  Dioph.  ed.  Tannery  i.  90.  9-21 

Τόν  €πιτα;^^€ντα  τ€τράγωνον  διελειν  els  δυο 
TCTpaycuvous". 

•  It  was  on  this  proposition  that  Fermat  wrote  a  famous 
note :  "  On  the  other  hand,  it  is  impossible  to  separate  a 
cube  into  two  cubes,  or  a  biquadrate  into  two  biquadrates,  or 
generally  any  power  except  a  square  into  two  powers  with 
the  same  exponent.  I  have  discovered  a  truly  marvellous 
proof  of  this,  which,  however,  the  margin  is  not  large  enough 
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from  2  .  8.  Therefore  32x^  is  formed  from  4  .  8.  My 
problem  therefore  becomes  to  find  a  cube  which, 
when  multiplied  by  4,  makes  a  square. 

Let  the  number  sought  be  i/^.  Then  4?/^  =  a  square 
=  16^2  say;  whence  i/  =  4.  Returning  to  the  con- 
ditions— the  cube  will  be  64. 

I  therefore  take  the  second  number  as   64- -a^. 
There  remains  the  condition  that  the  square  on  the 
second  added  to  the  first  shall  make  a  square.     But 
the  square  on  the  second  added  to  the  first  = 
afi  +4096  +χ-128χ^  =  Ά  square 

=  (a^  +64)2,  gay^ 
=  xe+4096+128a;3. 
On  taking  away  the  common  terms, 
256a'^  =  x, 

and  x  =  l. 

Returning  to  the  conditions — 

1  262143 

first  number  =—,  second  number  =    ^^^^  • 
lb  40yo 


(e)  Theory  of  Numbers  :  Sums  of  Squares 
Ibid.  ii.  8,  Dioph.  ed.  Tannery  i.  90.  9-21 

To  divide  a  given  square  number  into  two  squares.'* 

to  contain."  Fermat  claimed,  in  other  words,  to  have  proved 
that  X™  +y'"  =  z'^  cannot  be  solved  in  rational  numbers  if 
m>2.  Despite  the  efforts  of  many  great  mathematicians,  a 
proof  of  this  general  theorem  is  still  lacking. 

Fermat's  notes,  which  established  the  modern  Theory  of 
Numbers,  were  published  in  1670  in  Bachet's  second  edition 
of  the  works  of  Diophantus. 
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*Έιπιτ€τάχθω  8η  τον  ΪΓ  SteAetv  els  δυο  τετραγώ- 
νους. 
Και  τ€τάχ^ω   ό    α°*  Δ^  α,  ό    αρα    €Τ€ρος    Ισται 

ΜίΓ  Α  Δ^  α•  δετ^σει  αρα  Μ  tr  ΑΔ^ά  ίσα?  efj^ai  Π*. 
Πλάσσω    τον     Q""    άττό    S""    δσων    Βηττοτε     Α 

τοσούτων    Μ    όσων    εστίν    η    των    ιΓ    Μ    πλευρά' 

έστω     SpAMo.        αυτό?      αρα      ό      □"*      βσται 

ο. __  ο 

Δ^  δ  Μ  ιΓ  Α  5  ΐΓ•    ταΟτα    ισα    Μ  ΐΓ  Α  Δ^  α.       /coivt7 

ττροσκείσθω  η  λεΐφις  και  από  όμοιων  όμοια. 

Α'  άρα  €  ισαι  5  iS^,  και  γίνεται  ο  5  ϊτ  πέμπτων. 

«ίτΓ<  »      \      icc      »  5  \    κε  \     »  ο  / 

^σται  ο  μεν         ,  ο  οε        ^,  και  οι  ουο  συντε- 

θεντες  ποιοΰσι       ,  ήτοι  Μ  ΪΓ,  και  Ιστιν  εκάτερος 
τετράγωνος. 

Ibid.  ν.  11,  Dioph.  ed.  Tannery  I.  842.  13-346.  12 

Μονάδα  Βιελεΐν  εις  τρεις  αριθμούς  και  προσθεΐναι 
εκάστω  αυτών  πρότερον  τόν  αι5τόν  Βοθεντα  και 
ποιεΐν  εκαστον  τετράγωνον. 

Αεί  Brj  τόν  Βώόμενον  αριθμόν  μήτε  δυάδα  efi^ai 
μτγτε  τινά  των  από  δυάδο?  οκτάδι  παραυζανομενων. 

Έ,πιτετάχθω  Srj  την  Μ  Βιελεΐν  εις  τρεις  αριθμούς 

ο 

και    προσθεΐναι   εκάστω   Μ  γ   και    ποιεΐν  εκαστον 

'  Lit.  "  Ι  take  the  square  from  any  number  of  αριθμοί 
minus  as  many  units  as  there  are  in  the  side  of  16." 

*  i.e.,  a  number  of  the  form  3(8n  +  2)  + 1  or  24n  +  7  cannot 
be  the  sum  of  three  squares.  In  fact,  a  number  of  the  form 
8n  +  7  cannot  be  the  sum  of  three  squares,  but  there  are  other 
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Let  it  be  required  to  divide  16  into  two  squares. 
And  let  the  first  square  =  x^  ;   then  the  other  will 
be  16  -  Λ^  ;  it  shall  be  required  therefore  to  make 

16  —  χ2  =  a  square. 

I  take  a  square  of  the  form"  (mx  -  4)^,  m  being  any 
integer  and  4  the  root  of  16  ;  for  example,  let  the 
side  be  2x-4,  and  the  square  itself  4•χ^  +16-16x. 
Then 

4α;2+ΐ6-16Λ;  =  16-χ2. 

Add  to  both  sides  the  negative  terms  and  take  like 
from  like.     Then 

5x^=16x, 

and  ar=— -• 

5 

256  144 

One  number  will  therefore  be  ^^,  the  other  -^vi 

It.  .    400  ,        ,   . 

and  their  sum  is  -^  or  16,  and  each  is  a  square. 


Ibid.  V.  11,  Dioph.  ed.  Tannery  i.  342.  13-346.  12 

To  divide  unity  into  three  parts  such  that,  if  we  add  the 
same  number  to  each  of  the  parts,  the  results  shall  all  he 
squares. 

It  is  necessary  that  the  given  number  be  neither  2 
nor  any  multiple  of  8  increased  by  2.'' 

Let  it  be  required  to  divide  unity  into  three  parts 
such  that,  when  3  is  added  to  each,  the  results  shall 
all  be  squares. 

numbers  not  of  this  form  which  also  are  not  the  sum  of  three 
squares,  Fermat  showed  that,  if  3a  + 1  is  the  sum  of  three 
squares,  then  it  cannot  be  of  the  form  4"  (24Jfc  +  7)  or  4"  (8Jk  +  7), 
where  i  =  0  or  any  integer. 
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Πάλιν  Set  τον  ϊ  SteAetv  els  τρ€Ϊς  Π""'  οττως 
€καστος  αυτών  μείζων  τ^  Μ  y.  ear  ουν  τταΧιν  τον 
i  Βί€λωμ€ν  els  Tpets  n^^S  tji  ttjs  ^τapLσότητos 
άγούγγΐ,  εσται  έκαστο?  αυτών  μeίζωv  τριάΒος  και 

Βυνησόμεθα,  αφ*    έκαστου  αυτών    ά^ελόντβ?    Μ  γ, 

exetv  els  ovs  rj  Μ  Βιαφ€Ϊταί. 

Ααμβάνομεν  άρτι  του  ΐ  το  γ"",  γι.  γγ^,  και 
ζητοΰμ€ν    τι    TtpoaTidivTes    μόριον    τετραγωνικον 

ταΪ5  Μγγ^,  ττοιήσομζν  Π""'  πάντα  0*'*.      Sei  και 
τω  Λ  ττροσθζΐναί  τι  μόριον  Τ€τραγωνικ6ν  και  TTOieiv 
τον  όλον  Q"". 
"Εστω  το  τrpoστιθeμevov  μόριον  Δ^     α•  και  τταντα 

era  Δ^•  yiVovTai  Δ'Ά  Μ  α  ισ.  Π*'  '^'ω  από  πλβυρα? 

SeMa•   yivcTai  ό    Π°'  Δ^'/ίξΒίΜά    ισ.   Δ^λΜά• 

6eev  6  S  Μ^,  η  Δ^  MS,  τ6  Α^^  Μδ\ 

Ει  οΰν  ταΐδ•  Μ  Χ  προστίθεται  Μ  δ  ^,  Tais  Μ  y  y '^ 
τΓροστ€θήσ€ται  λΓ^  και  γίν€ται  '  δει  οίν  τον  ί 
διελειν  CIS  τρει?  D""*  όπως  έκαστου  Π""  τ?  πλευρά 
πάρισος  ι}  Μ 

*Αλλά  και  ο  ϊ  συyκειται  εκ  δυο  Π"",  του  τε  σ  καΐ 
της  Μ.     Βιαιροΰμ€ν  την  Μ  ει?  δυο   Π""*  '''ά  τε    λ 

και  τα       ,  ώστε  τον  ι  σvγκeισσaι  εκ  τριών  |_|    » 

•  The  method  has  been  explained  in  v.  19,  where  it  is 
proposed  to  divide  13  into  two  squares  each >  6.  It  will  be 
sufficiently  obvious  from  this  example.  The  method  is  also 
used  in  v.  10,  12,  13,  14. 
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Then  it  is  required  to  divide  10  into  three  squares 
such  that  each  of  them>  3.  If  then  we  divide  10  into 
three  squares,  according  to  the  method  of  approxima- 
tion,** each  of  them  will  be>3  and,  by  taking  3  from 
each,  we  shall  be  able  to  obtain  the  parts  into  which 
unity  is  to  be  divided. 

We  take,  therefore,  the  third  part  of  10,  which  is  3|, 
and  try  by  adding  some  square  part  to  3^  to  make 
a  square.  On  multiplying  throughout  by  9»  it  is  re- 
quired to  add  to  30  some  square  part  which  will 
make  the  whole  a  square. 

Let  the  added  part  be  —^ ;    multiply  throughout 

by  «* ;  then 

SOa;^  + 1  =  a  square. 

Let  the  root  be  5x  + 1  ;  then,  squaring, 

Q5x^+10x +1=30x^+1  ; 
whence 

ο     2     .    1      1 

χ  — ζ,  χ  —  *,  ^2-4. 

If,  then,  to  30  there  be  added  -,  to  3^  there  is  added 

4  3 

^,  and  the  result  is  ~•     I*  ^  therefore  required  to 
36  36 

divide  10  into  three  squares  such  that  the  side  of  each 
shall  approximate  to  —  • 

But  10  is  composed  of  two  squares,  9  and  1.     We 

9  16 

divide  1  into  two  squares,  —  and  — ,  so  that  10  is 

composed  of  three  squares,  9>  hk  *^^  ok*     ^  ^^  there- 
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€K  T€  του  Ό  /cat  του        και  του    η  . 
ιΓ  (7 

στην  των  π^•  τούτων  τταρασκβυάσαι  πάρισον 
Άλλα  καΐ  at  π^•  αυτών  elaiv  Μ  γ  καΐ  Μ  rj  καΐ 

Of  ο     ο     

Μ    •  icat  πάντα  λ*"*•  και  γίνονται  Μ  ζ  και  Μ  κ8  και 

ο  ο 

Μ  17^.  τα  δε  ϊα  Γ"  γίνονται  Μ  Pe•  δει  οΰν  ίκάστην 
ττ^'  κατασκ€υάσαι  ve. 

ΪΙλάσσομ€ν  ivos  7τλ€υραν  Μ  y  /Ν  S  λε,  €Τ€ρου  S-fj 

ο  ο 

S  λα  Μ  δ  ε""',  του  δε  ίτβρου  S  λζ  Μ  y  ε"^  ytVorrat 
οί  άττό  των  ζίρημένων  □"',  Δ^  ^y^vε  Μ  ι  Λ  S  joir* 
ταύτα  ισα  Μι.     οί/εν  €υρισκ€ται  ο  a  ''^     . 

*Ε7Γΐ  τα?  υποστάσεις'  και  γίνονται  αί  πλευραΐ 
των  τετραγώνων  Βοθεΐσαι,  ώστε  και  αυτοί,  τά 
λοιπά  δήλα. 


Ibid.  iv.  29,  Dioph.  ed.  Tannery  i.  258.  19-260.  16 

Εύ/οεΐν  τεσσάρας  αριθμούς  (τετραγώνους^,  οι 
συντεθεντες  και  προσλαβόντες  τάς  ί8ίας  πλευράς 
συντεθείσας  ποιοϋσι  Βοθεντα  αριθμόν. 


•  The  sides  are,  in  fact,  1^    ^^^,  Ir^?,  and  the  squares 
711 '  711     711 
are  1745041    1658944   1651225 
505521  '  505521  '  505521  ' 
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fore  required  to  make  each  of  the  sides  approxi- 
mate to  — . 
6 

4  3 

But  their  sides  are  3,  -  and  -•  Multiply  through- 
out by  30,  getting  90,  24  and  18  ;    and   —  [when 

multiplied  by  30]  becomes  55.     It  is  therefore  re- 
quired to  make  each  side  approximate  to  55. 

rxT        ο     «'55  ,      35    4     55  ,      31         ■,  3     55  ,      37 
[Now  3>  35  by  - ,  -  <-  by  -,  and  -  <-  by  - . 

If,  then,  we  took  the  sides  of  the  squares  as  3 , 

30 

4  31   8     37  11 

-  +  st;»  c  +5?;'  *^^  'S^™  o^  *h^  squares  would  be  3 .  ( — )2 

or  -— ,  which  >  10. 

Therefore]  we  take  the  side  of  the  first  square  as 

4 

5  -  35a:,  of  the  second  as  -  +31x,  and  of  the  third  as 

5 

-  +  37λ?.     The  sum  of  the  aforesaid  squares 

3555a;»+10-116a:=10; 

,  116 

whence  x  =  —    • 

3555 

Returning  to  the  conditions — as  the  sides  of  the 
squares  are  given,  the  squares  themselves  are  also 
given.     The  rest  is  obvious." 

Ibid.  hr.  29,  Dioph.  ed.  Tannery  i.  258.  19-260.  16 

To  find  four  square  numbers  such  that  their  sum  added 
to  the  sum  of  their  sides  shall  make  a  given  number. 
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"Εστω  Βη  τον  ιβ. 
ΕτΓβι    πας    □"*    προσλαβών   την    Ihiav   ττ^•    καΧ 

Μδ^,  7Γθΐ€6  Π°^  OJ5  17  TT^'/MVIZ.'  TTOuZ  αριθμόν 
τίνα,  6ς  €στί  τον  εξ  άρχης  Q»"  πλευρά,  οι  τέσσαρες 
αριθμοί    άρα,    προσλαβόντες    μεν    τάς    ίδια?    ττ^• 

ο    

ποιοΰσι  Μ  ιβ,  προσλαβόντες  8ε  και  ο  δ*,  ποιοΰσι 
τεσσάρας   □'"'*•  είσΐ  δε  «rat  at  Μ  ij8  /Λ€τά  δ  δ"",  ο 

ο  ο  ο 

εστί  Μ  α,  Μ  ιγ.  τάς  ιγ  άρα  Μ  Βιαιρεΐν  Βεΐ  εις 
τεσσάρας    Π""'»    ί^αι    ο.πό    των   πλευρών,    αφελών 

ο 

άπο  εκάστης  π^'  Μ  Ζ.',  ε^ω  των  ο   □""  τα?  ττ^• 

/διαιρείται  δε  ό  iy  ei?  δϊίο  Π****»  τον  re  δ  και  ^. 
και  πάλιν  εκάτερος  τούτων  δ4αι/3εΓται  εις  δυο  Π"^*, 

>    Κ6       »  If  €        \    κε        \  κε       %    ο  \         /        f    / 
€1?  *cv  /cat  Ν    ,  και       ^  και       .     Ααρών  τοιννν  έκα- 
στου την  ττλευράν,     ,  _,    ο,  ο,  και  αίρω  άπο  εκά- 
στου τούτων  πλευράς  Μ  Ζ.',  και  έσονται  αί  ττ*•  των 
ζητουμένων  Π"",  ^^,  ρ  ^q,      •     αι^τοι  άρα  οι  Π"', 

Λ  \  Ρ  Λ      ^\     Ρ        »      ^\       Ρ  α       ^\       ρ 

^'^  ^"'^  ρκα'  °^  ^"  /Γ^'  °^  ^^  τξα'  °^  ^"  ρ^β' 
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Let  it  be  12. 

Since  any  square  added  to  its  own  side  and  J  makes 
a  square,  whose  side  minus  ^  is  the  number  which  is 
the  side  of  the  original  square,*  and  the  four  numbers 
added  to  their  own  sides  make  12,  then  if  we  add 
4  .  J  they  will  make  four  squares.     But 

12+4.  J  (or  1)  =  13. 

Therefore  it  is  required  to  divide  13  into  four  squares, 
and  then,  if  I  subtract  |  from  each  of  their  sides,  I 
shall  have  the  sides  of  the  four  squares. 

Now  13  may  be  divided  into  two  squares,  4  and  9• 
And  again,  each  of  these  may  be  divided  into  two 

64       -,36         ,144       ,81       ^  ^  ,       .       .  . 
squares,  —  and  — ,  and  — -  and  — .     I  take  the  side 

λΟ  AiO  4cO  tiO 

8   6   12  Q 
of  each  -,  -,  — ,  -,  and  subtract  half  from  each  side, 
5   5    5    5 

and  the  sides  of  the  required  squares  will  be 

11    ^    19   13 
10'  Ϊ0'  10'  10* 

The  squares  themselves  are  therefore  respectively 

121     49    361    169  > 
100'  Ϊ00'  100'  lOO' 

•  i.e.,  cc*  +  a;  +  J  =  (a;  +  \y. 

*  In  iv.  30  and  v.  14  it  is  also  required  to  divide  a  number 
into  four  squares.  As  every  number  is  either  a  square  or  the 
sum  of  two,  three  or  four  squares  (a  theorem  stated  by  Fermat 
and  proved  by  Lagrange),  and  a  square  can  always  be 
divided  into  two  squares,  it  follows  that  any  number  can  be 
divided  into  four  squares.  It  is  not  known  whether  Dio- 
phantus  was  aware  of  this. 
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(f)  Polygonal  Numbers 

Dioph.  De  polyg.  num.,  Praef.,  Dioph.  ed.  Tannery 
i,  450.  3-19 

"Εκαστο?  των  άπο  της  τριάΒος  αριθμών  αύζο- 
μ^νων  μονάΒι,  πολύγωνος  εστί  πρώτος^  άπο  της 
μονάΒος,  καΐ  €χ€ΐ  γωνίας  τοσαύτας  όσον  €στΙν  το 
πλήθος  των  iv  αντω  μονάΒων  πλευρά  τ€  αύτοΰ 
iarnv  6  εζής  της  μονάΒος  αριθμός,  6  β.  Ισται  δε 
ό  μ€ν  γ  τρίγωνος,  ό  Be  ο  τετράγωνος,  ό  δε  € 
πεντάγωνος,  /cat  τοΰτο  εζής. 

Ύών  Βη  τετραγώνων  προΒηλων  όντων  οτί  καθ- 
εστηκασι  τετράγωνοι  Βιά  το  γεγονεναι  αυτούς  εζ 
αριθμού  τίνος  εφ*  εαυτόν  πολΧαπλασιασθ  εντός , 
εΒοκιμάσθη  εκαστον  των  πολυγώνων,  πολυπλασια- 
ζόμενον  επί  τίνα  αριθμόν  κατά  την  άναλογίαν  του 
πλήθους  των  γωνιών  αύτοΰ,  και  προσλαβόντα 
τετράγωνόν  τίνα  πάλιν  κατά  την  άναλογίαν  τοΰ 
πλήθους  των  γωνιών  αυτών,  φαίνεσθαι  τετρά- 
γωνόν ο  Βη  παραστήσομεν  ύποΒείζαντες  πώς  άπο 
Βοθείσης  πλευράς  6  επιταχθείς  πολύγωνος  ευρί- 
σκεται, και  πώς  Βοθεντι  πολΐΤ)/ώνω  ή  πλευρά 
λα/ι,]8άνεται. 

*  rrpaiTOS  Bachet,  πρώτον  codd. 

"  A  fragment  of  the  tract  On  Polygonal  Numbers  is  the 
only  work  by  Diophantus  to  have  survived  with  the  Arith- 
metica.  The  main  fact  established  in  it  is  that  stated  in 
Hypsicles'  definition,  that  the  a-gonal  number  of  side  η  is 
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{f)  Polygonal  Numbers" 

Diophantus,  On  Polygonal  Numbers,  Preface,  Dioph. 
ed.  Tannery  i.  450.  3-19 

From  3  onwards,  every  member  of  the  series  of 
natural  numbers  increasing  by  unity  is  the  first  (after 
unity)  of  a  particular  species  of  polygon,  and  it  has  as 
many  angles  as  there  are  units  in  it ;  its  side  is  the 
number  next  in  order  after  the  unit,  that  is,  2.  Thus 
3  will  be  a  triangle,  4  a  square,  5  a  pentagon,  and  so 
on  in  order.  ** 

In  the  case  of  squares,  it  is  clear  that  they  are 
squares  because  they  are  formed  by  the  multiplica- 
tion of  a  nuniber  into  itself.  Similarly  it  was  thought 
that  any  polygon,  when  multiplied  by  a  certain 
number  depending  on  the  number  of  its  angles,  with 
the  addition  of  a  certain  square  also  depending  on 
the  number  of  its  angles,  would  also  be  a  square. 
This  we  shall  establish,  showing  how  any  assigned 
polygonal  number  may  be  found  from  a  given  side, 
and  how  the  side  may  be  calculated  from  a  given 
polygonal  number. 

in{2  +  («  -  l)(a  -  2)}  {v.  supra,  p.  396  n.  a,  and  vol.  i.  p.  98 
n.  a).  The  method  of  proof  contrasts  with  that  of  the  Arith- 
metica  in  being  geometrical.  For  polygonal  numbers,  v, 
vol.  i.  pp.  86-99. 

*  The  meaning  is  explained  in  vol.  i.  p.  86  n.  a,  especially 
in  the  diagram  on  p.  89.  In  the  example  there  given,  5  is  the 
first  (after  unity)  of  the  series  of  pentagonal  numbers  1,  5, 
12,  22  .  .  .     It  has  5  angles,  and  each  side  joins  2  units. 
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(a)  General 

Suidas,  8.V.  ΙΙάπιτος 

ΤΙάπττος,  ^AXe^avSpevs,  φιλόσοφος,  γεγονώς  κατά 
τον  7τρ€σβυτ€ρον  QeoSoatov  τον  βασιλέα,  δτζ  καΐ 
&€ων  ο  φίλόσοφοζ  'ηκμαζ€ν,  6  γράφας  els  τον 
ΙΙτολζμαίον  Κανόνα,  βφλία  δε  αύτοΰ  ^ωρογραφία 
οΙκουμ€νίκη,    ΈιΙς    τα    ο    βφλία    της    ΐΐτολζμαίου 

"  Theodosius  Ι  reigned  from  a.d.  379  to  395,  but  Suidas 
may  have  made  a  mistake  over  the  date.  A  marginal 
note  opposite  the  entry  Diocletian  in  a  Leyden  ms.  of  chrono- 
logical tables  by  Theon  of  Alexandria  says,  "  In  his  time 
Pappus  wrote";  Diocletian  reigned  from  a.d.  284  to  305. 
In  Rome's  edition  of  Pappus's  commentary  on  Ptolemy's 
Syntaxis  {Studi  e  Testi,  liv.  pp.  x-xiii),  a  cogent  argument 
is  given  for  believing  that  Pappus  actually  wrote  his 
Collection  about  a.d.  320. 

Suidas  obviously  had  a  most  imperfect  knowledge  of 
Pappus,  as  he  does  not  mention  his  greatest  work,  the  Syn- 
agoge  or  Collection.  It  is  a  handbook  to  the  whole  of  Greek 
geometry,  and  is  now  our  sole  source  for  much  of  the  history 
of  that  science.  The  first  book  and  half  of  the  second  are 
missing.  The  remainder  of  the  second  book  gives  an  account 
of  Apollonlus's  method  of  working  with  large  numbers  {v. 
supra,  pp.  352-357).  The  nature  of  the  remaining  books  to 
the  eighth  will  be  indicated  by  the  passages  here  cited.  There 
is  some  evidence  {v.  infra,  p.  607  n.  a)  that  the  work  was 
originally  in  twelve  books. 

The  edition  of  the  Collection  with  ancillary  material  pub- 
lished in  three  volumes  by  Friedrich  Hultsch  (Berlin,  1876- 
564, 
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PAPPUS  OF  ALEXANDRIA 

(a)  General 
Suidas,  8.V.  Pappus 

Pappus,  an  Alexandrian,  a  philosopher,  born  in  the 
time  of  the  Emperor  Theodosius  I,  when  Theon 
the  philosopher  also  flourished, <*  who  commented  on 
Ptolemy's  Table.  His  works  include  a  Universal 
Geography,    a    Commentary    on   the     Four    Books    of 

1878)  was  a  notable  event  in  the  revival  of  Greek  mathe- 
matical studies.  The  editor's  only  major  fault  is  one  which 
he  shares  with  his  generation,  a  tendency  to  condemn 
on  slender  grounds  passages  as  interpolated. 

Pappus  also  wrote  a  commentary  on  P^uclid's  Elements  ; 
fragments  on  Book  x.  are  believed  to  survive  in  Arabic 
{v.  vol.  i.  p.  456  n.  a).  A  commentary  by  Pappus  on  Euclid's 
Data  is  referred  to  in  Marinus's  commentary  on  that  work. 
Pappus  (v.  vol.  i.  p.  301)  himself  refers  to  his  commentary  on 
the  Analemma  of  Diodorus.  The  Arabic  Fihrist  says  that 
he  commented  on  Ptolemy's  Planisphaerium. 

The  separate  books  of  the  Collection  were  divided  by 
Pappus  himself  into  numbered  sections,  generally  preceded 
by  a  preface,  and  the  editors  have  also  divided  the  books  into 
chapters.  References  to  the  Collection  in  the  selections  here 
given  (e.g..  Coll.  iii.  11.  28,  ed.  H^iltsch  68.  17-70.  8)  are  first 
to  the  book,  then  to  the  number  or  preface  in  Pappus's 
division,  then  to  the  chapter  in  the  editors'  division,  and 
finally  to  the  page  and  line  of  Hultsch's  edition.  In  the 
selections  from  Book  vii.  Pappus's  own  divisions  are  omitted 
as  they  are  too  complicated,  but  in  the  collection  of  lemmas 
the  numbers  of  the  propositions  in  Hultsch's  edition  are 
added  as  these  are  often  cited. 

VOL.  u  1  565 


GREEK  MATHEMATICS 

Μεγάλης  συντάζ^ως  υπόμνημα,  ΙΙοταμούζ  Tovs  €V 
Α-φύΐ),  ^OveipoKpLTiKa. 

(b)  Problems  and  Theorems 
Papp.  Coll.  iii.,  Praef.  1,  ed.  Hultsch  30.  S-32.  S 
Oi  τα  €v  γ€ωμ€τρία  ζητονμβνα  βονλόμενοι 
Τ€χνικώτ€ρον  ΒιακρΙνειν,  ω  κράηστΐ  Yiavhpoalov, 
πρόβλημα  μέν  αζι,οϋσι  Kokeiv  €0'  οί  προβάλλξταί 
τι  ποιησαι  καΐ  κατασκ^υάσαι,  θεώρημα  δε  iv  φ 
Τίνων  υποκείμενων  το  ύπόμενον  αύτοΐς  καΐ  πάντως 
€πίσνμβαΐνον  θεωρείται,  των  τταλαιώΐ'  των  μεν 
προβλήματα  ττάντα,  των  δε  θεωρήματα  e?vat 
φασκόντων.  6  μεν  οΰν  το  θεώρημα  προτείνων, 
συνώών  οντινοϋν  τρόπον,  το  άκόλουθον  τοντοί 
άζιοΐ  ζητεΐν  και  ουκ  άν  άλλως  ύγιώς  προτείνοι, 
6  δε  το  πρόβλημα  προτείνων  \αν  μεν  άμαθης  ^ 
και  παντάπασιν  ιΒιώτης],^  καν  ά8ννατόν  πως 
κατασκευασθηναι  προστάζη,  συγγνωστός  εστίν 
και  άνυπεύθυνος,  του  γαρ  ζητοΰντος  έργον  και 
τοΰτο  Βιορίσαι,  τό  τε  δυνατοί/  και  το  αδύνατον, 
καν  ^  δυνατόν,  ττότε  και  πώς  και  ποσαχώς  δυνατόν, 
εάν  δε  προσποιούμενος  rj  τα  /αα^τ^/Αατά  πως 
απείρως  προβάλλων,  ουκ  εστίν  αιτίας  εξω.  πρώην 
γοΰν  τίνες  των  τα  μαθήματα  προσποιούμενων 
ειδεναι  δια  σου  τα?  των  προβλημάτων  προτάσεις 
άμαθους  ημίν  ώρισαν.  περί  ών  έδει  και  των 
*  αν  .  .  .  ΙΒιωτης  cm.  Hultsch. 

•  Suidas  seems  to  be  confusing  Ptolemy's  Μαθηματικοί 
τ€τράβιβλο5  σννταξίί  (Tetrabiblos  or  Quadripartitum)  which 
was  in  four  books  but  on  which  Pappus  did  not  comment, 
with  the  Μαθηματική  σννταξίί  {Syntaxis  or  Almagest),  which 
was  the  subject  of  a  commentary  by  Pappus  but  extended  to 

566 


REVIVAL  OF  GEOMETRY  :    PAPPUS 

Ptolemy's  Great  Collection,'*  The  Rivers  of  Libya,  On 
the  Interpretation  of  Dreams. 

(b)  Problems  and  Theorems 
Pappus,  Collection  iii.,  Preface  1,  ed.  Hultsch  30.  S-32.  3 
Those  who  favour  a  more  exact  terminology  in  the 
subjects  studied  in  geometry,  most  excellent  Pan- 
drosion,  use  the  term  problem  to  mean  an  inquiry  in 
which  it  is  proposed  to  do  or  to  construct  something, 
and  the  term  theorem  an  inquiry  in  which  the  con- 
sequences and  necessary  implications  of  certain 
hypotheses  are  investigated,  but  among  the  ancients 
some  described  them  all  as  problems,  some  as 
theorems.  Therefore  he  who  propounds  a  theorem, 
no  matter  how  he  has  become  aware  of  it,  must  set 
for  investigation  the  conclusion  inherent  in  the  pre- 
mises, and  in  no  other  way  would  he  correctly 
propound  the  theorem ;  but  he  who  propounds  a 
problem,  even  though  he  may  require  us  to  con- 
struct something  which  is  in  some  way  impossible, 
is  free  from  blame  and  criticism.  For  it  is  part  of 
the  investigator's  task  to  determine  the  conditions 
under  which  a  problem  is  possible  and  impossible,• 
and,  if  possible,  when,  how  and  in  how  many  ways 
it  is  possible.  But  when  a  man  professing  to  know 
mathematics  sets  an  investigation  wrongly  he  is  not 
free  from  censure.  For  example,  some  persons  pro- 
fessing to  have  learnt  mathematics  from  you  lately 
gave  me  a  wrong  enunciation  of  problems.  It  is 
desirable  that  I  should  state  some  of  the  proofs  of 

thirteen  books.  Pappus's  commentary  now  survives  only 
for  Books  v.  and  vi.,  which  have  been  edited  by  A.  Rome, 
Studi  e  Testi,  liv.,  but  it  certainly  covered  the  first  six  books 
and  possibly  all  thirteen. 
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τταραττΛησίων  αντοΐς  anoSet^etg  rtva?  ημάς  ΐίττζΐν 
etj  ώφίλζίαν  σην  re  /cat  των  φιλομαθούντων  iv  τώ 
τρίτω  τούτω  της  Συναγωγής  βιβΧίω.  το  μεν  οΰν 
πρώτον  των  προβλημάτων  μέγας  τις  γεωμβτης 
βΓναι  8οκών  ώρισεν  άμαθώς.  το  γαρ  διίο  8οθ€ΐσών 
ΐύθζίών  δυο  μέσας  άνάλογον  iv  συνέχει  αναλογία 
λαβείν  εφασκεν  εΙΒεναι  δι'  επίπεδου  θεωρίας,  ηξίου 
δε  και  ημάς  6  άνηρ  επισκεφαμενους  άποκρίνασθαι 
ττερι  της  υπ*  αύτοϋ  γενηθείσης  κατασκευής^  ήτις 
έχει  τον  τρόπον  τούτον. 


(c)  The  Theory  of  Means 

Ibid.  iii.  11.  28,  ed.  Hultsch  68.  17-70.  8 

To  δε  Βευτερον  των  προβλημάτων  '^ν  τόδε* 
*Εν  ημικυκλίω  τας  τρεις  μεσότητας  λαβείν  άλλος 
Tt?  εφασκεν,  και  ημικύκλιον  το  ΑΒΓ  εκθεμένος, 
οδ  κεντρον  το  Ε,  και  τυχόν  σημεΐον  επι  της  ΑΓ 
λαβών  το  Δ,  και  άττ'  αύτοΰ  προς  όρθάς  άγαγών 
ΤΎ)  ΕΓ  την  ΔΒ,  και  επιζεύξας  την  ΕΒ,  και  αυτ^ 
κάθετον  άγαγών  άπο  του  Δ  την  ΔΖ,  τα?  τρεΐς 
μεσότητας  ελεγεν  απλώς  εν  τω  ημικυκλίω  έκτε- 
θεΐσθαι,  την  μεν  Ε  Γ  μεσην  άριθμητικην,  την  8ε 
ΔΒ  μεσην  γεωμετρικην,  την  δε  ΒΖ  άρμονικην. 
"Οτι  μεν  ουν  η  ΒΔ  μέση  εστί  τών  ΑΔ,  ΔΓ  ά/ 

■  The  method,  as  described  by  Pappus,  but  not  reproduced 
here,  does  not  actually  solve  the  problem,  but  it  does  furnish 
a  series  of  successive  approximations  to  the  solution,  and  de- 
serves more  kindly  treatment  than  it  receives  from  him. 
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these  and  of  matters  akin  to  them,  for  the  benefit 
both  of  yourself  and  of  other  lovers  of  this  science,  in 
this  third  book  of  the  Collection.  Now  the  first  of 
these  problems  was  set  wrongly  by  a  person  who  was 
thought  to  be  a  great  geometer.  For,  given  two 
straight  lines,  he  claimed  to  know  how  to  find  by 
plane  methods  two  means  in  continuous  proportion, 
and  he  even  asked  that  I  should  look  into  the  matter 
and  comment  on  his  construction,  which  is  after  this 
manner.** 

(c)  The  Theory  of  Means 
Rid.  iii.  11.  28,  ed.  Hultsch  68.  17-70.  8 
The  second  of  the  problems  was  this  : 
A  certain  other  [geometer]  set  the  problem  of 
exhibiting  the  three  means  in  a  semicircle.     Describ- 
ing a  semicircle  ΑΒΓ,  with  centre  E,  and  taking  any 
point  Δ  on  ΑΓ,  and  from  it  drawing  ΔΒ  perpendicular 
to  ΕΓ,  and  joining  EB,  and  from  Δ   drawing   ΔΖ 
perpendicular  to  it,  he  claimed  simply  that  the  three 
means  had  been  set  out  in  the  semicircle,  ΕΓ  being 
the  arithmetic  mean,  ΔΒ  the  geometric  mean  and 
BZ  the  harmonic  mean. 


A  Ε  Δ 

That  ΒΔ  is  a  mean  between  ΑΔ,  ΔΓ  in  geometrical 
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rfj  γ^ωμ^τρικτ]  αναλογία,  ή  δε  ΕΓ  των  ΑΔ,  Δ  Γ 
€V  rfj  άρίθμητικτ]  μ^σότητι,  φαν^ρόν.  ΐστι  γαρ 
ώς  μ€ν  ή  ΑΔ  προς  ΔΒ,  ή  ΔΒ  ττρος  ΔΓ,  ώς  Se  ή 
ΑΔ  προς  €αντην,  όντως  η  των  ΑΔ,  ΑΕ  υπεροχή, 
TovTeaTLV  ή  των  ΑΔ,  ΕΓ,  προς  την  των  ΕΓ,  ΓΔ. 
πως  8e  και  η  ΖΒ  μβση  icrrlv  της  αρμονικής  μεσό- 
τητος,  "η  ποίων  ευθειών,  ουκ  ξίπζν,  μόνον  δε  οτί 
τρίτη  αναλογόν  ioTiv  των  ΕΒ,  ΒΔ,  άγνοών  οτί 
απο  των  ΕΒ,  ΒΔ,  ΒΖ  iv  τύ}  γ€ωμ€τρίΚΎ]  αναλογία 
ονσών  πλάσσ€ται  η  αρμονική  μεσάτης.  Ββιχθή- 
σ€ται  γαρ  νφ*  ημών  ύστερον  οτι  δυο  αΐ  ΕΒ  και 
τρεις  at  ΔΒ  και  μία  η  ΒΖ  ώς  μία  συντεθβΐσαι 
ποιοΰσι  την  μείζονα  άκραν  της  αρμονικής  μεσό- 
τητος,  δυο  8e  at  ΒΔ  και  μία  ή  ΒΖ  την  μεσην,  μία 
δέ  η  ΒΔ  /cat  jLtta  η  ΒΖ  την  ελαχίστην. 

(d)  The  Paradoxes  of  Erycinus 
Ibid.  iii.  24.  58,  ed.  Hultsch  104.  14^106.  9 
To  δε  τρίτον  των  προβλημάτων  ην  τό8ε. 
"Εστω    τρίγωνον    όρθογώνιον    το    ΑΒΓ    όρθην 

Α 
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proportion,  and  ΕΓ  between  ΑΔ,  ΔΓ  in  arithmetical 
proportion,  is  clear.     For 

ΑΔ  :  ΔΒ  =  ΔΒ  :  ΔΓ,   [Eucl.  iii.  31,  vi.  8  Por. 

and  ΑΔ  :  ΑΔ  =  (ΑΔ  -  AE)  :  (ΕΓ  -  ΓΔ) 

=  (ΑΔ-ΕΓ)•.(ΕΓ-ΓΔ). 

But  how  ZB  is  a  harmonic  mean,  or  between  what 
kind  of  lines,  he  did  not  say,  but  only  that  it  is  a 
third  proportional  to  EB,  ΒΔ,  not  knowing  that  from 
EB,  ΒΔ,  BZ,  which  are  in  geometrical  proportion, 
the  harmonic  mean  is  formed.  For  it  will  be  proved 
by  me  later  that  a  harmonic  proportion  can  thus  be 
formed — 

greater  extreme  =  2EB  +3ΔΒ  +BZ, 
mean  term  =  2ΒΔ  +  BZ, 

lesser  extreme     =   ΒΔ  +  BZ." 

(d)  The  Paradoxes  of  Erycinus 
Ibid.  iii.  24.  58,  ed.  Hultsch  104.  14-106.  9 

The  third  of  the  problems  was  this  : 

Let  ΑΒΓ  be  a  right-angled  triangle  having  the 

•  It  is  Pappus,  in  fact,  who  seems  to  have  erred,  for  BZ  is 
a  harmonic  mean  between  ΑΔ,  ΔΓ,  as  can  thus  be  proved : 

Since  ΒΔΕ  is  a  right-angled  triangle  in  which  ΔΖ  is  per- 
pendicular to  BE, 

ΒΖ:ΒΔ  =  ΒΔ:ΒΕ, 
t.*.,  BZ  .  BE  =  ΒΔ*  =  ΑΔ  .  ΔΓ. 

But  ΒΕ  =  ί(ΑΔ  +  ΔΓ); 

ΒΖ(ΑΔ  +  ΔΓ)  =2ΑΔ  .  ΔΓ. 
ΑΔ(ΒΖ  -  ΔΓ)  =  ΔΓ( ΑΔ  -  ΒΖ), 
U.,  ΑΔίΔΓ  =  (ΑΔ-ΒΖ):(ΒΖ-ΔΓ), 

and  .•.  ΒΖ  is  a  harmonic  mean  between  ΑΔ,  ΔΓ. 

The  three  means  and  the  several  extremes  have  thus  been 

571 


GREEK  MATHEMATICS 

€χον  την  Β  γωνίαν,  και  Βιηχθω  τις  η  ΑΔ,  και 
Κ€ίσθω  rfj  ΑΒ  ΐση  η  ΔΕ,  και  8ίχα  τμηθ€ΐ(της  της 
ΕΑ  κατά  το  Ζ,  και  βπιζζυχθξίσης  της  ΖΓ  δει^αι 
οτυναμφοτβρας  τάς  ΔΖΓ  δυο  ττλευρά?  evros"  του 
τριγώνου  μβίζονας  των  βκτος  σνναμφοτ€ρων  των 
ΒΑΓ  ττλ^υρών. 

Και  έ'στι  δηλον.  εττβι  γαρ  at  ΓΖΑ,  τουτέστιν 
αϊ  ΓΖΕ,  TTys  ΓΑ  μβίζονές  elaiv,  ΐση  δε  ij  ΔΕ  τ^ 
ΑΒ,  at  ΓΖΔ  αρα  8νο  των  ΓΑΒ  μζίζονβς  elaiv.  .  .  . 

'Αλλ'  oTt  τοΰτο  μέν,  όπως  αν  τις  lOiXoi  ττρο- 
retVeiv,  άπζίραχώς  δetίcvuταt  δτ^λον,  ουκ  ακαιρον 
δε  καθολικώτερον  ττερι  των  τοιούτων  προβλημάτων 
Βιαλαβζΐν  άπο  των  φερομένων  παραΒόζων  Έρυκίνου 
προτείνοντας  οΰτως. 


(e)  The  Regular  Solids 
Ibid.  iii.  40.  75,  ed.  Hultsch  132.  1-11 

Et?  την  δο^εΐσαν  σφαΐραν  €γγράφαι  τα  π€ντ€ 
πολύεδρα,  προγράφεται  δε  τάδε. 

"Έιστω  ev  σφαίρ^.  κύκλος  6  ΑΒΓ,  οΰ  διάμετρος 
η  ΑΓ  και  κέντρον  το  Δ,  κα\  προκείσθω   εις  τον 

represented  by  five  straight  lines  (EB,  BZ,  ΑΔ,  ΔΓ,  ΒΔ). 
Pappus  takes  six  lines  to  solve  the  problem.  He  proceeds  to 
define  the  seven  other  means  and  to  form  all  ten  means  as 
linear  functions  of  three  terms  in  geometrical  progression 
(v.  vol.  i.  pp.  124-129). 
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angle  Β  right,  and  let  ΑΔ  be  drawn,  and  let  ΔΕ  be 
placed  equal  to  AB,  then  if  EA  be  bisected  at  Z,  and 
ΖΓ  be  joined,  to  show  that  the  sum  of  the  two  sides 
ΔΖ,  ZI'  within  the  triangle,  is  greater  than  the  sum 
of  the  two  sides  BA,  ΑΓ  without  the  triangle. 
And  it  is  obvious.     For 

since  ΓΖ+ΖΑ>ΓΑ,  [Eucl.  i.  20 

i.e.,  ΓΖ+ΖΕ>ΓΑ, 

while  ΔΕ  =  ΑΒ, 

[ΓΖ  +  ΖΕ  +  ΕΔ-ΓΑ  +  Α 
i.e.,]  ΓΖ+ΖΔ>ΓΑ+ΑΒ.  .  .  . 

But  it  is  clear  that  this  type  of  proposition,  accord- 
ing to  the  different  ways  in  which  one  might  wish  to 
propound  it,  can  take  an  infinite  number  of  forms, 
and  it  is  not  out  of  place  to  discuss  such  problems 
more  generally  and  [first]  to  propound  this  from  the 
so-called  paradoxes  of  Erycinus." 


(e)  The  Regular  Solids  * 
Ibid.  iii.  40.  75,  ed.  Hultsch  132.  1-U 

In  order  to  inscribe  the  five  polyhedra  in  a  sphere, 
these  things  are  premised. 

Let  ABl'  be  a  circle  in  a  sphere,  with  diameter  ΑΓ 
and  centre  Δ,  and  let  it  be  proposed  to  insert  in  the 

•  Nothing  further  is  known  of  Erycinus.  The  proposi- 
tions next  investigated  are  more  elaborate  than  the  one  just 
solved. 

*  This  is  the  fourth  subject  dealt  with  in  Coll.  iii.  For 
the  treatment  of  the  subject  by  earlier  geometers,  v.  vol.  i. 
pp.  216-225,  466-479. 
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κυκλον  βμβαλεΖν  evOeZav  παράλληλον  /xev  rij  ΑΓ 
Βιαμίτρω,  ΐσην  δε  rfj  Βοθζίστ)  μη  μζίζονι  ovcrr]  της 
ΑΓ  Ζίαμέτρου. 


Κεισ^ω  rrj  -ημίσεια  της  ^οθζίσης  ΐση  η  ΕΔ,  και 
rfj  ΑΓ  Βιαμ€τρω  ηχθω  προς  όρθας  ή  ΕΒ,  rrj  δ^ 
ΑΓ  παράλληλος  η  ΒΖ,  ήτις  ΐση  earai  τη  Βοθ^ίση• 
8ίπλη  γάρ  βστιν  της  ΕΔ,  4πζΙ  καΐ  ΐση  τη  ΕΗ, 
τταραλληλου  άχθβίσης  της  ΖΗ  τη  BE. 


(J^  Extension  of  Pythagoras 's  Theorem 
Ihid.  iv.  1.  1,  ed.  Hultsch  176.  9-178.  13 

*Εάν  ^  τρίγωνον  το  ΑΒΓ,  /cat  άττό  των  ΑΒ, 
Β  Γ  αναγραφή  τυχόντα  παραλληλόγραμμα  τά 
ΑΒΔΕ,  ΒΓΖΗ,  και  αί  ΔΕ,  Ζ  Η  ^κβληθώσιν 
em  το  Θ,  και  ΐπιζευχθη  ή  ΘΒ,  yiVerai  τά  ΑΒΔΕ, 
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circle  a  chord  parallel  to  the  diameter  ΑΓ  and  equal 
to  a  given  straight  line  not  greater  than  the  diameter 
ΑΓ. 

Let  ΕΔ  be  placed  equal  to  half  of  the  given  straight 
line,  and  let  Ε  Β  be  drawn  perpendicular  to  the  dia- 
meter ΑΓ,  and  let  BZ  be  drawn  parallel  to  ΑΓ  ;  then 
shall  this  line  be  equal  to  the  given  straight  line. 
For  it  is  double  of  ΕΔ,  inasmuch  as  ZH,  when  drawn, 
is  parallel  to  BE,  and  it  is  therefore  equal  to  EH.* 


(/)  Extension  of  Pythaooras's  Theorem 

Ibid.  iv.  1.  1,  ed.  Hultsch  176.  9-178.  13 

If  ΑΒΓ  be  a  triangle,  and  on  AB,  ΒΓ  there  be 
described  any  parallelograms  ΑΒΔΕ,  ΒΓΖΗ,  and 
ΔΕ,  ZH  be  produced  to  Θ,  and  ΘΒ  be  joined,  then  the 

'  This  lemma  gives  the  key  to  Pappus's  method  of  inscrib- 
ing the  regular  solids,  which  is  to  find  in  the  case  of  each 
solid  certain  parallel  circular  sections  of  the  sphere.  In  the 
case  of  the  cuoe,  for  example,  he  finds  two  equal  and  parallel 
circular  sections,  the  square  on  whose  diameter  is  two-thirds 
of  the  square  on  the  diameter  of  the  sphere.  The  squares 
inscribed  in  these  circles  are  then  opposite  faces  of  the  cube. 
In  each  case  the  method  of  analysis  and  synthesis  is  fol- 
lowed.    The  treatment  is  quite  different  from  Euclid's. 
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ΒΓΖΗ  τταραλληλόγραμμα  ΐσα  τω  νττό  των  Α  Γ, 
ΘΒ  7Τ€ρί€χομ€νω  παραλληλογράμμω  iv  γωνία  η 
€στιν  ίση  συναμφοτ€ρω  rfj  ύπο  ΒΑΓ,  ΔΘΒ. 


Έικβφλησθω  γαρ  η  ΘΒ  €πΙ  το  Κ,  καΐ  δια  των 
Α,  Γ  ΤΎ)  Θ  Κ  παράλληλοι  ηχθωσαν  αΐ  ΑΛ,  ΓΜ, 
καΐ  €ττ€ζ€υχθω  η  ΛΜ.  evret  παραλληλόγραμμόν 
€στιν  το  ΑΛΘΒ,  αϊ  ΑΛ,  ΘΒ  ισαι  τ€  etatv  καΐ 
παράλληλοι.  ομοίως  και  αί  ΜΓ,  ΘΒ  ΐσαι  τε 
ζίσιν  και  παράλληλοι,  ωστ€  και  at  ΛΑ,  Μ  Γ  ισαι 
Τ€  €ΐσιν  και  παράλληλοι,  και  at  ΛΜ,  ΑΓ  άρα 
ισαι  τ€  και  παράλληλοι  elaiv  παραλληλόγραμμόν 
άρα  €στιν  το  ΑΛΜΓ  iv  γωνία  τη  υπό  ΛΑ  Γ,  τοντ~ 
€στιν  συναμφοτέρω  τη  τ€  ύπο  ΒΑΓ  και  ύπο 
ΔΘΒ*  ίση  γάρ  εστίν  η  ύπο  ΔΘΒ  τη  ύπο  ΛΑΒ. 
και  eVet  το  ΔΑΒΕ  παραλληλόγραμμόν  τω  ΛΑΒΘ 
ϊσον  €στίν  (επί  τε  γάρ  της  αντης  βάσεως  εστίν 
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parallelograms  ΑΒΔΕ,  ΒΓΖΗ  are  together  equal  to 

the  parallelogram  contained  by  ΑΓ,  ΘΒ  in  an  angle 

which   is    equal    to   the   sum   of    the   angles   ΒΑΓ, 

ΔΘΒ. 

For  let  ΘΒ  be  produced  to  K,  and  through  A,  Γ  let 

ΑΛ,  ΓΜ  be  drawn  parallel  to  ΘΚ,  and  let  AM  be 

joined.     Since  ΑΑΘΒ  is  a  parallelogram,  AA,  ΘΒ  are 

equal  and  parallel.     Similarly  ΜΓ,  ΘΒ  are  equal  and 

parallel,  so  that  AA,  ΜΓ  are  equal  and  parallel.    And 

therefore  AM,  ΑΓ  are  equal  and  parallel ;  therefore 

ΑΑΜΓ  is  a  parallelogram  in  the  angle  ΑΑΓ,  that  is 

an  angle  equal  to  the  sum  of  the  angles  ΒΑΓ  and 

ΔΘΒ ;   for  the  angle  ΔΘΒ  =  angle  AAB.     And  since 

the  parallelogram  ΔΑΒΕ  is  equal  to  the  parallelogram 

ΛΑΒ  θ  (for  they  are  upon  the  same  base  AB  and  in  the 
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της  AB  καΐ  iv  ταΐς  αυταΓ?  παραλληλοις  ταΓ?  ΑΒ, 
ΔΘ),  άλλα  το  ΛΑΒΘ  τω  ΛΑΚΝ  ΐσον  iariv  {i-ni 
re  γαρ  της  αύτης  βάσεως  βστιν  της  ΛΑ  καΧ  ev 
ταΓ?  ανταΐς  τταραλληλοις  ταΓ?  ΛΑ,  ΘΚ),  και  το 
ΑΔΕΒ  άρα  τω  ΛΑΚΝ  ΐσον  ioTtv.  δια  τα  αυτά 
καΐ  το  ΒΗΖΓ  τω  ΝΚΓΜ  ΐσον  ioTtv  τα  άρα 
ΛΑΒΕ,  ΒΗΖΓ  παραλληλόγραμμα  τω  ΛΑΓΜ  ΐσα 
€στίν,  τουτέστιν  τω  ύττο  ΑΓ,  ΘΒ  ev  γωνία  τη  νττο 
ΛΑΓ,  η  ioTLV  ίση  συναμφοτέραις  ταΐς  ύττο  ΒΑΓ, 
ΒΘΔ.  /cat  έ'στι  τοντο  καθολίκώτ^ρον  ττολλω  του 
εν  τοις  όρθογωνίοις  εττΐ  των  τ€τραγώνων  iv  τοις 
Σιτοιχ€ίθίς  SeSeiyjueVot;, 


(g)  Circles  Inscribed  in  the  άρβηλο^ 

Ibid.  iv.  14.  19,  ed.  Hultsch  208.  9-21 

Φ1ρ€ται     €V    τισιν    αρχαία    ττρότασις    τοιαύτη' 
ύττοκίίσθω    τρία   ημικύκλια    εφατττόμενα    αλλήλων 


τα   ΑΒΓ,   ΑΔΕ,    ΕΖΓ,   καΐ   els  το   μεταξύ  των 

τκριφίρίΐων  αυτών  χωρίον,  ο  δ-ή  καλοϋσιν  άρβηλον, 
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same  parallels  AB,  ΔΘ),  while  ΛΑΒΘ  =  ΛΑΚΝ  (for 
they  are  upon  the  same  base  AA  and  in  the  same 
parallels  AA,  ΘΚ),  therefore  ΑΔΕΒ  =  ΑΑΚΝ.  By 
the  same  reasoning  ΒΗΖΓβΝΚΓΜ;  therefore  the 
parallelograms  ΔΑΒΕ,  ΒΗΖΓ  are  together  equal  to 
ΑΑΓΜ,  that  is,  to  the  parallelogram  contained  by 
ΑΓ,  ΘΒ  in  the  angle  ΑΑΓ,  which  is  equal  to  the  sum 
of  the  angles  ΒΑΓ,  ΒΘΔ.  And  this  is  much  more 
general  than  the  theorem  proved  in  the  Elements 
about  the  squares  on  right-angled  triangles.** 

(g)  Circles  Inscribed  in  the  άρβηλο^ 
Ibid.  iv.  14.  19,  ed.  Hultsch  208.  9-21 
There  is  found  in  certain  [books]  an  an"*\ent  pro- 
position to  this  effect :    Let  ΑΒΓ,  ΑΔΕ,  tuZF   be 
supposed  to  be  three  semicircles  touching  each  other, 
and  in  the  space  between  their  circumferences,  which 

•  Eucl.  i.  47,  V.  vol.  i.  pp.  178-185.  In  the  case  taken  by 
Pappus,  the  first  two  parallelograms  are  drawn  outwards  and 
the  third,  equal  to  their  sum,  is  drawn  inwards.  If  the  areas 
of  parallelograms  drawn  outwards  be  regarded  as  of  opposite 
sign  to  the  areas  of  those  drawn  inwards,  the  theorem  may 
be  still  further  generalized,  for  the  algebraic  sum  of  the  three 
parallelograms  is  equal  to  zero. 
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€γγ€γράφθωσαν  κνκλοί  ζφατττόμ,ζνοι  των  τβ  "ημι- 
κυκλίων καΐ  άλλτ^λων  όσοίΒηττοτοΰν,  ως  οί  ττ^ρΐ 
κίντρα  τα  Η,  Θ,  Κ,  Λ•  hel^ai  την  μ€ν  άττο  τοΰ  Η 
Kevrpov  Kaderov  ctti  την  ΑΓ  ι'σι^ν  rfj  Βιαμετρω 
τοΰ  TTepl  το  Η  κύκλου,  την  δ'  από  τοΰ  Θ  κάθ^τον 
διττλασι'αν  τ-ης  διαμέτρου  του  π€ρΙ  το  Θ  κύκλου, 
την  δ  άπο  τοΰ  Κ  κάθίτον  τριπλασίαν,  καΐ  τά? 
e^TJg  κάθετους  των  οικείων  8ιαμ€τρων  πολλα- 
πλάσιας κατά  τους  ^ζης  /χ,ονάδι  άλλτ^λων  υπερ- 
έχοντας αριθμούς  επ*  άπειρον  γινομένης  της  των 
κύκλων  έγγραφης. 

(Λ)  Spiral  on  a  Sphere 

Ibid.  iv.  35.  53-56,  ed.  Hultsch  264.  3-268.  21 

Ο,σπερ  εν  επιπε^ω  νοείται  γινομένη  τις  ελιζ 
φερομένου  σημείου  κατ*  ευθείας  κύκλον  περιγρα- 
φονσης,  και  επι  στερεών  φερομένου  σημείου  κατά 
/LtioE?  πλευράς  τιν'  επιφάνειαν  περιγραφούσης, 
οϋτως  8η  και  επι  σφαίρας  έλικα  νοεΐν  άκόλουθόν 
εστί  γραφομενην  τον  τρόπον  τούτον. 

"Εστω  εν  σφαίρα  μέγιστος  κύκλος  ό  ΚΑΜ  περί 
πόλον   το    Θ    σημείον,    και   από   τοΰ   Θ   μεγίστου 

•  Three  propositions  (Nos.  4,  S  and  6)  about  the  figure 
known  as  the  άρβηλοε  from  its  resemblance  to  a  leather- 
worker's  knife  are  contained  in  Archimedes'  Liber  yissump- 
torum,  which  has  survived  in  Arabic.  They  are  included  as 
particular  cases  in  Pappus's  exposition,  which  is  unfortunately 
too  long  for  reproduction  here.  Professor  D'Arcy  W.  Thomp- 
son {The  Classical  Review^  Ivi.  (1942),  pp.  75-76)  gives  reasons 
for  thinking  that  the  άρβηλοδ  was  a  saddler's  knife  rather 
than  a  shoemaker's  knife,  as  usually  translated. 
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is  called  the  "  leather-worker's  knife,"  let  there  be  in- 
scribed any  number  whatever  of  circles  touching  both 
the  semicircles  and  one  another,  as  those  about  the 
centres  H,  Θ,  K,  A  ;  to  prove  that  the  perpendicular 
from  the  centre  Η  to  ΑΓ  is  equal  to  the  diameter  of 
the  circle  about  H,  the  perpendicular  from  θ  is  double 
of  the  diameter  of  the  circle  about  Θ,  the  perpen- 
dicular from  Κ  is  triple,  and  the  [remaining]  per- 
pendiculars in  order  are  so  many  times  the  diameters 
of  the  proper  circles  according  to  the  numbers  in  a 
series  increasing  by  unity,  the  inscription  of  the 
circles  proceeding  without  Umit.* 


(Λ)  Spiral  on  a  Sphere  * 
Ibid.  iv.  35.  53-56,  ed.  Hultsch  264.  3-268.  21 

Just  as  in  a  plane  a  spiral  is  conceived  to  be  gener- 
ated by  the  motion  of  a  point  along  a  straight  line 
revolving  in  a  circle,  and  in  solids  [,  such  as  the  cyhnder 
or  cone,]"  by  the  motion  of  a  point  along  one  straight 
line  describing  a  certain  surface,  so  also  a  correspond- 
ing spiral  can  be  conceived  as  described  on  the  sphere 
after  this  manner. 

Let  KA]\I  be  a  great  circle  in  a  sphere  with  pole  Θ, 
and  from  θ  let  the  quadrant  of  a  great  circle  ΘΝΚ  be 

*  After  leaving  the  άρβηλοζ.  Pappus  devotes  the  remainder 
of  Book  iv.  to  solutions  of  the  problems  of  doubling  theoube, 
squaring  the  circle  and  trisecting  an  angle.  This  part  has 
been  frequently  cited  already  {v.  vol.  i.  pp.  298-309,  336-363). 
His  treatment  of  the  spiral  is  noteworthy  because  his  method 
of  proof  is  often  markedly  diiferent  from  that  of  Archimedes ; 
and  in  the  course  of  it  he  makes  this  interesting  digression. 

*  Some  such  addition  is  necessary,  as  Commandinus, 
Chasles  and  Hultsch  realized, 
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κύκλου  τ€ταρτημόριον  γ€γράφθω  το  ΘΝΚ,  και 
η  μ€ν  ΘΝΚ  7Γ€ριφ€ρ€ΐα,  π€ρΙ  το  Θ  μένον  φερομένη 
κατά    της    έτηφαν^ίας    ώς    irrl    τα    Λ,    Μ    μ€(χη^ 


αποκαθιστασθω  πάλιν  cttI  το  αυτό,  <τημ€Ϊον  Be 
τι  φζρόμζνον  €77*  αυτή?  άπο  του  Θ  iirl  το  Κ  παρα- 
γιν4σθω'  γράφει  h-q  τίνα  €7τΙ  της  ζπιφανζίας  eAi/ca, 
οία  ioTiv  ή  ΘΟΙΚ,  και  ήτις  αν  άπο  του  Θ  γραφή 
μεγίστου  κύκλου  περιφέρεια,  προς  την  ΚΛ  περι- 
φερειαν  λόγον  έχει  δν  ή  ΑΘ  προς  την  ΘΟ*  λέγω 
8η  ΟΤΙ,  αν  εκτεθ-η  τεταρτημόριον  του  μεγίστου  εν 
τη  σφαίρα  κύκλου  το  ΑΒΓ  περί  κεντρον  το  Δ,  και 
επιζευχθη  η  ΓΑ,  γίνεται  ώς  η  του  ημισφαιρίου 
επιφάνεια  προς  την  /ζετα^υ  της  ΘΟΙΚ  ελικος  καΐ 
της  ΚΝΘ  περιφερείας  άπολαμβανομενην  επιφάνειαν. 
ούτως  6  ΑΒΓΔ  τομεύς  προς  το  ΑΒΓ  τμήμα. 

¥ίχθω  γαρ  εφαπτομένη  της  περιφερείας  η  ΓΖ, 
και  περί  κεντρον  το  Γ  δια  του  Α  γεγράφθω  περι- 
φέρεια η  ΑΕΖ•  ίσος  άρα  6  ΑΒΓΔ  τομεύς  τω 
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described,  and,  Θ  remaining  stationary,  let  the  arc 
ΘΝΚ  revolve  about  the  surface  in  the  direction  A,  Μ 


and  again  return  to  the  same  place,  and  [in  the  same 
time]  let  a  point  on  it  move  from  θ  to  Κ  ;  then  it  will 
describe  on  the  surface  a  certain  spiral,  such  as  ΘΟΙΚ, 
and  if  any  arc  of  a  great  circle  be  drawn  from  θ  [cut- 
ting the  circle  Κ  AM  first  in  A  and  the  spiral  first  in  0], 
its  circumference  "  will  bear  to  the  arc  KA  the  same 
ratio  as  ΑΘ  bears  to  Θ0.  I  say  then  that  if  a  quadrant 
ΑΒΓ  of  a  great  circle  in  the  sphere  be  set  out  about 
centre  Δ,  and  ΓΑ  be  joined,  the  surface  of  the  hemi- 
sphere will  bear  to  the  portion  of  the  surface  inter- 
cepted between  the  spiral  ΘΟΙΚ  and  the  arc  ΚΝΘ 
the  same  ratio  as  the  sector  ΑΒΓΔ  bears  to  the 
segment  ΑΒΓ. 

For  let  ΓΖ  be  drawn  to  touch  the  circumference, 
and  with  centre  Γ  let  there  be  described  through  A 
the  arc  AEZ  ;  then  the  sector  ΑΒΓΔ  is  equal  to  the 

•  Or,  of  course,  the  circumference  of  the  circle  ΚΛΜ  to 
which  it  is  equal. 
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ΑΕΖΓ  (διττλασία  μ€ν  γαρ  η  ττρος  τω  Δ  γωνία  τηζ 
ύπο  ΑΓΖ,  τιμισυ  δε  το  απο  ΔΑ  τον  άττο  ΑΓ)• 
ΟΤΙ  άρα  και  ώς  at  €ΐρημ€ναι  €πιφάν€ΐαι  προς 
άλλήλας,  όντως  6  ΑΕΖΓ  τομ^νς  προς  το  ΑΒΓ 
τ/χ^/χα. 

"Εστω,  δ  μέρος  -η  ΚΑ  π^ριφέρ^ια  της  όλης  τοΰ 
κνκλον  περιφερείας,  και  το  αντό  μέρος  περιφέρεια 
η  ΖΕ  της  ΖΑ,  και  επεζενχθω  η  ΚΤ•  εσται  8η  καΐ 
η  ΒΓ  της  ΑΒΓ  το  αυτό  μέρος,  ο  δε  μέρος  η  ΚΛ 
της  όλης  περιφερείας,  το  αύτο  και  η  ΘΟ  της 
ΘΟΛ.  και  έστιν  Ιση  η  ΘΟΛ  τη  ΑΒΓ•  ΐση  άρα 
και  η  ΘΟ  Tjj  ΒΓ.  γεγράφθω  περί  πόλον  τον  Θ 
δια  του  Ο  περιφέρεια  η  ON,  και  δια  του  Β  περί 
το  Γ  κέντρον  ij  ΒΗ.  €7Γ€ΐ  OVV  ώς  η  ΛΚΘ  σφαιρική 
επιφάνεια  προς  την  ΟΘΝ,  η  ολη  τον  ημισφαιρίου 
επιφάνεια  προς  την  τον  τμήματος  επιφάνειαν  οδ 
η  εκ  τον  πόλον  eoriv  η  ΘΟ,  ώς  δ'  η  τον  ημισφαι- 
ρίον  επιφάνεια  προς  την  τον  τμήματος  επιφάνειαν, 
όντως  εστίν  το  άπο  της  τα  Θ,  Α  επιζενγννούσης 
ενθείας  τετράγωνον  προς  το  άπο  της  επι  τα  Θ, 
Ο,  '^  το  άπο  της  Ε  Γ  τετράγωνον  προς  το  άπο  της 
Β  Γ,  εσται  άρα  και  ώς  6  ΚΑΘ  τομενς  εν  τη  επι- 
φάνεια προς  τον  ΟΘΝ,  όντως  6  ΕΖΓ  τομενς  προς 
τον  ΒΗΓ.  ομοίως  Βείζομεν  δτι  και  ώς  πάντες 
οΐ  εν  τω  ημισφαιρίω  τομείς  οΐ  ίσοι  τω  ΙίΛΘ,  οι 


"  Pappus's  method  of  proof  is,  in  the  Archimedean  manner, 
to  circumscribe  about  the  surface  to  be  measured  a  figure 
consisting  of  sectors  on  the  sphere,  and  to  circumscribe  about 
the  segment  ΑΒΓ  a  figure  consisting  of  sectors  of  circles  ;  in 
the  same  way  figures  can  be  inscribed.  The  divisions  need, 
therefore,  to  be  as  numerous  as  possible.  The  conclusion 
can  then  be  reached  by  the  method  of  exhaustion. 
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sector  ΑΕΖΓ  (for  angle  AAr  =  2.angle  ΑΓΖ,  and 
ΔΑ2  =  |ΑΓ2)  ;  I  say,  then,  that  the  ratio  of  the  afore- 
said surfaces  one  towards  the  other  is  the  same  as 
the  ratio  of  the  sector  ΑΕΖΓ  to  the  segment  ΑΒΓ. 

Let  ZE  be  the  same  [small]  "  part  of  ZA  as  KA  is 
of  the  whole  circumference  of  the  circle,  and  let  ΕΓ 
be  joined  ;  then  the  arc  ΒΓ  will  be  the  same  part  of 
the  arc  ΑΒΓ.^»  But  Θ0  is  the  same  part  of  ΘΟΑ  as 
KA  is  of  the  whole  circumference  [by  the  property  of 
the  spiral].  And  arc  0OA  =  arc  ΑΒΓ  [ex  construc- 
iione].  Therefore  Θ0  =  ΒΓ.  Let  there  be  described 
through  Ο  about  the  pole  θ  the  arc  ON,  and  through 
Β  about  centre  Γ  the  arc  BH.  Then  since  the  [sector 
of  the]  spherical  surface  ΑΚΘ  bears  to  the  [sector] 
ΟΘΝ  the.  same  ratio  as  the  whole  surface  of  the  hemi- 
sphere bears  to  the  surface  cf  the  segment  with  pole 
θ  and  circular  base  OX,*  Λvhile  the  surface  of  the 
hemisphere  bears  to  the  surface  of  the  segment  the 
same  ratio  as  ΘΑ^  to  ΘΟ^**  or  ΕΓ2  to  ΒΓ^,  therefore 
the  sector  ΚΑΘ  on  the  surface  [of  the  sphere]  bears 
to  ΟΘΝ  the  same  ratio  as  the  sector  ΕΖΓ  [in  the 
plane]  bears  to  the  sector  ΒΗΓ.  Similarly  we  may 
show  that  all  the  sectors  [on  the  surface  of]  the  hemi- 

*  For  arc  ZA:arc  ZE  =  angle  ΖΓΑ :  angle  ΖΓΈ.  But 
angle  ZrA  =  i.angle  ΑΔΓ,  and  angle  ΖΓΕ  =  Ϊ-.  angle  ΒΔΓ 
[Eucl.  iii,  32,  20].     .•.  arc  ZA  :  arc  ZE  =  arc  ΑΒΓ  :  arc  ΒΓ. 

•  Because  the  arc  ΛΚ  is  the  same  part  of  the  circumference 
ΚΛΜ  as  the  arc  ON  is  of  its  circumference. 

<"  The  square  on  ΘΛ  is  double  the  square  on  the  radius  of 
the  hemisphere,  and  therefore  half  the  surface  of  the  hemi- 
sphere is  equal  to  a  circle  of  radius  ΘΑ  [Archim.  De  sph.  et 
cyl.  i.  33]  ;  and  the  surface  of  the  segment  is  equal  to  a  circle 
of  radius  Θ0  [ibid.  i.  42]  ;  and  as  circles  are  to  one  another  as 
the  squares  on  their  radii  [Eucl.  xii.  2],  the  surface  of  the 
hemisphere  bears  to  the  surface  of  the  segment  the  ratio 
ΘΛ" :  Θ0». 
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eiatv  η  ολη  τοΰ  ημισφαίριου  έτηφάναα,  προς  τους 
7Τ€ριγραφομ€νους  irepl  την  ίλικα  τομέας  6μοταγ€Ϊς 
τω  ΟΘΝ,  οΰτως  πάντ€ς  οι  iv  τω  ΑΖΓ  τομείς  οι 
Loot  τω  ΕΖΓ,  τουτέστιν  δλος  6  ΑΖΓ  τομζύς,  προς 
τους  περιγραφόμενους  περί  το  ΑΒΓ  τ/χ-^/χ,α  τους 
ομοταγεΐς  τω  ΓΒΗ,  τω  δ'  αύτω  τρόπω  Βειχθη- 
σεται  και  ώς  η  τοΰ  ημισφαιρίου  επιφάνεια  προς 
τους  εγγραφομένους  τη  έλικι  τομέας,  οΰτως  6 
ΑΖΓ  τομεύς  προς  τους  εγγραφομένους  τω  ΑΒΓ 
τμηματι  τομέας,  ώστε  και  ώς  η  τοΰ  ημισφαιρίου 
επιφάνεια  προς  την  ύπο  της  έλικος  απολάμβανα- 
μένην  επιφάνειαν,  ούτως  6  ΑΖΓ  τομεύς,  τουτέστιν 
το  ΑΒΓΔ  τέταρτη μόριον,  προς  το  ΑΒΓ  τμήμα, 
συνάγεται  δε  δια  τούτου  η  μεν  άπο  της  έλικος 
άπολαμβανομένη  επιφάνεια  προς  την  ΘΝΚ  περι- 
φέρειαν  όκταπλασία  τοΰ  ΑΒΓ  τμήματος  {επεί 
και  ή  τοΰ  ημισφαιρίου  επιφάνεια  τοΰ  ΑΒΓΔ 
τομέως),  η  δε  μεταξύ  της  έλικος  και  της  βάσεως 
τοΰ  ημισφαιρίου  επιφάνεια  όκταπλασία  τοΰ  ΑΓΑ 
τριγώνου,  τουτέστιν  ΐση  τω  άπο  της  διαμέτρου 
της  σφαίρας  τετραγώνω. 

"  This  would  be  proved  by  the  method  of  exhaustion.  It 
is  proof  of  the  great  part  played  by  this  method  in  Greek 
geometry  that  Pappus  can  take  its  validity  for  granted. 

*  For  the  surface  of  the  hemisphere  is  double  of  the  circle 
of  radius  ΑΔ  [Archim.  De  sph.  et  cyl.  i.  33]  and  the  sector 
ΑΒΓΔ  is  one-quarter  of  the  circle  of  radius  ΑΔ. 

"  For  the  surface  between  the  spiral  and  the  base  of  the 
hemisphere  is  equal  to  the  surface  of  the  hemisphere  less  the 
surface  cut  off  from  the  spiral  in  the  direction  ΘΝΚ, 

i.e.     Surface  in  question  =  surface  of  hemisphere  - 

8  segment  ΑΒΓ, 
■=8  sector  ΑΒΓΔ  -  8  segment  ΑΒΓ 
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sphere  equal  to  ΚΑΘ,  together  making  up  the  whole 
surface  of  the  hemisphere,  bear  to  the  sectors  de- 
scribed about  the  spiral  similar  to  ΟΘΝ  the  same  ratio 
as  the  sectors  in  ΑΖΓ  equal  to  ΕΖΓ,  that  is  the  whole 
sector  ΑΖΓ,  bear  to  the  sectors  described  about  the 
segment  ΑΒΓ  similar  to  ΓΒΗ.  In  the  same  manner 
it  may  be  shown  that  the  surface  of  the  hemisphere 
bears  to  the  [sum  of  the]  sectors  inscribed  in  the 
spiral  the  same  ratio  as  the  sector  ΑΖΓ  bears  to  the 
[sum  of  the]  sectors  inscribed  in  the  segment  ΑΒΓ, 
so  that  the  surface  of  the  hemisphere  bears  to  the 
surface  cut  off  by  the  spiral  the  same  ratio  as  the 
sector  ΑΖΓ,  that  is  the  quadrant  ΑΒΓΔ,  bears  to 
the  segment  ΑΒΓ.<*  From  this  it  may  be  deduced 
that  the  surface  cut  off  from  the  spiral  in  the  direction 
of  the  arc  ΘΝΚ  is  eight  times  the  segment  ΑΒΓ  (since 
the  surface  of  the  hemisphere  is  eight  times  the 
sector  ΑΒΓΔ),*  while  the  surface  between  the  spiral 
and  the  base  of  the  hemisphere  is  eight  times  the 
triangle  ΑΓΔ,  that  is,  it  is  equal  to  the  square  on 
the  diameter  of  the  sphere." 

=  8  triangle  ΑΓΔ      - 

=4ΑΔ* 

=  (2ΑΔ)«, 

and  2ΑΔ  is  the  diameter  of  the  sphere. 

Heath  {H.G.M.  ii.  384-385)  gives  for  this  elegant  proposi- 
tion an  analytical  equivalent,  which  I  have  adapted  to  the 
Greek  lettering.  If  p,  ω  are  the  spherical  co-ordinates  of  Ο 
with  reference  to  Θ  as  pole  and  the  arc  ΘΝΚ  as  polar  axis, 
the  equation  of  the  spiral  is  ω  =  4p.  If  A  is  the  area  of  the 
spiral  to  be  measured,  and  the  radius  of  the  sphere  is  taken 
as  unity,  we  have  as  the  element  of  area 

dA  =  άω{  1  -  cos  p)  =  4d/)(  1  -  cos  p). 
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({)    ISOPERIMETRIC    FiGURES 

Ibid,  v.,  Praef.  1-3,  ed.  Hultsch  304.  5-308.  5 

Έοφίας  /cat  μαθημάτων  ewoiav  άρίστην  μεν  και 
Τίλεωτάτην  ανθρώπους  θζος  e5a>/cev,  ώ  κράτιστζ 
Μεγβθίον,  €Κ  μέρους  δε  ττου  και  των  αλόγων  ζώων 
μοΐραν  άπ4νειμ€ν  τισιν.  άνθρωπο  ις  μεν  οΰν  ατ€ 
λογικοΐς  ονσι  το  μετά  λόγου  καΐ  άποΒείζεως 
παρεσχεν  έκαστα  ποιεΐν,  τοις  δε  λοιποΐς  ζωοις 
άνευ  λόγου  το  χρησιμον  καΐ  βίωφελες  αυτό  μόνον 
κατά  τίνα  φυσικην  πρόνοιαν  εκάστοις  εχειν  εΒωρη- 
σατο.  τούτο  δε  μάθοί  τις  άν  υπάρχον  καΐ  εν  ετεροις 
μεν  πλείστοίς  γενεσιν  των  ζώων,  ούχ  ηκιστα  δε 
κάν  ταΐς  μελίσσαις-  -η  τε  γαρ  ευταξία  καΐ  προς 
τάς  ηγουμενας  της  εν  αύταΐς  πολιτείας  εύπείθεια 
θαυμαστή  τις,  η  τε  φιλοτιμία  καΐ  καθαριότης  η 
περί  την  του  μέλιτος  συναγωγην  και  η  περί  την 
φυλακην  αύτοΰ  πρόνοια  καΐ  οικονομία  πολύ  μάλλον 
θαυμασιωτερα.  πεπιστευ  μεναι  γάρ,  ως  εικός, 
παρά  θεών  κομίζειν  τοις  των  ανθρώπων  μουσικοΐς 


-\: 


4-dp{l  -  cos  ρ) 

=27Γ-4. 


surface  of  hemisphere        2ν 


_  segment  ΑΒΓ 
"sector  ΑΒΓΔ* 

•  The  whole  of  Book  v.  in  Pappus's  Collection  is  devoted 
to  isoperimetry.  The  first  section  follows  closely  the  exposi- 
tion of  Zenodorus  as  given  by  Theon  {v.  supra,  pp.  386-395), 
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(i)    ISOPERIMETRIC    FiGURES  " 

Ibid,  v.,  Preface  1-3,  ed.  Hultsch  304.  5-309.  5 

Though  God  has  given  to  men,  most  excellent 
Megethion,  the  best  and  most  perfect  understanding 
of  wisdom  and  mathematics,  He  has  allotted  a  partial 
share  to  some  of  the  unreasoning  creatures  as  well. 
To  men,  as  being  endowed  with  reason.  He  granted 
that  they  should  do  everything  in  the  light  of  reason 
and  demonstration,  but  to  the  other  unreasoning 
creatures  He  gave  only  this  gift,  that  each  of  them 
should,  in  accordance  vdth  a  certain  natural  fore- 
thought, obtain  so  much  as  is  needful  for  supporting 
life.  This  instinct  may  be  observed  to  exist  in  many 
other  species  of  creatures,  but  it  is  specially  marked 
among  bees.  Their  good  order  and  their  obedience 
to  the  queens  who  rule  in  their  commonwealths  are 
truly  admirable,  but  much  more  admirable  still  is  their 
emulation,  their  cleanliness  in  the  gathering  of  honey, 
and  the  forethought  and  domestic  care  they  give  to 
its  protection.  Believing  themselves,  no  doubt,  to 
be  entrusted  with  the  task  of  bringing  from  the  gods 
to  the  more  cultured  part  of  mankind  a  share  of 

except  that  Pappus  includes  the  proposition  that  of  all  circular 
segments  having  the  same  circumference  the  semicircle  is  the 
greatest.  The  second  section  compares  the  volumes  of  solids 
whose  surfaces  are  equal,  and  is  followed  by  a  digression, 
already  quoted  {supra,  pp.  194-197)  on  the  semi-regular 
solids  discovered  by  Archimedes.  After  some  propositions 
on  the  lines  of  Archimedes'  Oe  sph.  et  cyl..  Pappus  finally 
proves  that  of  regular  solids  having  equal  surfaces,  that  i» 
greatest  which  has  most  faces. 

The  introduction,  here  cited,  on  the  sagacity  of  bees  is 
rightly  praised  by  Heath  {H.G.M.  ii.  389)  as  an  example  of 
the  good  style  of  the  Greek  mathematicians  when  freed  from 
the  restraints  of  technical  language. 

589 


GREEK  MATHEMATICS 

της  αμβροσίας  άπόμ.οιράν  τίνα  ταντην  ου  μάτην 
€κχ€Ϊν  €ίς  γην  καΐ  ξύλον  η  τίνα  irepav  άσχημονα 
καΐ  ατακτον  ϋλην  ηξίωσαν,  αλλ'  e/c  των  η^ίστων 
€τγΙ  γης  φυομίνων  ανθέων  σννάγονσαι  τα.  κάλλιστα 
κατασκ^υάζουσιν  €Κ  τούτων  et?  την  του  μέλιτος 
νττοΒοχην  άγγ€Ϊα  τά  καλονμβνα  κηρία  πάντα  μςν 
άλληλοι?  Ισα  καΧ  δμοια  και  τταρακζίμβνα,  τω  δε 
7χηματι  εξάγωνα. 

Τούτο  δ'  ΟΤΙ  κατά  τίνα  γβωμζτρικην  μηχανώνται 
ττρόνοιαν  όντως  άν  μάθοιμ^ν.  πάντως  μ€ν  γαρ 
ωοντο  δειν  τά  σχτ7/χατα  παρακείσθαί  Τ€  άλληλοις 
και  κοινων€Ϊν  κατά  τάς  πλβυράς,  ίνα  μη  τοις 
μεταζν  παραπληρωμασιν  εμπίπτοντα  τίνα  €Τ€ρα 
Χνμηνηται  αυτών  τά  έργα'  τρία  he.  σχήματα  ευθύ- 
γραμμα το  προκείμενον  έπιτελεΐν  ε^ύνατο,  λέγω 
Βε  τεταγμένα  τά  ισόπλευρα  τε  και  ίσογωνια,  τά 
δ'  ανόμοια  ταΐς  μελίσσαις  ουκ  ηρεσεν.  τά  μεν 
οΰν  ισόπλευρα  τρίγωνα  καΐ  τετράγωνα  και  τά 
εξάγωνα  χωρίς  ανόμοιων  παραπληρωμάτων  άλλτ^- 
λοις  δύναται  παρακείμενα  τάς  πλευράς  κοινάς 
€χειν  [ταυτα^  γάρ  δύναται  συμπληροϋν  εξ  αυτών 
τον  περί  το  αυτό  σημεΐον  τόποι',  έτέρω  δβ  τεταγ- 
μένω  σχηματι  τοΰτο  ποιεΐν  άΒύνατον].^  ό  γάρ 
περί  το  αυτό  σημεΐον  τόπος  υπό  ?  μεν  τριγώνων 
Ισοπλεύρων  καΐ  δια  Γ  γωνιών,  ων  εκάστη  Βιμοίρον 
εστίν  όρθης,  συμπληροΰται,  τεσσάρων  δε  τετρα- 
γώνων και  ο  ορθών  γωνιών  [αυτού],*  τριών  δε 
εξαγώνων  και  εξαγώνου  γωνιών  τριών,  ων  έκαστη 
α  γ'  έστιν  όρθης.  πεντάγωνα  δε  τά  τρία  μεν  ου 
φθάνει  συμπληρώσαι  τον  περί  το  αυτό  σημεΐον 
τόπον,  υπερβάλλει  δε  τά  τέσσαρα•  τρεις  μεν  γάρ 
του  πενταγώνου  ycoviai  δ  ορθών  ελάσσονες  είσιν 
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ambrosia  in  this  form,  they  do  not  think  it  proper  to 
pour  it  carelessly  into  earth  or  wood  or  any  other 
unseemly  and  irregular  material,  but,  collecting  the 
fairest  parts  of  the  sweetest  flowers  growing  on  the 
earth,  from  them  they  prepare  for  the  reception  of 
the  honey  the  vessels  called  honeycombs,  [with  cells] 
all  equal,  similar  and  adjacent,  and  hexagonal  in  form. 
That  they  have  contrived  this  in  accordance  with  a 
certain  geometrical  forethought  we  may  thus  infer. 
They  would  necessarily  think  that  the  figures  must 
all  be  adjacent  one  to  another  and  have  their  sides 
common,  in  order  that  nothing  else  might  fall  into  the 
interstices  and  so  defile  their  work.  Now  there  are 
only  three  rectiUneal  figures  which  would  satisfy  the 
condition,  I  mean  regular  figures  which  are  equilateral 
and  equiangular,  inasmuch  as  irregular  figures  would 
be  displeasing  to  the  bees.  For  equilateral  triangles 
and  squares  and  hexagons  can  lie  adjacent  to  one 
another  and  have  their  sides  in  common  without 
irregular  interstices.  For  the  space  about  the  same 
point  can  be  filled  by  six  equilateral  triangles  and  six 
angles,  of  which  each  is  -^ .  right  angle,  or  by  four 
squares  and  four  right  angles,  or  by  three  hexagons 
and  three  angles  of  a  hexagon,  of  which  each  is 
1|  .  right  angle.  But  three  pentagons  would  not 
suflice  to  fill  the  space  about  the  same  point,  and  four 
would  be  more  than  sufficient ;  for  three  angles  of 
the  pentagon  are  less  than  four  right  angles  (inasmuch 

*  ToOro  .  .  .  αδύνατον  om.  Hultsch. 

•  "  αύτοΰ   spurium,   nisi  forte   αυτών  dedit   scriptor  " — 
Hultsch. 
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{εκάστη  γαρ  γωνία  μιας  και  ε'  iarlv  ορθής), 
τέσσαρες  '8ε  ywrtat  μείζους  των  τεσσάρων  ορθών. 
€πτάγωνα  8e  ούΒε  τρία  ττερί  το  αντο  σημεΖον 
δύναται  τίθεσθαι  κατά  τάς  πλευράς  άλληλοις  παρα- 
κείμενα' τρεις  γάρ  επταγώνου  yiovtai  τεσσάρων 
ορθών  μείζονες  {εκάστη  γάρ  εστίν  jLtta?  ορθής  καΐ 
τριών  εβδόμων),  ετι  δε  μάλλον  επι  τών  πολνγωνο' 
τερων  6  αύτος  εφαρμόσαι  Βννησεται  λόγος,  όντων 
hr)  ονν  τριών  σχημάτων  τών  εζ  αυτών  δυνάμενων 
συμπληρώσαι  τον  ττερΙ  το  αυτό  σημειον  τόπον, 
τριγώνου  τε  και  τετραγώνου  και  εζαγώνου,  το 
πολυγωνότερον  εΐλαντο  δια  την  σοφίαν  αί  /χελισσαι 
ττρος  την  παρασκευην,  άτε  και  πλεΐον  εκατερου 
τών  λοιπών  αυτό  χωρεΐν  ύπολαμβάνουσαι  μέλι. 

Και  at  /αελισσαι  μεν  το  χρησιμον  αύταΐς  επί- 
στανται  μόνον  τοΰθ*  οτι  το  εζάγωνον  του  τετρα- 
γώνου και  του  τριγώνου  μείζον  εστίν  και  γωρησαι 
δύναται  πλεΖον  μέλι  της  ϊσης  εις  την  εκάστου 
κατασκευήν  άναλισκομενης  νλης,  ημεΖς  δε  πλέον 
τών  μελισσών  σοφίας  μέρος  εχειν  ύπισχνούμενοι 
ζητησομεν  τι  και  περισσότερον.  τών  γάρ  ΐσην 
εχόντων  περίμετρον  Ισοπλεύρων  τε  και  ισογωνίων 
επίπεδων  σχημάτων  μεΖζόν  εστίν  άει  το  πολυ- 
γωνότερον, μέγιστος  δ'  εν  πασιν  6  κύκλος,  όταν 
Ϊσην  αύτοΐς  περίμετρον  εχη. 


(J)  Apparent  Form  of  a  Circle 

Ibid.  vi.  48.  90-91,  ed.  Hultsch  580.  12-27 

"Εστω  κύκλος  ό  ΑΒΓ,  ου  κεντρον  το  Ε,  και 
άττό  τον  Ε  προς  όρθάς  έστω  τω  του  κύκλου  επι- 
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as  each  angle  is  1 J  .  right  angle),  and  four  angles  are 
greater  than  four  right  angles.  Nor  can  three  hepta- 
gons be  placed  about  the  same  point  so  as  to  have 
their  sides  adjacent  to  each  other  ;  for  three  angles 
of  a  heptagon  are  greater  than  four  right  angles 
(inasmuch  as  each  is  1|^ .  right  angle).  And  the  same 
argument  can  be  applied  even  more  to  polygons  with 
a  greater  number  of  angles.  There  being,  then, 
three  figures  capable  by  themselves  of  filling  up  the 
space  around  the  same  point,  the  triangle,  the  square 
and  the  hexagon,  the  bees  in  their  w^isdom  chose  for 
their  work  that  which  has  the  most  angles,  perceiving 
that  it  would  hold  more  honey  than  either  of  the 
two  others. 

Bees,  then,  know  just  this  fact  which  is  useful  to 
them,  that  the  hexagon  is  greater  than  the  square 
and  the  triangle  and  will  hold  more  honey  for  the 
same  expenditure  of  material  in  constructing  each. 
But  we,  claiming  a  greater  share  in  wisdom  than  the 
bees,  will  investigate  a  somewhat  wider  problem, 
namely  that,  of  all  equilateral  and  equiangular  plane 
figures  haviiig  an  equal  perimeter,  that  which  has  the 
greater  number  of  angles  is  always  greater,  and  the 
greatest  of  them  all  is  the  circle  having  its  perimeter  equal 
to  them. 

(J)  Apparent  Form  of  a  Circle 
Ibid,  vi.»  48.  90-91,  ed.  Hultsch  580.  12-27 

Let  ΑΒΓ  be  a  circle  with  centre  E,  and  from  Ε  let 
EZ  be  drawn  perpendicular  to  the  plane  of  the  circle ; 

"  Most  of  Book  vi.  is  astronomical,  covering  the  treatises 
in  the  Little  Astronomy  (?>.  supra,  p.  408  n.  6).  The  proposi- 
tion here  cited  comes  from  a  section  on  Euclid's  Optics, 
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ττεδω  •η  ΕΖ•  Χέγω,  οτι  εάν  εττι  τη?  ΕΖ  το  όμμα 
TcOfj  ισαι  at  διάμετροι  φαίνονται,  του  κύκλου. 


F 


Τοντο  δε  δηλον  αττασαι  yap  at  άττό  του  Ζ  προς 
την  του  κύκλου  Trepti^epetav  ττροσ-πίτττονσαι  evdelai 
ισαι  €ΐσιν  άλλτ^λαι?  καΐ  Ίσας  γωνίας  ττίριέχουσιν. 

Μη  έστω  δε  η  ΕΖ  ττρό?  ορθας  τω  του  κύκλου 
εττιττεδω,  ΐση  δε  έστω  τη  εκ  του  κέντρου  του 
κύκλου'  λέγω,  οτι  του  όμματος  οντος  προς  τω  Ζ 
ση/ίίειω  /cat  ούτως  αϊ  Βίάμ€τροι  ισαι  ορώνται. 

"Υίγθωσαν  γαρ  δυο  8ιάμ€τροί  at  ΑΓ,  ΒΔ,  /cat 
ίπίζεύχθωσαν  at  Ζ  Α,  ΖΒ,  ΖΓ,  ΖΔ.  επει  ou 
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I  say  that,  if  the  eye  be  placed  on  EZ,  the  diameters 
of  the  circle  appear  equal." 


This  is  obvious  ;  for  all  the  straight  lines  falling 
from  Ζ  on  the  circumference  of  the  circle  are  equal 
one  to  another  and  contain  equal  angles. 

ΝοΛν  let  EZ  be  not  perpendicular  to  the  plane  of 
the  circle,  but  equal  to  the  radius  of  the  circle  ;  I 
say  that,  if  the  eye  be  at  the  point  Z,  in  this  case  also 
the  diameters  appear  equal. 

For  let  two  diameters  ΑΓ,  ΒΔ  be  drawn,  and  let 
ZA,  ZB,  ΖΓ,  ΖΔ  be  joined.     Since  the  three  straight 

•  As  they  will  do  if  they  subtend  an  equal  angle  at  the  eye. 
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τρ€Ϊς  at  EA,  ΕΓ,  EZ  ισαι  βίσίν,  όρθη  dpa  η  ύττο 
ΑΖΓ  γωνία,  δια  τα  αυτά  δή  καΐ  η  ύπό  ΒΖΔ 
όρθη  iaTLV  ισαι  αρα  φανησονται  at  ΑΓ,  ΒΔ 
Βιάμ^τροι.     ομοίως  δη  Β€ίζομ€ν  οτι  /cat  ττασαι. 

(k)  The  "  Treasury  of  Analysis  " 
Ibid,  vii.,  Praef.  1-3,  ed.  Hultsch  634.  3-636.  30 

*0  καλοΰμβνος  άναλνόμ^νος,  'Έ,ρμό^ωρζ  τέκνον, 
κατά  συλληφίν  ίδια  τι?  ianv  ϋλη  παρ€σκ€υασμ€νη 
μ€τά  την  των  κοινών  στοιχείων  ττοιησιν  τοις 
βουλομ^νοις  αναλάμβαναν  ev  γραμμαΐς  δυι/α/χιν 
€ύρ€τικην  των  ττροτβινομίνων  αύτοΐς  προβλημάτων, 
καΐ  els  τοΰτο  μόνον  χρήσιμη  καθεστώσα.  γβγρα- 
Ίτται  Se  ύττο  τριών  ανδρών,  Εύκλειδου  re  του 
Ί1τοιχ€ΐωτοΰ  /cat  Άττολλωνιου  του  ΙΙβργαιου  και 
Άρισταίον  του  7τρ€σβυτ€ρου,  κατά  άνάλνσιν  και 
αυνθβσιν  έχουσα  την  εφόσον. 

"Άνάλυσις  τοίνυν  εστίν  οδό?  άπο  του  ζητουμένου 
ώς  όμολογουμενου  Βιά  τών  εζης  ακολουθών  επι 
τι  όμολογουμενον  συνθέσει•  εν  μεν  yap  τη  αναλύσει 
το  ζητοΰμενον  ώς  γεγονός  ύποθεμενοι  το  ες  ου 
τοΰτο  συμβαίνει  σκοττουμεθα  και  -πάλιν  εκείνου 
το  ττροηγουμενον,  εως  αν  οϋτως  άναττοΒίζοντες 
καταντησωμεν  εις  τι  τών  ηΒη  γνωριζομενων  η 
τά^ιν  άρχης  εχόντων  και  την  τοιαυτην  εφοΒον 
άνάλυσιν  καλοϋμεν,  οίον  άνάτταλιν  λυσιν. 

Έν  8ε  τη  συνθέσει  εξ  ύττοστροφης  το  εν  Tjj 
αναλύσει  καταληφθεν  ϋστατον  ύποστησαμενοι  γε- 
γονός ηΒη,  και   επόμενα  τά   εκεί   [evTau^a]*  προ- 

*  αηαΰθα  οτη.  Hultsch. 
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lines  EA,  ΕΓ,  EZ  are  equal,  therefore  the  angle  ΑΖΓ 
is  right.  And  by  the  same  reasoning  the  angle  ΒΖΔ 
is  right ;  therefore  the  diameters  ΑΓ,  ΒΔ  appear 
equal.     Similarly  we  may  show  that  all  are  equal. 


(k)  The  "  Treasury  of  Analysis  " 
Ibid,  vii..  Preface  1-3,  ed.  Hultsch  634.  3-636.  .SO 

The  so-called  Treasury  of  Analysis,  my  dear  Hermo- 
dorus,  is,  in  short,  a  special  body  of  doctrine  furnished 
for  the  use  of  those  who,  after  going  through  the  usual 
elements,  wish  to  obtain  power  to  solve  problems  set 
to  them  involving  curves,"  and  for  this  purpose  only  is 
it  useful.  It  is  the  work  of  three  men,  Euclid  the 
writer  of  the  Elements,  Apollonius  of  Perga  and 
Aristaeus  the  elder,  and  proceeds  by  the  method  of 
analysis  and  synthesis. 

Now  analysis  is  a  method  of  taking  that  which  is 
sought  as  though  it  were  admitted  and  passing  from 
it  through  its  consequences  in  order  to  something 
which  is  admitted  as  a  result  of  synthesis  ;  for  in 
analysis  we  suppose  that  which  is  sought  to  be  already 
done,  and  we  inquire  what  it  is  from  which  this  comes 
about,  and  again  what  is  the  antecedent  cause  of  the 
latter,  and  so  on  until,  by  retracing  our  steps,  we 
light  upon  something  already  known  or  ranking  as  a 
first  principle  ;  and  such  a  method  we  call  analysis, 
as  being  a  reverse  solution. 

But  in  synthesis,  proceeding  in  the  opposite  way,  we 
suppose  to  be  already  done  that  which  was  last 
reached  in  the  analysis,  and  arranging  in  their  natural 

"  Or,  perhaps,  "  to  give  a  complete  theoretical  solution  of 
problems  set  to  them  ";  v.  supra,  p.  414  n.  o. 
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ηγουμ€να  κατά  φνσιν  τάξαντίς  καΐ  άλλήΧοίς 
€πισννθ€ντ€5,  els  τ4λος  άφικνουμεθα  της  του 
ζητουμένου  κατασκευής•  καΐ  τοΰτο  καλοϋμεν 
σύνθεσιν. 

Αίττον  δ'  εστίν  αναλύσεως  γένος  το  μεν  ζητη- 
τικον  τάληθοΰς,  ο  καλείται  θεωρητικόν,  το  8ε 
ποριστίκον  του  προταθέντος  \λεγειν'\^  ο  καλείται 
ττροβληματίκόν.  επί  μεν  οΰν  του  θεωρητικού 
γένους  το  ζητονμενον  ως  ον  ύττοθεμενοι  και  ώς 
αληθές,  εΐτα  δι.ά  των  έξης  ακολούθων  ώς  αληθών 
καΐ  ώς  εστίν  καθ^  ύπόθεσιν  ττροελθόντες  επί  τι 
ομολογούμενον ,  εάν  μεν  αληθές  ^  εκείνο  το 
ομολογούμενον,  αληθές  έσται  και  το  ζητούμενον, 
και  η  άποΒειζις  αντίστροφος  τη  αναλύσει,  εάν  8έ 
φευΒει  όμολογουμένω  εντύχομεν ,  φεν^ος  εσται  και 
το  ζητούμενον.  επι  δε  του  προβληματικού  γένους 
το  προταθέν  ώς  γνωσθέν  ύποθέμενοι,  είτα  δια 
των  έζης  ακολούθων  ώς  αληθών  προελθόντες  επί 
τι  ομολογούμενον ,  εάν  μέν  το  ομολογούμενον 
8υνατόν  η  και  ποριστόν,  ο  καλοΰσιν  οΐ  από  των 
μαθημάτων  Βοθέν,  δυνατόν  εσται  και  το  προταθέν, 
και  πάλιν  η  άπό^ειξις  αντίστροφος  τη  αναλύσει, 
εάν  δε  αδυνατώ  όμολογουμένω  εντύχομεν,  αδύνατον 
εσται  και  το  πρόβλημα. 

Ύοσαΰτα  μέν  ονν  περί  αναλύσεως  και  συνθέσεως, 
Ύών  δε  προειρημένων  του  άναλυομένου  βιβλίων 
η  τάξις  εστίν  τοιαύτη.  Ευκλειδου  ΑεΒομένων 
βιβλίον  α,  Άπολλωνίου  Αόγου  απότομης  β,  Χωρίου 
απότομης  β,  Αιωρισμένης  τομής  8ύο,  *Επαφών 
δυο,  Εύκτλειδου  Πορισ/Αατων  τρία,  *Α7Γθλλα>νιου 
Νειίσεων  δυο,  τοΰ  αύτοΰ  Ύόπων  επιπέδων  8ύο, 
*  Xiyeiv  om.  Hultsch. 
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order  as  consequents  what  were  formerly  antecedents 
and  linking  them  one  with  another,  we  finally  arrive 
at  the  construction  of  what  was  sought ;  and  this  we 
call  synthesis. 

Now  analysis  is  of  two  kinds,  one,  whose  object  is 
to  seek  the  truth,  being  called  theoretical,  and  the 
other,  whose  object  is  to  find  something  set  for  find- 
ing, being  called  problematical.  In  the  theoretical 
kind  we  suppose  the  subject  of  the  inquiry  to  exist 
and  to  be  true,  and  then  we  pass  through  its  con- 
sequences in  order,  as  though  they  also  were  true  and 
established  by  our  hypothesis,  to  something  which  is 
admitted  ;  then,  if  that  Avhich  is  admitted  be  true, 
that  which  is  sought  will  also  be  true,  and  the  proof 
will  be  the  reverse  of  the  analysis,  but  if  we  come 
upon  something  admitted  to  be  false,  that  which  is 
sought  will  also  be  false.  In  the  problematical  kind 
we  suppose  that  which  is  set  as  already  known,  and 
then  we  pass  through  its  consequences  in  order,  as 
though  they  Avere  true,  up  to  something  admitted  ; 
then,  if  what  is  admitted  be  possible  and  can  be  done, 
that  is,  if  it  be  what  the  mathematicians  call  given, 
what  was  originally  set  will  also  be  possible,  and  the 
proof  will  again  be  the  reverse  of  the  analysis,  but  if 
we  come  upon  something  admitted  to  be  impossible, 
the  problem  will  also  be  impossible. 

So  much  for  analysis  and  synthesis. 

This  is  the  order  of  the  books  in  the  aforesaid 
Treasury  of  Analysis.  Euclid's  Data,  one  book, 
Apollonius's  Cutting-off  of  a  Ratio,  two  books,  Cutting- 
off  of  an  Area,  two  books.  Determinate  Section,  two 
books,  Contacts,  two  books,  Euclid's  Porisms,  three 
books,  Apollonius's  Vergings,  two  books,  his  Plane 
Loci,   two   books,  Conies,   eight   books,   Aristaeus's 
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Κ,ωνικών  Tjf  *Αρισταίου  Ύόπων  arepecov  Trevrc, 
ΈιύκλζίΒον  Ύόπων  των  ττρος  επιφάνια  δυο, 
Ερατοσθένους  Jlcpl  μεσοτητων  δυο.  ytVerai 
βφλία  λγ,  ων  ras  7Τ€ρίοχάς  μ^χρι  των  *  Απολλώνιου 
Κωνικών  έζ^θέμην  σοι  προς  ζπίσκζφιν,  καΐ  το 
πλήθος  των  τόπων  και  των  Βιορισμών  καΐ  των 
7ττώσ€ων  καθ*  βκαστον  βιβλιον,  άλλα  και  τά 
λήμματα  τά  ζητούμενα,  και  ούΒεμίαν  iv  ttj  πραγ~ 
ματ€ία  των  βιβλίων  καταλίλοιπα  ζ-ηττισιν^  ως 
ένόμιζον. 

if)  Locus  WITH  Respect  to  Five  or  Six  Lines 

Jhid.  vii.  38-40,  ed.  Hultsch  680.  2-SO 

Εάν  από  τίνος  σημείου  €πΙ  θεσβι  ΒεΒομίνας 
ίίιθζίας  π€ντ€  καταχθώσιν  €υ^εΓαι  iv  ΒΐΒομβναις 
ycDvtat?,  και  λόγος  τ^  ΒζΒομβνος  του  νπο  τριών 
κατηγμ^νων  περιεχομένου  στέρεου  παραλληλε- 
πίπεδου ορθογωνίου  προς  το  υπό  των  λοιπών  δυο 
κατηγμενων  καΐ  δοθείσης  τινός  περιεχόμενον 
παραλληλεπιπεΒον  όρθογώνιον,  άφεται  το  σημεΐον 
θέσει  ΒεΒομένης  γραμμής,  εάν  τε  επί  Γ,  καΐ  λόγος 
^  Βοθεις  του  ύπο  των  τριών  περιεχομένου  προειρη- 
μένου  στέρεου  προς  το  ύπο  τών  λοιπών  τριών, 
πάλιν  το  σημεΐον  άφεται  θέσει  8ε8ομένης.  εάν  8ε 
επΙ  πλείονας  τών  Γ,  ούκέτι  μεν  έχουσι  λέγειν, 
"  εάν  λόγος  ^  δοθείς  του  ύπο  τών  ο  περιεχομένου 
τίνος  προς  το  ύπο  τών  λοιπών  *'  έπεϊ  ουκ  εστί  τι 

•  These  propositions  follow  a  passage  on  the  locus  with 
respect  to  three  or  four  lines  which  has  already  been  quoted 
(v.  vol.  i.  pp.  486-489).  The  passages  come  from  Pappus's 
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Solid  Loci,  five  books,  Euclid's  Surface  Loci,  two  books, 
Eratosthenes*  On  Means,  two  books.  In  all  there  are 
thirty- three  books,  whose  contents  as  far  as  Apol- 
lonius's  Conies  I  have  set  out  for  your  examination, 
including  not  only  the  number  of  the  propositions, 
the  conditions  of  possibility  and  the  cases  dealt  with 
in  each  book,  but  also  the  lemmas  which  are  required ; 
indeed,  I  believe  that  I  have  not  omitted  any  inquiry 
arising  in  the  study  of  these  books. 


(Z)  Locus  WITH  Respect  to  Five  or  Six  Lines  * 
Ibid.  vii.  38-40,  ed.  Hultsch  680.  2-30 

If  from  any  point  straight  lines  be  drawn  to  meet 
at  given  angles  five  straight  lines  given  in  position, 
and  the  ratio  be  given  between  the  volume  of  the 
rectangular  parallelepiped  contained  by  three  of 
them  to  the  volume  of  the  rectangular  parallelepiped 
contained  by  the  remaining  two  and  a  given  straight 
line,  the  point  will  lie  on  a  curve  given  in  position. 
If  there  be  six  straight  lines,  and  the  ratio  be  given 
between  the  volume  of  the  aforesaid  solid  formed  by 
three  of  them  to  the  volume  of  the  solid  formed  by 
the  remaining  three,  the  point  will  again  lie  on  a 
curve  given  in  position.  If  there  be  more  than  six 
straight  lines,  it  is  no  longer  permissible  to  say  "  if 
the  ratio  be  given  between  some  figure  contained  by 
four  of  them  to  some  figure  contained  by  the  re- 
mainder," since  no  figure  can  be  contained  in  more 

account  of  the  Conies  of  Apollonius,  who  had  worked  out 
the  locus  with  respect  to  three  or  four  lines.  It  was  by 
reflection  on  this  passage  that  Descartes  evolved  the  system 
of  co-ordinates  described  in  his  GeomMrie. 
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7Γ€ρί€χ6μ€νον  νηο   πλειόνων  η   τριών  διαστάσεων. 

σνγκβχωρηκασι    δβ    iavrois    οι   βρο.χύ    προ    ημών 

€ρμην€υ€ΐν  τα  τοιαύτα,  μη8ε  εν  μη^αμώς  ^ιάλητττον 

σημαίνοντες,  το  ύττο  τώνδε  π€ρΐ€χόμ€νον  λέγοντες 

67Γΐ  το  άτΓο  τησδε  τετράγωνον  η  εττι  το  ννο  τώνο€. 

παρην   δε   δια  των  συνημμένων  λόγων  ταΰτα   καΐ 

λέγειν  και  Βεικνυναι  καθόλου  και  εττι  τών  προειρη- 

μένων    προτάσεων    και    επΙ    τούτων    τον    τρόπον 

τούτον  εάν  από  tivos  σημείου  επι  θέσει  ΒεΒομενας 

ευθείας  καταχθώσιν  εύθεΐαι  εν  ΒεΒομεναις  γωνίαι?, 

και  δεδο/χενο?  "^  λόγος  ό   συνημμένος  εζ  οΰ  έχει 

μία  κατηγμενη  προς  μίαν  καΐ  έτερα  προς  ετεραν, 

και  άλλη  προς  αλλην,  και  η  λοιπή  προς  Βοθεΐσαν, 

εάν  <χ}σιν  Ζ,  εάν  δε  η,  και  η  λοιπή  προς  λοιπην, 

τ6  σημεΐον  άφεται  θέσει  ΒεΒομένης  γραμμής•  καΐ 

ομοίως  δσαι  αν  ώσιν  περισσαΐ  η  αρτιαι  το  πλήθος, 

τούτων,    ώς    έφην,    επομένων    τώ    επι    τεσσάρας 

τόπω  ονδέ   εν  συντεθείκασιν,  ώστε  την  γραμμην 

ειΒέναι, 
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than  three  dimensions.  It  is  true  that  some  recent 
writers  have  agreed  among  themselves  to  use  such 
expressions,*  but  they  have  no  clear  meaning  when 
they  multiply  the  rectangle  contained  by  these 
straight  lines  with  the  square  on  that  or  the  rectangle 
contained  by  those.  They  might,  however,  have 
expressed  such  matters  by  means  of  the  composition 
of  ratios,  and  have  given  a  general  proof  both  for 
the  aforesaid  propositions  and  for  further  proposi- 
tions after  this  manner  :  If  from  any  point  straight 
lines  be  draivn  to  meet  at  given  angles  straight  lines 
given  in  position,  and  there  he  given  the  ratio  com- 
pounded of  that  which  one  straight  line  so  drawn  bears 
to  another,  that  which  a  second  bears  to  a  second,  that 
which  a  third  hears  to  a  third,  and  that  which  the  fourth 
hears  to  a  given  straight  line — if  there  he  seven,  or,  if  there 
he  eight,  that  which  the  fourth  hears  to  the  fourth — the 
point  will  lie  on  a  curve  given  in  position  ',  and  similarly, 
however  many  the  straight  lines  be,  and  whether  odd 
or  even.  Though,  as  I  said,  these  propositions  follow 
the  locus  on  four  lines,  [geometers]  have  by  no  means 
solved  them  to  the  extent  that  the  curve  can  be 
recognized.'' 

"  As  Heron  in  his  formula  for  the  area  of  a  triangle,  given 
the  sides  (supra,  pp.  476-477). 

*  The  general  proposition  can  thus  be  stated  :  If  p^,  p^ 
Ps  .  .  ,  Pn  he  the  lengths  of  straight  lines  drawn  to  meet  η 
given  straight  lines  at  given  angles  (where  η  is  odd),  and  a 
be  a  given  straight  line,  then  if 

Pi '  P4  *  *  *  β 
where  λ  is  a  constant,  the  point  will  lie  on  a  curve  given  in 
position.     This  will  also  be  true  if  η  is  even  and 

Pi'  Pt'    '    '      Vn 
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(m)  Anticipation  op  Guldin's  Theorem 
lUd.  vii.  41-42,  ed.  Hultsch  680.  30-682.  20 
Ύαΰθ^  ol  β\4ττοντ€ξ  ηκιστα  επαίρονται,  καθάπερ 
οι  πάλαι  και  των  τά  κρείττονα  γραφόντων  έκαστοι' 
εγώ  Βε  και  προς  άρχαΐς  ert  των  μαθημάτων  και 
rrjs  υττο  φύσεως  προκείμενης  ζητημάτων  ϋλης 
κινούμενους  όρων  απαντάς,  αΙΒούμενος  εγώ  και 
Βείξας  γε  πολλω  κρείσσονα  καΐ  πολλην  προφερό- 
μενα  ώφελειαν  .  .  .  Ινα  8ε  μη  κεναΐς  χ€ρσι  τοντο 
φθεγξάμενος  ώδε  χωρισθώ  του  λόγου,  ταύτα 
δώσω  ταΐς  άναγνοΰσιν  ο  μεν  τών  τελείων  άμφοι- 
στικών  λόγος  συνηπται  εκ  τε  τών  άμφοισμάτων 
και  τών  επι  τους  άζονας  ομοίως  κατηγ μένων 
ευθειών  από  τών  εν  αύτοΐς  κεντροβαρικών  σημείων, 
6  δε  τών  ατελών  εκ  τε  τών  άμφοισμάτων  και  τών 
περιφερειών,  δσας  εποίησεν  τά  εν  τούτοις  κεντρο- 
βαρικά  σημεία,  6  δε  τούτων  τών  περιφερειών 
λόγος  συνηπται  Βηλον  ώς  εκ  τε  τών  κατηγμενων 
και  ών  περιεχουσιν  αϊ  τούτων  άκραι,  ει  και  εΐεν 
προς   τοις   άζοσιν   άμφοιστικών,   γωνιών.       περι- 

•  Paul  Guldin  (1577-1643),  or  Guldinus,  is  generally 
credited  with  the  discovery  of  the  celebrated  theorem  here 
enunciated  by  Pappus.  It  may  be  stated  :  If  any  plane 
figure  revolve  about  an  external  axis  in  its  plane,  the  volume 
of  the  solid  figure  so  generated  is  equal  to  the  product  of  the 
area  of  the  figure  and  the  distance  travelled  by  the  centre  of 
gravity  of  the  figure.  There  is  a  corresponding  theorem  for 
the  area. 

*  The  whole  passage  is  ascribed  to  an  interpolator  by 
Hultsch,  but  without  justice ;  and,  as  Heath  observes  {H.O.M. 
ii.  403),  it  is  difficult  to  think  of  any  Greek  mathematician 
after  Pappus's  time  who  could  have  discovered  such  an 
advanced  proposition. 

Though  the  meaning  is  clear  enough,  an  exact  translation 
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(m)  Anticipation  of  Guldin's  Theorem  * 

Ibid.  vii.  41-42,  ed.  Hultsch  680.  30-682.  20  * 

The  men  who  study  these  matters  are  not  of  the 
same  quality  as  the  ancients  and  the  best  writers. 
Seeing  that  all  geometers  are  occupied  with  the  first 
principles  of  mathematics  and  the  natural  origin  of  the 
subject  matter  of  investigation,  and  being  ashamed 
to  pursue  such  topics  myself,  I  have  proved  proposi- 
tions of  much  greater  importance  and  utility  .  .  .  and 
in  order  not  to  make  such  a  statement  vrith  empty 
hands,  before  leaving  the  argument  I  will  give  these 
enunciations  to  my  readers.  Figures  generated  by  a 
complete  revolution  of  a  plane  figure  about  an  axis  are 
in  a  ratio  compounded  (a)  of  the  ratio  [of  the  areas^ 
of  the  figures,  and  (b)  of  the  ratio  of  the  straight  lines 
similarly  drawn  to  "  the  axes  of  rotation  from  the  respect- 
ive centres  of  gravity.  Figures  generated  by  incomplete 
revolutions  are  in  a  ratio  compounded  (a)  of  the  ratio 
[of  the  areas]  of  the  figures,  and  (b)  of  the  ratio  of  the 
arcs  described  by  the  centres  of  gravity  of  the  respective 
figures,  the  ratio  of  the  arcs  being  itself  compounded 
(1)  of  the  ratio  of  the  straight  lines  similarly  drawn 
(from  the  respective  centres  of  gravity  to  the  axes  of 
rotation]  and  (2)  of  the  ratio  of  the  angles  contained 
about  the  axes  of  revolution  by  the  extremities  of  these 
straight  lines.^     These  propositions,  which  are  practi- 

is  impossible ;  I  have  drawn  on  the  translations  made  by 
Halley  {v.  Papp.  Coll.,  ed,  Hultsch  683  n.  2)  and  Heath 
{H.O.M.  ii.  402-403).  The  obscurity  of  the  language  is 
presumably  the  only  reason  why  Hultsch  brackets  the  pass- 
age, as  he  says :  "  exciderunt  autem  in  eodem  loco  pauciora 
plurave  genuina  Pappi  verba." 

*  i.e.,  drawn  to  meet  at  the  same  angles. 

*  The  extremities  are  the  centres  of  gravity. 
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€χονσι,  δε  αύται  αί  ττροτάσ^ις,  σχεδόν  οΰσαι  μία, 
ττλζΐστα  οσα  /cat  παντοία  θεωρήματα  γραμμών 
Τ€  Acat  €τηφαν€ΐών  καΐ  στερεών,  ττάνθ^  α/ι,α  καΐ 
μια  8et^ei  και  τά  μηττω  δ^δει^/χενα  καΐ  τα  ηΒη 
ως  και  τα  ev  τω  δωδέκατα»  τώνδε  των  στοιχβίων, 

(η)  Lemmas  το  the  Treatises 

(i.)  To  the  "  Determinate  Section  "  of  Apolloniu» 

Ibid.  vii.  115,  ed.  Hultsch,  Prop.  61,  756.  28-760.  4 

Τριών    8οθ€ΐσών    ζύθξΐών    των    ΑΒ,    ΒΓ,    ΓΔ, 
iav  γ€νηται  ως  το  ύπο  ΑΒΔ  ττρός  το  νπο  ΑΓΔ, 


οχττως  το  αττο  BE  ττρος  το  άττο  Ε  Γ,  μονάχος  λόγος 
και  βλάχιστός  εστίν  6  τοΰ  ύπο  ΑΕΔ  προς  το  ύπο 
606 


REVIVAL  OF  GEOMETRY :  PAPPUS 
cally  one,  include  a  large  number  of  theorems  of  all 
sorts  about  curves,  surfaces  and  solids,  all  of  which  are 
proved  simultaneously  by  one  demonstration,  and 
include  propositions  never  before  proved  as  well  as 
those  already  proved,  such  as  those  in  the  twelfth 
book  of  these  elements.* 

(n)  Lemmas  to  the  Treatisbs  • 

(i.)  To  ike  "  Determinate  Section  "  of  Apollonita 

Ibid.  vii.  115,  ed.  Hultsch,  Prop.  61,  756.  28-760.  4 

Given  three  straight  lines  AB,  ΒΓ,  ΓΔ,»  if  ΑΆ  .  ΒΔ  J 
ΑΓ  .  ΓΔ  =  ΒΕ2 .  ΕΓ2,  then  the  ratio  AE  .  ΕΔ  :  BE  .  ΕΓ 

•  If  the  passage  be  genuine,  which  there  seems  little  reason 
to  doubt,  this  is  evidence  that  Pappus's  work  ran  to  twelve 
books  at  least. 

*  The  greater  part  of  Book  vii.  is  devoted  to  lemmas 
required  for  the  books  in  the  Treasury  of  Analysis  as  far  as 
Apollonius's  Conies,  with  the  exception  of  Euclid's  Data  and 
with  the  addition  of  two  isolated  lemmas  to  Euclid's  Surface- 
Loci.  The  lemmas  are  numerous  and  often  highly  interest- 
ing from  the  mathematical  point  of  view.  The  two  here 
cited  are  given  only  as  samples  of  this  important  collection  i 
the  first  lemma  to  the  Surface-Loci,  one  of  the  two  passages 
in  Greek  referring  to  the  focus-directrix  property  of  a  conic, 
has  already  been  given  (vol.  i.  pp.  492-503). 

'  It  is  left  to  be  imderstood  tnat  they  are  in  one  straight 
line  ΑΔ. 
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ΒΕΓ•  λζγω  Βη  otl  6  αυτός  iarw  τω  του  από  της 
ΑΔ  TTpos  το  από  της  ύπ€ροχης  fj  ύπ€ρ€χ€ΐ  τι 
8υναμ4νη  το  υπό  ΑΓ,  ΒΔ  της  Βυναμβνης  το  ύπο 
ΑΒ,  ΓΔ. 

Γεγράφθω  π€ρΙ  την  ΑΔ  κύκλος,  και  ήχθωσαν 
ορθαι  αί  ΒΖ,  ΓΗ.  €7ret  οΰν  εστίν  ώς  τό  υπό 
ΑΒΔ  προς  τό  υπό  ΑΓΔ,  τουτέστιν  ώς  τό  από 
ΒΖ  προς  τό  από  ΓΗ,  οΰτως  τό  από  BE  προς  τό 
από  Ε  Γ,  και  μη  κει  αρα  εστίν  ώς  η  ΒΖ  προς  την 
ΓΗ,  οϋτως  ή  BE  προς  την  ΕΓ•  εύθεΐα  αρα  εστίν 
η  δια  των  Ζ,  Ε,  Η.  έστω  η  ΖΕΗ,  fcat  εκβεβλήσθω 
η  μεν  Η  Γ  επι  τό  Θ,  επιζευχθεΐσα  8ε  ή  ΖΘ  εκ- 
βεβλήσθω επί  τό  Κ,  και  επ*  αύτην  κάθετος  ηχθω 
η  ΔΚ.  και  δια  8η  τό  προγεγραμμενον  λήμμα 
γίνεται  τό  μεν  υπό  Α  Γ,  ΒΔ  ΐσον  τω  από  ΖΚ,  τό 
8ε  υπό  ΑΒ,  ΓΔ  τω  από  ΘΚ•  λοιττη  αρα  η  ΖΘ 
εστίν  η  υπέροχη  fj  υπερέχει  η  8υναμενη  τό  ύπό 
ΑΓ,  ΒΔ  της  Βυναμενης  τό  ύπό  ΑΒ,  ΓΔ.  ηχθω 
ονν  δια  του  κέντρου  η  ΖΛ,  και  επεζευχθω  η  ΘΛ. 
επεί  οΰν  ορθή  ή  ύπό  ΖΘΛ  ορθή  τή  ύπό  Ε  ΓΗ 
εστίν  ιση,  εστίν  8ε  και  η  προς  τω  Λ  τή  προς  τώ 
Η  γωνία  ιση,  ισογώνια  άρα  τα  τρίγωνα'  εστίν 
άρα  ώς  ή  ΛΖ  προς  την  ΘΖ,  τουτέστιν  ώς  η  ΑΔ 
προς  την  ΖΘ,  οϋτως  η  ΕΗ  προς  την  ΕΓ•  και  ώς 
άρα  το  απο  ΑΔ  προς  τό  από  ΖΘ,  οϋτως  τό  από 
ΕΗ  προς  τό  από  ΕΓ,  και  τό  ύπό  HE,  ΕΖ,  τουτ' 
εστίν  τό  ύπό  ΑΕ,  ΕΔ,  προς  τό  ύπό  BE,  ΕΓ.  και 
εστίν  6  μεν  του  ύπό  ΑΕ,   ΕΔ  προς  τό  ύπό  BE, 


•  For,  because  ΒΖ  :  ΓΗ=ΒΕ  :  ΕΓ,  the  triangles  ZEE,  ΗΕΓ 
are  similar,  and  angle  ZEE = angle  ΗΕΓ;  .•.  Γ  is  in  the  same 
straight  line  with  B,  Ε  [Eucl.  i.  13,  Conv.]. 
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is  singuhr  and  a  minimum  ;  and  I  say  that  this  ratio  is 
equal  to  ΑΔ2 :  (^ΑΓ  .  ΒΔ  -  VAB  .  ΓΔ)2. 

Let  a  circle  be  described  about  ΑΔ,  and  let  BZ,  ΓΗ 
be  drawn  perpendicular  [to  ΑΔ].     Then  since 

AB  .  ΒΔ  :  ΑΓ  .  ΓΔ  =  BE2 :  ΕΓ^,       [ex  hyp. 
i.e.,  ΒΖ2:ΓΗ2  =  ΒΕ2:ΕΓ2, 

[Eucl.  X.  S3,  Lemma 
ΒΖ:ΓΗ  =  ΒΕ:ΕΓ. 

Therefore  Z,  E,  Η  lie  on  a  straight  line.*  Let  it  be 
ZEH,  and  let  ΗΓ  be  produced  to  Θ,  and  let  ΖΘ  be 
joined  and  produced  to  K,  and  let  ΔΚ  be  drawn  per- 
pendicular to  it.  Then  by  the  lemma  just  proved 
[Lemma  19] 

ΑΓ.ΒΔ  =  ΖΚ2, 

ΑΒ.ΓΔ  =  ΘΚ2; 

[on  taking  the  roots  and]  subtracting, 

[ZK - ΘΚ  =  ]ΖΘ  =  νΑΤΤΒΔ -  νΑβ  .  ΓΔ. 

Let  ΖΛ  be  drawn  through  the  centre,  and  let  ΘΑ  be 
joined.  Then  since  the  right  angle  Z9A  =  the  right 
angle  ΕΓΗ,  and  the  angle  at  A  =  the  angle  at  H, 
therefore  the  triangles  [ΖΘΑ,  ΕΓΗ]  are  equiangular  ; 

ΑΖ:ΘΖ  =  ΕΗ:ΕΓ, 
i.e.,  ΑΔ:ΖΘ  =  ΕΗ:ΕΓ; 

ΑΔ2:ΖΘ2  =  ΕΗ2:ΕΓ2 

=  ΗΕ.ΕΖ:ΒΕ.ΕΓ6 
=  ΑΕ.ΕΔ:ΒΕ.ΕΓ. 

[Eucl.  iii.  35 

And    [therefore]    the     ratio    AE  .  ΕΔ  :  BE  .  ΕΓ    is 

'  Because,  on  account  of  the  similarity  of  the  triangles 
ΗΓΕ,  ZBE,  we  have  HE  :  ΕΓ  =  EZ  :  EB. 
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Ε  Γ  μονάχος  καΐ  ^Χάσσων  λόγος,  rj  Be  ΖΘ  η 
νπβροχη  fj  vnepexei  η  8υναμ€νη  το  υπό  των  ΑΓ, 
ΒΔ  της  Βυναμ€νης  το  ύπο  ΑΒ,  ΓΔ  \τουτ€στίν  το 
άπο  της  ΖΚ  τον  από  της  ΘΚ]/  ωστ€  6  μοναχός 
και  ίλάσσων  λόγος  6  αυτός  €στιν  τω  από  της  ΑΔ 
προς  το  από  της  ύπ€ροχης  fj  ύπ€ρ€χ€ΐ  η  Βυναμενη 
τό  υπό  ΑΓ,  ΒΔ  της  Βυναμ€νης  τό  υπό  ΑΒ,  ΓΔ, 
onep  '.'■^ 

(ϋ.)  Το  the  "  Porisms  "  of  Euclid 
Ibid.  vii.  198,  ed.  Hultsch,  Prop.  130,  872.  23-874.  27 

Καταγραφή    η    ΑΒΓΔΕΖΗΘΚΛ,    έστω    8e    ώς 
το  υπό  ΑΖ,  ΒΓ  προς  τό  υπό  ΑΒ,  ΓΖ,  οϋτως  τό 


υπό   ΑΖ,   ΔΕ   προς   τό   υπό  ΑΔ,    ΕΖ•   ότι    ζύθεΐά 
εστίν  η  δια  των  Θ,  Η,  Ζ  σημείων. 
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singular  and  a  minimum,  while  [,  as  proved  above,] 
ΖΘ  =  -ν/ΑΓ  .  ΒΑ  -  -v/AB  .  1'Δ,  so  that  the  same 
singular  and  minimimi  ratio  =» 

ΑΔ2  :  (VAr  .  ΒΔ  -  yAB  .  ΓΔ)».        q.e.d." 


(ii.)  To  <Λβ  "  Portsms  "  of  Euclid  » 

Τδίίϊ.  vii.  198,  ed.  Hultsch,  Prop.  130,  872.  23-874.  27 

Let  ΑΒΓΔΕΖΗΘΚΑ  be  a  figure,»  and  let  AZ  .  ΒΓ  : 
AB  .  ΓΖ-ΑΖ  .  ΔΕ  :  ΑΔ  .  EZ  ;  [I  say]  that  the  line 
through  the  points  Θ,  H,  Ζ  is  a  straight  line. 

*  Notice  the  sign  : —  used  in  the  Greek  for  eSei  Sei^ot. 
In  all  Pappus  proves  this  property  for  three  different  positions 
of  the  points,  and  it  supports  the  view  (v.  supra,  p.  341  n.  a) 
that  ApoUonius's  work  formed  a  complete  treatise  on  in- 
volution. 

*  v.  vol.  i.  pp.  478-485. 

*  Following  Breton  de  Champ  and  Hultsch  I  reproduce 
the  second  of  the  eight  figures  in  the  mss.,  which  vary  accord• 
ing  to  the  disposition  of  the  points. 


*  τουτέστιν  .  •  .  ttjs  ΘΚ  om.  Hultsch. 
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*Επ€ί  ioTiv  ώζ  το  νπό  ΑΖ,  ΒΓ  ττρος  το  ύττο 
ΑΒ,  ΓΖ,  όντως  το  ύττο  ΑΖ,  ΔΕ  προς  το  νπό 
ΑΔ,  ΕΖ  εναλλάξ  ioTLV  ώς  το  νπό  ΑΖ,  ΒΓ  προς 
τό  νπό  ΑΖ,  ΔΕ,  τοντέστιν  ώς  -η  ΒΓ  προς  την 
ΔΕ,  όντως  τό  νπό  ΑΒ,  ΓΖ  προς  τό  νπό  ΑΔ,  ΕΖ. 
αλλ'  ό  μεν  της  Β  Γ  προς  την  ΔΕ  σννηπταί  λόγος, 
εάν  δια  τοΰ  Κ  τη  ΑΖ  παράλληλος  άχθη  η  KM, 
e/c  re  τον  της  Β  Γ  ττρό?  ΚΝ  καΐ  της  ΚΝ  ττρό^  KM 
και  €τι  του  τη?  KM  προς  ΔΕ,  ό  8e  τοΰ  ύττο  ΑΒ, 
ΓΖ  προς  τό  νπό  ΑΔ,  ΕΖ  σννηπταί  εκ  τε  τον  της 
ΒΑ  προς  ΑΔ  και  τον  της  ΓΖ  προς  την  ΖΕ.  κοιί'ό? 
εκκεκρονσθω  6  της  ΒΑ  ττρό?  ΑΔ  ό  αυτό?  ών  τω 
της  ΝΚ  προς  ΚΜ•  λοιπόν  αρα  ό  της  ΓΖ  ττρο? 
την  ΖΕ  συνητΓται  εκ  τε  του  της  Β  Γ  ττρό?  ττ^ν  ΚΝ, 
τοντέστιν  τον  της  Θ  Γ  ττρό?  την  ΚΘ,  και  του  τη? 
KM  προς  την  ΔΕ,  τοντέστιν  τοΰ  της  ΚΗ  ττρο? 
την  HE*  ενθεΐα  αρα  η  δια  των  Θ,   Η,  Ζ. 

Έάν  γαρ  δια  τοί5  Ε  τη  Θ  Γ  τταράλληλον  ayayo» 
την  ΕΞ,  και  επιζενχθεΐσα  η  ΘΗ  εκβληθη  επΙ  τό 
Ξ,  6  μεν  της  ΚΗ  ττρό?  την  HE  λόγος  6  αυτό? 
εστίν  τω  της  ΚΘ  ττρό?  την  ΕΞ,  ό  δε  σννημμενος 
εκ  τε  τον  της  ΓΘ  προς  την  ΘΚ  και  τοΰ  της  ΘΚ 
ττρό?  την  ΕΞ  μεταβάλλεται  εις  τόν  της  Θ  Γ  ττρό? 
ΕΞ  λόγον,  και  6  της  ΓΖ  ττρο?  ΖΕ  λόγος  6  αυτό? 
τω  της  ΓΘ  προς  την  ΕΞ•  παράλληλου  ονσης  της 
ΓΘ  τ^  ΕΞ,  ευθεία  αρα  εστίν  η  δια  των  Θ,  Ξ,  Ζ 
(τοΰτο  yap  φανερόν),  ώστε  και  ή  δια  των  Θ,  Η,  Ζ 


"  It  is  not  perhaps  obvious,  but  is  easily  proved,  and  is  in 
fact  proved  by  Pappus  in  the  course  of  iv.  21,  ed.  Hultsch  212. 
4-13,  by  drawing  an  auxiliary  parallelogram. 

*  Conversely,  if  ΗΘΚΛ  be  any  quadrilateral,  and   any 
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Since    AZ  .  ΒΓ  :  AB  .  ΓΖ  =  AZ  .  ΔΕ  :  ΑΔ  .  EZ, 
permutando 

AZ  .  ΒΓ  :  AZ  .  ΔΕ  =  AB  .  ΓΖ  :  ΑΔ  .  EZ, 
i.e.,  ΒΓ  :  ΔΕ  =  AB  .  ΓΖ  :  ΑΔ  .  EZ. 

But,  if  KM  be  drawn  through  Κ  parallel  to  AZ, 
ΒΓ  :  ΔΕ  =  (ΒΓ  :  KN)  .  (KN  :  KM) . 

(KM  :  ΔΕ), 
and 

AB  .  ΓΖ  :  ΑΔ  .  EZ  =  (BA  :  ΑΔ)  .  (ΓΖ  :  ZE). 

Let  the  equal  ratios  BA  :  ΑΔ  and  NK  :  KM  be  elimi- 
nated ; 

then  the  remaining  ratio 

ΓΖ  :  ZE  =  (ΒΓ  :  KN)  .  (KM  :  ΔΕ), 
».<?.,  ΓΖ  :  ZE  =  (ΘΓ  :  ΚΘ) .  (KH  :  HE)  ; 

then  shall  the  line  through  Θ,  H,  Ζ  be  a  straight  line. 
For  if  through  Ε  I  draw  E^  parallel  to  ΘΓ,  and  if 
ΘΗ  be  joined  and  produced  to  *=,, 

ΚΗ:ΗΕ  =  ΚΘ:Ε;ξ7, 

and  (ΓΘ  :  ΘΚ)  .  (ΘΚ  :  Ε;ξ?)  =  ΘΓ  :  Ε^Ξ?, 

ΓΖ:ΖΕ  =  ΓΘ•.  ε;ξτ; 

and  since  ΓΘ  is  parallel  to  ES,  the  line  through  Θ, 
S,  Ζ  is  a  straight  Une  (for  this  is  obvious  "),  and  there- 
fore the  line  through  Θ,  H,  Ζ  is  a  straight  line.* 

transversal  cut  pairs  of  opposite  sides  and  the  diagonals  in 
the  points  A,  Z,  Δ,  Γ,  B,  E,  then  ΒΓ  :  ΔΕ= AB  .  ΓΖ  :  ΑΔ  .  EZ, 
This  is  one  of  the  ways  of  expressing  the  proposition  enunci- 
ated by  Desargues :  The  three  pairs  of  opposite  sides  of  a 
complete  quadrilateral  are  cut  by  any  transversal  in  three 
pairs  of  conjugate  points  of  an  involution  {v.  L.  Cremona, 
Elements  of  Projective  Geometry,  tr.  by  C.  Leudesdorf,  1 885, 

?p.  106-108).     A  number  of  special  cases  are  also  proved  by 
appus. 
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(ο)  Mechanics 

Ibid,  vui.,  Praef.  1-3,  ed.  Hultsch  1022.  3-1028.  3 

*H  μηχανική  θεωρία,  tckvov  'ΈιρμόΒωρε,  ττρος 
πολλά  και  μεγάλα  των  €V  τω  βίω  χρήσιμος  ύττ- 
άρχονσα  πλείστης  εΐκότως  άποΒοχης  η|•ιωται  προς 
των  φιλοσόφων  και  ττασι  τοις  από  των  /Αα^η/χατων 
περισπούδαστος  εστίν,  επεώη  σχεδόν  πρώτη  της 
περί  την  νλην  των  εν  τω  κόσμω  στοιχείων  φυσιο- 
λογίας άπτεται,  στάσεως  γάρ  και  φοράς  σωμάτων 
και  της  κατά  τόπον  κινήσεως  εν  τοΐς  δλοις  θεωρη- 
ματικη  τνγχάνονσα  τα  μεν  κινούμενα  κατά  φνσιν 
αΙτιολογεΐ,  τά  δ'  άναγκάζουσα  παρά  φνσιν  εζω 
των  οικείων  τόπων  εΙς  εναι^ια?  κινήσεις  μεθιστησιν 
επιμηχανωμενη  δια  των  εζ  αύτης  της  ϋλης  νπο- 
πιπτόντων  αύτη  θεωρημάτων.  της  Βέ  μηχανικής 
το  μεν  είναι  λογικόν  το  Βε  χειρουργικόν  οι  περί 
τον  "Ηρωνα  μηχανικοί  λεγονσιν  και  το  μεν 
λογικόν  συνεστάναι  μέρος  εκ  τε  γεωμετρίας  και 
αριθμητικής  και  αστρονομίας  και  των  φυσικών 
λόγων,  το  Βε  χειρουργικόν  εκ  τε  χαλκεντικής  και 
οίκοΒομικής  και  τεκτονικής  και  ζωγραφικής  και 
της  ev  τοιίτοις  κατά  χ^ΐρα  ασκήσεως'  τόν  μεν  οΰν 
εν  ταΐς  προειρημεναις  επιστη/ααι?  εκ  παιΒός  γενο- 
μενον  καν  ταΐς  προειρημεναις  τεχναις  εξιν  είληφότα 
προς  Βε  τούτοις  φύσιν  ενκίνητον  έχοντα,  κρατιστον 
€σ€σ0αι  μηχανικών  έργων  εύρετην  και  αρχιτέκτονα 
φασιν.     μη  Βυνατοΰ  δ'  όντος  τόν  αυτόν  μαθημάτων 

•  After  the  historical  preface  here  quoted,  much  of  Book 
viii.  is  devoted  to  arrangements  of  toothed  wheels,  already 
encountered  in  the  section  on  Heron  {supra,  pp.  488-497).  A 
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(o)  Mechanics  " 

Ibid,  viii.,  Preface  1-3,  ed.  Hultsch  1022.  3-1028.  3 

The  science  of  mechanics,  my  dear  Hermodorus, 
has  many  important  uses  in  practical  life,  and  is  held 
by  philosophers  to  be  worthy  of  the  highest  esteem, 
and  is  zealously  studied  by  mathematicians,  because 
it  takes  almost  first  place  in  dealing  with  the  nature 
of  the  material  elements  of  the  universe.  For  it  deals 
generally  with  the  stability  and  movement  of  bodies 
[about  their  centres  of  gravity],^  and  their  motions  in 
space,  inquiring  not  only  into  the  causes  of  those  that 
move  in  virtue  of  their  nature,  but  forcibly  trans- 
ferring [others]  from  their  own  places  in  a  motion 
contrary  to  their  nature  ;  and  it  contrives  to  do  this 
by  using  theorems  appropriate  to  the  subject  matter. 
The  mechanicians  of  Heron's  school "  say  that 
mechanics  can  be  divided  into  a  theoretical  and  a 
manual  part  ;  the  theoretical  part  is  composed  of 
geometry,  arithmetic,  astronomy  and  physics,  the 
manual  of  work  in  metals,  architecture,  carpentering 
and  painting  and  anything  involving  skill  with  the 
hands.  The  man  who  had  been  trained  from  his 
youth  in  the  aforesaid  sciences  as  well  as  practised 
in  the  aforesaid  arts,  and  in  addition  has  a  versatile 
mind,  would  be,  they  say,  the  best  architect  and 
inventor  of  mechanical  devices.  But  as  it  is  impossible 
for  the  same  person  to  familiarize  himself  with  such 

number  of  interesting  theoretical  problems  are  solved  in  the 
course  of  the  book,  including  the  construction  of  a  conio 
through  five  points  (viii.  13-17,  ed.  Hultsch  1072.  30-1084.  2). 

*  It  is  made  clear  by  Pappus  later  (vii.,  Praef.  5,  ed. 
Hultsch  1030.  1-17)  that  φορά  has  this  meaning. 

•^  With  Pappus,  this  is  practically  equivalent  to  Heron 
himself:  cf.  vol.  i.  p.  184  n.  b. 
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T€  τοσούτων  ττεριγ^νίσθαι  καΐ  μαθ^ΐν  aju,a  τας 
7τρο€ΐρημβνας  τέγναζ  παραγγβλλουσι  τω  τα  μηχα- 
νικά έργα  μεταχαρίζεσθαι  βουλομενω  χρησθαι 
ταΐς  οίκζίαις  τεγναΐζ  νττοχζίρίοις  iv  ταΓ?  τταρ' 
ξκαστα  xpeiacs. 

Μ,άλιστα  δε  πάντων  άναγκαίόταται  τίχναι  τυγ- 
χάνουσιν  νρος  την  του  βίου  χρείαν  [μηχανική 
προηγουμένη  της  άρχιΤ€ΚΤονηςΥ  η  re  των  μαγ- 
γαναρίων,  μηχανικών  και  αυτών  κατά  τους  αρχαίους 
λεγομένων  {μεγάλα  γάρ  οδτοι  βάρη  δια  μηχανών 
παρά  φυσιν  εις  υφός  άνάγουσιν  ελάττονι  δυνάμει 
κινοΰντζς),  και  η  των  οργανοποιών  των  προς  τον 
πόλεμον  αναγκαίων,  καλουμένων  be  και  αυτών 
μηχανικών  {β€λη  γάρ  και  λίθινα  και  σώηρα  και 
τα  παραπλήσια  τούτοις  εζαποστίΧλεται  εΙς  μακρόν 
όδου  μήκος  τοις  υπ*  αυτών  γινομ4νοις  όργάνοις 
καταπαλτικοΐς),  προς  Be  ταύταις  η  τών  ΙΒίως 
πάλιν  καλουμένων  μηχανοποιών  (e/c  βάθους  γάρ 
ποΧλοϋ  ϋΒωρ  €ύκολώτ€ρον  ανάγεται  δια  τών  άντλη- 
ματικών  οργάνων  ών  αυτοί  κατασκζυάζουσιν) . 
καλοΰσι  δε  μηχανικούς  οι  παλαιοί  και  τους 
θαυμασιουργούς,  ών  οί  μεν  δια  ττνευμάτων  φιλο- 
τεχνοϋσιν,  ως  "Ηρωι/  Υίνευματικοΐς,  οί  δε  δια 
νευρίων  και  σπάρτων  εμφύχων  κινήσεις  Βοκοΰσι 
/χι/ΑεΓσ^αι,  ως  "Ηρών  Αύτομάτοις  και  Χυγίοις, 
άλλοι  δε  δια  τών  εφ*  ϋΒατος  όχουμενων,  ως  *  Αρχι- 
μήδης ^Οχουμενοις,  η  τών  δι'  ϋΒατος  ωρολογίων, 
ώς    "Ηρών    ΎΒρείοις,    α    Βή    και    τη    γνωμονικ-β 

*  μηχανική  ...  άρχι.τ€ΚΤονη$  om.  Hultsch. 

•  μcίyy<uΌv  is  properly  the  block  of  a  pulley,  as  in  Heron's 
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mathematical  studies  and  at  the  same  time  to  learn 
the  above-mentioned  arts,  they  instruct  a  person 
wishing  to  undertake  practical  tasks  in  mechanics  to 
use  the  resources  given  to  him  by  actual  experience 
in  his  special  art. 

Of  all  the  [mechanical]  arts  the  most  necessary  for 
the  purposes  of  practical  life  are  :  (1)  that  of  the 
makers  of  mechanical  powers^  they  themselves  being 
called  mechanicians  by  the  ancients — for  they  lift 
great  weights  by  mechanical  means  to  a  height  con- 
trary to  nature,  moving  them  by  a  lesser  force  ; 
(2)  that  of  the  makers  of  engines  of  war,  they  also 
being  called  mechanicians — for  they  hurl  to  a  great 
distance  weapons  made  of  stone  and  iron  and  such- 
like objects,  by  means  of  the  instruments,  known  as 
catapults,  constructed  by  them  ;  (3)  in  addition,  that 
of  the  men  who  are  properly  called  makers  of  engines 
— for  by  means  of  instruments  for  drawing  water 
which  tney  construct  water  is  more  easily  raised  from 
a  great  depth ;  (4)  the  ancients  also  describe  as  me- 
chanicians the  wonder-workers,  of  whom  some  work  by 
means  of  pneumatics,  as  Heron  in  his  Pneumatica,^ 
some  by  using  strings  and  ropes,  thinking  to  imitate 
the  movements  of  living  things,  as  Heron  in  his 
Automata  and  Balancings,^  some  by  means  of  floating 
bodies,  as  Archimedes  in  his  book  On  Floating  Bodies," 
or  by  using  water  to  tell  the  time,  as  Heron  in  his 
Hydria,'^  which  appears  to  have  affinities  with   the 

Belopoeica,  ed.  Schneider  84.  12,  Greek  Papyri  in  the  British 
Museum  iii.  (ed.  Kcnyon  and  Bell)  1164  n.  8. 

*  V.  supra,  p.  466  n.  o.  *  v.  supra,  pp.  242-257. 

•*  This  work  is  mentioned  in  the  Pneumatica,  under  the 
title  Hepl  ύ8ρίων  ώροσκοπείων,  as  having  been  in  four  books. 
Fragments  are  preserved  in  Proclus  {Hypotyposis  4)  and  in 
Pappus's  commentary  on  Book  v.  of  Ptolemy's  Syntaxis. 
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θζωρύ:^  κοινωνοΰντα  φαίνβται.  μηχανικούς  δ^ 
καλοΰσιν  και  τους  τα?  σφαιροποιίαζ  [ττοί€ΪνΥ 
ΐτησταμίνουζ ,  ύφ'  cov  €ΐκών  του  ουρανού  κατά- 
σκευάζεται  δι*  ομαλής  και  €γκυκλίου  κινήσεως 
νΒατος. 

Πάντων  Sk  τούτων  την  αΐτίαν  καΐ  τον  λόγον 
€7Τ€γνωκ4ναι  φασίν  τιν€ς  τον  Έυρακόσίον  Άρχι- 
μη8η'  μόνος  γαρ  οΰτος  iv  τω  καθ*  ημάς  βίω 
ποικίλη  ττρος  ττάντα  κ^χρηται  τη  φύσ€ΐ  καΐ  ttj 
ζπινοία,  καθώς  και  Τεμινος  6  μαθηματικός  iv  τω 
Περί  της  των  μαθημάτων  τάξςώς  φησιν.  Κάρπο? 
δε  ττου  φησιν  6  ^Αντιοχβύς  'Αρχιμήδη  τον  Συρα- 
κόσιον  εν  μόνον  βιβλίον  συντβταχβναι  μηχανικόν 
το  κατά  την  σφαιροποιΐαν,  των  δε  άλλων  ουδέν 
ηζιωκέναι  συντάξαι.  καίτοι  παρά  τοις  πολλοίς 
ετΓΐ  μηχανική  ΒοξασθεΙς  και  μεγαλοφυής  τις  γ€νό- 
μενος  6  θαυμαστός  €Κ€Ϊνος,  ώστε  δια/ίΐεΐναι  παρά 
ττασιν  άνθρώποις  ύπερβαΧλόντως  ύμνουμενος,  των 
τε  προηγουμένων  γεωμετρικής  και  αριθμητικής 
€χομενων  θεωρίας  τά  βραχυτατα  Βοκοΰντα  είναι 
στΓΟϋδαιω?  συνεγραφεν  ος  φαίνεται  τάς  ειρημενας 
επιστήμης  οΰτως  άγαττησα?  ώς  μη8εν  εζωθεν 
ύπομενειν  αύται?  επεισάγειν.  αυτό?  δε  Κάρττο? 
και  άλλοι  τινε?  συνεχρησαντο  γεωμετρία  και  εις 
τε;^α?  τινά?  ευλόγως•  γεωμετρία  γάρ  ουδέν  βλά- 
πτεται, σωματοποιεΐν  πεφυκυΐα  πολλάς  τεχνας, 
δια  του  συνειναι  αύται?  [μητηρ  οΰν  ωσπερ  οδσα 
τεχνών  ου  βλάπτεται  δια  του  φροντίζειν  οργανικής 
και  αρχιτεκτονικής'  ού^ε  γάρ  δια  το  συνεινα* 
γεωμορία  και  γνωμονικη  και  μηχανική  και  σκηνο- 
γραφία βλάτττεταί  τι],'   τουναντίον   δε   προάγουσα 

*  iroielv  cm.  Hiiltsch.  •  Ι^^Ψ'^Ρ  •  t  .  τ»  om.  Hultsch. 
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science  of  sun-dials ;  (5)  they  also  describe  as  mechan- 
icians the  makers  of  spheres,  who  know  how  to  make 
models  of  the  heavens,  using  the  uniform  circular 
motion  of  water. 

Archimedes  of  Syracuse  is  acknowledged  by  some 
to  have  understood  the  cause  and  reason  of  all  these 
arts  ;  for  he  alone  applied  his  versatile  mind  and 
inventive  genius  to  all  the  purposes  of  ordinary  life,  as 
Geminus  the  mathematician  says  in  his  book  On  the 
Classification  of  Mathematics.'^  Carpus  of  Antioch '' 
says  somewhere  that  Archimedes  of  Syracuse  wrote 
only  one  book  on  mechanics,  that  on  the  construction 
of  spheres,"  not  regarding  any  other  matters  of  this 
sort  as  worth  describing.  Yet  that  remarkable  man 
is  universally  honoured  and  held  in  esteem,  so  that  his 
praises  are  still  loudly  sung  by  all  men,  but  he  himself 
on  purpose  took  care  to  write  as  briefly  as  seemed 
possible  on  the  most  advanced  parts  of  geometry  and 
subjects  connected  with  arithmetic;  and  he  obviously 
had  so  much  affection  for  these  sciences  that  he 
allowed  nothing  extraneous  to  mingle  with  them. 
Carpus  himself  and  certain  others  also  applied  geo- 
metry to  some  arts,  and  with  reason  ;  for  geometry  is 
in  no  way  injured,  but  is  capable  of  giving  content  to 
many  arts  by  being  associated  with  them,  and,  so  far 
from   being    injured,    it    is    obviously,   while    itself 

•  For  Geminus  and  this  work,  v.  supra,  p.  370  n.  c. 

•  Carpus  has  already  been  encountered  (vol.  i.  p.  334)  as 
the  discoverer  (according  to  Iambi  ichus)  of  a  curve  arising 
from  a  double  motion  which  can  be  used  for  squaring  the 
circle.  He  is  several  times  mentioned  by  Proclus,  but  his 
date  is  uncertain. 

•  This  work  is  not  otherwise  known. 
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μ€ν  ταύτα?  φαίνεται,  τιμώμενη  δε  καΐ  κοσμουμενη 
Βεόντως  νττ*  αυτών. 


•  With  the  great  figure  of  Pappus,  these  selections  illus- 
trating the  history  of  Greek  mathematics  may  appropriately 
come  to  an  end.  Mathematical  works  continued  to  be 
written  in  Greek  almost  to  the  dawn  of  the  Renaissance,  and 
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advancing  those  arts,  appropriately  honoured  and 
adorned  by  them.* 

they  serve  to  illustrate  the  continuity  of  Greek  influence  in 
the  intellectual  life  of  Europe.  But,  after  Pappus,  these 
works  mainly  take  the  form  of  comment  on  the  classical 
treatises.  Some,  such  as  those  of  Proclus,  Theon  of  Alex- 
andria, and  Eutocius  of  Ascalon  have  often  been  cited 
already,  and  others  have  been  mentioned  in  the  notes. 
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Abacus,  35  and  nn.  h  and  ο 
Achilles    and    the    Tortoise, 

369-371 
Adam,     James :      The    Re- 
public of  Plato,  399  nn.  α 

and  c 
Addition    in    Greek   mathe- 
matics, 46-48 
Adrastus,  on   the  geometric 

mean,  125  n.  α 
Aeschylus,  258  n.  a 
Aetius :     Placita,    217    and 

n.  c 
Agorastes,       character       in 

Lucian's  Auction  of  Souls, 

91 
Alexander       Aphrodisiensis, 

173,236  n.  a,  315 
Alexander    the    Great,    155 

n.  b,  175 
Algebra  : 

Geometrical     algebra     of 
Pythagoreans,  186-215 

Pure    determinate     equa- 
tions, ii.  525 

Quadratic  equations : 

geometrical  solution  by 
Pythagoreans,  186-215» 
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solutions  by  Heron,  iL 
503-505  (incl.  n.  a); 
by  Diophantus,  ii.  527- 
535  (esp.  ii.  533  n.  6); 
V.  also  Square  root, 
extraction  of 

Simultaneous  equations 
leading  to  a  quadratic, 
ii.  537 

Cubic  equations :  Archi- 
medes, ii.  127-163  (incl. 
n.  a) ;  Diophantus,  ii. 
539-541  ;  v.  also  Cube 
root 

Indeterminate  equations  t 
Pythagorean  and  Pla- 
tonic formulae  for  right- 
angled  triangles,  90-05  ; 
side-  and  diameter-num- 
bers, 132-139;  "bloom" 
of  Thvmaridas,  139-141; 
"  cattle  problem "  of 
Archimedes,  ii.  203-205 ; 
Heron,  ii.  505-509  ;  Dio- 
phantus, ii.  541-551 

Sums  of  squares,  ii.  551- 
559 
Allman,    J.    G.,    his    Oreek 


INDEX 


Geometry  from   Tkales  to 
Euclid,  237  n.  b 

Almagest :  Arabic  name  for 
Ptolemy's  Syntaxis,  ii.  409 
n.  6 

Alphabet,  Greek :  use  as 
numerals,  42-44 

Ameristus,  147  and  n.  6 

Amthor,  Α.,  on  Archimedes' 
cattle  problem,  17  n.  c,  ii. 
205  n.  b 

Amyclas  {recte  Amyntas)  of 
Heraclea,  153  and  n.  b 

Amyntas :  v.  Amyclas 

Analemma  :  of  Ptolemy,  301 
n.  6,  ii.  409  n.  6  ;  of  Dio- 
dorus,  301  and  n. b 

Analysis :  discussion  by 
Pappus,  ii.  597-599  ;  ap- 
plied by  Eudoxus  to  theory 
of  "  the  section,"  153  and 
n.  α ;  v.  also  Leodamas 

Anatolius,  bishop  of  Lao- 
dicea  :  on  the  meaning  of 
the  name  mathematics,  3  ; 
on  the  Egyptian  method  of 
reckoning,  3  n.  o,  ii.  515- 
517  ;  the  classification 
of  mathematics,  19  and 
n.  b  ;  his  relation  to  Dio- 
phantus,  ii.  517  n.  ο 

Anaxagoras;  wrote  on  squar- 
ing of  circle  while  in 
prison,  308,  149  n.  d; 
character  in  Plato's  Rivals, 
149  n./ 

Anchor-ring,  v.  Tore 

Angle  :  angle  in  semi-circle, 
167-169 ;  mixed  angles, 
429  n.  c  ;  equality  of  right- 
angles,  443  and  n.  6 

Anharmonic  ratios,  485  n.  « 


Anthemius  of  Tralles,  ii. 
357  n. a 

Anticleides,  175 

Antiphon,  311  and  n.  a,  313 
and  n.  a,  315  and  n.  a, 
317  n. α 

Apollodorus  the  Calculator, 
169  and  n.  a 

Apollonius  of  Pei^a  i 
Life:  ii.277 (esp.  n. a)-281 
Works : 

Conies :  Relation  to 
previous  works,  487- 
489  (incl.  n.  a),  ii.  277- 
281  ;  scope  of  the 
work,  ii.  281-285; 
terminology,  ii.  285- 
289,  ii.  309  and  n.  a,  ii. 
317  and  n.  a,  ii.  323  ; 
construction  of  the 
sections,  ii.  289-305; 
fundamental  proper- 
ties, ii.  305-329— par- 
abola, ii.  305  -  309, 
hyperbola,  ii.  309-317, 
ii.  323-329,  ellipse,  ii. 
317-323 ;  transition  to 
new  diameter,  ii.  329- 
335 ;  introduction  of 
axes,  ii.  289  n.  a,  ii. 
331  n.  ο ;  generality 
of  his  methods,  ii.  289 
n.  a ;  form  of  his 
proofs,  ii.  289  n.  α ; 
contrast  with  Archi- 
medes' treatment,  iL 
323  a,  and  termino- 
logy, ii.  283  n.  a; 
his  distinctive  achieve- 
ment to  have  based 
his  treatment  on  the 
theory      of     applied 
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areas,  ii.  309  n.  α ; 
first  to  have  recog- 
nized two  branches  of 
hyperbola,  ii.  329  n.  a; 
focus  -  directrix  pro- 
perty not  used,  495 
n.  a,  ii,  281  n.  a 

On  the  Cutting-off  of  a 
Ratio,  ii.  337-339 ; 
included  in  Treasury 
of  Analysis,  ii.  337  ; 
Η  alley's  Latin  trans- 
lation, ii.  337  n.  α 

On  the  Cutting-off  of  an 
Area,  ii.  339  and  n.  ό  ; 
included  in  Treasury 
of  Analysis,  ii.  337 

On  Determinate  Section, 
ii.  339-341  (incl.  n.  a)  ; 
included  in  Treasury 
of  Analysis,  ii.  337  ; 
lemma  by  Pappus,  ii. 
607-611 

On  Tangencies,  ii.  341- 
343  (incl.  n.  h) ;  prob- 
lem of  three  circles 
and  Newton's  solu- 
tion, ii.  343  n.  δ  ;  in- 
cluded in  Treasury  of 
Analysis,  ii.  337 

On  Plane  Loci,  ii.  345 
and  n.  c  ;  included  in 
Treasury  of  Analysis, 
ii.  337 ;  reconstruc- 
tions by  Fermat,  van 
Schooten  and  Simson, 
ii.  345  n.  c 

On  Vergings,  ii.  345-347 
(incl.  n.  a) ;  included 
in  Treasury  of  Analy- 
sis, ii.  337  ;  described 
the     datum     as    the 


assigned,  ii.  349  ;  re- 
storation by  Samuel 
Horsley,  ii.  347  n.  a 
On  the  Dodecahedron  and 
the  Icosahedron,  ii.  349 
General  Treatise,  ii.  349- 

351  (incl.  n.  a) 
On  the  Cochlias,  ii.  351  ; 
"  sister  of  the  coch- 
loid,"  335  and  n.  c 
On      Unordered     Irra- 
tionals,    ii.     351-353 
(incl.  n.  a) 
Quick-deliverer  (on  the 
measurement     of     a 
circle),  ii.  353  and  nn. 
b,  c 
On  the  Burning  Mirror, 
ii.  357  and  n.  6 
Other    mathematical 
achievements : 
Two       mean       propor- 
tionals, 267  n.  6 
Continued      multiplica- 
tions, ii.  353-357 
Astronomy,  ii.  357  n.  b 
Otherwise  mentioned  :    ii. 
363 
Application   of  Areas,    186- 
215  ;   explanation  and  his- 
tory,  186-187  ;    a  Pytha- 
gorean    discovery,     187 ; 
Euclid's     theorems,     1 89- 
215  ;    equivalence  to  solu- 
tion   of    quadratic    equa- 
tions, 195  n.  a,  197  n.  a, 
211  n.  a,  215n.  α  ;  possible 
use  by  Hippocrates,  245  n. 
a ;    use  by  Apollonius  in 
his  treatment  of  the  conic 
sections,  ii.  305-323  (esp. 
ii.  309  n.  a) 
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Approximations   to   it,   321- 

333  (incl.  n.  a),  ii.  353 
Archibald,       R.      C,      his 
Euclid's  Book  on  Divisions 
of  Figures,  157  n,  c 
Archimedes 
Life  :  A  Syracusan,  ii.  19  ; 
born  about  287  b.c,  ii. 
19  and  n.  c ;    his  me- 
chanical devices  used  in 
the    defence    of    Syra- 
cuse, ii.  19-21,  ii.  25-31  ; 
his  death  at  the  hands 
of  a  Roman  soldier  in 
212B.c.,ii.  23,  ii.  33-35; 
his  sayings,  ii.  21,  ii.  23, 
ii.  35  ;   his  contempt  for 
the  utilitarian,  ii.  31,  ii. 
619  ;    his  request  for  a 
cylinder      enclosing      a 
sphere  as  a  monument, 
ii.  33  and  n.  ο  ;   his  ab- 
sorption in  his  work,  ii. 
31-33,  ii.  37  ;    his  solu- 
tion of  the  problem  of 
the  crown,  ii.  37-39,  ii. 
251    n.    a ;     his    Doric 
dialect,  ii.  21  and  n.  6, 
ii.  137 
Works  : 

On  the  Sphere  and  Cylin- 
der, ii.  41-127  ;  pre- 
face, ii.  4 1-43;  axioms, 
ii.  43-45  ;  postulates, 
ii.  45-47  ;  surface  of 
cylinder,  ii.  67-77  ; 
surface  of  cone,  ii.  77- 
81;  surface  of  sphere, 
ii.  113-117;  volume 
of  sphere,  ii.  1 19-127  ; 
trigonometrical  equi- 
valents, ii.  91  n.  6,  ii. 


101  n.  a,  ii.  109  n.  a ; 
equivalence  to  inte- 
gration, ii.  41  n.  o,  ii. 
117  n.  6;  problem 
leading  to  solution  of 
cubic  equation,  ii. 
127-1G3  (incl.  n.  a) ; 
cited  by  Zenodorus. 
ii.  393,  ii.  395  ;  Euto- 
cius's  commentaries, 
ii.  73  n.  a,  ii.  77  n.  a, 
ii.  127  n.  a,  ii.  135- 
163  ;  otherwise  men- 
tioned, ii.  165  n.  a 

On  Conoids  and  Spher- 
oids, ii.  165-181  ;  pre- 
face, ii.  165;  lemmas, 
ii.  165-169  ;  volume 
of  segment  of  para- 
boloid of  revolution, 
ii.  171-181  ;  equiva- 
lence to  integration, 
ii.  181  n.  a 

On  Spirals,  ii.  183-195; 
definitions,  ii.  183- 
185 ;  fundamental 
property,  ii.  185-187  ; 
vergings  assumed,  ii. 
187-189  (incl.  n.  c),  ii. 
195  n.  α  ;  property  of 
sub-tangent,  ii.  191- 
195,  and  comments  of 
Pappus,  Tannery  and 
Heath,  ii.  195  n.  b; 
curve  used  to  square 
the  circle,  335  and  n.  b 

On  the  Measurement  of 
a  Circle,  317-333; 
Eutocius's  commen- 
tary, 323  n.  α  ;  cited 
by  Zenodorus,  ii.  395 
and  n.  α 
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Quadrature  of  a  Para- 
bola, ii.  229-243  ;  pre- 
fatory letter  to  Dosi- 
theus,  ii.  229-233 ; 
first  (mechanical) 
proof  of  area  of  para- 
bolic segment,  ii.  233- 
239  ;  equivalence  to 
integrations,  ii.  239 
n.  6;  second  (geo- 
metrical) proof,  ii.  239- 
243  ;  otherwise  men- 
tioned, ii.  41  n.  b,  ii. 
221  n.  a,  ii.  225  and 
n.  6 

Method,  ii.  221-"229 ; 
discovery  by  Heiberg, 
ii.  221  n.  6  ;  prefatory 
letter  to  Eratosthenes, 
ii.  221-223;  mechani- 
cal proof  of  area  of 
paraoolic  segment,  ii. 
223-229;  gives  Den  lo- 
critus  credit  for  find- 
ing volume  of  cone 
and  pyramid,  229-231 , 
411  n. a 

Sand-reckoner,  ii.  199- 
201  (incl.  n.  o) 

Cattle  Problem,  17  n.  c, 
ii.  20.S-205  (incl.  n.  a) 

On  Plane  Kqvilibriums, 
ii.  207-221  ;  postu- 
lates, ii.  207-209 ; 
principle  of  lever,  ii. 
209-217 ;  centre  of 
gravity  of  parallelo- 
gram, ii.  217-221  ;  of 
a  triangle,  ii.  227  and 
n.  α 

On  Floating  Bodies,  ii. 
243-257  ;  discovery  of 


Greek  text  by  Hei- 
berg, ii.  242  n.  a; 
William  of  Moer- 
beke's  Latin  transla- 
tion, ii.  242  n.  o; 
postulates,  ii.  243- 
245  ;  surface  of  fluid 
at  rest,  ii.  245-249 ; 
loss  of  weight  of  solid 
immersed  in  a  fluid- - 
"  Archimedes'  prin- 
ciple," ii.  249-251  ; 
use  of  this  principle 
to  solve  problem  of 
crown,  ii.  251  n.  α ; 
stability  of  paraboloid 
of  revolution,  ii,  253- 
257  :  Heath's  tribute 
to  Book  ii.,  ii.  252  n.  α 
Liber  Assumptorum,  ii. 
581  n.  a 
Other  achievements  : 
Discovery  of  13  semi- 
regular  solids,  21 7  n.o, 
ii.  195-197  (incl.  n.  b) 
Circles  inscribed  in  the 

άρβηλοί,  ii.  581  n.  ο 
Solution  of  cubic  equa- 
tions, ii.  127-163  (incl. 
n.  a) 
Inequalities,  ii.  165-169 
Summation  of  scries,  ii. 
165-169,   ii.   241    and 
n.  a 
•*  Archimedes'  Axiom," 
321  n.  a,  41 1  n.  a,  455 
n.  a,  ii.  47  and  n.  o, 
ii.  195  n.  b,  ii.  231 
Otherwise         mentioned  t 
Vitruvius    on    his    pro- 
ficiency in  all  branches 
of  science,  ii.  3  n.  a; 
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Pappus's  tribute  to  his 
versatility,  ii.  619  ;    his 
method    of    evaluating 
areas,  ii.  385  n.  α 
Archytas,  5   n.   ο ;    on   the 
branches   of  mathematics 
(Pythagorean  quadri- 

vium),  5  and  n.  6 ;  on 
means,  113-115,  153  n.  a; 
his  proof  that  a  super- 
particular  ratio  cannot  be 
divided  into  equal  parts, 
131-133;  Proclus's  com- 
ments on  his  work  in  geo- 
metry, 151  ;  his  solution 
of  the  problem  of  two 
mean  proportionals,  285- 
289  ;  his  work  in  stereo- 
metry, 7  n.  o,  13  n.  6  ;  his 
method  of  representing  the 
sum  of  two  numbers,  131 
n.  β,  429  η.  c 
Aristaeus  :  his  five  books  of 
Solid  Loci  (conic  sec- 
tions), 487  and  n.  a,  ii.  281 
n.  a,  ii.  255  n.  α ;  first 
demonstrated  focus-direc- 
trix property,  495  n.  ο ;  his 
(?)  Comparison  of  the  Five 
Itegular  Solids,  487  n.  b 
Aristarchus  of  Samos,  ii.  3- 
15 ;  a  pupil  of  Strato  of 
Lampsacus,  ii.  3  and  n.  ο  ; 
his  theory  of  the  nature  of 
light,  ii.  3  ;  his  heliocentric 
hypothesis,  ii.  3-5  (incl. 
n.  6) ;  on  the  sizes  and 
distances  of  the  sun  and 
moon,  ii.  3-15 ;  use  of 
continued  fractions  (?),  ii. 
15  and  n.  b 
Aristophanes  t    reference  to 


the  squaring  of  the  circle, 
309  and  n.  a 
Aristotle  :  use  of  term  mathe- 
matics, 3  n.  c,  401  n.  a ; 
did  not  know  how  to 
square  the  circle,  335  ;  on 
first  principles  of  mathe- 
matics, 419-423 ;  on  the 
infinite,  425-429 ;  proofs 
differing  from  Euclid's, 
419  n.  a,  429-431  ;  method 
of  representing  angles,  429 
n.  c ;  on  the  principle  of 
the  lever,  431-433  ;  on  the 
parallelogram  of  velocities, 
433  ;  irrationality  of  '\/2, 
111  ;  on  odd,  even  and 
prime  numbers,  75  n.  a, 
78  n.  ο ;  on  oblong  and 
square  numbers,  95  and 
n.  6  ;  on  Zeno's  paradoxes 
of  motion,  366-375 ;  on 
nature  of  geometrical 
proof,  ii.  369 
Aristoxenus :  on  Plato's 
lecture  on  the  Good,  389- 
391  ;  his  pupil  Cleonides, 
157  n.  c 
Arithmetic : 

Its  place  in  the  Pytha- 
gorean quadrivium,  5 
and  n.  6  ;  in  the  educa- 
tion of  Plato's  Guar- 
dians, 7-9 ;  in  Plato's 
Laws,  21-23  ;  in  Anato- 
liusand  Geminus,  19  and 
n.  b ;  difference  from 
logistic,  7  and  n.  a,  Π- 
Ι 9  (incl.  n.  b) ;  Greek 
arithmetical  notation 
and  the  chief  arith- 
metical operations,  4 1-63 
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Pythagorean  arithmetic : 
first  principles,  67-71  ; 
classincation  of  num- 
bers, 73-75 ;  perfect 
numbers,  75-87 ;  figured 
numbers,  87-99  ;  some 
properties  of  numbers — 
the  "  sieve  "  of  Eratos- 
thenes, 101-103.  divisi- 
bility of  squares,  103- 
105  ;  a  theorem  about 
cube  numbers,  105-107  ; 
a  property  of  the  pyth- 
men,  107-109  ;  irration- 
ality of  Y^S,  111;  theory 
of  proportion  and  means 
— arithmetic,  geometric 
and  harmonic  means, 
111-115,  seven  other 
means,  115-125,  Pap- 
pus's equations  between 
means,  125-129,  Plato 
on  means  between  two 
squares  or  two  cubes, 
129-131,  Archytas's 

proof  that  a  super  par- 
ticular ratio  cannot  be 
divided  into  equal  parts, 
131-133 
See  also  Theory  of  num- 
bers ;     Algebra ;     Irra- 
tional, the ;  Approxima- 
tions to  π;  Inequalities 
jirtthmetica,  v.  Diophantus 
Armillary  sphere,  229  n.  a 
Arrow  of  Zeno,  367,  371 
Astronomy :     a   full    notice 
excluded,  χ ;  identical  with 
sphaeric    in    the     Pytha- 
gorean quadrivium,  5  n.  6; 
in  the  education  of  Plato's 
Guardians,   15 ;    in  Ana- 


tolius  and  Geminus,  19 
and  n.  b  ;  Isocrates'  views, 
29  ;  work  of  Thales,  147 
n.  ο  ;  of  Pythagoras,  149 
n.  6 ;  of  Ecphantus,  ii. 
5  n.  ό  ;  of  Oenopides,  149 
n.e;  of  Philippusof  Opus, 
155  n.  ο  ;  of  Eudoxus,  15 
n.  a,  411-415;  of  Hera- 
clides  of  Pontus,  15  n.  a, 
ii.  5  n.  6  ;  of  Autolycus  of 
Pitane  and  Euclid,  490  n. 
a ;  of  Aristarchus  of 
Samos,  ii.  3-15 ;  of  Eratos- 
thene,s,  ii.  261  n.  o,  ii.  263 
and  n.  c,  ii.  267-273;  of 
Apollonius  of  Perga,  ii. 
277  n.  a,  ii.  357  n.  6  ;  of 
Posidonius,  ii.  37 1  n.  b; 
of  Hypsicles,  ii.  395-397  ; 
of  Cleomedes,  ii.  399-401  ; 
of  Hipparchus,  ii.  407  n.  o, 
414  n.  α  ;  of  Menelaus,  ii. 
407  n.  ο ;  of  Ptolemy,  ii. 
409  and  n.  b,  ii.  447  ;  of 
Pappus,  ii.  593  n.  a ; 
knowledge  of  astronomy 
necessary  for  reading 
Plato,  ii.  401 
Athenaeus   of  Cyzicus,    153 

and  n.  e 
"  Attic  "  numerals,  41-42 
August,  E.  F.,  397  n.  ο 
Autolycus  of  Pitane,  49 1  n.  α 
Axioms      and      postulates : 
Aristotle's  discussion,  419- 
423  ;    Euclid's  postulates, 
443  ;  attempt  to  prove  the 
parallel-postulate,  ii.  367- 
.385  ;    Archimedes'  postu- 
lates in  his  work   On  the 
Sphere  and   Cylinder,  ii. 
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45-47,  in  his  work  On 
Plane  Equilibriums,  ii. 
207-209,  in  his  work  On 
Floating  Bodies,  ii.  243- 
245  (incl.  n.  a) ;  "  Archi- 
medes' Axiom,"  321  n.  a, 
411  n.  a,  455  n.  a,  ii.  47 
and  n.  a,  ii.  231 

Bachet,  ii.  537  n.  b 

Barlaam,  14th  century  Cala- 
brian  monk:  his  formula 
for  approximation  to  a 
square  root,  ii.  472  n.  ο 

Bede,  the  Venerable,  31  n.  c 

Bees,  Pappus  on  their  choice 
of  shape  for  cell,  ii.  589- 
593 

Benecke,  Α.,  his  Ueber  die 
Geometrische  Hypothesis  in 
Platons  Menon,  397  n.  a 

Besthorn,  R.  O.  :  his  edition 
of  an-Nairlzi's  commen- 
tary on  Euclid's  Elements, 
185  n.  6 

Bjornbo,  A.  Α.,  on  Hippo- 
crates' quadratures,  311 
n.6 

Blass,  C. :  his  De  Platone 
mathematico,  387  n.  α 

Boeckh,  Α.,  221  η.  ο 

Boethius,  citation  of  Archy- 
tas's  proof  that  a  super- 
particular  ratio  cannot  be 
divided  into  equal  parts, 
131-133 

Breton  de  Champ,  P.,  ii. 
611  n.  e 

Bretschneider,  C.  Α.,  his  Die 
Geometrie  und  die  Geo- 
meter vor  Eukleides,  153 
n.  a 


Brochard,  V.,  on  Zeno's 
paradoxes,  367  n.  α 

Bryson,  attempt  to  square 
the  circle,  315-317 

Burnet,  J.,  on  the  astronomy 
in  Plato's  Republic,  15  n.  α 

Butcher,  S.  H.,  on  the  hy- 
pothesis in  Plato's  Meno, 
397  n. a 

Callimachus,  ii.  261  and  n.  b 

Canonic,  theory  of  musical 
intervals,  19  and  n.  6 

Cantor,  ().,  42 

CarpusofAntioch,335,ii.619 

Case  (τΓτώσΐί),  ii.  347 

Casting  out  of  nines,  107-109 

Catasterismi,  work  by  Era- 
tosthenes, ii.  263  n.  a 

Catoptrics,  v.  Euclid :  Works 

Cattle-problem,  v,  Archi- 
medes :  Works 

Centre  of  gravity :  Archi- 
medes' postulates,  ii.  209  ; 
of  a  lever,  ii.  209-217  ;  of 
a  parallelogram,  ii.  217- 
221  ;  of  a  triangle,  ii.  217 
n.  b,  ii.  227  and  n.  σ  ;  of  a 
trapezium  and  parabolic 
segment,  ii.  217  n.  ό  ;  of 
a  segment  of  a  paraboloid, 
ii.  225 

Chaldaeans,  ii.  397  n.  α 

Chasles,  M.,  485  n.  e,  ii.  581 
n.  c 

Chords,  Table  of:  Hippar- 
chus  and  Menelaus,  ii.  407, 
ii.  409  and  n.  ο  ;  Ptolemy, 
ii.  443-445 

Chrysippus,  229  n.  a 

Cicero :  restored  monument 
to  Archimedes,  ii.  33  n.  a 
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Circle  i 

Division  into  degrees,  ii. 

395-397 
Squaring    of   the    circle : 
Anaxagoras's    work    in 

Erison,  309  ;  a  reference 
y   Aristoplianes,   309  ; 
approximation  by  poly- 
gons —  Antiphon,   31 1- 
315,    Bryson,    315-317, 
Archimedes,    317  -  333  ; 
solutions      by      higher 
curves  —    Simplicius's 
summary,       335,       the 
quadratrix,     337  -  347; 
closer      approximations 
by  Archimedes,  333  n.  a, 
and  Apollonius,  ii.  353  ; 
Pappus's    collection    of 
solutions,  ii.  581  n.  6 
Apparent  form  of  circle, 
ii.  593-597 
Cissoid,  viii ;    discovered  by 
Diodes,  271  n.  a,  ii.  365 
n.  α ;  and  by  him  used  for 
finding  two  mean  propor- 
tionals, 271-279 
Cleanthes,  ii.  5 
Cleomedes  :   life  and  works, 
ii.  267  n.  b,  ii.  397  n.  o; 
on    the    measurement    of 
the  earth,  ii.  267-273  ;  on 
paradoxical     eclipses,     ii. 
397-401 
Cleonides,  157  n.  c 
Cochlias,  335,  ii.  351 
Cochloids,  301  n.  o,  335  and 

n.  c,  297  n.  c 
Commandinus,  his  edition  of 
Pappus's    Collection,    499 
n.  a,  ii.  581  n.  c 
Concentric      spheres,      Eu- 


doxus's  theory  of,  411- 
415 

Conchoid,  297,  301  n.  a; 
used  by  Nicomedes  to 
trisect  an  angle,  297-309 

Cone  :  double  cone  defined 
by  Apollonius,  ii.  285-287  ; 
single  cone  defined,  ii. 
287  ;  volume  enunciated 
by  Democritus,  229-231  ; 
and  proved  by  Eudoxus, 
229-231,  409-411  ;  sub- 
contrary  section  a  circle, 
ii.  301  n.  a 

Conic  sections :  discovered 
by  Menaechmus,  279-283 
(incl.  n.  a),  297,  ii.  281  n. 
a ;  originally  called  sec- 
tions of  a  right-angled, 
acute-angled  and  obtuse- 
angled  cone,  283  n.  a,  ii. 
279 ;  by  Apollonius  re- 
named parabola,  ellipse 
and  hyperbola,  283  n.  a ; 
treatises  written  by  Aris- 
taeus  and  Euclid,  487  and 
n.  a,  ii.  255  n.  σ,  ii.  281  n. 
a  ;  "  locus  with  respect  to 
three  or  four  lines,"  487- 
489 ;  Euclid  on  genera- 
tion of  ellipse,  491  ;  focus- 
directrix  property  assumed 
by  Euclid,  495  and  n. 
a  ;  terminology  of  Archi- 
medes, ii.  281  n.  a,  ii.  283 
n.  a;  area  of  parabolic 
segment  found  by  Archi- 
medes mechanically,  ii. 
223-227,  ii.  233-239,  geo- 
metrically, ii.  239-245 ; 
properties  assumed  by 
Archimedes,  ii.  171,  ii.  175, 
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ii.  253,  ii.  255  ;  relation 
of  Apollonius's  treatise  to 
previous  works,  ii.  277- 
281  ;  scope  of  his  treatise, 
ii.  281-285  ;  definitions,  ii. 
285-289  ;  construction  of 
the  sections,  ii.  289-305  ; 
fundamental  properties,  ii. 
305-329  ;  meaning  of  dia- 
meter, ii.  287  ;  ordinat.es, 
ii.  289 ;  conjugate  dia- 
meters, ii.  289  ;  transition 
to  new  diameter,  ii.  329- 
335  ;  principle  axes,  ii.  289 
and  n.  a,  ii.  331  n.  ο  ;  con- 
jugate axes,  ii.  289  ;  op- 
posite branches  of  hyper- 
bola, ii.  323-329  (incl.  n.  a); 
basis  of  Apollonius's  treat- 
ment the  application  of 
areas,  ii.  309  η .  α ;  "  figure ' ' 
of  a  conic  section,  ii.  317  n. 
α ;  latus  rectum,  ii.  309 
and  n.  a,  ii.  317  and  n.  a ; 
transverse  side,  ii.  317  and 
n.  α ;  Cartesian  equiva- 
lents, 283  n.  a,  ii.  323  n. 
a  ;  use  of  conic  sections  to 
solve  cubic  equations — by 
Archimedes,  ii.  137-159  ; 
by  Dionysodorus  and 
Diocles,  ii.  163  n.  α  ;  to  find 
two  mean  proportionals, 
279-283;  to  trisect  an 
angle,  357-363 

Conon  of  Samos,  ii.  35  n.  b, 
ii,  229 

Conversion,  in  geometry,  159 
and  n.  α 

Cube  :  one  of  five  regular 
solids,  217,  223,  379,  467- 
475  ;  inscription  in  sphere 


by  Pappus,  ii.  575  n.  a; 
duplication  of  cube  — ■ 
task  set  to  Delians  and 
Plato's  advice  sought,  257  ; 
a  poetic  version,  257-259  ; 
reduced  to  finding  of  two 
mean  proportionals,  259  ; 
collection  of  solutions  by 
Eutocius,  263  n.  α ;  by 
Pappus,  ii.  581  n.  6 

Cube  root:  »  V^OO  found  by 

Heron,    61-63j Heron's 

value  for  3y'97050, 63 n.  a; 
approximations  by  Philon 
of  Byzantium,  63  n.  α 

Cubic  equations  :  c.e.  arising 
out  of  Archimedes'  D* 
Sph.  et  Cyl.,  ii.  133  n.  d ; 
solved  by  Archimedes 
by  use  of  conies,  ii. 
13'Μ59  (esp.  141  n.  o) ; 
also  by  Dionysodorus  and 
Diocles,  ii.  163  n.  α ; 
Archimedes  able  to  find 
real  roots  of  general  cubic, 
ii.  163  n.  α ;  cubic  equa- 
tion solved  by  Diophantus, 
ii.  539-541 

Damianus  of  Larissa,  ii.  497 
n.  α ;  his  book  On  the 
Hypotheses  in,  Optics,  ii. 
497  ;  an  abridgement  of 
a  larger  work  based  on 
Euclid,  ii.  497  n.  a 

Definitions :  discussed  by 
Plato,  393;  by  Aristotle, 
423;  Euclid's  d.,  67-71, 
437-441,  445-453,  479 ; 
Archimedes'  d.,  ii.  43-45, 
ii.  165,  ii.  183-185  ;  Apol- 
lonius's   d.,    ii.    285-289; 
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Heron'sd.,ii. 4-67-471 ;  Dio- 
phantus's  d.,  ii.  519-523 

De  Fortia  D'Urban,  Comte, 
his  Traits  d'Aristarque  de 
Samos,  ii.  15  n.  6 

Demel,  Seth :  his  Platons 
Verhaltnis  zur  Mathe- 
malik,  387  n.  α 

Demetrius  of  Alexandria, 
349  and  n.  h 

Democritus  :  life  and  works, 
229  n.  α ;  reflections  on 
the  indefinitely  small,  229  ; 
enunciated  formulae  for 
volumes  of  cone  and  pyra- 
mid, 229-231,  411  n.  α 

De  Morgan,  447  n.  a 

Descartes,  system  of  co-ordi- 
nates conceived  through 
study  of  Pappus,  ii.  601  n.  α 

Dichotomy  of  Zeno,  369  and 
n.b 

Diels,  H.  :  his  Die  Frag- 
mente  der  Vorsokratiker, 
xvi,  5,  73,  75,  113,  173,217 

Digamma:  use  as  numeral, 43 

Dimension,  85,  ii.  411-413,  ii. 
515,  ii.  601-603 

Dinostratus,  153  and  n.  d 

Diodes:  his  date,  ii.  365  n.  a; 
his  discovery  of  the  cissoid, 
viii,  270-279  ;  his  solution 
of  a  cubic  equation,  ii.  135, 
ii.  163  n.  α 

Diodorus  of  Alexandria  :  his 
Analemma,  301  and  n.  b 

Diodorus  Siculus :  his  ac- 
count of  the  siege  of 
Syracuse,  ii.  23  and  n.  a 

Dionysius,  a  friend  of  Heron, 
ii.  467 

Dionysodorus  :  of  Caunus  ?, 
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ii.  364  n.  a  ;  his  solution  of 
a  cubic  equation,  ii.  1.35,  ii. 
163  n.  α  ;  his  book  On  the 
Spire,  ii.  481 

Diophantus  of  Alexandria : 
life,  ii.  513,  ii.  517  n.  b; 
on  the  unit,  ii.  515  ;  on 
the  Egyptian  method  of 
reckoning,  ii.  515 ;  his 
Arithmetica,  ii.  517  and 
n.  b  ;  his  work  (?)  entitled 
Porisms,  ii.  517  and  n.  c; 
his  treatise  On  Polygonal 
Numbers,  ii.  515,  ii.  561  ; 
his  contributions  to  alge- 
bra— notation,  ii.  519-525  ; 
pure  determinate  equa- 
tions, ii.  525  ;  quadratic 
equations,  ii.  527-535,  esp. 
ii.  533;  simultaneous  equa- 
tions leading  to  a  quad- 
ratic, ii.  537  ;  cubic  equa- 
tion, ii.  539-541  ;  indeter- 
minate analysis,  139  n.  6  ; 
indeterminate  equations  of 
the  second  degree,  ii.  541- 
547  ;  indeterminate  equa- 
tions of  higher  degree,  ii. 
549-551  ;  theory  of  num- 
bers— sums  of  squares,  ii. 
551-559 

Dioptra  :  ancient  theodolite, 
ii.  467  ;  Heron's  book,  ii. 
485-489 

Diorismi,  151  and  n.  A,  395- 
397,  ii.  135  n.  a 

Division  in  Greek  mathe- 
matics, 51-61 

Division  of  Figures :  Euclid's 
book,  157  n.  c  ;  a  problem 
in  Heron's  Metrica,  ii. 
483-485 
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Dodecahedron  :  one  of  the 
five  regular  sohds,  217,  233 
and  n.  6  ;  Hippasus  said  to 
have  been  drowned  for  re- 
vealing it,  223-225  ;  com- 
parison with  the  icosa- 
hedron,  ii.  349 

Dositheus  of  Pelusium : 
works  dedicated  to  him  by 
Archimedes,  ii.  41,  ii.  229 

Dyad,  75  and  n.  o,  427  n.  6 

Earth:  circumference  calcu- 
lated by  Posidonius,  ii.  267 ; 
by  Eratosthenes,  ii.  267-273 

Ecliptic,  149  n.  e 

Ecphantus,  ii.  5  n.  6 

Eecke,  Paul  Ver,  v.  Ver 
Eecke 

Egyptian  method  of  reckon- 
ing, 17,21,  ii.  515-517 

Egyptian  papyri,  calcula- 
tions in,  45-47 

Egyptian  se-qet,  165  n.  b 

Elements  :  meaning  of  term, 
151  n.  c;  Leon's  collec- 
tion, 151  ;  Euclid's  Ele- 
ments, 157,  437-479  ; 
Elements  of  Conies,  487 
n.  a,  ii.  151,  ii.  153; 
Pappus's  Collection  so  de- 
scribed, ii.  607 

Enestr5m,  G.,  63  n.  α 

Enneagon  :  relation  of  side 
of  enneagon  to  diameter 
(=sin  20°),  ii.  409  n.  α 

Epanthema,  "  bloom,"  of 
Thymaridas,  139-141 

Equations  :  v.  Cubic  equa- 
tions. Quadratic  equations 

Eratosthenes :  Life  and 
achievements,  156  and  n.o. 


ii.  261  and  n.  a  ;  his  work 
On  Means  included  in  the 
Treasury  of  Analysis,  ii. 
263  and  n.  d ;  discussed 
loci  with  reference  to  means, 
ii.  263  n.  d,  ii.  265  and  n.  a; 
his  Platonicus,  257  and  ii. 
265-267  ;  his  sieve  for  find- 
ing successive  odd  num- 
bers, 100-103;  letter  of 
pseudo  -  Eratosthenes  to 
Ptolemy  Euergetes,  257- 
261  ;  his  solution  of  the 
problem  of  two  mean  pro- 
portionals, 291-297 ;  his 
solution  derided  by  Nico- 
medes,  297-299 ;  his 
measurement  of  the  cir- 
cumference of  the  earth, 
ii.  267-273;  Archimedes' 
Method  dedicated  to  him, 
ii.  221  ;  Cattle  Problem, 
said  to  have  been  sent 
through  him,  ii.  203  ;  his 
teachers  and  pupils,  ii. 
261-263 ;  his  nicknames, 
ii.  261-263;  his  other 
works,  ii.  263 
Erycinus,   Paradoxes   of,   ii. 

571-573 
Euclid  : 

Life :  Born  in  time  of 
Ptolemy  I,  155  and  n.  b  ; 
not  to  be  confused  with 
Euclid  of  Megara,  155 
n.  b ;  his  school  at 
Alexandria,  437  n.  a, 
489,  ii.  35  n.  6;  told 
Ptolemy  there  was  no 
royal  road  in  geometry, 
1 55  (but  V.  n.  6)  ;  con- 
tempt   for    those    who 
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studied  mathematics  for 

monetary  gain,  437 
Works : 

Elements :  meaning  of 
the  name,  151  n.  c, 
Proclus's  notice,  155- 
157  ;  definitions,  pos- 
tulates and  common 
notions,  437-445 ; 

"  Pythagoras's  Theo- 
rem," 179-185;  ap- 
plication of  areas,  187- 
215 ;  theory  of  pro- 
portion, 445-451  ; 
arithmetical  defini- 
tions, 67-71  ;  theory 
of  incommensurables, 
451-459;  method  of 
exhaustion,  459-465  ; 
regular  solids,  467- 
479  ;  Proclus's  com- 
mentary on  Book  i., 
145  n.  a  ;  an-Nairizi's 
commentary,  185  n.  ό ; 
Scholia,  215-217,  379, 
409 ;  T.  L.  Heath,  The 
Thirteen  Books  of 
Euclid's  Elements :  v. 
Heath,  T.  L. :  The 
Thirteen  Books,  etc. 

Oata :  General  charac- 
ter, 479  n.  α  ;  defini- 
tions, 479  ;  included 
in  Treasury  of  Analy- 
sis, 479  n.  a,  ii.  337  ; 
cited,  ii.  455 

Porisms :  Proclus's 

notice,  481  ;  included 
in  Treasury  of  Analy- 
sis, 481  and  n.  c,  ii. 
337 ;  Pappus's  com- 
prehensive    enuncia- 


tion, 481-483 ;  de- 
velopments in  theory 
of  conies,  487  n.  α ; 
modern  reconstruc- 
tions, 485  n.  e ;  a 
lemma  by  Pappus,  ii. 
611-613 

Conies :  a  compilation 
based  on  Aristaeus, 
ϋ.281η.σ;  Pappuson 
Apollonius's  debt, 
487-489  ;  ellipse  ob- 
tained as  section  of 
cone  or  cylinder  by  a 
plane  not  parallel  to 
the  base,  191  and  n.  6 ; 
focus-directrix  pro- 
perty assumed  with- 
out proof,  495  n.  α ; 
cited  by  Archimedes, 
ii.  225 

Surface  Loci  :  399  n.  a, 
487  n.  a;  included  in 
Treasury  of  Analy- 
sis, 491  and  n.  c ; 
Pappus's  lemmas,  363 
n.  a,  493-503 

Optics :  Euclid's  text 
and  Theon's  recen- 
sion, 503  and  n,  b,  157 
and  n.  c  ;  proof  that 
tan  ο  :  tan  β  <  a  :  β, 
503-505 

On  Divisions  of  Figures : 
Proclus's  notice,  157  ; 
Woepcke's  discovery 
of  Arabic  text,  157 
n.  c ;  R.  C.  Archi- 
bald's restoration,  157 
n.  c ;  a  medieval 
Latin  translation  (by 
Gherard  of  Cremona?), 
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157   η.  c ;    similarity 
of  Book  iii.  of  Heron's 
Metrics,  ii.  485  n.  σ  ; 
division  of  a  circle  into 
three  equal  parts,  ii. 
485  n.  ο 
Pseudaria:  attributed  to 
Euclid     by     Proclus, 
161  and  n.  a 
Catoptrics  •.      attributed 
to  Euclid  by  Proclus, 
157  ;    but  not  other- 
wise known,  and  pos- 
sibly written  by  Theon 
of  Alexandria,  157  n.  c 
Phenomena :       astrono- 
mical treatise,  491  n.  ο 
Sectio  Canonis,  musical 
treatise  doubtfully  at- 
tributed    to     Euclid, 
157  n.  c 
Introductio  Harmonica, 
musical     treatise     by 
Cleonides,       wrongly 
attributed   to   Euclid, 
157  n.  c 
Elements  of  Music  :  at- 
tributed to  Euclid  by 
Proclus,  157 
Euclidean     geometry,     viii ; 
its  nature  defined   in  the 
postulates — space    an    in- 
finite,   homogeneous    con- 
tinuum, 443  and  nn.  a,  6, 
the  parallel-postulate,  443 
and  n.  c  ;    Proclus's  objec- 
tion  to   the   postulate,   ii. 
367-371  ;        attempts      to 
prove  the  postulate — Posi- 
donius   and    Geminus,    ii. 
371-373,  Ptolemy,  ii,  373- 
383,  Proclus,  ii.  383-385  ; 


Euclid's  genius  in  making 
it  a  postulate,  443  n.  c,  ii. 
367  n.  α ;  non-Euclidean 
geometry,  443  n.  c 

Eudemus :  pupil  of  Aris- 
totle, 145  n.  a,  ii.  281  ;  his 
History  of  Oeomstry,  145 
n.  a ;  his  account  of 
Hippocrates'  quadrature  of 
lunes,  235-253  ;  on  sum  of 
angles  of  a  triangle,  177- 
179  ;  attributed  Eucl.  xii. 
2  to  Hippocrates,  239,  459 
n.  α 

Eudemus,  correspondent  of 
Apollonius :  Conies  de- 
dicated to  him,  ii.  281 

Eudoxus  of  Cnidos :  Pro- 
clus's notice,  151-153 ;  dis- 
covered three  subcontrary 
means,  153 ;  increased 
theorems  about  "  the  sec- 
tion," 153 ;  established 
theory  of  proportion,  409  ; 
credited  with  discovery  of 
three  subcontrary  means, 
121  n.  a ;  gave  proofs  of 
volume  of  pyramid  and 
cone,  409-41 1  ;  must  have 
used  "  Axiom  of  Archi- 
medes," 411  n.  a,  ii.  231 ; 
established  method  of  ex- 
hausting an  area  by  poly- 
gons, 411  n.  α  ;  his  theory 
of  concentric  spheres  to 
account  for  planetary 
motions,  411-415;  Me- 
naechmus  his  pupil,  153 ; 
his  work  continued  by 
Hermotimus  of  Colophon, 
153  ;  otherwise  mentioned, 
349  n.  0 
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Eugenius  Siculus,  Admiral, 
translated  Ptolemy's  Optics 
into  Latin,  ii.  411  n.  α 

Euripides,  259  n.  a 

Eutocius:  On  Archimedes^ 
Sphere  and  Cylinder,  263 
nn.  ο  and  6,  277  n.  a, 
299  n.  a,  ii.  159  n.  a,  ii. 
163  n.  a,  ii.  621  n.  a; 
On  A.'s  Measurement  of 
a  Circle,  323  n.  a 

Exhaustion,  method  of : 
originated  by  Antiphon, 
315  n.  α  ;  or  possibly  by 
Hippocrates,  411  n.  o; 
established  by  Eudoxus, 
315  n.  a,  411  n.  α  ;  used  to 
prove  that  circles  are  to 
one  another  as  the  squares 
on  their  diameters,  239 
n.  b,  459-465 ;  used  for 
approximating  to  area  of 
circle,  313-315 

Fermat :  reconstruction  of 
Apollonius's  On  Plane 
Loci,  ii.  345  n.  c  ;  his  notes 
on  Diophantus,  ii.  551  n.  a; 
sums  of  squares,  ii.  559 
n.  6 

Fractions  in  Greek  mathe- 
matics, 45 

Geeponicus,  Liber,  ii.  467 
n.  a,  ii.  505  n.  b 

Geminus  :  life  and  works,  ii. 
371  n.  c ;  on  the  classi- 
fication of  curves,  ii.  361- 
363,  ii.  365  nn.  a  and  b  ; 
his  attempt  to  prove  the 
parallel-postulate,  ii.  371 
n.  e 


Geometric  mean  :  v.  Means 
Geometry :    origins  of,   145 
(incl.  n,  ό)-146  ;    Proclus's 
summary,  145-161  ;  Plato 
on   its   nature,  9-11  ;    in- 
cluded in  theoretical  part 
of  mechanics  by  Heron,  ii. 
615;   for  detailed  subjects 
V.  Table  of  Contents 
Gnomon :     in    sundials,    87 
n.  a,  ii.  269-271  ;  gnomons 
of  dots  in  figured  numbers, 
87  n.  a,  93  n.  a,  95  and 
n.  b,  99  and  n.  ο  ;  gnomon 
of   a    parallelogram,    193 
and  n.  b,  197  n.  a 
Gow,  J.,  A  Short  History  of 
Greek  Mathematics,  43  n.  6 
Guldin,  Paul,  ii.  605  n.  a 
Guldin's    Theorem,    ii.    605 
(incl.  n.  o) 

Halley,  E.,  485  n.  b,  ii.  337 

n.  a,  ii.  339  n.  b 
Harmonic  mean  :  v.  Means 
Heath,     T.     L,     (later     Sir 
Thomas) : 

A  History  of  Greek  Mathe- 
matics, X,  xvi,  5  n.  h,  23 
n.  a,  27  n.  c,  35  nn. 
a  and  6,  43  n.  b,  93  n.  a, 
107  n.  a,  117  n.  o,  139 
n.  6,  145  nn.  a  and  b, 
153  n.  a,  155  n.  b,  157 
n.  a,  165  nn.  a  and  b, 
169  n.  a,  237  n.  6,  247 
n.  a,  271  n.  a,  311  n.  6, 
315  n.  a,  337  n.  a,  357 
n.  a,  457  n.  a,  485  n.  fi, 
ii.  163  n.  a,  ii.  253  n,  a, 
ii.  273  n.  c,  ii.  341  n.  a, 
ii.  343  n.  b,  ii.  347  n.  o. 
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ii.  351  η.  ο,  ii.  357  η.  ο, 
ii.  371  η.  c,  ii.  407  η.  α, 
ii.  467  η.  α,  ii.  489  η.  α, 
ϋ.  525  η.  b,  ii.  587  η.  c, 
ii.  589  η.  α,  ii.  605  η.  6 

Α  Manual  of  Greek  Mathe- 
matics, 181  η. α 

The  Thirteen  Books  of 
Euclid's  Elements,  67 
n.  a,  71  n.  6,  85  n.  a,  155 
n.  b,  159  n.  b,  167  n.  6, 
181  n.  o,  195  n.  a,  211 
n.  a,  215  n.  a,  437  nn.  ο 
and  c,  441  n.  o,  447  n.  o, 
457  n.  a,  ii.  367  n.  α 

Aristarchus  of  Samos,  411 
n.  6,  415  n.  c,  ii.  3 
n.  a 

The  Works  of  Archimedes, 
17  n.  c,  ein.  6,  323n.  a, 
351  n.  b,  493  n.  6,  ii.  25 
n.  a,  ii.  117  n.  b,  ii.  163 
n.  a,  ii.  181  n.  a,  ii. 
205  n.  ό 

The  Method,  ii.  19  n.  α 

Apollonius  of  Perga,  ii. 
281  n.  ο 

Diophantus  of  Alexandria, 
139  n.  6,  ii.  513  n.  a, 
ii.  517  n.  c,  ii.  519  n.  a, 
ii.  523  n.  a,  ii.  537  n.  6 

Greek  Astronomy,  157  n.  a, 
411  n.  b 
Heiben,  J.  L.,  333  n.  a 
Heiberg,  J.  L.,  19  n.  c,  297 

n.  a,  311   n.  b,,  487  n.  b, 

503  n.  6,  ii.  81  n.  a,  ii.  85 

n.  a,  ii.  89  n.  a,  ii.  159  n.  o, 

ii.  173  n.  a,  ii.  221  n.  b,  ii. 

243  n.  a,  ii.  285  n.  a,  ii. 

353  n.  c,  ii.  357  n.  a,  ii.  466 

n.  α 


Helicon  of  Cyzicus,  263  n.  6 
Hendecagon,  ii.  409  n.  ο 
Heraclides  of  Pontus,  ii.  5n,b 
Hermodorus,    correspondent 

of  Pappus,  ii.  597 
Hermotimus    of    Colophon, 

153  and  n.  e 
Herodotus,  on  the  abacus,  35 
Heron  of  Alexandria : 

Life :  his  date  a  disputed 
question,  ii.  467  n.  a ; 
described  as  "  the  father 
of  the  turbine,"  ii.  467 
n.  α 
Works,  ii.  467  n.  α  : 

Definitions :  based  on 
Euclid,  ii.  467  ;  de- 
finition of  a  point,  ii. 
469  ;  of  a  spire,  ii. 
469  ;  his  terminology 
different  from  Pro- 
clus's,  ii.  471  n.  α 
Metrica :  discovery  by 
R.  Schone  and  edited 
by  his  son  H.  Sch6ne, 
ii.  467  n.  α  ;  has  pre- 
served its  original 
form  more  closely 
than  Heron's  other 
geometrical  works,  ii. 
467  n.  α ;  formula 
V  s(«  -  o)(«  -  b){s  -  c) 
for  area  of  a  triangle, 
ii.  471-477,  ii.  603 
n.  a ;  formula  for 
approximation  to  a 
square  root,  ii.  471- 
472  (inch  n.  a) ; 
volume  of  a  spire,  ii. 
477-483  ;  division  of 
a  circle  into  tliree 
equal  parts,   ii.   483- 
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485 ;  similarity  be- 
tween Book  iii.  and 
Euclid's  book  On 
Divisions  of  Figures, 
ii.  485  n.  α ;  extrac- 
tion of  a  3  y'lOO,  60- 
63  ;  Archimedes'  ap- 
proximation to  7Γ,  333 

Dioptra :  the  dioptra,  an 
instrument  like  a  theo- 
dolite, ii.  467  n.  a ; 
measurement  of  an 
irregular  area,  ii.  485- 
489  ;  problem  of  mov- 
ing a  given  force  by 
a  given  weight  using 
an  arrangement  of 
toothed  wheels,  ii. 
489  -  497  ;  similar 
solutions  found  in  the 
Mechanics  and  in 
Pappus,  ii.  489  n.  a  ; 
proof  of  formula  for 
area  of  a  triangle,  ii. 
477  n.  a 

Mechanics :  has  sur- 
vived   in    Arabic,    ii. 

488  n.  o,  and  in  a 
few  fragments  of  the 
Greek,  ii.  467  n.  a ; 
problems  discussed,  ii. 

489  n.  a 
Geometrica :     quadratic 

equations,      ii.      SOS- 
SOS  ;       indeterminate 
analysis,  ii.  505-509 
Pneumatica,  Automata, 
etc.,  ii.  467  n.  a,  ii.  617 
Otherwise  mentioned  :   his 
addition     to     "  P)rtha- 
goras's   Theorem,"    181 
n.  α  and  185  n.  6 ;    his  ' 


solution  of  the  problem 
of  two  mean  propor- 
tionals, 267-271  ;  pos- 
sible censure  by  Pappus, 
ii.  603  and  n.  α ;  on 
branches  of  mechanics, 
ii.  615 
Hexagon,  its  use  by  bees,  ii. 

589-593 
Hipparchus :         life       and 
achievements,  ii.  407  n.  α ; 
founded  the  science  of  tri- 
gonometry, ii.  407  n.  α ; 
drew  up  a  table  of  sines, 
ii.    407    and    n.    α ;     dis- 
covered precession  of  the 
equinoxes,   ii.   407    n.   α ; 
his     Commentary    on    the 
Phenomena     of    Eudoxus 
and  Aratus,  ii.  407  n.  a,  ii. 
415  n.  a 
Ilippasus,    a    Pjrthagorean : 
credited  with  discovery  of 
means,  153  n.  α ;    said  to 
have  been  drowned  at  sea 
for  revealing  secret  of  in- 
scribing a  dodecahedron  in 
a  sphere,  223-225  (incl.  n.  o) 
Hippias   of   Elis :     life   and 
achievements,    149   n.   α ; 
his    praise    of   Ameristus, 
149  ;  discovered  the  quad- 
ratrix,  149  n.  a,  337  n.  α 
Hippocrates  of  Chios :    life 
and    achievements,    235 ; 
his    quadrature   of  lunes, 
235-253;      the    views    of 
Aristotle    and    the    com- 
mentators on  his  quadra- 
tures, 311  and  n.  b;    first 
reduced    the    problem    of 
doubling  the  cube  to  the 
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problem  of  finding  two 
mean  proportionals,  253, 
259 ;  possibly  able  to 
solve  a  quadratic  equa- 
tion, 245  n.  α  ;  discovered 
that  circles  are  to  one 
another  as  the  squares  on 
their  diameters,  239  and 
n.  b,  459  n.  a 

Hippopede  ("  horse-fetter  "), 
name  given  by  Eudoxus  to 
a  curve,  415 

Homer,  31  n.  α 

Horsley,  S.,  ii.  347  n.  α 

Hultsch,  F. :  his  edition  of 
Pappus's  Collection,  ii. 
565  n.  σ,  ii.  581  n.  c,  ii.  605 
n.  6,  ii.  611  n.  c 

H5φatia  :  daughter  of  Theon 
of  Alexandria,  48  n.  α ; 
helped  him  in  revision  of 
commentary  on  Ptolemy, 
48  n.  ο  ;  her  commentary 
on  Apollonius's  Conies,  ii. 
285  n.  a ;  her  commentary 
on  Diophantus's  Arith- 
metica,  ii.  517  n.  b 

Hypotenuse:  square  on,  179- 
1 85  ;  parallelogram  on, 
ii.  575-579 

HJφsicles  :  date,  ii.  397  n.  a  ; 
his  division  of  the  circle 
into  360  degrees,  ii,  395- 
397  ;  his  continuation  of 
Euclid's  Elements,  ii.  349 
nn.  α  and  c,  ii.  397  n.  a ; 
his  definition  of  a  poly- 
gonal number,  ii.  397  n.  o, 
ii.  515  and  n.  6 

lamblichus  :  on  squaring  of 
the   circle,   S35 ;    on   the 


"  bloom  "  of  Thymaridas, 
139  n.  ό  ;  on  a  property  of 
the  pythmen,  109  n.  a 

Icosahedron,  221  and  n.  «« 
ii.  349 

Incommensurable :  v.  Irra- 
tional 

Indeterminate  analysis  :  Py- 
thagorean and  Platonic 
formulae  for  right-angled 
triangles,  90-95  ;  side-  and 
diameter  -  numbers,  133- 
139  ;  Archimedes'  Cattle 
Problem,  ii.  .202-205 ; 
Heron's  problems,  ii.  505- 
509  ;  Diophantus's  prob- 
lems, ii.  541-551 

Indian  mathematics,  181  n.  α 

Involution,  ii.  341  n.  a,  iU 
611  n. α 

Irrational:  Pythagoreans  and 
the  irrational,  149  n.  o, 
215-217,  225  n.  a;  "irra- 
tional diameters,"  133-137 
(esp.  n.  a),  399  n.  c ;  proof 
by  Theodorus  and  Theae- 
tetus  of  irrationality  of  •γ/3, 
•γ/ΰ  .  .  .  yr7,  381-383; 
Plato  on  irrational  num- 
bers, 401-403;  Aristotle's 
proof  of  irrationality  of-y/g, 
HI  ;  Euclid's  theory,  451- 
459  ;  Apollonius's  theory 
of  imordered  irrationals, 
ii.  351 

Isocrates :  on  mathematics 
in  Greek  education,  27-29 

Isoperimetric  figures,  ii.  387- 
395,  ii.  589-593 


Karpinski,  L.  C,  75  n.  α 
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Keil,  43  η.  6 

Kepler,  his  investigation  of 

semi  -  regular     solids,     ii. 

197 n. 6;  on  planets, 411  n.h 
Koppa,  used  as  numeral,  43 
Kubitschek,  35  n.  b 

Laird,  A.  G.,  on  Plato's 
nuptial  number,  399  n.  b 

Larfeld,  W.,  on  Greek  alpha- 
bet, 42  n.  ό 

Lemmas :  Pappus's  collec- 
tion, ii.  607  (incl.  n,  b)  -613, 
ii.  565  n.  a,  493-503; 
lemmas  to  Menelaus's 
Theorem,  ii.  447-459 

Leodamas  of  Thasos  :  Pro- 
clus's  notice,  151  ;  Plato 
said  to  have  communi- 
cated method  of  analysis 
to  him,  151  n.  e 

Leon :  made  collection  of 
Elements,  and  discovered 
diorismi,  151  and  n.  h 

Line :  defined,  437  ;  straight 
line,  439  and  n.  o;  different 
species  of  curved  lines  ii. 
361-363 

"  lyinear "  loci  and  prob- 
lems, 349 

"  Linear  "  numbers,  87  n.  ο 

Loci :  line  loci,  surface  loci, 
and  solid  loci,  491  -  493 
(incl.  n.  a);  Surface  Loci  of 
Euclid,  349  and  n.  a,  487 
n,  a,  ii.  601  ;  Solid  TjOci 
of  Aristaeus,  487,  ii.  601 

IjOCus  with  respect  to  three 
or  four  lines,  487-489 ; 
with  respect  to  five  or  six 
lines,  ii.  601-603 

Logistic,  7,  17-19 


Loria,  G. :  his  Le  scienz4 
esatte  nelV  antica  Grecia, 
47  n.  a,  109  n.  a,  139  n.  6, 
271  n.  α 

Lucian,  91  n.  α 

Mamercus,  147  n.  6 

Marinus,  his  commentary  on 
Euclid's  Data,  ii.  349,  ii. 
565  η  α 

Mathematics,  meaning  of  the 
term,  3,  401  n.  α 

Means  :  three  Pythagorean 
means  —  arithmetic,  geo- 
metric, subcontrary,  111- 
115  ;  subcontrary  renamed 
harmonic,  113  ;  three  sub- 
contrary  means  added, 
119-121  (incl.  n.  a);  five 
further  means  discovered, 
121-125  ;  Pappus's  equa- 
tions between  means,  125- 
129  ;  Plato  on  means  be- 
tween two  squares  or  two 
cubes,  129-131  ;  duplica- 
tion of  cube  reduced  to 
problem  of  two  mean  pro- 
portionals, 259  and  n.  b  ; 
solutions,  261-309;  Era- 
tosthenes' work  On  Meins, 
ii.  263  ;  loci  with  reference 
to  means,  ii.  265  and  n.  ο  ; 
representation  of  means  by 
lines  in  a  circle,  ii.  569-571 
(incl.  n.  a) 

Μ  echanics :  Pappus  on 
branches  of  mechanics,  ii. 
615-621 ;  principle  of  lever, 
431-433,  ii.  209-217;  paral- 
lelogram of  velocities,  433 ; 
centres  of  gravity,  ii.  207- 
221  ;        five       mechanical 
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powers,  ii.  489  n.  a ;  Archi- 
medes' mechanical  inven- 
tions, ii.  19-31  ;  movement 
of  larger  weight  by  smaller 
by  use  of  engaging  wheels, 
ii.  489-497  :  Plato's  dislike 
of  mechanical  solutions, 
263  n.  6 ;  Archimedes'  pre- 
ference for  theoretical 
mathematics,  ii.  31,  ii. 
619  ;  pseudo- Aristotelian 
Mechanics,  431-433 ;  Ar- 
chimedes' On  Plane  Equi- 
libriums, ii.  207  -  221  ; 
his  mechanical  method  in 
mensuration,  ii.  221-229, 
ii.  233-239  ;  Heron's  Me- 
chanics, ii.  467  n.  o,  ii.  489 
(incl.  n.  a)  -497 

Menaechmus :  solution  of 
problem  of  two  mean  pro- 
portionals, 261,  279-283; 
discovered  the  conic  sec- 
tions, 283  n.  a,  297  and  n. 
b,  ii.  281  n.  a 

Menelaus  of  Alexandria : 
made  an  observation  under 
Trajan,  ii.  407  n.  a ;  dis- 
covered a  curve  called 
*'  paradoxical,"  348  -  349 
(incl.  n.  c)  ;  his  Sphaerica, 
ii.  407  n.  a,  ii.  463  n.  a ; 
drew  up  a  table  of  sines,  ii. 
407  ;  "  Menelaus's  Theo- 
rem," ii.  459-463 

Mensuration :  area  of  tri- 
angle given  the  sides,  ii. 
471-477  ;  volume  of  spire, 
ii.  477-483  ;  measurement 
of  irregular  area,  ii.  485- 
489;  area  of  parabolic  seg- 
ment, ii.  223-229,  ii.  243 


Meton,  309  and  n.  a 

Metrodorus,  ii.  513  n.  a 

Minus,  Uiophantus's  sign 
for,  ii.  525 

Moeris,  175 

Multiplication  in  Greek 
mathematics,  48 ;  Apol- 
lonius's  continued  multi- 
plications, ii.  353-357 

Music :  theoretical  music 
(canonic)  included  by 
Greeks  in  mathematics,  x, 
3  n.  b,  19  n.  ό  ;  full  discus- 
sion excluded,  χ ;  included 
in  Pythagorean  quadri- 
vium,  5  ;  in  Plato's  curri- 
culum for  the  Guardians, 
17  ;  popular  music,  3,  19 

Musical  interval,  3  n.  b,  113 
n.  6,  175 

Myriad  ;  notation,  44-45  ; 
orders  and  periods  of 
myriads  in  Archimedes' 
notation,  ii.  199-201 

Nagl,  Α.,  35  η.  b 

an-NairizT,  Arabic  commen- 
tator on  Euclid's  Ele- 
ments, 185  n.  b,  ii.  467  n.  α 

Neoclides,  151  and  n.  h 

Nesselmann,  G.  F.,  his  Die 
Algebra  der  Griechen,  139 
n.  6,  ii.  513  n.  a,  ii.  517  n.  6 

Newton,  Sir  Isaac,  ii.  343  n.  6 

Nicolas  Rhabdas  :  v.  Rhab- 
das 

Nicomachus  of  Gerasa,  67  n. 
6,  69  nn.  α  and  c,  75  n.  a, 
79  n.  a,  81  n.  a,  87  n.  o,  95 
n.  6,  101  n.  a,  103  n.  a,  105 
n.  a,  107  n.  a,  121  n.  a, 
123  n.c 
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Nicomedes  :  date,  297  n.  c  ; 
his  conchoid  and  its  use  for 
finding  two  mean  propor- 
tionals, 297-309 

Nix,  L.,  ii.  285  n.  a 

Number  :  defined  by  Euclid, 
67  ;  by  Nicomachus,  73  ; 
fundamental  concepts,  67- 
71  ;  Plato  on  nature  of 
number,  7 ;  his  nuptial 
number,  899;  on  genera- 
tion of  numbers,  401-405  ; 
odd  and  even  numbers, 
67-69,  101,  391  ;  prime 
numbers,  69,  87  n.  a,  101- 
103;  classification  of  num- 
bers, 71,  73-75;  perfect 
numbers,  7 1,75-87;  figured 
numbers,  87-99 ;  some 
properties  of  numbers,  101- 
109  ;  Diophantus  on  sums 
of  squares,  ii.  551-559;  on 
polygonal  numbers,  ii.  515, 
ii.  561 

Numerals,  Greek,  41-45 

"  Oblong  "  numbers,  95  (incl. 
n.h) 

Octads,  in  Archimedes'  sys- 
tem of  enumeration,  ii. 
199-201 

Octahedron,  one  of  the  five 
regular  solids,  217,  221 
and  n.  d 

Odd  and  even  numbers  :  v. 
Number 

Oenopides  of  Chios,  149  and 
n.  c 

Olympiodorus,  proof  of 
equality  of  angles  of  inci- 
dence and  reflection,  ii. 
503  n.  α 


Optics :  Euclid's  treatise, 
157  n.  c,  503  n.  6 ;  his 
theorem  about  apparent 
sizes  of  equal  magnitudes, 
503-505  ;  Ptolemy's  treat- 
ise, ii.  41 1  and  n.  a,  ii.  503 
n.  a  ;  Heron's  treatise,  ii. 
503  n.  α ;  his  proof  of 
equality  of  angles  of  in- 
cidence and  reflection, 
ii.  497  -  503  ;  Damianus's 
treatise,  ii.  497  n.  a 

Pamphila,      167-169      (incl. 

n.  a) 
Pappus  of  Alexandria  : 

I>ife  :  Suidas's  notice,  ii. 
565-567;  date,  ii.  565 
and  n.  a 

Works : 

Synagoge  or  Collection^ 
145  n.  a,  ii.  Bi\5  n. 
a  ;  contents — Apollo- 
nius's  continued  nnilti- 
plications,  ii.  353-357; 
problems  and  theo- 
rems, ii.  567-569 ; 
theory  of  means, 
ii.  569-571  ;  equa- 
tions between  means, 
125-129 ;  paradoxes 
of  Erycinus,  ii.  571- 
573 ;  regular  solids, 
ii.  573-575  ;  extension 
of  Pythagoras's  theo- 
rem, ii.  575-579 ; 
circles  inscribed  in  the 
άρβηλος,  ii.  579-581 ; 
duplication  of  the 
cube,  299-309  ;  squar- 
ing of  the  circle,  337- 
347 ;     spiral    on    a 
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sphere,  ii.  581-587 ; 
trisection  of  an  angle, 
347-363  ;  isoperimet- 
ric  figures,  ii.  589-593 ; 
apparent  form  of  a 
circle,  ii.  593-597  ; 
**  Treasury  of  Analy- 
sis," ii.  597,  ii.  599- 
60l,479n.  a,  481  n.  c, 
491  n.  c,  ii.  2(J3,  ii.  337; 
on  tile  works  of  Apol- 
lonius,  ii.  337-347, 
487-489;  locus  with 
respect  to  five  or  six 
lines,  ii.  601-603  ;  an- 
ticipation of  Guldin's 
theorem,  ii.  605-607  ; 
lemmas  to  the  Deter- 
minate Section  of  Apol- 
lonius,  ii.  607-611  :  to 
the  Porisms  of  Euclid, 
ii.  611-613;  to  the 
Surface  Loci  of  Eu- 
clid, 493-503;  me- 
chanics, ii.  615-621 

Commentary  on  Pto- 
lemy's Syntaxis,  48, 
ii.  409  n.  ό,  ii.  565-567, 
ii.  617  n.d 

Commentary  on  Euclid's 
Elements,  ii.  ό65  η.  α, 
457  η.  α 

Commentary  on  Ana- 
lemma  of  Diodorus, 
301,  ii.  565  n.  ο 

Other    works,    ii.     565 
(incl.  n.  o),  567 
Paradoxes    of   Erycinus,    ii. 

571-573 
Parallelogram   of  velocities, 

433 
^armenides,  367  n.  α 


Pebbles,  used  for  calculating, 
35 

Pentagon,  regular,  223  n.  h 

Pentagram,  Pji;hagorean 
figure,  225  and  n.  6 

"  Perfect"  numbers,  71,75-87 

Perseus:  life,  ii.  365  n.  a; 
discovered  spiric  curves,  ii. 
363-S65 

Phenomena  of  Eudoxus  and 
Aratus,  ii.  407  n.  α ;  for 
Euclid's  Phenomena,  v. 
Euclid  :  Works 

Philippus  of  Opus  (or  Med- 
ma),  155  and  n.  a 

Philolaus,  ii.  3  n.  α 

Philon  of  Byzantium  :  solu- 
tion of  problem  of  two 
mean  proportionals,  263 
n.  a,  267  n.  b;  cube  root, 
63  n.  a 

Philoponus,  Joannes,  on 
quadrature  of  lunes,  311 
η.ό 

Planisphaerium:  v.  Ptolemy 

Plato :  his  inscription  over 
the  doors  of  the  Academy, 
387  and  n.  6  ;  his  belief 
that "  God  is  for  ever  play- 
ing the  geometer,"  387  ; 
his  dislike  of  mechanical 
constructions,  263  n.  b, 
389 ;  his  identification  of 
the  Good  with  the  One, 
389 ;  his  philosophy  of 
mathematics,  391-393 ;  the 
problem  in  the  Meno,  395- 
397  ;  the  Nuptial  Number 
in  the  Republic,  399  ;  on 
the  generation  of  numbers, 
401  -  405  ;  his  reported 
solution  of  the  problem  of 
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two  mean  proportionals, 
263-267 ;  his  application  of 
analysis  to  theorems  about 
"  the  section,"  153andn.  o; 
his  knowledge  of  side-  and 
diameter-numbers,  137  n. 
a,  399  n.  c  ;  his  formula 
for  the  sides  of  right-angled 
triangles,  93-95,  his  defini- 
tion of  a  point,  ii.  469  n.  ο ; 
his  use  of  the  term  mathe- 
matics, 3  n.  c,  401  n.  α ; 
his  curriculum  for  the 
Guardians  in  the  Republic, 
7-17 ;  Proclus's  notice, 
151  ;  taught  by  Theo- 
dorus,  151  n.  b  ;  his  pupils 
— Eudoxus,  151,  Amyclas 
of  Heraclea,  153,  Men- 
aechmus,  153,  Philippus, 
155 ;  Euclid  said  to  have 
been  a  Platonist,  157  and 
n.  6 ;  modern  works  on 
Plato's  mathematics,  387  n. 
o,  397  n.  a,  399  n.  o,  405  n.  b 

"  Platonic  "  figures :  v.  Re- 
gular Solids 

"  Play  fair's  Axiom,"  ii.  371 
n.  β 

Plutarch :  on  parallel  sec- 
tion of  a  cone,  229  and 
n.  ο ;  on  Plato's  mathe- 
matics, 263  n.  6,  387-389 

Point,  437,  ii.  469  and  n.  a 

Polygonal  numbers,  95-99, 
ii.  396  n.  o,  ii.  515,  ii.  561 

Pontus,  paradoxical  eclipses 
near,  ii.  401 

Porism,  479-481 

PorUms:  v.  Euclid:  Works, 
and  Diophantus  of  Alex- 
andria 


Posidonius  :  life  and  works, 
ii.  371  n.  ό  ;  on  the  size  of 
the  earth,  his  definition  of 
parallels,  ii.  371-373 

Postulates:  v.  Axioms  and 
postulates 

Prime  numbers  :   v.  Number 

Problems :  plane,  solid, 
linear,  349  ;  distinction 
between  problems  and 
theorems,  ii.  567 

Proclus  :  life,  145  n.  a;  his 
Commentary  on  Eiiclid  i., 
145  n.  α  ;  summary  of  his- 
tory of  geometry,  145-161; 
his  Commentary  on  Plato^s 
Republic,  399  n.  a ;  his 
criticism  of  the  parallel- 
postulate,  ii.  367-371  ;  his 
attempt  to  prove  the  paral- 
lel-postulate, ii.  383-385 

Proof :  Aristotle  on  rigour  of 
geometrical  proof,  ii.  369  ; 
Archimedes  on  mechani- 
cal and  geometrical  proofs, 
ii.  221-223,  ii.  229 

Proportion :  Pythagorean 
theory  of  proportion  and 
means,  111-125,  149;  Eu- 
doxus's  new  treatment  ap- 
plicable to  all  magnitudes, 
409  and  447  n.  a  ;  Euclid's 
treatment,  445-451  ;  v. 
also  Means 

Psammites  :  v.  Archimedes  : 
Works  :  Sand-reckoner 

Psellus,  Michael,  3  n,  a,  ii. 
515  and  n.  c.  ii.  517  n.  α 

Pseudaria :  v.  Euclid :  Works 

Pseudo-Eratosthenes,  letter 
to  Ptolemy  Euergetes,  257- 
261 
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Ptolemies  :  Euergetes  I,  257 
and  n.  a,  ii.  261  and  n.  c  ; 
Philopator,  257  n.  a,  297  ; 
Epiphanes,  ii.  261  and  n.  d 

Ptolemy,  Claudius  :  life  and 
works,  ii.  409  and  n.  b  ;  his 
work  Oil  Balancings,  ii. 
411  ;  his  Optics,  ii.  411 
and  n,  a,  ii.  503  n.  α ; 
his  book  On  Dimension, 
ii.  411-413;  his  Syntaxis 
(Great    Collection,    Alma- 

.  gest),  ii.  409  and  n.  6; 
commentaries  by  Pappus 
and  Theon,  48  and  n.  a,  ii. 
409  n.  6,  ii.  565-567,  ii.  621 
n.  a  ;  his  construction  of  a 
table  of  sines,  ii.  413-445; 
his  Planisphaerium,  ii.  565 
n.  a ;  his  Analemma,  301 
n.  b,  ii.  409  n.  b ;  his  value 
for  -\/3, 6 1  n.  6 ;  on  the  par- 
allel-postulate, ii.  373-383 

Pyramid :  v.  Tetrahedron 

Pythagoras :  life,  149  n. 
b,  173 ;  called  geometry 
inquiry,  21  ;  transformed 
study  of  mathematics  into 
liberal  education,  149;  dis- 
covered theory  of  pro- 
portionals (possibly  irra- 
tionals), 149  ;  discovered 
musical  intervals,  175 ; 
sacrificed  an  ox  on  making 
a  discovery,  169  n.  a,  175, 
177,  185;  "  Pythagoras's 
Theorem,"  179-185 ;  ex- 
tension by  Pappus,  ii.  575- 
579 

Pythagoreans : 

General :      use    of    name 
mathematics,  3 ;  esoteric 


members  called  mathe- 
maticians, 3  n.  d  ;  Ar- 
chytas  a  Pythagorean, 
5 ;  Pythagorean  quadri- 
vium,  5  and  n.  6,  7  n.  α ; 
stereometrical  investiga- 
tions, 7  n.  α  ;  declared 
harmony  and  astronomy 
to  be  sister  sciences,  17 
and  n.  6 ;  how  geo- 
metry was  divulged,  2 1 ; 
views  on  monad  and 
undetermined  dyad,  173; 
their  motto,  175-177 

Pythagorean  arithmetic : 
first  principles,  67-71  ; 
classification  of  num- 
bers, 73  -  75  ;  perfect 
numbers,  75-83  ;  figured 
numbers,  87-99  ;  some 
properties  of  numbers, 
101-109;  irrationality  of 
■\/2,  111  n.  a;  ancient 
Pythagoreans  recog- 
nized three  means,  111- 
115;  later  Pythagorean 
list  of  means,  115-125; 
Archytas's  proof  that 
a  superparticular  ratio 
cannot  be  divided  into 
equal  parts,  131-133 ; 
developed  theory  of  side- 
and  diameter-numbers, 
137-139  ;  the  "  bloom  " 
of  Thymaridas,  139-141 

Pythagorean  geometry : 
definition  of  point,  ii. 
469  ;  sum  of  angles  of  a 
triangle,  177-179  ;  "  Py- 
thagoras's Theorem," 
179-185  ;  application  of 
areas,  187-215  ;  the  irra- 

645 


INDEX 


tional,  215-217  ;  the  five 
regular  solids,  217,  219 
n.  a,  223-224;  Archy- 
tas's  solution  of  the 
problem  of  two  mean 
proportionals,  285-289  ; 
squaring  of  the  circle, 
335 
Otherwise  mentioned  :  245 
n.  o,  403  nn.  c  and  d 

Quadratic  equations  :  v.  Al- 
gebra :  Quadratic  equa- 
tions 

Quadratrix  t  discovered  by 
Hippias,  149  n.  o,  337  n. 
ο ;  used  to  square  the 
circle,  337-347 

Quadrivium,  Pythagorean,  5 
and  n.  b,  7  n.  a 

Quinary  system  of  numerals, 
31  n.  α 

Reduction  of  a  problem ; 
Proclus's  definition,  253  ; 
Hippocrates'  reduction  of 
problem  of  doubling  the 
cube,  253  and  n.  α 

Reflection,  equality  of  angles 
of  incidence  and  reflection, 
ii.  497-503 

Regular  solids  ("  Platonic  " 
or  "  cosmic  "  figures) :  de- 
finition and  origin,  217 
n.  ο  ;  Pythagorean  treat- 
ment, 217-225  ;  Speusip- 
pus's  treatment,  77  ;  work 
of  Theaetetus,  379  and  n. 
a  ;  Plato's  use  in  Timaeus, 
219-223;  Euclid's  treat- 
ment, 157  and  n.  6,  467- 
479 ;  Pappus's  treatment, 
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ii.  573-575  (esp.  n.  a) ;  Eva 
Sachs'  work,  217  n.  a, 
379  n.  0 
Rhabdas,  Nicolas  Artavas- 
das,  31  n.  6  ;  his  finger- 
notation,  31-35 
Right  -  angled  triangle  : 

square      on      hypotenuse 
equal  to  sum  of  squares  on 
other  two  sides,  179-185  ; 
extension  by   Pappus,   ii. 
575-579 
Roberts,  Colin,  45  n.  α 
Robertson,  D.  S.,  ii.  479  n,  a 
Rome,  Α.,  ii.  565  n.  ο 
Ross,  W.  D.,  95  n.  6, 367  n.  a, 

371  n.b 
Rudio,  F.,  237  n.  6 

Saccheri,  Euclides  ah  omni 
naevo  vindicatus,  443  n.  c 

Sachs,  Eva,  Die  funf  Plato- 
nischen  KOrper,  217  n,  a, 
379  n.  c;  De  Theaeteto 
Aikeniensi,  379  n.  α 

Salaminian  table,  35  n.  b, 
37  n.  α 

Sampi :  use  as  numeral,  43 

Schiaparelli,  G.,  411  n.  6, 
415  n.  c 

Schone,  H. :  discovered 
Heron's  Metrica,  ii.  467  n.o 

Schone,  R. :  edited  Heron's 
Metrica,  ii.  467  n.  a 

Scopinas  of  Syracuse,  ii.  3 
n.  α 

Sectio  canonis :  v.  Euclid : 
Works 

Semi-circle  :  angle  in  semi- 
circle a  right  angle,  167- 
169 

Serenus :     conuuentary    on 
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Apollonius's  Conies,  ii.  285 
n.  a 

Sexagesimal  system  of 
numerals,  48-49 

"  Side-  "  and  "  diameter- 
numbers,"  133-139,  esp. 
137  n,  a,  399  n.  c 

Simon,  M.,  Euclid  und 
die  seeks  planimetrischen 
Biicher,  447  n.  α 

Simplicius :  on  Hippocrates' 
quadratures,  235-253,  310 
n.  b,  313  n.  a;  on  Pto- 
lemy, ii.  409  n.  ό  ;  on  ob- 
long and  square  numbers, 
95  n.  6;  on  planets,  411 
and  n.  6 

Simson,  R.,  ii.  345  n,  c 

Sines,  Table  of:  v.  Chords, 
Table  of 

**  Solid  "  loci  and  problems, 
349,  487,  ii.  601 

"  Solid  "  numbers  :  v.  Num- 
ber :  Figured  numbers 

Solids,  five  regular  solids  :  v. 
Regular  solids 

Solon,  37 

Sophocles,  ix,  259  n.  a 

Speusippus,  75-77,  81  n.  ο 

Sphaeric  (geometry  of 
sphere),  5  and  n.  ό,  407  η.  a 

Sphaerica :  work  by  Theo- 
dosius,  ii.  407  n.  ο ;  by 
Menelaus,  ii.  407  n.  a,  ii. 
462  n.  a 

Spiral :  of  Archimedes,  ii. 
183-195,  on  a  sphere,  ii. 
581-587 

Spiric  sections  :  v.  Tore 

Sporus,  on  the  quadratrix, 
339-341 

Square     numbers :      divisi- 


bility of  squares,  103-105; 
sums  of  squares,  ii.  551-559 

Square  root,  extraction  of, 
53-61 

Squaring  of  the  circle :  v. 
Circle 

Stadium  of  Zeno,  371-375 

Star-pentagon :  v.  Penta- 
gram 

Stenzel,  Julius :  his  Zahl 
und  Gestalt  bet  Platon  und 
Aristoteles,  405  n.  b 

Stigma  :  use  as  numeral,  43 

Subcontrary  mean,  113-117, 
117-119,  123 

Subcontrary  section  of  cone, 
ii.  301  n.a 

Surface  Loci :  v.  Euclid : 
Works 

Synthesis,  Pappus's  discus- 
sion, ii.  597-599 

Table  of  Chords  :  v.  Chords, 
Table  of 

Tannery,  P.,  77  n.  6,  237  n. 
b,  261  n.  0,  335  n.  d,  493 
n.  0,  ii.  513  n.  o,  ii.  517  nn. 
a  and  c,  ii.  523  n.  6,  ii.  537 
η.ό 

Taylor,  A.  E.,  23  n.  6,  27  n. 
6,  115  n.  δ,  223  η.  c,  405 
η.  ό,  427  η.  b 

Tetrads,  in  Apollonius's  sys- 
tem of  enumeration,  ii.  355 
n.  a 

Tetrahedron  (pyramid),  83, 
217n.a,  221n.c,  379 

Thales  :  life,  147  n.  α  ;  Pro- 
clus's  notice,  147 ;  dis- 
covered that  circle  is  bi- 
sected by  its  diameter,  165 
and  n.  ο ;  that  the  angles 
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at  the  base  of  an  isosceles 
triangle  are  equal,  165 ; 
that  the  vertical  and  oppo- 
site angles  are  equal,  167  ; 
that  the  angle  in  a  semi- 
circle is  a  right  angle,  167- 
169  ;  his  method  of  find- 
ing distance  of  ships  at  sea, 
167  and  n.  b 

Theaetetus  :  life,  379  and  n. 
a;  Proclus's  notice,  151; 
Suidas's  notice,  379  ;  his 
work  on  the  regular  solids, 
379  and  n.  c  ;  on  the  irra- 
tional, 381-383 

Themistius :  on  quadrature 
of  lunes,  310  n.  ό  ;  on  ob- 
long and  square  numbers, 
95  n.  6 

Theodorus  of  Cyrene  :  life, 
151  n.  b,  381  n.  b  ;  Pro- 
clus's notice,  151  ;  his 
proof  of  incommensura- 
bility of  \/3,V5...-\/l'^» 
381  and  n.  c 

Theodosius :  his  Sphaerica, 
ii.  407  n.  a 

Theodosius  I,  Emperor,  ii. 
565  and  n.  a 

Theon  of  Alexandria  :  flour- 
ished under  Theodosius  I, 
48  n.  o,  ii.  565  ;  father  of 
Hypatia,  48  ;  to  be  dis- 
tinguished from  Theon  of 
Smyrna,  ii.  401  n.  a ;  his 
commentary  on  Ptolemy's 
Syntaxis,  48,  ii.  409  n.  b, 
ii.  565-567,  ii.  621  n.  α 

Theon  of  Smyrna  :  referred 
to  as  "Theon  the  mathe- 
matician "  by  Ptolemy,  ii. 
401 ;     made   observations 
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under  Hadrian,  ii.  401  and 
n.  a  ;    referred  to  as  "  the 
old  Theon  "  by  Theon  of 
Alexandria,  ii.  401  n.  a 
Theophrastus,  217  n.  c 
Theorems,    distinction    from 

problems,  ii.  567 
Theudius  of  Magnesia,  153 
Thymaridas  :    an  early  Py- 
thagorean, 139  n.  ό  ;    his 
"bloom,"      139-141;      on 
prime  numbers,  87  n.  a 
Timaeus  of  Locri,  219  n.  α 
Tore  (also  spire,  or  anchor- 
ring)  :    defined,  ii.  365,  ii. 
469  ;  used  by  Archytas  for 
the  doubling  of  the  cube, 
285-289  ;   sections  of  (l^er- 
seus),  ii.  363-365  ;  volume 
of      (Dionysodorus      and 
Heron),  ii.  477-483 
Treasury    of  Analysis :     v. 

Pappus  :  Works 
Triangle  :  angles  at  base  of 
an  isosceles  triangle  equal, 
1 65  and  n.  b  ;  equality  of 
triangles,  167  and  n.  b ; 
sum  of  angles  equal  to  two 
right  angles,  177-179,  ii. 
279 ;  "  Pythagoras's  Theo- 
rem," 179-185 ;  exten- 
sion by  Pappus,  ii.  575- 
579 ;  Heron's  form  ula 
\/s{s  -  α)(β  -  b)(s  -  c)  for 
area,  ii.  471-477,  ii.  603  n.  α 
Triangular  numbers,  91-95 
Trigonometry :  origins  in 
sphaeric,  ii.  407  n.  a ; 
developed  by  Hipparchus 
and  Menelaus,  ii.  407  and 
n.  α  ;  their  tables  of  sines, 
ii.  407  n.  a,  ii.  409  and  n.  a ; 
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Ptolemy's  terminology,  ii. 
421  n.  α  ;  his  construction 
of  a  table  of  sines,  ii.  413- 
445  ;  value  of  sin  18°  and 
sin  36°,  ii.  415-419,  ii.  421 
n.  α  ;  of  sin  60°,  sin  90°, 
sin  120°,  ii.  419-421  (incl. 
n.  a) ;  proof  of  sin*  θ  + 
cos*  θ  =  1,  ii.  421-423;  of 
"  Ptolemy's  Theorem,"  ii. 
423-425;  of  sin  (θ-φ) 
=  sin  θ  cos  φ  -  cos  θ  sin  φ, 
ii.  425-427;  of  sin*  ^θ  = 
i(l-cos  β),  ii.  429-431 ;  of 
cos  {θ  +  φ)=cos  0  cos  φ- 
sin  θ  sin  φ,  ii.  431-435 ;  a 
method  of  interpolation,  ii. 
435-443;  the  table  of 
sines,  ii.  443-445  ;  "Mene- 
laus's  Theorem  "  and  lem- 
mas, ii.  447-463 ;  proof 
that  tan  α  :  tan  jS  <  α  :  β, 
503-505  (incl.  η.  α),  ii.  11 
η.  b,  ii.  389  and  n.  6 ;  proof 
that  sin  α  :  sin  ^<a  :  β,  ii. 
439  n.  a 
Trisection  of  an  angle :  a 
"  solid  "  problem,  353 ;  so- 
lution by  means  of  a  ver- 
ging, 353-357  ;  direct  solu- 
tion by  means  of  conies, 
357-363;  Pappus's  collec- 
tion of  solutions,  ii.  581  n.b 

Unit,  67,  73,  89-91,  ii.  469, 

ii.  515 
Usener,  237  n.  b 

Valckenaer,  259  n.  a 

Ver  Eecke,  Paul,  ii.  19  n.  a, 

ii.  285  n.  a,  ii.  513  n.  a 
Vergings :     Definition,    244 


n.  a ;  use  by  Hippocrates 
of  Chios,  245  ;  by  Pappus, 
355-357  ;  by  Archimedes, 
ii.  189  and  n.  c ;  Apol- 
lonius's  treatise,  ii.  345- 
347,  ii.  337 

Vieta's  expression  for  2/ir, 
315  n.  α 

Vitruvius,  ii.  3  n.  o,  ii.  251 
n.  a 

Viviani's  curve  of  double 
curvature,  349  n.  c 

Wescher,  C,  his  Poliorcd- 
tique  des  Grecs,  267  n.  6 

Wilamowitz  -  Moellendorf, 
U.  v.,  257  n.  α 

William  of  Moerbeke ;  his 
trans,  of  Archimedes'  On 
Floating  Bodies,'u.Q'i2  n.  a, 
ii.  245  n.  bi  De  Speculis, 
ii.  503  n.  a 

Xenocrates,  75,  425  n.  b 

Zeno  of  Elea :  life,  367  n.  a  ; 
a  disciple  of  Parmenides, 
ii.  367  n.  a ;  four  argu- 
ments on  motion,  367-375 

Zenodorus,  ii.  387  n.  6  ;  on 
isoperimetric  figures,  ii. 
387-397 

Zero,  47  and  n.  a 

Zeuthen  :  Die  Lehre  von  den 
Kegelschnitten  im  Alter- 
tum,  493  n.  6,  ii.  265  n. 
a,  ii.  281  n.  a ;  Oeschichte 
der  Mathematik,  245  n.  a  ; 
otherwise  mentioned,  381 
n.  a,  505  n.  a 

Zodiac  circle  :  division  into 
360  parts,  ii.  395-397; 
signs  of  Zodiac,  223  n.  ο 
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De  Motu  Giro.  i.  10.  52  (ii. 
266-272) ;  ii.  6  (ii.  396- 
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488),  vii.  312-316  (492- 
502);  viii.,  Praef.  1-3 
(ii.  614-620),  viii.  11.  19 
(ii.  34) 

Philoiaus 
Ap.  Stob.  Eel.  i.,  proem. 
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(72) 

Philoponus 
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The  purpose  of  this  index  is  to  give  one  or  more  typical  examples  of  the 
use  of  Greek  mathematical  terms  occurring  in  these  volumes.  Non- 
mathematical  words,  and  the  non-mathematical  uses  of  words,  are 
ignored,  except  occasionally  where  they  show  derivatiin.  Greek 
mathematical  terminology  may  be  further  studied  in  the  Index 
Graecitatis  at  the  end  of  the  third  volume  of  Hultsch's  edition  0} 
Pappus  and  in  Heath's  notes  and  essays  in  his  editions  of  Encliii, 
Archimedes  and  Apollonius.  References  to  vol.  i.  are  by  page  alone,  to 
vol.  ii.  by  volume  and  page.  A  few  common  abbreviations  are  used. 
Words  s/iould  be  sought  wider  their  principal  part,  but  a  few  cross- 
references  are  given  for  Uie  less  obvious. 


'Ayetv,  to  draw ;  evdeiav  γραμ- 
μην  άγαγέίν,  to  draw  a 
straight  line,  442  (Eucl.) ; 
eav  €•πνφανονσαι  άχθώσιν,  if 
tangents  be  drawn,  ii. 
64  (Archim.) ;  τταράλληλος 
■ηχθω  η  AK,  let  AK  be 
dravm  parallel,  ii.  312 
(Apollon.) 

άγΐωμ4τρητο5,  ov,  ignorant  of 
or  unversed  in  geometry, 
386  (Tzetzes) 

αδιαίρετο?,  ov,  undivided, 
indivisible,  366  (Aristot.) 

αΖΰνατοί,  ov,  impossible,  394 
(Plat.),  ii.^  ^QQ  (Papp.) ; 
όπ(ρ  iarlv  a.,  often  without 
iarLv,  which  is  impossible, 
a  favourite  conclusion  to 
reasoning  based  on  false 
premises, ii.  122  (Archim.); 
oi   δια   του    ά.    vepaivovres. 


those  who  argue  per  im- 
possibile,  110  (Aristot.) 

άθροισμα,  ατοζ,  τό,  collection  ; 
ά.  φιλοτεχνότατον,  a  collec- 
tion most  skilfully  framed, 
480(Papp.) 

ΑΙγνπτιακός,  η,  όν,  Egyptian ; 
at  Αϊ.  καλουμΐναι  μέθοδοι 
iv  ιτολλαπλασιασμοΐς,  16 
(Schol.  in  Plat.  Charm.) 

a'peiv,  to  take  away,  subtract, 
ii.  506  (Heron) 

airetv,  to  postulate,  442 
(Eucl.),  ii.  206  (Archim.) 

αίτημα,  arcs,  τό,  postulate, 
420  (Aristot.),  440  (Eucl.), 
ii.  366  (Procl.) 

ακίνητος,  ov,  that  cannot  be 
moved,  immobile,  fixed,  394 
(Aristot.),  ii.  246  (Archim.) 

άκολονθΐΐν,  to  follow,  ii.  414 
(Ptol.) 
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ακόλουθος,  ov,  following,  con- 
sequential, corresponding, 
ii.  580  (Papp.) ;  as  subst., 
άκόλουθον,  TO,  consequence, 

^  ii.  566  (Papp.) 

ακολούθως,  adv.,  consistently, 
consequentially,  in  turn, 
458  (EucL),  ii.  384 
(Procl.) 

άκουσματικός,  η,  6v,  eager  to 
hear ;  as  subst.,  ά.,  6, 
hearer,  exoteric  member  of 
Pythagorean  school,  3  n.  d 

^  (Iambi.) 

ακριβής,  €s,  exact,  accurate, 
precise,  ii.  414  (Ptol.) 

άκρος,  a,  ov,  at  the  farthest 
end,  extreme,  ii.  270 
(Cleom.) ;  of  extreme 
terms  in  a  proportion,  122 
(Nicom.)  ;  ά.  και  μ4σος 
λόγος,  extreme  and  mean 
ratio,  472  (Eucl.),  ii.  416 
(Ptol.) 

άλλω?,      alternatively,      356 

,  (Papp.) 

άλογος,  ov,  irrational,  420 
(Aristot.),  452  (Eucl.),  456 
(Eucl.)  ;  St'  αλόγου,  by  ir- 
rational means,  388  (Plut.) 

άμβλυγώνιος,  ov,  obtuse- 
angled  ',  a.  τρίγωνον,  440 
(Eucl.) ;  ά.  κώνος,  ii.  278 
(Eutoc.) 

αμβλύς,  €ΐα,  ύ,  obtuse ;  ά. 
γωνία,  often  without  γωνία, 
obtuse  angle,  438  (Eucl.) 

άμΐτάθΐτος,  ov,  unaltered,  im- 
mutable ;   μονά8ος  ά.  οΰσης, 

^  ii.  514  (Dioph.) 

αμήχανος,  ov,  impracticable, 
298  (Eutoc.) 


άμφοισμα,  ατός,  τό,  revolving 
fgure,  ii.  604  (Papp.) 

άμφοίστικός,  ή,  όν,  described 
by  revolution ;  άμφοιστικόν, 
TO,  figure  generated  by  re- 
volution, ii.  604  (Papp.) 

άναγράφΐΐν,  to  describe,  con- 
struct, 180  (Eucl.),  ii.  68 
(Archim.) 

άνακλάν,  to  bend  back,  incline, 
reflect  (of  light),  ii.  496 
(Damian.) 

άνάλλημμα,  ατός,  τό,  a  repre- 
sentation of  the  sphere  of 
the  heavens  on  a  plane, 
analemma  ;  title  of  work 
by  Diodorus,  300  (Papp.) 

αναλογία,  ή,  proportion,  446 
(Eucl.) ;  κυρίως  ά.  καΐ 
πρώτη,  proportion  par  ex- 
cellence and  primary,  i.e., 
the  geometric  propor- 
tion, 125  n.  o;  <7tn'€;^i7S  ά., 
continued  proportion,  262 
(Eutoc.) 

άνάλογον,  adv.,  proportion- 
ally, but  nearly  always 
used       adjectivally,       70 

^  (Eucl.),  446  (Eucl.) 

άναλΰίΐ,ν,  to  solve  by  analysis, 
ii.  160  (Archim.) ;  ό  άνα- 
λυόμ€νος  τόπος,  the  Treas- 
ury of  Analysis,  often 
without  τόπος,  e.g.,  ο  καλού- 
μΐνος    άναλυόμΐνος,    ii.    596 

άνάλυσις,  εως,  ή,  solution  of 
a  problem  by  analytical 
rnethods,  analysis,  ii.  596 

.  (^'-'PP;) 

αναλυτικός,  ν,  όν,  analytical, 
158  (Procl.) 
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αναμ€τρΎ]σι$,  (.ωζ,  η,  measure- 
ment ;  Tlepl  TTJs  ά.  της  γηζ, 
title  of  work  by  Eratos- 
thenes, ii.  272  (Heron) 

άνάπαλιν,  adv.,  in  a  reverse 
direction  ;  transformation 
of  a  ratio  known  as  in- 
vertendo,  448  (Eucl.) 

άνατίο^ακτικώζ,  adv.,  inde- 
pendently of  proof,  ii.  370 

^  (Prod.) 

αναστρέφίΐν,  to  convert  a 
ratio  according  to  tlie  rule 
of  Eucl.  V.  Def.  16;  άνα- 
στρίφαντι,  lit.  to  one  who 
has  converted,  convertendo, 

^  466  (Eucl.) 

ανάστροφη,  η,  conversion  of  a 
ratio  according  to  the  rule 
of  Eucl.  V.  Def.   16,  448 

^  (Eucl.) 

ανεπαίσθητος,  ov,  unperceived, 
imperceptible ;  hence, 

negligible,  ii.  482  (Heron) 

avioos,  ov,  unequal,  444 
(Eucl.),  ii.  50  (Ar- 
chim.) 

άνιατάναι,  to  set  up,  erect,  ii. 
78  (Archim.) 

άντακολουβία,   ij,   reciprocity, 

^  76  {Theol.  Arith.) 

άντικΐΐσθαι,  to  be  opposite, 
114  (Nicom.)  ;  τομαϊ  άντι- 
κίίμίναι,  opposite  branches 
of  a  hyperbola,  ii.  322 
(Apollon.) 

αντίπάσχζΐν,  to  be  recipro- 
cally proportional,  114 
(Nicom.)  ;  άντιττΐπονθότως, 
adv.,  reciprocally,  ii.  208 
(Archim.) 

αντιστροφή,      ή,     conversion. 


converse,  ii.  140  (Archim. 
ap.  Eutoc.) 

αξίωμα,  ατοί,  τό,  axiom,  pos- 
tulate, ii.  42  (Archim.) 

άξων,  ovos,  6,  axis ;  of  a  cone, 
ii.  286  (Apollon.) ;  of  any 
plane  curve,  ii.  288  (Apol- 
lon.) ;  of  a  conic  section, 
282  (Eutoc.)  ;  σνζνγεΐζ  ά., 
conjugate  axes,  ii.  288 
(Apollon.) 

αόριστος,  ov,  without  boun- 
daries, undefined,  ηλήθοί 
μονάδων        ά.,        ii.        522 

^  (Dioph.) 

άιταγωγη,  ή,  reduction  of  one 
problem  or  theorem  to 
another,  252  (Procl.) 

άπαρτίζΐΐν,  to  make  even  ;  ol 
άπαρτίζοντΐζ  αριθμοί,  fac- 
tors, ii.  506  (Heron) 

άηΐΐραχώζ,  in  an  infinite 
number   of  ways,    ii.   572 

.  (Papp.) 

aneipos,  ov,  infinite ;  as 
subst.,  άπΐΐρον,  τό,  the  in- 
finite, 424  (Aristot.) ;  els 
άπειρον,  to  infinity,  in- 
definitely, 440  (Eucl.) ; 
eV  ά.,  ii.  580  (Papp.) 

άπεναντίον,  adv.  used  adjec- 
tivally, opposite ;  at  ά. 
πλενραί,  444  (Eucl.) 

άπίχΐΐν,  to  be  distant,  470 
(Eucl.),  ii.  6  (Aristarch.) 

απλανής,  ίς,  motionless,  fixed, 
ii.  2  (Archim.) 

άπλατής,  ές,  without  breadth, 
436  (Eucl.) 

ίπλόος,  η,  ov,  contr.  άπλοΰς, 
η,  οΰν,  simple;    ά.  γραμμή, 

ii.  360  (Procl.) 
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άηλώς,  simply,  absolutely,  424) 
(Aristot.) ;  generally,  ii. 
132  (Archim.) 

άπλωσις,  ΐως,  ή,  simplifica- 
tion, explanation  ;  "A.  eVt- 
φανΐίας  σφαίρας.  Explana- 
tion of  the  Surface  of  a 
Sphere,  title  of  work  by 
Ptolemy,  ii.  408  (Suidas) 

από,  frorii  ;  το  άπο  ttJj  δια- 
μΐτρου  Τΐτράγωνον,  the 
.square  on  the  diameter, 
332  (Archim.);  το  από 
ΓΗ  {sc.  τετράγωνον),  the 
square  o7i  ΓΗ,  2G8 
(Eutoc.) 

anoheiKTiKos,  η,  όν,  affording 
proof,  demonstrative,  420 

^  (Aristot.),  158  (Procl.) 

άποδει/ίτι/ίώ?,  adv.,  theo- 
retically, 260  (Eutoc.) 

αηό^ΐΐξίζ,  €ως,  ή,  proof, 
demonstration,  ii.  42  (Ar- 
chim.), ii.  566  (Papp.) 

άηοκαθιστάναι,  to  re-establish, 
restore ;  pass.,  to  return 
to  an  original  position,  ii. 
1 82  (Archim.) 

άττολαμβάνίΐν,  to  cut  off;  η 
άπολαμβανομενη  nepi^epeta, 
440  (Eucl.) 

άττορία,  η,  difficulty,  perplex- 
ity, 256  (Theon  Smyr.) 

απόστημα,  ατός,  τό,  distance, 
interval,  ii.  6  (Aristarch.) 

απότομη,  η,  cutting  off,  sec- 
tion; Αόγου  απότομη.  Χω- 
ρίου απότομη,  works  by 
Apollonius,  ii.  598 
(Papp.)  ;  compound  ir- 
rational straight  line  equi- 
valent   to    binomial    surd 


with    negative    sign,    apo' 

^  tome,  456  (Eucl.) 

άτττΐΐν,  to  fasten  to;  mid., 
άτττεσθαι,  to  be  in  contact, 
meet,  438  (Eucl.),  ii.  106 
(Archim.) 

άρα,  therefore,  used  for  the 
steps     in     a     proof,     180 

,  (Eucl.)^ 

άρβηλος,  6,  semicircular  knife 
used  by  leather-workers,  a 
geometrical  figure  used  by 
Archimedes   and   Pappus, 

^  ii.  578  (Papp.) 

άριθμΐΐν,  to  number,  reckon, 
enumerate,  ii.  198  (Ar- 
chim.), 90  (Luc.) 

αριθμητικός,  ή,  όι>,  of  or  for 
reckoning  or  numbers  ;  ή 
αριθμητική  {sc.  τίχνη), 
arithmetic,  6  (Plat.),  420 
(Aristot.)  ;  η  αριθμητική 
μίση  {sc.  evSeta),  arith- 
metic mean,  ii.  568 
(Papp.):     a.   μεσάτης,    110 

^  (Iambi.) 

αριθμητός,  η,  όν,  that  can  be 
counted,  numbered,  16 
(Plat.) 

αριθμός,  ο,  number,  6  (Plat.), 
66  (Eucl.) ;  πρώτος  ά., 
prime  number,  68  (Eixcl.)  ; 
πρώτοι,  SevTepoi,  τρίτοι,  τέ- 
ταρτοι, πέμπτοι  ά.,  num- 
bers of  the  first,  second, 
third,  fourth,  fifth  order, 
ii.  198-199  (Archim.) ;  μη- 
λίτης  ά.,  problem  about  a 
number  of  sheep,  16  (Scliol. 
in  Plat.  Charon.) ;  φιαλίτηί 
ά.,  problem  about  a  num- 
ber of  bowls  (ibid.) 
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άριθμοστόν,  ro,  fraction  whose 
denominator    is    unknown 

[|],  ii.  522  (Dioph.) 

άρμόζζΐν,  to  fit  together,  ii. 
494  (Heron) 

αρμονία,  ι),  musical  scale, 
octave,  music,  harmony, 
404  (Plat.)  ;  used  to  de- 
note a  square  and  a  rect- 
angle, 398  (Plat.) 

αρμονικοί,  η,  όν,  skilled  in 
music,  musical ;  ή  αρμο- 
νική {sc.  ΐττιστημη),  mathe- 
matical theory  of  music, 
harmonic ;  ij  αρμονικοί  μέση, 
harmonic  mean,  1 12 
(Iambi.) 

άρτιάκις,  adv.,  an  even  num- 
ber of  times ;  o.  aprios 
αριθμός,  even-times  even 
number,  66  (Eucl.) 

apriOTrXevpos,  ov,  having  an 
even  number  of  sides ; 
νολΰγωνον  ά.,  ii.  88  (Ar- 
chim.) 

afnios,  a,  ov,  complete,  per- 
fect ;  ά.  αριθμός,  even  num- 
ber, 66  (Eucl.) 

αρχή,  ή,  beginning  or  prin- 
ciple of  a  proof  or  science, 
418  (Aristot.) ;  beginning 
of  the  motion  of  a  point 
describing  a  curve ;  dp. 
rijs  iXiKos,  origin  of  the 
spiral,  ii.  182 

αρχικός,  "ή,  όν,  principal, 
fundamental ;  ά.  σΰμ- 
Ίττωμα,  principal  property 
of  a  curve,  ii.  282  (Apol- 

^  Ion.),  338  (Papp.) 

ά,ρχικό/τατος,    ov,    sovereign. 


fundamental ;  ά.  ρίζα,  90 
(Nicom.) 

αρχιτεκτονικός,  η,  όν,  of  or 
for  an  architect ;  ή  αρχιτε- 
κτονική {sc.  τίχνη),  archi- 
tecture, ii.  616  (Papp.) 

αστρολογία,  ή,  astronomy,  388 
(Aristox.) 

αστρολόγο?,  ό,  astronomer, 
378  (Suidas) 

αστρονομία,  ή,  astronomy,  14 

,  (Plat.) 

ασύμμετρος,  ov,  incommensur- 
able, irrational,  110  (Aris- 
tot.), 452  (Eucl.),  ii.  214 
(Archim.) 

ασνμτττωτος,  ov,  not  falling  in, 
non-secant,  asymptotic,  ii. 
374  (Procl.);  ά.  {sc. 
γραμμή),  ή,  asymptote,  ii. 
282  (Apollon.) 

άσυνθετος,  ov,  incomposite ; 
ά.  γραμμή,  ϋ.  360 
(Procl.) 

άτακτος,  ov,  unordered  ;  Ilepi 
άτ.  άλογων,  title  of  work 
bv  Apollonius,  ii  350 
(Procl.) 

ατελής,  ες,  incomplete ;  ά. 
άμφοιστικά,  figures  gener- 
ated by  an  incomplete 
revolution,         ii.         604 

.  (P^pp•) .  ^.  . ...    . 

ατομος,  ov,  mdtvistble',  ατομοι 
γραμμαί,  424  (Aristot.) 

άτοπος,  ov,  out  of  place, 
absurd ;  δττερ  άτοπον,  which 
is  absurd,  a  favourite 
conclusion  to  a  piece  of 
reasoning  based  on  a  false 
premise,  e.g.  ii.  114  (Ar- 
chim.) 
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ουζάν€ΐν,  to  increase,  to  multi- 
ply ;  rpls  αύξηθΐίς,  398 
jPlat.) 

αίξη,  η,  increase,  dimension, 
10  (Plat.) 

αΰ^ι^σΐί,  εω?,  η,  increase, 
multiplication,  398  (Plat.) 

αυτόματος,' η,  ov,  self-acting; 
Αυτόματα,  τά,  title  of 
work   by   Heron,    ii.   616 

,  (Papp.) 

άφαφ€ΐν,  to  cut  off,  take  away, 
subtract,  444  (Eucl.) 

άφη,  η,  point  of  concourse  of 
straight  lines ;  point  of 
contact  of  circles  or  of  a 
straight  line  and  a  circle, 
ii.  64  (Archim.) 

*Αχιλλίνζ,  iios,  6,  Achilles,  the 
first  of  Zeno's  four  argu- 
ments on  motion,  368 
(Aristot.) 

"Βάρος,  ovs.  Ion.  eos,  τό, 
treiffht,  esp.  in  a  lever,  ii. 
5?06  (Archim.),  or  system 
of  pulleys,  ii.  490  (Heron) ; 
TO  κίντρον  του  βάρΐοζ,  centre 
of  gravity,  ii.  208  (Ar- 
chim.) 

βαρονλκός  (sc.  μηχανή),  ή, 
lifting-screw  invented  by 
Archimedes,  title  of  work 
by  Heron,  ii.  489  n.  a 

βάσις,  «OS,  ή,  base  ;  of  a  geo- 
metrical figure  ;  of  a  tri- 
angle, 318  (Archim.) ;  of 
a  cube,  222  (Plat.) ;  of  a 
cylinder,  ii.  42  (Archim.) ; 
of  a  cone,  ii.  304  (Apol- 
lon.) ;  of  a  segment  of  a 
sphere,  ii.  40  (Archim.) 


Γεωδαισία,  rj,  land  dividing, 
mensuration,  geodesy,  18 
(Anatolius) 

γεωμ€τρ€ΐν,  to  measure,  to 
practise  geometry  ;  ael  γ. 
τον  θΐόν,  ^  386  ^  (Plat.) ; 
γ€ωμ€τρουμ4νη  €πιφάν€ΐα, 
geometric  surface,  292 
(Eutoc),  γΐωμΐτρουμ€νη 
άπόδίίξις,  geometric  proof, 
ii.  228  (Archim.) 

γΐωμίτρης,  ου,  ό,  land 
measurer,  geometer,  258 
(Eutoc.) 

γεωμετρία,  η,  land  measure- 
ment, gecmietry,  256 
(Theon  Smyr.),  144 
(Procl.)^ 

γεωμετρικός,  ή,  όν,  pertaining 
to  geometry,  geometrical, 
ii.  590  (Papp.),  298 
(Eutoc.) 

γεωμετρικώς,  adv.,  geoinetric- 
dlly,  ii.  222  (Archim.) 

γίνεσθαι,  to  be  brought  about ; 
γεγονετω,  let  it  be  done,  a 
formula  used  to  open  a 
piece  of  analysis ;  of 
curves,  to  be  generated,  ii. 
468  (Heron) ;  to  be  brought 
about  by  multiplication, 
i.e.,  the  result  (of  the 
multiplication)  is,  ii.  480 
(Heron) ;  το  γενόμενον,  τά 
γενόμενα,  the  product,  ii. 
482  (Heron) 

γλωσσόκομον,  τό,  chest,  ii.  490 
(Papp.) 

γνωμονικός,  η,  όν,  of  or  con- 
cerning sun-dials,  ii.  616 
(Papp.) 

γνωμών,   ovos,  6,  carpenter^» 
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square  ;  pointer  of  a  sun- 
dial, ii.  268  (Cleom.) ; 
geometrical  figure  known 
as  gnomon,  number  added 
to  a  figured  number  to  get 
the  next  number,  98 
(Iambi.) 

γραμμή,  ■}},  line,  curve,  436 
(Eucl.);  ΐνθϋα.  γ.  (often 
without  γ.),  straight  line, 
438  (Eucl.)  ;  eV  των  γραμ- 
μών, rigorous  proof  by 
geometrical  arguments,  ii. 
412(Ptol.) 

γραμμικός,  ή,  όν,  linear,  348 
(Papp.) 

γράφαν,  to  describe,  442 
(Eucl.),  ii.  582  (Papp.),  298 
(Eutoc);  to  prove,  380 
(Plat.),  260  (Eutoc.) 

γραφή,  η,  description,  ac- 
count, 260  (Eutoc.) ;  writ- 
ing, treatise,  260  (Eutoc.) 

γωνία,  ή,  angle  ;  imTrehos  γ., 
plane  angle  (presumably 
including  angles  formed 
by  curves),  438  (Eucl.); 
ευθύγραμμος  γ.,  rectilin- 
eal angle  (formed  by 
straight  lines),  438  (Eucl.) ; 
ορθ-η,  αμβλεία,  οξεία  γ., 
right,  obtuse,  acute  angle, 
440  (Eucl.) 

AeiKvvvai,  to  prove ;  SiSeiicrai 
γαρ  τούτο,  for  this  has  been 
proved,  ii.  220  (Archim.) ; 
SeiKTeov  ότι,  it  is  required 
to  prove  that,  ii.  168 
(Archim.) 

δίίν,  to  be  necessary,  to  be 
required ;   Seov  ίστω,  let  it 


be  required ;  Snep  eSei 
δεΐ^αι,  quod  erat  demon- 
slrandam,  which  was  to  be 
proved,  the  customary  end- 
ing to  a  theorem,  184 
(Eucl.)  ;  όπερ  :'^-'  =  5ττερ 
e6ei  8εΐξαι,  ii,  610  (Papp.) 

δεκάγωνον,  τό,  a  regular 
plane  figure  with  ten  angles, 
decagon,  ii.  196  (Archim.) 

8•ηλος,  η,  ov,  also  os,  ov,  mani- 
fest, clear,  obvious ;  ort 
μεν  ovv  αΰτα  σνμττίτττει,, 
8ήλον,  ii.  192  (Archim.) 

Βίάγειν,  to  draw  through,  190 
(Eucl.),  290  (Eutoc.) 

Βιάγραμμα,  ατός,  τό,  figure, 
diagram,  428  (Aristot.) 

διαιρεΐν,  to  divide,  cut,  ii. 
286(Apollon.) ;  Βιγιρημενος, 
ov,  divided ;  δ.  αναλογία, 
discrete  proportion,  262 
(Eutoc.) ;  8ιελόντι,  lit.  to 
one  having  divided,  diri- 
mendo  (or,  less  correctly, 
dividendo),  indicating  the 
transformation  of  the 
ratio  α  :  b  into  a-b  :b 
according  to  Eucl.  v.  15, 
ii.  130  (Archim.) 

Ζιαίρεσις,  εως,  ij,  division, 
separation,  368  (Aristot.) ; 
δ.  λόγου,  transformation  of 
a  ratio  dividendo,  448 
(Eucl.) 

8ιαμενει.ν,  to  remain,  to  re- 
main stationary,  258 
(Eutoc.) 

διάμετρος,  ov,  diagonal,  dia• 
metrical ;  as  subst.,  δ.  {se. 
γραμμή),  ή,  diagonal ;  of 
a    parallelogram,    ii.    218 
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(Archim.)  ;  diameter  of  a 
circle,  438  (Eucl.) ;  of  a 
sphere,  466  (Eucl.)  ;  prin- 
cipal axis  of  a  conic  section 
in  Archim.,  ii.  148  (Ar- 
chim.) ;  diameter  of  any 
plane  curve  in  Apollon., 
ii.  286  (Apollon.)  ;  πλαγία 
δ.,  transverse  diameter,  ii. 
286  (Apollon.) ;  συζυγεΐε 
δ.,  conjugate  diameters,  ii. 
288  (Apollon.) 

^ιάστασις,  ΐως,  "η,  dimension, 
412  (Simpl.) 

hiaariXXfiv,  to  separate,  ii. 
502  (Heron) 

διάστημα,  arcs,  to,  interval ; 
radius  of  a  circle,  ii.  192 
(Archim.),  442  (Eucl.) ; 
interval  or  distance  of  a 
conchoid,  300  (Papp.) ;  in 
a  proportion,  the  ratio 
between  terms,  το  των 
μίΐζόνων  όρων  δ.,  112 
(Archytas  ap.  Porph.) ; 
dimension,  88  (Nicom.) 

Βιαφορά,  ή,  difference,  114 
(Nicom.) 

Βώόναι,  to  give  ;  aor.  part., 
Βοθΐίζ,  elaa,  (v,  given,  ii. 
598  (Papp.) ;  Αβδομενα,  τά. 
Data,  title  of  work  by 
Euclid,  ii.  588  (Papp.); 
Ueaei  και  μεγίθΐΐ  8ΐ8όσθαι, 
to  be  given  in  position  and 
magnitude,  478  (Eucl.) 

δ:€λόντ4,  v.  Staipeiv 

8iexrjs,  ^s,  discontinuous ; 
σπείρα  δ.,  open  spire,  ii. 
S64  (Procl.) 

ξιορίζίΐν,  to  determine,  ii. 
566    (Papp.) ;    Αιωρισμίντ} 
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τομή.  Determinate  Section, 
title  of  work  by  Apol- 
lonius,  ii.  598  (Papp.) 

8ιορισμ05,  6,  statement  of  the 
limits  of  possibility  of  a 
solution  of  a  problem, 
diorismos,  150  (Procl.) 

διπλασίαζε»',  to  double,  258 
(Eutoc.)  ^ 

διπλασιασμό?,  6,  doubling, 
duplication  ;  κύβου  δ.,  258 
(Eutoc.) 

διπλάσιο?,  α,  ov,  double,  302 
(Papp.) ;  δ.  λόγος,  dupli- 
cate ratio,  446  (Eucl.) 

διπλάσιων,  or,  later  form  for 
διπλάσιο?,  double,  326 
(Archim.) 

διπλοοί,  Ί},  ov,  contr.  διττΛοΰ?, 
η,  οΰν,  twofold,  double,  326 
(Archim.)  ;  δ.  Ισότης, 
double  equation,  il.  528 
(Dioph.) 

δίχα,  adv.,  in  two  (equal) 
parts,  66  (Eucl.):  δ. 
τεμνειν,  to  bisect,  440 
(Eucl.) 

διχοτομι'α,  ij,  dividing  in 
two  ;  point  of  bisection,  ii. 
216  (Archim.) ;  Dicho- 
tomy, first  of  Zeno's  argu- 
ments on  motion,  368 
(Aristot.) 

δ/χοτόμο?,  ov,  cut  in  two^ 
halved,  ii.  4  (Aristarch.) 

δυναμι?,  «ω?,  η,  power,  force, 
ii.  488  (Heron),  ii.  616 
(Papp.) ;  at  ττίντΐ  δ.,  the 
five  mechanical  power» 
(wheel  and  axle,  lever, 
pulley,  wedge,  screw),  ii. 
492    (Heron);    power   in 
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the  algebraic  sense,  esp. 
square  ;  δυνά/χίΐ,  in  power, 
i.e.,  squared,  322  (Ar- 
chim.)  ;  δυνάμει  σύμμετρος, 
commensurable  in  square, 
450  (Eucl.)  ;  δυνάμει  ασύμ- 
μετρος, incommensurable 
in  square  (ibid.) 

8υναμο8ΰναμΐζ,  €ως,  η,  fourth 
power  of  the  unknown 
quantity  [x*],  ii.  522 
(Dioph.) 

Βιη'αμο^υναμοστόν,      τό,       the 

fraction       -j,       ii.       522 

(Diopli.) 

Βυναμόκυβος,  ό,  square  multi- 
plied by  a  cube,  fifth  power 
of  the  unknown  quantity 
[ajs],  ii.  522  (Dioph.) 

Ζχτναμοκυβοστόν,  τό,  the  frac- 
tion J,,  ii.  522  (Dioph.) 

Ζυναμοστόν,  τό,  the  fraction 
ji,  ii.  522  (Dioph.) 

hwaaOat,  to  be  able,  to  be 
equivalent  to  ;  8ύνασθαί  τι, 
to  be  equivalent  when 
squared  to  a  number  or 
area,  ii.  96  (Archim.) ; 
•η  8υναμ€νη  (ac.  evdeta),  side 
of  a  square,  452  (Eucl.) ; 
αυξήσεις  δυνάμεναι,  398 
(Plat.)  ;  παρ'  ην  8ννανται 
ai  καταγόμ€ναι  τίταγμένως 
em  την  ΖΗ  8ιάμετρον,  the 
parameter  of  the  ordi- 
nates  to  the  diameter  ZH, 
ii.  308  (ApoUon.) 

Bwaareveiv,  to  be  powerful ; 
pass.,  to  be  concerned  with 


powers  of  numbers  ;    αυξψ 

σ«?     8υναστ€υόμ€ναι,     398 

(Plat.)  ^     ^ 
δυνατόχ•,    η,    όν,    possible,    ii. 

566  (Papp.)  ^ 
8νοκαΐ€νενηκοντά€8ρον,  ro, 

solid  with  ninety-two  faces, 

ii.  196  (Archim.) 
8υοκαΐ€ζηκοντάΐ8ρον,  τό,  solid 

with    sixty-two    faces,    ii. 

196  (Archim.) 
8υοκαίτριακοντάζ8ρον,  τό,  solid 

with    thirty-two  faces,  ii. 

196  (Archim.) 
δωδε/ίάεδρο?,  ov,  with   twelve 

faces ;    as  subst.,   δωδεκά- 

(8ρον,  τό,  body  with  twelve 

faces,    dodecahedron,    4i72 

(Eucl.),  216  (Aet.) 

'Έιβ8ομηκοστόμονος,  ov, 

seventy-first ;  το  €., 
seventy-first  part,  320 
(Archim.) 

ΐγγράφειν,  to  inscribe,  470 
(Eucl.),  ii.  46  (Archim.)  ^ 

εγκύκλιος,  ov,  also  a,  ov,  cir- 
cular, ii.  618  (Papp.) 

(ϊ8ος,  ονς.  Ion.  €ος,  τό,  shape  or 
form  of  a  figured  number, 
94  (x\ristot.) ;  figure  giving 
the  property  of  a  conic 
section,  viz.,  the  rectangle 
contained  by  the  dia- 
meter and  the  parameter, 
ii.  317  n.  a,  358  (Papp.), 
282  (Eutoc.)  ;  term  in  an 
equation,  ii.  524  (Dioph.)  ; 
species — of  number,  ii.  522 
(Dioph.),  of  angles  390 
(Plat.) 
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etKoaaeSpos,  ov,  having  twenty 
faces  ;  etKoaaehpov,  to,  body 
with  twenty  faces,  icosa- 
hedron,  216  (Aet.) 

ΐΐκοσαττλάσιοζ,  ov,  ticenty- 
fold,  ii.  6  (Aristarch.) 

ίκατοντάς,  abos,  η,  the  num- 
ber one  hundred,  ii.  198 
(Archim.) 

£κβάλλειν,  to  produce  (a 
straight  line),  442  (Eucl.), 
11.     8     (Aristarch.),     352 

eKKateiKoaaeSpov,  to,  solid 
with  twenty-six  faces,  ii. 
196  (Archim.) 

(κκ(ΐσθαι,  used  as  pass,  of 
ΐκτίθΐναι,  to  be  set  out,  be 
taken,  ii.  96  (Archim.), 
298  (Papp.) 

ίκκρούΐΐν,  to  take  away, 
eliminate,  ii.  612  (Papp.) 

(κπ€τασμα,  ατός,  τό,  that 
which  is  spread  out,  un- 
folded ;  Έκηετάσματα,  title 
of  work  by  Democritus 
dealing  with  projection  of 
armillary  sphere  on  a 
plane,  229  n.  a 

ίκπρισμσ,  ατός,  τό,  section 
sawn  out  of  a  cylinder, 
prismatic  section,  ii.  470 
(Heron) 

ίκτιΟενοΛ,  to  set  out,  ii.  568 
(Papp.) 

ΐκτός,  adv.,  without,  outside  ; 
as  prep.,  c.  του  κύκλου,  314 
(Alex.  Aphr.)  ;  adv.  used 
adjectivally,  η  e.  (sc.  (ύθΐΐα), 
external  straight  line,  314 
(Simpl.) ;  ή  e.  γωνία  τοΰ 
τρίγωνου,     the       external 


angle  of  the  triangle,  ii. 
310  (Apollon.) 

ΐλάσσων,  ov,  smaller,  less,  3?0 
(Archim.) ;  -^τοι  μΐίζων 
eariv  η  i.,  ii.  1 12  (Archim.) ; 
e.  ορθής,  less  than  a  right 
angle,  438  (Eucl.);  ή  e. 
{sc,  evOeia),  minor  in 
Euclid's  classification  of 
straiglit  lines,  458  (Eucl.) 

(λάχίστος,  η,  ov,  smallest, 
least,  ii.  44  (Archim.) 

eXii,  ίλίκος,  η,  spiral,  helix, 
ii.  182  (Archim.) ;  spiral 
on    a     sphere,     ii.     580 

.  (Papp.) 

ίλλΐίμμα,  ατός,  τό,  defect, 
deficiency,  206  (Eucl.) 

eAAeiWiv,  to  fall  short,  be 
deficient,  394  (Plat.),   188 

^  (Procl.) 

ίλΧΐΐφις,  ΐως,  ή,  falling  short, 
deficiency,  186  (Procl.); 
the  conic  section  ellipse,  so 
called  because  the  square 
on  the  ordinate  is  equal  to 
a  rectangle  whose  height 
is  equal  to  the  abscissa 
applied  to  the  parameter 
as  base  but  falling  short 
{iXXeTnov),  ii.  316  (Apol- 
lon.), 188  (Procl.) 

ίμβαΒόν,  τό,  area,  ii.  470 
(Heron) 

eμβάλλe(.v,  to  throw  in,  insert, 
ii.  574  (Papp.)  ;  multiply, 
ii.  534  (Dioph.) 

€μπίτη€ίν,  to  fall  on,  to  meet, 
to  cut,  442  (Eucl.),  ii.  58 
(Archim.) 

(μττλίκίΐν,  to  plait  or  weave 
in  i     σπίΐρα    4μπίπλ€γμ^νη^ 
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interlaced  spire,  ii.  364 
(Procl.) 

εναλλάξ,  adv.,  often  used 
adjectivally,  transforma- 
tion of  a  ratio  according  to 
the  rule  of  Eucl,  v.  Def.  12, 
permntando,  448  (Eucl.), 
ii.  144  (Archim.) ;  i. 
γωνίαι,  alternate  angles 

ivavrios,  a,  ov,  opposite  ;  κατ* 
€.,  ii.  216  (Archim.) 

ίναρμόζΐΐν,  to  fit  in,  to  insert, 
284  "(Eutoc.) 

ei^aaij,  €ω5,  η,  inscription, 
396  (Plat.) 

ΐντίλης,  es,  perfect,  complete  ; 
τρίγωνον  e.,  90  (Procl.) 

evTog,  adv.  used  adjectivally, 
within,  inside,  interior ; 
at  e.  γωνίαι,  442  (Eucl.) 

ivvnipxeiv,  to  exist  in ;  €"δη 
ίνυπάρχοντα,  τά,  positive 
terms,  ii.  524  (Dioph.) 

έζαγωνικός,  -η,  όν,  hexagonal ; 
e.  αριθμός,  96  (Nicom.) 

εξάγωνος,  ov,  as  subst.  ΐξάγω- 
vov,      TO,      hexagon,      470 

,  (P'Ucl.) 

ΐξηκοστός,  η,  όν,  sixtieth  ;  in 
astron.,  πρώτον  4ξηκοστόν, 
TO,  first  sixtieth,  minute, 
Sevrepov  €.,  second  sixtieth, 
second,  50  (Theon  Alex.) 

c'i^?.  adv.,  in  order,  succes- 
sively, ii.  566  (Papp.) 

€•παφη,  ή,  touching,  tangency, 
contact,  314  (Simpl.) ; 
Έττα^αί,  On  Tangencies, 
title  of  a  book  by  Apol; 
lonius,  ii.  336  (Papp.) 

eneaOai,  to  be  or  com,e  after, 
follow ;    TO   ί•πόμ€νον,  con- 


sequence, ii.  5QQ  (Papp.) ; 
τά  επόμενα,  rearward  ele- 
ments, ii.  184  (Apollon.); 
in  theory  of  proportion,  τά 
επόμενα,  following  terms, 
consequents,  448  (Eucl.) 

επί,  prep,  with  ace,  upon,  on 
to,  on,  ευθεία  επ'  ευθείαν 
σταθεΐσα,  438  (Eucl.) 

επιζειτγννναι,  to  join  up,  ii. 
608    (Papp.)  ;      αί    επιζευ- 

ί'βεΐσαι  εύθεΐαι,  connecting 
ines,  272  (Eutoc.) 

επιλογίζεσθαι ,  to  reckon,  cal- 
culate, 60  (Theon  Alex.) 

επιλογισμός,  ό,  reckoning, 
calculation,  ii.  412  (Ptol.) 

επίπεδος,  ov,  plane ;  ε,  επι- 
φάνεια, 438  (Eucl.);  e. 
γωνία,  438  (Eucl.) ;  ε. 
σχήμα,  438  (Eucl.) ;  e.  άρι- 
θμός,  70  (Eucl.);  e.  πρό- 
βλημα, 348  (Papp.) 

επιπεΒως,  adv.,  plane-wise, 
88  (Nicom.) 

επιπλατης,  ες,  flat,  broad ; 
σφαιροεώές  ε.,  ii.  164 
(Archim.) 

επίταγμα,  ατός,  το,  injunc- 
tion ;  condition,  ii.  50 
(Archim.),  ii.  526  (Dioph.); 
ποιεΐν  TO  ε.,  to  satisfy  the 
condition ;  subdivision  of  a 
problem,  ii.  340  (Papp.) 

επίτριτος,  ov,  containing  an 
integer  and  one-third,  in 
the  ratio  4:3,  ii.  222 
(Archim.) 

επιφάνεια,  η,  surface,  438 
(Eucl.)  ;  κωνική  ε.,  conical 
surface  (double  cone),  ii. 
286  (Apollon.) 
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emApavew,    to    touch,    ii.    190 

iArchim.) ;  17  ίπιφαΰουσα 
sc.  €νθΐΐα),  tangent,  ii.  64 
(Archim.) 

ίτΐρομήκης,  €s,  with  unequal 
sides,  oblong,  440  (Eucl.) 

€νθΰγραμμο5,  ov,  rectilinear ; 
ev.  γωνία,  438  (Eucl.) ;  ev. 
σχήμα,  440  (Eucl.) ;  as 
Subst.,  (ύθνγραμμον,  τό, 
rectilineal  figure,  318 
(Archim.) 

evdvs,  €Ϊα,  V,  straight ;  ev. 
γραμμ-ή,  straight  line,  438 
(Eucl.);  evdeia^SC.  γραμμή), 
■η,  straight  line,  ii.  44 
(Archim.)  ;  chord  of  a 
circle,  ii.  412  (Ptol.) ;  dis- 
tance (first,  second,  etc.)  in 
a  spiral,  ii.  182  (Archim.)  ; 
κατ*  evdeias,  along  a 
straight  line,  ii.  580 
(Papp.) 

βνπαραχώρητοί,  ov,  readily 
admissible,  easily  obvious  ; 
ev.  λήμματα,  ii.  230  (Ar- 
chim.) 

fvpeaii,  «ω?,  "ή,  discovery, 
solution,  ii.  518  (Dioph.), 
260(Eutoc.) 

ΐΰρημα,  ατός,  τό,  discovery, 
380  (Schol.  in  Eucl.) 

evpioKeiv,  to  find,  discover, 
solve,  ii.  526  (Dioph.),  340 
(Papp.),  262  (Eutoc); 
5π€ρ  e8ei  evpuv,  which  was 
to  be  found,  282 
(Eutoc.) 

ΐύχΐριήί,  4s,  easy  to  solve,  ii. 
526  (Dioph.) 

ίφάτττΐσθαί,  to  tmwh,  ii.  224 
(Archim.)  ;     (φαπτομίνη,   η 


(sc.  evdtia),  tangent,  322 
(Archim.) 

εφαρμογή,  η,  coincidence  of 
geometrical  elements,  340 

,  (Papp.) 

ίφαρμόζΐΐν,  to  fit  exactly, 
coincide  with,  444  (Eucl.), 
ii.  208  (Archim.),  298 
(Papp.) ;  pass,  ΐφαρμό- 
ζεσβαι,  to  be  applied  to,  ii. 
208  (Archim.) 

ΐφΐξηζ,  adv.,  in  order,  one 
after  the  other,  successively, 
312  (Them.);  used  ad- 
jectivally, as  ai  e.  γωνίαί, 
the  adjacent  angles,  483 
(Eucl.) 

ίφιστάναι,  to  set  up,  erect ; 
I>erf.,  ΐφΐστ-ηκίνοί,  intr., 
stand,  and  perf.  part,  act., 
€φ€στηκώς,  via,  as,  stand- 
ing, 438  (Eucl.) 

ίφοΒος,  η,  method,  ii.  596 
(Papp.) ;  title  of  work  by 
Archimedes 

€χ€ΐν,  to  have  ;  λόγον  e.,  to 
have  a  proportion  or  ratio, 
ii.  14  (Aristarch.) ;  γέν^σι,ν 
1.,  to  be  generated  (of  a 
curve),  348  (Papp.) 

ews,  as  far  as,  to,  ii.  290 
(Apollon.) 

Zrp-eXv,  to  seek,  investigate, 
ii.  222  (Archim.) ;  ζητον- 
μΐνον,  τό,  the  thing  sought, 
158  (Procl.),  ii.  596 
(Papp.) 
^ζητησίζ,  ΐωζ,  η,  inquiry,  in- 
vestigation, 152  (Procl.) 

ζύγιον,  τό  =  ζνγόν,  τό,  ii.  234 
(Archim.) 
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ζνγόν,  TO,  beam  of  a  balance, 
balance,  ii.  234  (Archim.) 

ζφ8ίον,  TO,  dim.  of  ζωον,  lit. 
small  figure  painted  or 
carved  ;  hence  sign  of  the 
Zodiac  ;  6  των  Ζ.  κΰκλοζ. 
Zodiac     circle,      ii.     394 

(Η3φ8ίθ1β8) 

'Hyiiaflai,  to  lead  •,  ηγονμενα, 
τά,  leading  terms  in  a  pro- 
portion, 448  (Eucl.) 

ημικύκλιο;,  ov,  semicircular; 
as  subst.,  ημικύκλιον,  τό, 
semicircle,  440  (Eucl.)»  ϋ. 
568  (Papp.) 

■ημικΰλιν8ρο5,  ό,  half -cylinder, 
260  (Eutoc.) ;  dim.  ημικν- 
λίν8ριον,  τό,  286  (Eutoc.) 

ημιόλιος,  a,  ov,  containing  one 
and  a  half,  half  as  much  or 
CM  large  again,  one-and-a- 
half  times,  ii.  42  (Archim.) 

ήμισυς,  eia,  v,  half,  ii.  10 
(Aristarch.) ;  as  subst., 
ήμισυ,  τό,  320  (Archim.) 

@eais,  ews,  η,  setting,  posi- 
tion, 268  (Eutoc.)  ;  Oeaei 
8ΐ8όσθαι,  to  be  given  in 
position,  478  (Eucl.) 

θίωρ€ΐν,  to  look  into,  investi- 
gate, ii.  222  (Archim.) 

θΐώρημα,  ατοζ,  τό,  theorem, 
228  (Archim.),  ii.  566 
(Papp.),  150  (Procl.),  ii. 
366  (Procl.) 

θΐωρητικόζ,  ή,  όν,  able  to  per- 
ceive, contemplative,  specu- 
lative, theoretical ;  applied 
to  species  of  analysis,  ii. 
698  (Papp.) 


θεωρία,  η,  inquiry,  theoretical 

investigation,     theory,     ii. 

222     (Archim.),     ii.     568 

(Papp.) 
Svpeos,  d,  shield,  490  (Eucl.) ; 

ή      {sc,      γραμμή)      του     θ., 

ellipse,  ii.  360  (Procl.) 

^Ισάκΐξ,  adv.,  the  same  num- 
ber of  times,  as  many 
times  ;  τά  ί.  ττοΑλαπλάσια, 
equimultiples,  446  (Eucl.) 

Ισοβαρής,  es,  equal  in  weight, 
ii.  250  (Archim.) 

Ιαογκος,  ov,  equal  in  bulk, 
equal  in  volume,  ii.  250 
(Archim.) 

Ισογώνιος,  ov,  equiangular,  ii. 
608  (Papp.) 

Ισομήκης,  es,  equal  in  length, 
398  (Plat.) 

Ισοπ(ρίμ€τρος,  ov,  of  equal 
perimeter,  ii.  386  (Theon 
Alex.) 

Ισόπλ(υρος,  ov,  having  all  its 
sides  equal,  equilateral ;  t. 
τρίγωνον,  440  (Eucl.),  I. 
τΐτράγωνον,  440  (Eucl.), 
ΐ.  πολύγωνον,  11.  54  (Ar- 
chim.) 

Ισοπληθής,  €?,  equal  in  num- 
ber, 454  (Eucl.) 

Ισορροπαν,  to  be  equally  bet- 
lanced,  be  in  equilibrium, 
balance,  Ii.  206  (Archim.) 

^Ισορροπικά,  τά,  title  of  work 
on  equilibrium  by  Archi- 
medes, 11.  226  (Archim.) 

ισόρροπος,  ov,  in  equilibrium, 
ii.  226  (Archim.) 

Ίσος,  η,  ov,  equal,  268 
(Eutoc);    «'*   ίσου,  evenly. 
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438  (Eucl.) ;  δι'  ίσου,  ex 
aequali,  transformation  of 
a  ratio  according  to  the 
rule  of  Eucl.  v.  Def.  17, 
448  (Eucl.) 

Ισοσκελής,  fs,  with  equal 
legs,  having  two  sides 
equal,  isosceles;  Ι.τρίγωνον, 
440  (Eucl.) ;  t.  κώνος,  ii. 
58  (Archim.) 

Ισοταχίως,  uniformly,  ii.  182 
(Archim.) 

Ισότης,  ητος,  ή,  equality, 
equation,  ii.  526  (Dioph.) 

Ιστάναι,  to  set  up ;  evdeia 
eV  ίυθΐΐαν  στάθμισα,  438 
(Eucl.) 

Ισωσις,  ecus,  η,  making  equal, 
equAitian,  ii.  526  (Dioph.) 

Ka'^cTo?,  ov,  let  down,  perpen- 
dicular ;  η  κ.  (ec.  γραμμή), 
perpendicular,  438  (Eucl.), 
ii.  580  (Papp.) 

καθολικός,  -η,  όν,  general ;  κ. 
μΐθοΖος,  ii.  470  (Heron) 

καθολικώς,  generally ;  καθ- 
ολικώτίρον,  more  gener- 
ally, ii.  572  (Papp.) 

καθόλου,  adv.,  on  the  whole, 
in  general ;  τά  κ.  καλούμενα 
θεωρήματα,  152  (Procl.) 

καμπύλος,  η,  ον,  curved  ;  κ. 
γραμμαί,  ϋ.  42  (Archim.)  ; 
260  (Eutoc.) 

κανόνιον,  τό,  table,  ϋ•  444 
(Ptol.) 

κανονικός,  ή,  όν,  of  ΟΓ  belong- 
ing to  ο  T^le  ;  17  κανονική 
(sc.  τέχνη),  the  mathema- 
tical theory  of  music, 
theory  of  musical  intervals. 


canonic,  18  (Anatolius); 
K.  ίκθεσις,  display  in  th4 
form  of  a  table,  ii.  412 
(Ptol.) 

κανών,  όνος,  ό,  straight  rod, 
bar,  308  (Aristoph.),  264 
(Eutoc.)  ;  rule,  standard, 
table,  ii.  408  (Suidas) 

κατάγειν,  to  draw  down  or  out, 
ii.  600  (Papp.) 

καταγραφή,  ij,  construction, 
188  (Procl.);  drawing, 
figure,  ii.  158  (Eutoc),  ii. 
444  (Ptol.),  ii.  610  (Papp.) 

καταλαμβάνειν,  to  overtake, 
368  (Aristot.) 

καταλύπειν,  to  leave,  454 
(Eucl.),  ii.  218  (Archim.), 
ii.  524  (Dioph.) ;  τα  κατα- 
λειπόμενα,  the  remainders, 
444  (Eucl.) 

καταμετρεΐν,  to  measure,  i.e., 
to  be  contained  in  an  in- 
tegral number  of  times, 
444  (Eucl.) 

κατασκευάζειν,  to  construct, 
264  (Eutoc),  ii.  566 
(Papp.) 

κατασκευή,  η,  construction, 
ii.  500  (Heron) 

καταστερισμός,  ό,  placing 
among  the  stars ;  Κατα- 
στερισμοί,  οι,  title  of  work 
wrongly  attributed  to  Era- 
tosthenes, ii.  262  (Suidas) 

κατατομή,  ή,  cutting,  section ; 
K.  κανόνος,  title  of  work  by 
Cleonides,  157  n.  c 

κατοπτρικός,  ή,  όν,  of  or  in 
a  mirror  ;  Κατοτττρικά,  τά, 
title  of  work  ascribed  to 
Euclid,  156  (Procl.) 
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κάτοτηρον,  τό,  mirror,  ii.  498 
(Heron) 

κϋσθαι,  to  lie,  ii.  268 
(Cleom.) ;  of  points  on  a 
straight  line,  438  (Eucl.) ; 
as  pass,  of  ridevai,  to  be 
placed  or  made ;  of  an 
angle,  326  (Archim.) ; 
ομοίως  κ.,  to  be  similarly 
situated,  ii.  208  (Archim.) 

κΐντροβαρικός,  η,  όν,  of  or  per- 
taining to  a  centre  of 
gravity  ;  κ.  σημεία,  ii.  604 
(Papp.)  ^ 

Ktvrpov,  TO,  centre ;  of  a 
circle,  438  (Eucl.),  ii.  8 
(Aristarch.),  ii.  572 
(Papp.) ;  of  a  semicircle, 
440  (Eucl.)  ;  ij  (sc.  γραμμή 
or  evBeia)  eV  τοΰ  κ.,  radius 
of  a  circle,  ii.  40  (Archim.) ; 
K.  τον  βάρΐος,  centre  of 
gravity,  ii.  208  (Archim.) 

Kivdv,  to  move,  264  (Eutoc.) 

κίνησις,  cods,  ij,  motion,  264 
(Eutoc.) 

κισσοεώης,  es,  Att.  κιττοειδη?, 
fs,  like  ivy ;  κ.  γραμμή, 
cissoid,  276  η.  α 

κΧαν,  to  bend,  to  inflect,  420 
(Aristot.),  358  (Papp.)  ; 
κλώμεναι  evdelai,  inclined 
straight  lines,  ii.  496 
(Damian.) 

κλίν€ΐν,  to  make  to  lean ; 
pass.,  to  incline,  ii.  252 
(Archim.) 

κλίσις,  «ω?,  η,  inclination ; 
των  γραμμών  κ.,  438 
(Eucl.) 

κογχο€ΐ8ης,  is,  resembling  a 
mussel ;   #c.  γραμμαί  (often 


without  γ.),  conchoidal 
curves,  conchoids,  296 
(Eutoc.) 

κοίλος,  η,  ov,  concave ;  enl 
τά  αυτά  κ.,  concave  in  the 
same  direction,  ii.  42 
(Archim.),  338  (Papp.) 

κοινό?,  ή,  όν,  common,  412 
(Aristot.)  ;  κ.  πλευρά,  ii. 
500  (Heron) ;  κ,  cwoiot, 
444  (Eucl.)  ;  κ.  τομή,  ii. 
290  (ApoUon.) ;  to  κοινόν, 
common  element,  306 
(Papp.) 

κορυφή,  ή,  vertex  ;  of  a  cone, 
ii.   286   (ApoUon.)  ;    of  a 

t)]ane  curve,  ii.  286  (Apol- 
on.) ;  of  a  segment  of  a 
sphere,  ii.  40  (Archim.) 

κοχλίας,  ου,  ό,  snail  with 
spiral  shell ;  hence  any- 
thing twisted  spirally  ; 
screw,  ii.  496  (Heron) ; 
screw  of  Archimedes,  ii.  34 
(Diod.  Sic.) ;  Ylepl  τοΰ  χ., 
work  by  Apollonius,  ii. 
350  (Procl.) 

κοχλιοΐώής,  4ς,  of  or  pertain- 
ing to  a  shellfish ;  ή  κ.  {sc. 
γραμμή),  cochlotd,  334 
(Simpl.) ;  also  κοχλοεώής, 
es,  as  ή  κ.  γραμμή,  302 
(Papp.) ;  probably  an- 
terior to  ή  κογχοίώής 
γραμμή  with  same  mean- 
ing     ^ 

κρίκος,  ό,  ring ;  τετράγωνοι 
κ.,  prismatic  sections  of 
cylinders,  ii.  470  (Heron) 

κυβίζειν,  to  make  into  a  cube, 
cube,  raise  to  the  third 
power,  ii.  504  (Heron) 
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κυβικός,  η,  6v,  of  or  for  a 
cube,  cubic,  222  (Plat.) 

κνβόκνβος,  6,  cube  multiplied 
by  a  cube,  sixth  power  of 
the  unknovm  quantity  [x^], 
ii.  522  (Dioph.) 

κυβοκυβοστόν,  τό,  the  frac- 
tion Js,  ii.  522  (Dioph.) 

κύβο5,  6,  cube,  258  (Eutoc.) ; 
cubic  number,  ii.  518 
(Dioph.) ;  third  power  of 
unknovm,  ii.  522  (Dioph.) 

κνβοστόν,  τό,  the  fraction 
i,  u.  522  (Dioph.) 

κυκλικός,  η,  όν,  circular,  ii. 
360  (Procl.) 

κύκλος,  ό,  circle,  392  (Plat.), 
438  (Eucl.)  ;  μέγιστος  κ., 
great  circle  (of  a  sphere), 
ii.  8  (Aristarch.),  ii.  42 
(Archim.) 

κνλινΖρικός,  ή,  όν,  cylindri- 
cal, 286  (Eutoc.) 

κύλινδρο?,  ου,  ό,  cylinder,  ii. 
42  (Archim.) 

κυρίως,  adv.,  in  a  special 
sense ;  κ.  αναλογία,  pro- 
portion par  excellence,  i.e., 
the  geometric  proportion, 
125  n.  ο 

κωνικός,  η,  όν,  conical,  conic ; 
κ.  imiaveia,  conical  sur- 
face (double  cone),  ii.  286 
(Apollon.) 

κωνοίώης,  e's»  conical ;  as 
subst.  κωνοίώΐς,  τό,  conoid ; 
όρθογώνιον  κ.,  right-angled 
conoid,  i.e.,  paraboloid  of 
revolution,  ii.  164  ;  άμβλν- 
γώνιον    K.f    obtuse-angled 


conoid,  i.e.,  hyperboloid  of 

revolution,  ii.  164 
κώνος,    ου,    ό,    cone,    ii.    286 

(Apollon.) 
κωνοτομ€Ϊν,  to  cut   the  cone^ 

226  (Eratos.  ap.  Eutoc.) 

Ααμβάνίΐν,  to  take,  ii.  112 
(Archim.) ;  ΐΐλήφθω  το 
κέντρα,  let  the  centres  be 
taken,  ii.  388  (Theon 
Alex.) ;  λ.  τας  μέσας,  to 
take  the  means,  294  (Eu- 
toc.) ;  to  receive,  postu- 
late, ii.  44  (Archim.) 

Ae'yeiv,  to  choose,  ii.  166 
(Archim.) 

AeiVeiv,  to  leave,  ii.  62 
(Archim.) ;  λείποντα  €Ϊ8η, 
τά,  negative  terms,  ii.  524 
(Dioph.) 

λΐΐφις,  €ως,  ή,  negative  term, 
minus,  ii.  524  (Dioph.) 

λήμμα,  ατός,  τό,  auxiliary 
theorem  assumed  in  prov- 
ing the  main  theorem, 
lemma,  ii.  608  (Papp.) 

λημμάτιον,  τό,  dim.  of  λήμμα, 
lemma 

λήφις,  ίως,  ή,  taking  hold, 
solution,  260  (Eutoc.) 

λογικός,  Tj,  όν,  endowed  with 
reason,  theoretical,  ii.  614 
(Papp.) 

λογιστικός,  η,  ov,  skilled  or 
practised  in  reasoning  or 
calculating ;  ή  λογιστικοί 
{sc.  τέχνη),  the  art  of  mani- 
pulating numbers,  practi- 
cal arithmetic,  logistic, 
17  (Schol.  ad  Plat. 
Charm.) 
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Χόγο5,  6,  ratio,  444  (Eucl.) ; 
Αόγον  απότομη,  Cutting-off 
of  a  Ratio,  title  of  work  by 
Apollonius,  ii.  598  (Papp.) ; 
λ.  συνημμένοζ,  compound 
ratio,  ii.  602  (Papp.)  ; 
λ.  μοναχοί,  singular  ratio, 
ii.  606  (Papp.)  ;  άκρος  καΙ 
μ4σο5  λ.,  extreme  and 
mean  ratio,  472  (Eucl.), 
ii.  416  (Ptol.) 

AotTTo's,  ή>  όν,  remaining,  ii. 
600  (Papp.)  ;  as  subst., 
λοινόν,  TO,  the  remainder, 
ii.  506  (Papp.),  270 
(Eutoc.) 

λοξοί,  η,  όν,  oblique,  inclined ; 
κατά  λ.  κύκλου,  ii.  4  (Plut.) 

λνσις,  €ω5,  ij,  solution^  ii.  596 
(Papp.) 

Mayyovopioj,  a,  mechanical 
engineer,  maker  of  mechan- 
ical powers,  ii.  616  (Papp.) 

μάγγανον,  τό,  block  of  a  pulley, 
ii.  616  n.  α  (Heron) 

μάθημα,  τό,  study,  8  (Plat.),  4 
(Archytas)  ;  μαθήματα,  τά, 
mathematics  ;  τά  8e  κ•αλου- 
μΐνα  ΙΒίως  μ.,  2  ( Anatolius) ; 
148  (Procl.),  ii.  42  (Ar- 
chim.),  ii.  566  (Papp.) 

μαθηματικοί,  η,  όν,  mathe- 
matical ;  μαθηματικός,  ο, 
mathematician,  ii.  2  (Aet.), 
ii.  61  (Papp.)  ;  ή  μαθημα- 
τική {sc.  επιστήμη),  mathe- 
matics, 4  (Archytas) ;  τά  μ., 
m.athematics 

μΑγΐθος,  ους.  Ion.  €ος,  τό, 
magnitude,  444  (Eucl.),  ii. 
60  (Archim.),  ii.  412  (Ptol.) 


μέθοδος,  ή,  following  after, 
investigation,  method,  90 
(Procl.) 

μείζων,  ov,  greater,  more, 
318  (Archim.) ;  ίμοι  μ. 
εστίν  η  ελάσσων,  ii.  112 
(Archim.) ;  μ.  όρθψ, 
greater  than  a  right  angle, 
438  (Eucl.);  η  μ.  {sc. 
ευθεία),  major  in  Euclid's 
classification  of  irrationals, 
458  (Eucl.) 

μενειν,  to  remain,  to  remain 
stationary,  98  (Nicom.), 
286  (Eutoc.) 

μερ'ιζειν,  to  divide,  η  παρά  τι, 
50  (Ί  heon  Alex.) 

μερισμός,  ό,  division,  16 
(Schol.  in  Plat.  Charm.), 
ii.  414  (Ptol.) 

μέρος,  ους.  Ion.  εος,  τό,  part ; 
of  a  number,  66  (Eucl.);  of 
a  magnitude,  444  (Eucl.), 
ii.  584  (Papp.) ;  τά  μέρη, 
parts,  directions,  εφ'  εκά- 
τερα  τά  μ.,  in  both  direc- 
tions, 438  (Eucl.) 

μεσημβρινός,  ή,  όν,  for  μεση- 
μερινός,  of  or  for  noon ; 
μ.  {sc.  κύκλος),  ό,  meri- 
dian, ii.  268  (Cleom.) 

μέσος,  η,  ov,  middle ;  ή  μ€σΐ) 
{sc.  ευθεία),  mean  {αριθ- 
μητική, γεωμετρική,  αρμο- 
νική), ii.  568  (Papp.) ; 
μέση  των  ΔΚ,  ΚΓ,  mean 
between  ΔΚ,  ΚΓ,  272 
(Eutoc.) ;  άκρος  και  μ. 
λόγος,  extreme  and  mean 
ratio,  472  (Eucl.),  ii.  416 
(Ptol.)  ;  17  μέση  {sc.  ευθεία), 
medial  in  Euclid's  classi- 
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fication  of  irrationals,  458 
(Eucl.) ;  CK  δυο  μ4σων 
πρώτη,  first  bimedial,  eK 
8ύο  μ€σων  Sevrepa,  second 
bimedial,  etc.,  ibid. 

μεσότης,  ητο5,  η,  mean,  ii.  566 
(Papp,)  ;  μ.  αριθμητική, 
γ€ωμ€τρική,  αρμονική  (υπ- 
ivavTia),  110-111  (Iambi.) 

μίτρΐΐν,  to  measure,  contain 
an  integral  number  of 
times,  68  (Eucl.),  ii.  54 
(Archim.) 

μέτρον,  TO,  measure,  relation, 
ii.  294  {Prob.  Bov.) ;  κοινον 
μ.,  common  measure,  ii. 
210  (Archim.) 

μίχρι,  as  far  as,  prep,  with 
gen.  ;  ή  μίχρι  τον  άξονος 
(sc.  γραμμή),  ii.  256 
(Archim.) 

μήκοζ.  Dor.  μάκος,  eos,  τό, 
length,  436  (Eucl.) ;  dis- 
tance of  weight  from  ful- 
crum of  a  lever,  ii.  206 
(Archim.) 

μηνίσκο5,  6,  crescent-shaped 
figure,  lune,  238  (Eudemus 
ap.  Simplic.) 

μηχανή,  ή,  contrivance, 
machine,  engine,  ii.  26 
(Plut.) 

μηχανικοί,  ή,  όν,  of  or  for 
machines,  mechanical,  ii. 
616  (Papp.)  ;  ή  μηχανική 
(with  or  without  τίχνη), 
mechanics,  ii.  614  (Papp.)  ; 
as  subst.,  μηχανικός,  6, 
mechanician,  ii.  616 
(Papp.),  ii.  496  (Damian.) 

μηχανοποιός,  ό,  maker  of  en- 
gines, ii.  616  (Papp.) 


μικρός,  ά,  όν,  small,  little ; 
Μ.  άστρονομονμΐνος  (sc. 
τόπος).  Little  Astronomy, 
ii.  409  n.  b 

μικτός,  ή,  όν,  mixed ;  μ. 
γραμμή,  ii.  360  (Procl.)  ;  μ. 
ίπιφάν€ΐα,  ii.  470  (Heron) 

μοίρα,  ας,  ή,  portion,  part ; 
in  astron.,  degree,  50 
(Theon  Alex.)  ;  μ.  τοπική, 
χρονική,  ii.  396  (Hypsicl.) 

μονάς,  άδος,  ή,  unit,  monad, 
66  (Eucl.) 

μοναχός,  ή,  όν,  unique,  singu- 
lar; μ.  λόγος,  ii.  606 
(Papp.) 

μόριον,  τό,  part,  6  (Plat.) 

μουσικός,  ή,  όν.  Dor.  μωσικός, 
ά,  όν,  musical  ;  ή  μουσική 
{sc.  Τέχνη),  poetry  sung  to 
music,  music,  4  (Archytas) 

μυριάς,  άδοί,  ή,  the  number 
ten  thousand,  myriad,  ii. 
198  (Archim.);  μ.  ίπλαΐ, 
διττλαΐ,  κτλ.,  a  myriad 
raised  to  the  first  power, 
to  the  second  power,  and 
so  on,  ii.  355  n.  a 

μύριοι,  ai,  a,  ten  thousand, 
myriad ;  μ.  μυριάδας, 
myriad  myriads,  ii.  198 
(Archim.) 

Neueiv,  to  be  in  the  direction 
of,  ii.  6  (Aristarch.) ;  of  a 
straight  line,  to  verge,  i.e., 
to  be  so  drawn  as  to  pass 
through  a  given  point  and 
make  a  given  intercejit, 
244  (Eudemus  ap.  Simpl.), 
420  (Aristot.),  ii.  188 
(Archim.) 
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vevoL?,  εω?,  η,  inclination, 
verging,  problem  in  which 
a  straight  line  has  to  be 
drawn  through  a  point  so 
as  to  make  a  given  inter- 
cept, 245  n.  a;  arepea  v., 
solid  verging,  350  (Papp.) ; 
Neiiffets,  title  of  work  by 
ApoUonius,  ii.  598  (Papp.) 

•Οδό?,  -ή,  method,  ii.  596 
(Papp.) 

οΐκίΐοζ,  a,  ov,  proper  to  a 
thing ;  6  ol.  κύκλος,  ii. 
270  (Cleom.) 

οκτάγωνος,  ov,  eight-cor- 
nered ;  as  subst.,  όκτά- 
γωνον,  TO,  regular  plane 
figure  with  eight  sides, 
octagon,  ii.  196  (Archim.) 

OKTaeSpos,  ov,  with  eight 
faces ;  as  subst.,  όκτά- 
eSpov,  ro,  solid  with  eight 
faces,  ii.  196  (Archim.) 

όκταπλάσιος,  a,  ov,  eightfold, 
ii.  584  (Papp.) 

ο/ίτωκαίδεκαπλάσιοί,  ov,  eigh- 
teen-fold,  ii.  6  (Aristarch.) 

οκτωκαι,τριακοντάΐίρον,  τό, 
solid  with  thirty-eight 
faces,  ii.  196  (Archim.) 

ολόκληρος,  ov,  complete,  en- 
tire ;  as  subst.,  όλόκληρον, 
TO,  integer,  ii.  534  (Dioph.) 

όλος,  η,  OV,  whole ;  τα  δ., 
444  (Eucl.) 

ομαλός,  -η,  όν,  even,  uniform, 
ii.  618  (Papp.) 

όμαλώς,  adv.,  uniformly,  338 
(Papp.) 

όμοιος,  a,  ov,  like,  similar ; 
5.  τρίγωνον,  288  (Eutoc.) ; 


όμοιοι  emTTeSoi  καΐ  (xrepeoi 
αριθμοί,  70  (Eucl.) 

ομοίως,  adv.,  similarly,  ii. 
176  (Archim.)  ;  τα  ό.  τΐ- 
ταγμάνα,  the  corresponding 
terms,  ii.  166  (Archim.) ; 
0.  κΐΐσθαι,  to  be  similarly 
situated,  ii.  208  (Archim.) 

o^oAoyetv,  to  agree  with,  ad- 
m,it ;  pass.,  to  be  allowed, 
admitted ;  το  όμολογού- 
μ€νον,  that  lohich  is  ad- 
mitted, premise,  ii.  596 
(Papp.) 

ομόλογος,  ov,  correspond- 
ing ;  0.  μζγέθζα,  ii.  166 
(Archim.) ;  δ.  πλευραί, 
ii.  208  (Archim.) 

όμοταγης,  es,  ranged  in  the 
same  row  or  line,  co-ordi- 
nate with,  corresponding  to, 
similar  to,  ii.  586  (Papp.) 

δνομα,  ατός,  τό,  name  ;  ή  {sc, 
evOela)  e'/c  δυο  ονομάτων,  bi- 
nomial in  Euclid's  classi- 
fication of  irrationals,  458 

^  (Eucl.) 

6ζ^Jγώvιoς,  ov,  acute-angled ; 
o.  κώνος  and  6.  κώνου  τομή, 
ii.  278  (Eutoc.) 

δζνς,  έΐα,  ν,  acute  ;  ό.  γωνία, 
acute  angle,  often  with 
γωνία  omitted,  438  (Eucl.) 

οπτικός,  ή,  όν,  of  or  for  sight ; 
οπτικά,  τά,  theory  of  laws 
of  sight ;  as  prop,  name, 
title  of  work  by  Euclid, 
156  (Procl.)  ^ 

οργανικός,  ή,  όν,  serving  as 
instruments ;  o.  λήφις, 
mechanical  solution,  260 
(Eutoc.) 
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opyaviKws,  adv.,  by  means  of 
instruments,  292  (Eutoc.) 

όργανον,  τό,  instrument,  294i 
(Eutoc.)  ;  dim.  όργανίον, 
294  (Eutoc.) 

όρθιος,  a,  ov,  upright,  erect ; 
•η  όρθία  {sc.  τοΰ  €'δοι»ϊ 
nXevpa),  the  erect  side  of 
the  rectangle  formed  by 
the  ordinate  of  a  conic  sec- 
tion applied  to  the  para- 
meter as  base,  latus  rectuTn, 
an  alternative  name  for 
the  parameter,  ii.  316 
(Apollon.),  ii.  322  (Apol- 

ορθογώνιος,  ov,  having  all  its 
angles  right,  right-angled, 
orthogonal  \  6.  τετράγωνον, 
440  (Eucl.) ;  o.  ιταραλ- 
ληλόγραμμον,   268   (Eutoc.) 

ορθός,  "ή,  όν,  right ;  ο.  γωνία, 
right  angle,  438,  442 
(Eucl.) ;  ό.  κώνος,  right 
cone,  ii.  286  (Apol- 
lon.) 

6ρίζ(ΐν,  to  separate,  delimit, 
bound,  define,  382  (Plat.) ; 
ίύθ€ΐα  ώρισμίνη,  finite 
straight  line,  188  (Eucl.) 

όρος,  ό,  boundary,  438 
(Eucl.)  ;  term  in  a  propor- 
tion, 112  (Archytas  ap. 
Porph.),  114  (Nicom.) 

οΰν,  there/ore,  used  of  the 
steps  in  a  geometrical 
proof,  326  (Eucl.) 

όχΐΐσθαι,  to  be  borne,  to  float 
in  a  liquid ;  Tlepl  των  οχον- 
μίνων.  On  floating  bodies, 
title  of  work  by  Archi- 
medes, ii.  616  (Papp.) 


Παρά,  beside  ;  παρα/3άλλ«ν  ir. 
to  apply  a  figure  to  a 
straight  line,  188  (Eucl.); 
Ti  IT.  Ti  τταραβάλλίΐν,  to 
divide  by,  ii.  482  (Heron) 

ιταραβάλλ€ΐν,  to  throw  beside  ; 
7r.  παρά,  to  apply  a  figure 
to  a  straight  line,  188 
(Eucl.) ;  hence,  since  to 
apply  a  rectangle  xy  to  a 
straight  line  χ  is  to  divide 
xy  by  X,  η.=ίο  divide,  ii. 
482  (Heron) 

τταραβολη,  ή,  juxtaposition ; 
division  (v.  παραβάλλ€ΐν), 
hence  quotient,  ii.  530 
(Dioph.) ;  application  of 
an  area  to  a  straight  line, 
186  (Eucl.) ;  the  conic  sec- 
tion parabola,  so  called 
because  the  square  on  the 
ordinate  is  equal  to  a  rect- 
angle whose  height  is 
equal  to  the  abscissa  ap- 
plied to  the  parameter 
as  base,  ii.  304  (Apol- 
lon.), 186  (Procl.),  280 
(Eutoc.) 

■ηαράΒοξος,  ov,  contrary  to 
expectation,  wonderful ;  ή 
ΊΤ.  γραμμή,  the  curve  called 
paradoxical  by  Menelaus, 
348  (Papp.);  τα  π.,  the 
paradoxes  of  Erycinus,  ii. 
572  (Papp.) 

παρακέίσθαι,  to  be  adjacent, 
ii.  590  (Papp.),  282 
(Eutoc.) 

παραλληλ€πίττ(8ον,  τ6,  figure 
bounded  by  three  pairs  of 
parallel  planes,  parallel- 
epiped, ii.  600  (Papp.) 
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ηαραλΧηλόγραμμος,  ov,  boun- 
ded by  parallel  lines ;  as 
Subst,,  τταραλληλόγραμμον, 
TO,  paralleloffram,  188 
(Eucl.) 

ιταράλληλος,  ov,  beside  one 
another,  side  by  side, 
parallel,  270  (Eutoc.) ;  n. 
evde'iai,  440  (Eucl.) 

παραμηκηί,  es.  Dor.  napa- 
μάκης,  eg,  oblong  ;  σφαφο- 
eiSes  π.,  ii.  164  (Archim.) 

τταραπληρωμα,  ατός,  το,  inter- 
stice, ii.  590  (Papp.) ; 
complement  of  a  parallelo- 
gram, 190  (Eucl.) 

παρατίίνΐΐν,  to  stretch  out 
along,  produce,  10  (Plat.) 

παρανξησίζ,  εω?,  ή,  increase, 
ii.  412  (Ptol.) 

napvTmos,  ov,  hyper-supine; 
■ηαρυπτιον,  τό,  a  quadri- 
lateral with  a  re-entrant 
angle,  482  (Papp.) 

TT&s,  τΓοσα,  παν,  all,  the  whole, 
every,  any  ;  π.  σημέΐον,  any 
point,  442  (Eucl.) 

ιτΐντάγωνος,  ov,  pentagonal  ; 
IT.  αριθμός,  96  (Nicom.) ; 
as  subst.,  ιτίντάγωνον,  τό, 
pentagon,  222  (Iambi.) 

nepalveiv,  to  bring  to  an  end  ; 
«■r?repaof/i«OS,  ov,  termin- 
ated, 280  (Eutoc.) ;  γραμ- 
uai  7Τ€7Τ€ρασμ€ναι,  finite 
Ones,  ii.  42  (Archim.) 

vipaSf  arcs,  τό,  end,  extrem- 
itif  i  of  a  line,  436  (Eucl.) ; 
oi-a  plane,  438  (Eucl.) 

utpaerovv,  to  limit,  bound ; 
ιύθέΐα  jrcpoTOV/t^vM,  438 
(Eud.) 


πίριγράφξΐν,  to  circumscribe, 
ii.  48  (Archim.) 

vepiexeiv,  to  contain,  bound  ; 
TO  π€ρΐ€χόμ€νον  νπό,  the 
rectangle  contained  by,  ii. 
108  (Archim.) ;  at  πβρι- 
€;^ουσαι  την  γωνίαν  γραμμαί, 
438  (Eucl.) ;  το  περΐ€χό- 
μ€νον  σχήμα,  440  (Eucl.) 

π€ριλαμβάν£ΐν,  to  contain, 
include,  ii.  104  (Ar- 
chim.) 

ττΐρίμΐτρος,  ov,  very  large, 
well-fitting ;  η  π.  (sc. 
γραμμή)  =π€ρίμξτρον,  τό, 
perimeter,  ii.  318  (Ar- 
chim.), ii.  502  (Heron), 
ii.  386  (Theon  Alex.) 

π€ρισσάκις,  Att.  π€ρι,ττάκις, 
adv.,  taken  an  odd  num- 
ber of  times;  π.  άρτιος 
αριθμός,  odd-times  even 
number,  68  (Eucl.) ;  tr. 
■nepiaaos  αριθμός,  odd- 
times  odd  number,  68 
(Eucl.) 

πίρισσός,  Att.  περιττό?,  η, 
όν,  superfluous ;  subtle ; 
αριθμός  π.,  odd  number,  66 
(Eucl.) 

nepiTiOevai,  to  place  or  put 
around,  94  (Aristot.) 

περιφέρεια,  ή,  circumference 
or  periphery  of  a  circle, 
arc  of  a  circle,  440  (Eucl.), 
ii.  412  (Ptol.) 

περιφορά,  ή,  revolution,  turn 
of  a  spiral,  ii.  182  (Ar- 
chim.) 

ττηλικότης,  ητος,  ij,  magni- 
tude, sizet  ii.  412 
(Ptol.) 
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irinreivt  to  fall  ;  of  points,  ii. 
44  ( Archim.) ;  of  a  straight 
line,  286  (Eutoc.) 

ιτλάγιοζ,  a,  ov,  oblique ;  π. 
8ιάμ€τρος,  transverse  dia- 
meter of  a  conic  section,  ii. 
286  (ApoUon.)  ;  π.  πλευρά, 
transverse  side  of  the  rect- 
angle formed  by  the  ordi- 
nate of  a  conic  section 
applied  to  the  parameter 
as  base,  ii.  316  (Apollon.) 
and  ii.  322  (Apollon.) 

nXaaofLv,  to  form  ;  of  num- 
bers, ii.  528  (Dioph.) 

ηλάτος,  ovs.  Ion.  coSm  to, 
breadth,  438  (Eucl.) 

πλατΰν€ΐν,  to  widen,  broaden, 
88  (Nicom.) 

■nXevpd,  as,  η,  side ;  of  a  tri- 
angle, 440  (Eucl.) ;  of  a 
parallelogram,  ii.  216 
(Archim.) ;  of  a  square, 
hence,  square  root,  ii.  530 
(Dioph.) ;  of  a  number,  70 
(Eucl.) ;  ιτλαγία  π.,  latus 
rectum  of  a  conic  section, 
ii.  322  (Apollon.) ;  w.  κσΐ 
8ιαμ€τροζ,  132  (Theon 
Smyr.) 

ττλήθοί,  ovs.  Ion.  €os,  ro, 
number,  multitude,  66 
(Eucl.)  ^ 

ττνΐνματικός,  ή,  όν,  of  wind  or 
air  ;  ΙΙνΐνμαηκά,  τά,  title 
of  work  by  Heron,  ii.  616 
(Papp.) 

TToieiv,  to  do,  construct,  li.  566 
(Papp.);  to  make,  IT.  τομην, 
ii.  299  (Apollon.) ;  to  be 
equal  to,  to  equal,  ii.  526 
(Dioph.) 


ηολλαπλασιάζΐΐν,  to  multiply, 
70  (Eucl.) 

πολλαπλάσιος,  a,  ov,  many 
times  as  large,  multiple ; 
of  a  number,  66  (Eucl.) ; 
of  a  magnitude,  444 
(Eucl.)  ;  as  subst.,  ττολ- 
λαπλάσιον,  ro,  multiple ; 
TO  Ισάκις  π.,  equimultiples, 
446  (Eucl.) 

πολλαπλασίων,  ov  —  πολλαπλά- 
σιος, ii.  212  (Archim.) 

πόλος,  6,  pole  ;  of  a  sphere, 
ii.  580  (Papp.) ;  of  a  con- 
choid, 300  (Papp.) 

πολύγωνος,  ov,  having  many 
angles,  polygonal ;  comp., 
πολνγωνότίρος,  ov,  ii.  592 
(Papp.)  ;  as  subst.,  πολιί- 
γωνον,  τό,  polygon,  ii.  48 
(Archim.) 

πολνί8ρος,  ov,  having  many 
bases ;  as  subst.,  πολύ- 
(8pov,  TO,  polyhedron,  ii. 
572  (Papp.) 

πολνπλασιασμός,  ό,  multi- 
plication, 16  (Schol.  in 
Plat.  Charm.),  ii.  414 
(Apollon.) 

πολνπλίνρος,  ov,  many  sided, 
multilateral,  440  (Eucl.) 

πορίζςιν,  to  bring  about,  find 
either  by  proof  or  by  con- 
struction, ii.  598  (Papp.), 
252  (Procl.) 

πόρισμα,  ατός,  τό,  corollary  to 
a  proposition,  480  (Procl.), 
ii.  294  (Apollon.) ;  kind  of 

Eroposition  intermediate 
etween  a  theorem  and 
a  problem,  porism,  480 
(Procl.) 
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vopiariKos,  ή,  ov,  able  to 
supply  or  find ;  ποριστικόν 
του  irpoTauevTOS,  ii.  598 
(Papp.) 

ττραγματζία,  η,  theory,  in- 
vestigation, 148  (ProcL), 
ii.  406  (Theon  Alex.) 

■ηρΐσμα,  ατός,  τό,  prism,  ii. 
470  (Heron) 

■πρόβλημα,  ατός,  τό,  problem, 
14  (Plat.),  258  (Eutoc), 
ii.  566  (Papp.) 

προβληματικός,  ή,  όν,  of  OX  for 
a  problem ;  applied  to 
species  of  analysis,  ii.  598 
(Papp.) 

νρόΒηλος,  ov,  clear,  manifest, 
ii.  496  (Heron) 

ιτροηγΐΐσθαί,  to  take  the  lead  ; 
προηγονμΐνα,  τά,  forward 
points,  i.e.  those  lying  on 
the  same  side  of  a  radius 
vector  of  a  spiral  as  the 
direction  of  its  motion,  ii. 
184  (Archim.) 

ιτροκατασκξνάζίΐν,  to  con- 
struct beforehand,  276 
(Eutoc.) 

ττρομήκης,  es,  prolonged,  ob- 
long, 398  (Plat.) 

νρός,  Dor.  ιτοτί,  prep.,  to- 
wards ;  ώς  η  ΔΚ  προς  ΚΕ, 
the  ratio  ΔΚ  :  ΚΕ,  272 
(Eutoc.) 

προσττίτΓΤίΐν,  to  fall,  300 
(Eutoc.)  ;  al  προσττίπτονσαι 
fvde'iai,  438  (EucL),  ii.  594 
(Papp.) 

ηροστι,ΘΙναί,  to  add,  444 
(Eucl.) 

τρότασις,  (ως,  η,  proposition, 
enunciation,  ii.  566  (Papp.) 


npoTeiveiv,  to  propose,  to 
enunciate  a  proposition,  ii. 
566  (Papp.) ;  to  ηροτΐθίν, 
that  which  was  proposed, 
proposition,  ii.  220  (Ar- 
chim.) 

πρώτιστος,  η,  ov,  also  ος, 
ov,  the  very  first,  90 
(Nicom.) 

πρώτος,  η,  ov,  first  ;  π.  αριθ- 
μός, prime  number,  68 
(Eucl.)  ;  but  π.  αριθμοί, 
numbers  of  the  first  order 
in  Archimedes,  ii.  198 
(Archim.) ;  in  astron.,  π. 
(ξηκοστόν,  first  sixtieth, 
minute,  50  (Theon  Alex.) ; 
in  geom.,  π.  evOeia,  first 
distance  of  a  spiral,  ii.  182 
(Archim.) 

ΤΓτώσις,  (ως,  ή,  case  of  a 
theorem  or  problem,  ii. 
600  (Papp.) 

πνθμην,  ένος,  6,  base,  basic 
number  of  a  series,  i.e., 
lowest  number  possessing 
a  given  property,  398 
(Plat.) ;  number  of  tens, 
hundreds,  etc.,  contained 
in  a  number,  ii.  354 
(Papp.) 

πυραμίς,  ί8ος,  η,  pyramid, 
228  (Archim.) 

'PeWii',   to  incline ;    of  the 

weights  on  a  balance,  ii. 

208 
ρητός,    ή,    όν,    rational,    398 

(Plat.),  452  (Eucl.) 
ρίζα.     Ion.     ρίζη,     ή,     root ; 

άρχικωτάτη         ρ^ζα,  90 

(Nicom.) 
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ρομβοίώης,  is,  rhombus- 
shaped,  rhomboidal ;  p. 
σχήμα,  440  (Eucl.) 

ρόμβο5,  ο,  plane  figure  with 
four  equal  sides  but  with 
only  the  opposite  angles 
equal,  rhombus,  440 
(Eucl.)  ;  p.  oTepeos,  figure 
formed  by  two  cones 
having  the  same  base  and 
their  axes  in  a  straight 
line,  solid  rhombus,  ii.  44 
(Archim.) 

Σήμαιναν,  to  signify,  188 
(Procl.) 

σημεΐον.  Dor.  σαμύον,  τό, 
point,  436  (Eucl.) ;  sign, 
ii.  522  (Dioph.) 

σκαληνός,  "ή,  όν,  also  os,  όν, 
oblique,  scalene;  kwvos  o., 
ii.  286  (Apollon.) 

OKeXos,  ovs.  Ion.  eos,  τό,  leg  ; 
σ.  rijs  γωνίας,  264  (Eutoc.) 

oTteipa,  η,  surface  traced  by 
a  circle  revolving  about 
a  point  not  its  centre, 
spire,  tore,  torus,  ii.  468 
(Heron) 

οπεφικός,  η,  όν,  pertaining  to 
a  spire,  spiric;  σ.  τομαΐ, 
tpiric  sections,  ii.  364 
(Procl.) ;  σ.  γραμμαί,  spiric 
curves,  ii.  364  (Procl.) 

irrepeos,  a,  όν,  solid  ;  σ.  γωνία, 
solid  angle,  222  (Plat.); 
σ.  αριθμοί,  cubic  number; 
σ.  τοποί,  solid  loci,  ii. 
600  (Apollon.);  σ.  ττρό- 
βλημα,  solid  problem,  348 
(Papp.);  σ.  νΐΰσις,  solid 
verging,  850  (Papp.);    as 


subst.,  arepeov,  τό,  solid, 
258  (Eutoc.) 

στιγμή,  ή,  point,  80  (Nicom.) 

στοιχ€Ϊον,  τό,  element,  ii,  596 
(Papp.) ;  elementary  book, 
150  (Procl.)  ;  Στοιχεία,  τά, 
the  Elements,  especially 
Euclid's 

στοιχείωσις,  ew?,  ή,  elemen- 
tary exposition,  elements ; 
Euclid's  Elements  of  geo- 
metry, 156  (Procl.) ;  at 
κατά  μονσικήν  σ.,  the  ele- 
ments of  music,  156 
(Procl.)  ;  σ.  των  κωνικών, 
elements  of  conies,  ii.  276 
(Eutoc.) 

στοιχειωτής,  ov,  6,  teacher  of 
elements,  writer  of  ele- 
ments, esp.  Euclid,  ii.  596 
(Papp.) 

στρογγυλοί,  η,  ov,  round,  392 
(Plat.) 

συγκ€ΐσθαι,  to  lie  together ;  as 
pass,  of  σνντιθέναι,  to  he 
composed  of,  ii.  284 
(Apollon.) 

σνγκρισίί,  €ωί,  ή,  comparison ; 
Ύών  nevTe  σχημάτων  σ.. 
Comparison  of  the  Five 
Figures,  title  of  work  by 
Aristaeus,  ii.  348  (Hyp- 
sicl.) 

σνζυγήί,  ei,  yoked  together, 
conjugate ;  σ.  8ιάμ€τροι,  σ. 
άξονΐί,  ii.  288  (Apollon.) 

σύμμΐτροί,  ov,  commensurate 
with,  commensurable  with ; 
380  (Plat.),  452  (Eucl.),  ii. 
208  (Archim.) 

σνμηαρατΐίνΐΐν,  to  stretch  out 
alongside  of,  188  (Procl.) 
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συμπάς,  σνμττααα,  σύμπαν,  all 
together,  the  sum  of,  ii.  514 
(Dioph.) 

συμπέρασμα,  ατός,  τό,  con- 
clusion, ii.  228  (Archim.) 

σνμπίπτ(ΐν,  to  meet,  190 
(Eucl.)  ;  την  μίν  iv  airr^ 
σ.,  of  curves  which  meet 
themselves,  ii.  360 
(Procl.) 

σνμπληροΰν,  to  fill,  com,plete  ; 
σ.  ιταραλληλόγραμμον,  268 
(Eutoc.) 

σύμπτωμα,  ατός,  τό,  property 
of  a  curve,  336  (Papp.) 

σνμΊΓτωσίζ,  ΐως,  η,  falling  to- 
gether, meeting,  ii.  64 
(Archim.),  ii.  270  (Cleom.), 
286  (Eutoc.) 

συναγωγή,  η,  collection  ;  title 
of  work  by  Pappus,  ii.  568 
(Papp.) 

σνναμφότ€ροί,  ov,  the  sum  of, 
328  (Archim.) 

συνάπτίΐν,  to  collect,  gather ; 
συνημμ€νο5  λόγος,  com- 
pound ratio,  ii.  602 
Papp.) 

συveγγίζetv,  to  approximate, 
ii.  414  (Ptol.),  ii.  470 
(Heron) 

σνν€γγυς,  adv.,  near,  approxi- 
mately, ii.  488  (Heron) 

συνεχής,  es,  continuous,  442 
(Eucl.)  ;  σ.  αναλογία,  con- 
tinued proportion,  ii.  566 
(Papp.)  ;  σ.  άνάλογον,  302 
(Papp.) ;  σπίΐρα  σ.,  ii.  364 
(Procl.) 

σννθίντι,  V.  συντιΒένοί 

avvBeais,  €ως,  ij,  putting  to- 
gether,    composition ;      a. 


λόγον,  transformation  of  a 
ratio  known  as  com- 
ponendo,  448  (Eucl.) ; 
method  of  reasoning  from 
assumptions  to  conclu- 
sions, in  contrast  with 
analysis,  synthesis,  ii.  596 
(Papp.) 

σύνθετος,  ov,  composite ;  σ. 
αριθμός,  68  (Eucl.) ;  σ. 
γραμμή,  ii.  360  (Procl.) 

συνιστάναι,  to  set  up,  con- 
struct, 190  (Eucl.),  312 
(Them.) 

σύντα$ις,  €ως,  ή,  putting  to- 
gether in  order,  systematic 
treatise,  composite  volume, 
collection ;  title  of  work 
by  Ptolemy,  ii.  408  (Sui- 
das) 

συντιθεναι,  to  place  or  put  to- 
gether, add  together,  used 
of  the  synthesis  of  a  pro- 
blem, ii.  160  (Archim.) ; 
σννθίντι,  lit.  to  one  having 
compounded,  the  trans- 
formation of  a  ratio  known 
as  componendo,  ii.  130 
(Archim.) 

συστασις,  εω?,  ή,  grouping 
(of  theorems),  150  (Procl.) 

σφαίρα,  η,  sphere,  466  (Eucl.), 
ii.  40  (Archim.),  ii.  572 
(Papp.)       ^         ,     .    ,   .. 

σφαιρικός,  η,  όν,  spherical,  11. 
584  (Papp.) ;  Σφαιρικά, 
title  of  works  by  Menelaus 
and  Theodosius 

σφαιροποιία,  η,  artificial 
sphere,  making  of  the 
heavenly  spheres,  ii.  618 
(Papp.) 
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σχήμα,  ατός,  τό,  shape,  figure, 
438  (Eucl.),  ii.  42  '  (Ar- 
ch i  in.) 

σχηματοποΐίΐν,  to  bring  into 
a  certain  form  or  shape  ; 
σχηματοττοίοΰσα  γραμμή, 
curve  forming  a  figure, 
ii.  360  (Procl.) 

Τάλαντο»',  TO,  weight  known 
as  the  talent,  ii.  490 
(Heron) 

τάξις,  €ως,  ή,  order,  arrange- 
ment, scheme,  112 
(Iambi.) 

Ταράσοΐΐν,  to  disturb  ;  τετα- 
ραγμίνη  αναλογία,  disturbed 
proportion,  450  (Eucl.) 

τάσσΐίν,  to  draw  up  in  order, 
ii.  598  (Papp.) ;  ό;ΐ*οι'ω5- 
TCTay/ieVo,  ii.  166  (Ar- 
chim.) ;  perf.  part.  pass. 
used  as  adv.,  τΐταγμίνως, 
ordinate-wise,  ii.  286 
(Apollon.)  ;  al  καταγόμ€ναι 
Ύ€ταγμίνω5  {sc,  ΐύθεΐαι),  the 
straight  lines  drawn  or- 
dinate-wise, i.e.,  the  ordin- 
ates,  of  a  conic  section, 
ii.  308  (Apollon.);  τ€τα- 
γμένωί  η  ΓΑ,  ii.  224 
(Archim.) 

riXeios,  a,  ov,  perfect,  com- 
plete, ii.  604  (Papp.) ;  τ. 
άριθμός,Τβ  (Speusippusap. 
Theol.  Arith.),  70  (Eucl.), 
398  (Plat.) 

τέμνειν,  to  cut ;  of  straight 
lines  by  a  straight  line,  ii. 
288  (Apollon.) ;  of  a 
curve  by  a  straight  line, 
278  (Eutoc.) ;    of  a  solid 


by  a  plane,  ii.  288 
(Apollon.) 

reaaapeaKaiheKaeSpov,  τό, 

solid  uith  fourteen  faces, 
ii.  196  (Archim.) 

τΐταγμίνωζ,  V,  τάσσ€ΐν 

τ€ταραγμ€νο5,  ov,  V.  ταράσ- 
aeiv 

τ€ταρτημόρι,ον,τό,  fourth  part, 
quadrant  of  a  circle,  ii.  582 
(Papp.) 

τ€τραγωνίζ€ΐν,  to  make  square, 
ii.  494  (Heron)  ;  to  square, 
10  (Plat.)  ;  ή  τ€τραγωνί- 
ζουσα  {sc.  γραμμ'ή),  quad- 
ratrix,  334  (Simpl.),  336 
(Papp.)  ^ 

Τετραγωνικός,  "η,  όν,  square; 
of  numbers,  ii.  526 
(Dioph.) ;  T.  πλευρά,  square 
root,  60  (Theon  Alex.) 

τετραγωνισμός,  ό,  squaring, 
310  (Aristot.)  ;  τοΟ  κνκλον 
τ.,  308  (Plut.)  ;  του  μηνί- 
σκου  τ.,  150  (Procl.) 

τετράγωνος,  ον,  square,  308 
(Aristophanes),  ii.  504 
(Heron);  αριθμός  τ.,  square 
number,  ii.  514  (Dioph.); 
T.  κρίκοι,  square  rings,  ii. 
470  (Heron) ;  as  subst., 
τετράγωνον,  τό,  square,  440 
(Eucl.)  ;  square  number, 
ii.  518  (Dioph.) 

τετράκις,  adv.,  four  times, 
326  (Archim.) 

τετραπλάσιος,  a,  ov,  four-fold, 
four  times  as  much,  332 
(Archim.) 

τετραπλασίων,  ov,  later  form 
of  τετραπλάσιος 

τετράπλευρος,  ov,  four-sided^ 


680 


INDEX  OF  GREEK  TERMS 


quadrilateral  ;  σχήματα  τ., 
440  (Eucl.) 

TiOevai,  to  set,  put,  place,  ii. 
224  (Archim.) ;  θ^τίον, 
must  be  posited,  392 
(Plat.);  TO  AB  redh  em 
τω  Ζ,  A  +  B  placed  at  Z, 
ii.  214  (Archim.) 

τμήμα.  Dor.  τμαμα,  ατός,  τό, 
segment ;  of  a  circle,  ii.  584 
(Papp.) ;  of  a  sphere,  ii. 
40  (Archim.) ;  in  astron., 
T^^th  part  of  diameter  of  a 
circle,  ii.  412  (Ptol.) 

τομ€νς,  4ως,  6,  sector  of  a 
circle,  ii.  582  (Papp.) ;  τ. 
oTcpeos,  sector  of  a  sphere 
(intercepted  by  cone  with 
vertex  at  centre),  ii.  44 
(Archim.) 

τομή,  ή,  end  left  after  cut- 
ting, section  ;  section  of  a 
straight  line,  268  (Eutoc.) ; 
section  of  a  cone,  conic 
section,  ii.  278  (Apollon.) ; 
T.  άντικΐίμ€ναι,  opposite 
branches  of  a  hyperbola, 
ii.  322  (Apollon.) ;  anei- 
ρικαΐ  τ.,  ii.  364  (Procl.) ; 
ffoii^  T.,  common  section, 
286  (Eutoc.)  ;  Αιωρισμβνη 
τ..  Determinate  Section, 
title  of  work  by  Apol- 
lonius,  ii.  598  (Papp.) ; 
τα  nepl  την  τ.,  theorems 
about  the  section  (?  of  a 
line  cvit  in  extreme  and 
mean  ratio),  152  (Procl.) 

τοπικός,  ή,  όν,  of  or  pertain- 
ing to  place  or  space  ;  per- 
taining to  a  locus,  490 
(Papp.) ;   μοίρα  τ.,  degree 


in  space,  ii.  396  (Hyp- 
sicl.) 

TOTTos,  6,  place,  region,  spare, 
ii.  590  (Papp.) ;  locus,  3 18 
(Papp.) ;  T.  em-rreSoi, 
Plane  Loci,  title  of  work 
by  Apollonius,  ii.  598 
(Papp.)  ;  T.  arrepeoi.  Solid 
Loci,  title  of  work  by 
Aristaeus,  ii.  600  (Papp.) 

τραπίζιον,  τό,  trapezium,  440 
(Eucl.),  ii.  488  (Heron) 

Tpias,  a8os,  ή,  the  number 
three,  triad,  90  (Nicom.) ; 
Μΐναιχμεΐαι  τ.,  the  three 
conic  sections  of  Men- 
aechmus,  296  (Erat.  ap. 
Eutoc.) 

τρίγωνος,  ov,  three-coTnered, 
triangular ;  αριθμοί  τρί- 
γωνοι, triangular  numbers ; 
as  subst.,  τρίγωνον,  τό,  tri- 
angle, 440  (Eucl.),  316 
(Archim.) ;  to  δια  τοΰ 
άξονος  τ.,  axial  triangle, 
ii.  288  (Apollon.) 

τριπλάσιος,  a,  ov,  thrice  as 
many,  thrice  as  great  as, 
326  (Archim.),  ii.  580 
(Papp.) 

τριπλασίων,  ov=  τριπλάσιος, 
320  (Archim.) ;  τ.  λόγος, 
448  (Eucl.) 

τρίπλ^νρος,  ov,  three-sided, 
trilateral ;  αγήματα  τ.,  440 
(Eucl.)  ^ 

τρίχα,  thrice,  in  three  parts, 
T.  Τΐμΐΐν  την  γωνίαν,  to  tri- 
sect the  angle,  300  (Papp.) 

τυγχάνΐΐν,  to  happen  to  be ; 
aor.  part.,  τυχών,  τνχοΰσα, 
τυχόν,  any,  taken  at  ran- 
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dom,  evOela  τ.,  ii.  486 
(Heron) ;  as  adv.,  τυχόν, 
perchance,  264  (Eutoc.) 

TSpelov,  TO,  bucket,  pitcher ; 
pi.,  'Τδρεΐα,  title  of  work 
on  water  clocks  by  Heron, 

^  ii.  616  (Papp.) 

νιταρξίζ,  €ω?,  η,  existence,  ii. 
518  (Dioph.) ;  positive 
term,  ii.  524  (Diopn.) 

vnevavTios,  a,  ov,  subcontrary ; 
V.  μέσα,  112  (Archytas  ap. 
Porph.) ;  ΰ.  τομή,  ii.  304 
(Apollon.) 

νπεναντίως,  subcontrary-wise, 

^  ii.  301-302  (Apollon.) 

νττ€ρβάλλ(ΐν,  to  exceed,  188 
(Procl.) 

νπΐρβολη,  η,  exceeding,  186 
(Procl.) ;  the  conic  sec- 
tion hyperbola,  so  called 
because  the  square  on  the 
ordinate  is  equal  to  a 
rectangle  with  height  equal 
to  the  abscissa  applied  to 
the  parameter  as  base,  but 
exceeding  {νττίρβάλλον),  i.e., 
overlapping,  that  base, 
ii.     310    (Apollon.),     186 

^  (Procl.) 

vnepexeiv,  to  exceed,  112 
(Archytas  ap.  Porph.),  444 
(Eucl.),  ii.  608  (Papp.); 
τώ  αύτω  μερΐΐ  των  άκρων 
αυτών  ΰ-ηΐρέχον  re  καΧ 
ΰπ€ρ€χόμ(νον,  4θ2  (Plat.) 

νπΐροχη.  Dor.  ύπ(ροχά,  η, 
excess,  112  (Archytas  ap. 
Porph.),  318  (Archim.),  ii. 
530  (Dioph.),  u.  608 
(Papp.) 


νπΐρηίπτΐΐν,  to  fall  beyond, 
exceed,  ii.  436  (Ptol.) 

ύττό,  by  ;  ή  υπό  ΗΒΕ  γωνία, 
the  angle  ΗΒΕ,  190 
(Eucl.)  ;  το  υπό  ΔΕΓ  {sc. 
εύθύγραμμον),  the  rectangle 
contained  by  ΔΕ,  ΕΓ,  268 
(Eutoc.) 

ΰπόθΐσΐζ,  ewj,  17,  hypothesis, 
420  (Aristot.),  ii.  2 
(Archim.) 

ΰποπολλαπλάσιος,  ov,  sub- 
multiple  of  another ;  as 
subst.,  υτΓοτΓολλαττλάσιον,  τ6, 
submultiple,  78  {Theol. 
Arith.) 

ύπόστασις,  €ως,  η,  condition, 
ii.  534  (i:>ioph.) 

ύποτΐίνειν,  to  stretch  under, 
subtend,  be  subtended  6y; 
η  υπό  δυο  πλίνράς  τοΰ  noXtf 
γώνου  ΰποτύνουσα  ευθίΐα, 
the  straiglit  line  subtend- 
ing, or  subtended  by,  two 
sides  of  the  polygon,  ii.  96 
(Archim.) ;  πλευρά  ΰπο- 
τΐίνουσα  μοίρας  ξ,  side 
subtending  sixty  parts, 
ii.  418  (Ptol.) ;  ή  τ^ν 
όρθην  γωνίαν  ύποτείνοικτη 
ηΧΐυρά,  the  side  sub- 
tending the  right  angle, 
178  (Eucl.) ;  hence  ■ή 
ύποτ€ίνουσα  {sc.  πλβυρά  ΟΓ 
γραμμή),  hypotenuse  of 
a  right-angled  triangle, 
176  (Plut.) 

vnoTidevaif  pass,  ΰποκΐΐσβαι, 
to  suppose,  assume,  maks  a 
hypothesis,  ii.  2  (Archim.), 
ii.  304  (Apollon.) 

tmrtOs,  a,  ov,   laid  on  one  β 
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back,  supine ;  νπτιον,  τό, 
α  quadrilateral  with  no 
parallel  sides,  482  (Papp.) 

νφιστάναι,  to  place  or  set 
under,  ii.  362  (Procl.) 

νφος,  ovs.  Ion.  eos,  τό,  height ; 
of  a  triangle,  ii.  222  (Ar- 
chim.) ;  of  a  cylinder,  ii.  42 
(Archim.) ;  of  a  cone,  ii. 
118(Archim.) 

Φανεροί,  ά,  όν,  clear,  mani- 
fest, ii.  64  (Archim.),  ii. 
570  (Papp.) 

φίρΐΐν,  to  bear,  carry  ;  pass., 
to  be  borne,  carried,  move, 
revolve ;  σημεΐον  φΐρόμ,ΐνον, 
ii.  582  (Papp.);  to  φ^ρό- 
μΐνον,  moving  object,  366 
(Aristot.) 

φορά,  η,  motion,  12  (Plat.) 

Xeip,  xeipos,  η,  band  or  num- 
ber of  men,  30  n.  ο 

χ€ΐρονργικόί,  ή,  όν,  manual, 
ii.  614  (Papp.) 


χρονικός,  η,  όν,  of  or  pertain- 
ing to  time ;  μοΐρα  χ., 
degree  in  time,  ii.  396 
(Hypsicl.) 

χωρίον,  TO,  space,  area,  394 
(Plat.),  ii.  532  (Dioph.) 

Waveiv,  to  touch,  264  (Eutoc.) 
φξνΒάριον,  τό,  fallacy  ;    Ψευ- 
δάρια,  τά,  title  of  work  by 
Euclid,  160  (Procl.) 

Ώρολόγίον,  τό,  instrument  for 

telling  the  time,  clock,  ii. 

268  (Cleom.) ;  το  δι'  ΰ8ατος 

ώ.,     water-clock,     ii.     616 

^  (Papp.)^ 

COS,  as ;  ώί  η  ZE  npos  ΕΓ, 
Tj  ZH  Trpos  ΗΓ,  i.e., 
ΖΕ:ΕΓ  =  ΖΗ:ΗΓ,  322 
(Archim.) 

ώστε,  SMc/i  ίΛαί,  ii.  52  (Ar- 
chim.) ;  and  so,  therefore, 
used  for  the  stages  in  a 
proof,  ii.  54  f  Archim.) 
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Cicero  :  De  Finibus.    H.  Rackham.    (4<Λ  Imp.  revised.) 
Cicero  :  De  Inventione,  etc.    H.  M.  Hubbell. 
Cicero  :     Db   Natuba   Deorum   and   Academica.     H.   Rackham. 

(2nd  Imp.) 
Cicero  :  Db  Ofeichs.    Walter  Miller.    (Qth  Imp.) 
CiOERO :    Db  Oratore.    2  Vols.     E.  W.  Sutton  and  H.  Rackham. 

(2nd  Imp.) 
Cicero  :    Da   Republica  and   De   Legibus.     Clinton  W.   Keyes. 

(4iA  Imp.) 
Cicero  :    Db  Senectute,  Db  Amicitia,  Db  Divinatione.    W.  A. 

Falconer.    (6ίΛ  Imp.) 
Cicero  :    In  Catalinam,  Pro  Flacco,  Pro  Murbna,  Pro  Sulla. 

Louis  E.  Lord.     (3rd  Imp.  revised.) 
CiOBRO :    Letters  to  Atticus.    E.  O.  Winstedt.    3  Vols.    (VoL  L 

6ίΛ  Imp.,  Vols.  II  and  III.  ith  Imp.) 


CKJKRO  :   LUTTERS  το  His  Fribnds.    W.  Glynn  Williams.     3  Voh. 

(Vols.  I.  and  II.  3rd  Imp.,  Vol.  III.  2nd  Imp.  revised.) 
CiOBEO  :  Philippics.    W.  C.  A.  Ker.    (3rd  Imp.  revised.) 
CiOERO :   Pro  Archia,  Post  Reditum,  Dk  Domo,  Db  Haruspioum 

Bespoksis,  Pro  Plancio.    N.  H.  Watts.    (4ίΛ  Imp.) 
CiosRO :    Pro  Caeoika,  Pro  Lege  Manilia,  Pro  Cvuvsiio,  Pbo 

K.ABIRI0.     H.  Grose  Hodge.     (Zrd  Imp.) 
CiOBRO :    Pro  Milone,  In  Pisonem,  Pro  Soatjro,  Pro  Fontiio, 

Pro  Rabxrio  Postttmo,  Pro  Marcello,  Pro  Liqario,  Pro  Rbok 

Dbiotaro.     N.  H.  Watts.     (2nd  Imp.) 
Cicero  :     Pro    Quinctio,    Pro    Roscio    Amerind,    Pro    Rosoio 

C!OM0ED0,  Contra  Rullum.    J.  H.  Freese.    (Srd  Imp.) 
Cicero  :  Tuscui.an  Disputations.    J.  E.  King.    (4<Λ  Imp.) 
CiOERO :    Verrinb   Orations.     L.   H.   G.   Greenwood.     2   Vols. 

(Vol.  I.  Zrd  Ιψρ.,  Vol.  II.  2nd  Imp.) 
Claudun.     M.  Platnauer.     2  Vols.     (2nd  Imp.) 
Columella  :    De  Re  Rustica,  De  Arboribus.    H.  B.  Ash,  S.  8. 

Forster  and  E.  Heflfner.     3  Vols.     (Vol.  I.  2nd  Imp.) 
CuETTOS,  Q. :   History  of  Alexander.    J.  C.  Rolfe.    2  Vols.    (2nd 

Imp.) 
FtOBUS,    E.  S.  Forster  and  Cornelius  Nepos.    J.  C.  Bolfe.    (2nd 

Imp.) 
Frontinus  :    Stratagems  and   Aqueducts.     C.   B.   Bennett  and 

M.  B.  McBlwain.     (Vol.  I.  Srd  Imp.,  Vol.  II.  2nd  Imp.) 
Fronto  :    Correspondence.    C.  R.  Haines.    2  Vols.    (Vol.  I.  Sri 

Imp.,  VoL  II.  2nd  Imp.) 
Gellius.    J.  C.  Rolfe.     3  Vols.    (VoL   I.  Sri  Imp.,  Vols.  Π.  and 

III.  2nd  Imp.) 
Horace  :  Odes  and  Epodes.    C.  E.  Bennett.     .(14iA  Imp.  revised.) 
Horace:    Satires,   Episti^es,   Ars   Poetica.     H.   R.   Faircioogh. 

(9th  Imp.  revised.) 
Jerome  :  Selected  Letters.    F.  A.  Wright.    (2nd  Imp.) 
JirVENAL  and  Persius.     G.  G.  Ram.say.     (7th  Imp.) 
LiVT.    B.  O.  Foster,  F.  G.  Moore,  Evan  T.  Sage,  and  A.  C.  Schlesinger. 

14  Vols.    Vols.  Ι.-ΧΙΠ.    (Vol.  I.  4iA  Imp.,  Vols.  II.,  ΠΙ.,  V..  and 

IX,  3ri  Imp. ;  Vols.  IV„  VI.- VIII.,  X.-XII.  2ni  Imp.  revised.) 
LVCAN.    J.  D.  Duff.     (3rd  Imp.) 
Lucretius.    W.  H.  D.  Rouse.    (7th  Imp.  revised.) 
Martul.     W.  C.  a.  Ker.    2  Vols.     (Vol.  I.  5iA  Imp.,  Vol.  Π.  4th 

Imp.  revised.) 
Minor    Latin    Poets  :     from    Publilius    Strus    to    Eutilius 

Namatianus,  including  Grattius,  Calpurnius  Sicuius,  Nembsi- 

ANUS,  AviANUS,  and  others  with  "  Aetna "  and  the  "  Phoenix." 

J.  Wight  Duff  and  Arnold  M.  Duff.     (3ri  Imp.) 
Οτπ) :   The  Art  of  Lots  and  Other  Poems.    J.  H.  Mozley.    (9rd 

Imp.) 
Ovid  :  Fasti.    Sir  James  G.  Frazer.    (2nd  Imp.) 
Ονπ) :  Heroides  and  Amores.    Grant  Showerman.    (5th  Imp.) 
Ovid  :   Metamorphoses.    F.  J.  Miller.    2  Vole.    (VoL  I.  10<A  Imp., 

Vol.  II.  8th  Imp.) 
Orm  ι  Tbistu  and  Ex  Ponto.    a.  L.  Wheeler.    (Srd  Imp.) 


ΡβΜΠΤβ.    Of.  JvnntAii. 

Ρβτκονπιβ.     μ.  Heseltine ;    Seneca  Apocoik>ctwto8I8.     W.  H.  D. 

Rouse.     (Sth  Imp.  revised.) 
PLAUTUS.    Paul  Nixon.    5  Vols.    (Vols.  L  and  Π.  5iA  Imp.,  Vol.  ΙΠ. 

Srd  Imp.,  Vols.  IV  and  V.  2nd  Imp.) 
Pliny  :    Letters.     Melmoth's   Translation  revised  by  W.   M.   L. 

Hutchinson.     2  Vols.     (6ίΛ  Imp.) 
Pliny  :    Natural  History.     H.  lUckham  and  W.  H.  S.  Jones. 

10  Vols.     Vols.  I.-V.  and  IX.    H.  Racldiam.    Vols.  VI.  and  Vn. 

W.  H.  S.  Jones.     (Vols.  I.-III.  Srd  Imp.,  Vol.  IV.  2nd  Imp.) 
Propertius.     H.  B.  Butler.     (6ίΛ  Imp.) 
Prudentius.     H.  J.  Thomson.     2  Vols. 
Quintillan.    H.  E.  Butler.     4  Vols.     {3rd  Imp.) 
Remains  of  Old  Latin.     B.  H.  Wannington.     4  Vols.     VoL  I. 

(BNNirS  AND  Caecilius.)    Vol.  II.    (LlTIUS,  Naevius,  PAOxrvius, 

Accius.)    Vol.  III.    (LuciLius  and  Laws  of  XII  Tables.)    VoL 

rv.  {2nd  Imp.)    (Archaic  Inscriptions.) 
Sallust.     J.  C.  Rolfe.     {4th  Imp.  revised.) 
SCRIPTORES  HiSTORiAE  AUGUSTA  E.    D.  Magle.    3  Vols.    (Vol.  I.  Srd 

Imp.  revised,  Vols.  II.  and  III.  2nd  Imp.) 
Seneca  :  Apocolocyntosis.    Cf.  Petronius. 
Seneca  :    Epibtulae  Morales.    R.  M.  Gummere.    3  Vols.    (Vol.  I. 

4th  Imp.,  Vols.  II.  and  III.  2nd  Imp.) 
Seneca  :  Moral  Essays.    J.  W.  Basore.    3  Vols.    (Vol.  II.  Srd  Imp., 

Vols.  I.  and  ΠΙ.  2nd  Imp.  revised.) 
Seneca  :  Tragedies.   F.  J.  Miller.   2  Vols.    (Vol.  I.  4th  Imp.,  VoL  Π. 

3rd  Imp.  revised.) 
SiDONius  :  Poems  and  Littebs.    W.  B.  Anderson.    2  Vole.    (VoL  I. 

2nd  Imp.) 
SiLius  ITAUCUS.     J.  D.  Duff.     2  Vols.     (VoL  I.  2nd  Imp.,  Vol.  IL 

Srd  Imp.) 
Statius.    J.  H.  Mozley.    2  Vols.    {2nd  Imp.) 
Suetonius.    J.  C.  Rolfe.    2  Vols.    (Vol.  I.  7th  Imp.,  Vol.  Π.  β<Α  Imp. 

revised.) 
Tacitus  :  Dlalogus.    Sir  Wm.  Peterson.    Agricola  and  Οεβμαιπα. 

Maurice  Hutton.     (6iA  Imp.) 
Tacitus  :    Histories  and  Annals.    C.  H.  Moore  and  J.  Jackson• 

4  Vols.    (Vols.  I.  and  II.  Srd  Imp.,  Vols.  III.  and  IV.  2nd  Imp.) 
Terence.     John  Sargeaunt.     2  Vols.     {7th  Imp.) 
Tertullian  :     Apoloql*.    and    De    Spectaculis.     T.    R.    Glover. 

MiNUCius  Felix.    G.  H.  Rendall.     {2nd  Imp.) 
Valerius  Flaccus.    J.  H.  Mozley.    {2nd  Imp.  revised.) 
Varro  :    Ds  Lingua  Latina.     R.  G.  Kent.     2  Vols.     {2nd  Imp. 

revised.) 
Vklleius  Paterculus  and   Res   Gestae  Divi  Auqusti.     F.  W. 

Shipley.    {2nd  Imp.) 
Virgil.    H.  R.  Fairclough.    2  Vols.    (Vol.  I.  18th  Imp.,  Vol.  Π.  14ίΛ 

Imp.  revised.) 
ViTKunus :    De  Abchiteotura.    F.  Granger.    2  Vols.    (Vol.  I.  Srd 

Imp.,  VoL  II.  2nd  Imp.) 


Greek  Authors 

ACHIILBS  Tatius.     S.  Gaselce.     (2nd  Imp.) 

Aeneas  Tacticus,  Asclepiodotus  and  Onasandek.     The  Illinois 

Greek  Club.     (2nd  Imp.) 
Abschines.     C.  D.  Adams.     (2nd  Imp.) 
Aeschylus.    H.  Weir  Smyth.    2  Vols.    (Vol.  I.  6iA  Imp.,  Vol.  II, 

6th  Imp.) 
Alcipheon,  Aelian,  Philostbatus  Letters.     A.  B..  Benner  and 

F.  H.  Fobes. 
AifDOCiDES,  Antiphon.    Cf.  MisroE  Attic  Orators. 
Apollodorus.     Sir  James  G.  Frazer.     2  Vols.     (VoL  I.  3rd  Imp.. 

Vol.  II.  2nd  Imp.) 
ApoiLONitTS  Rhodius.    R.  C.  Seaton.    (5ίΛ  Imp.) 
The  Apostolic  Fathers.    Kirsopp  Lake.    2  VoK    (Vol.  L  8th  Imp., 

Vol.  II.  6th  Imp.) 
Appian  :    RoALAN  HiSTOET.     Horace  White.     4  Vole.     (Vol.  I.  ith 

Imp.,  Vols.  II.  and  IV.  3rd  Imp.,  Vol.  III.  2nd  Imp.) 
Aratus.    Cf.  Callimachus. 
Aristophanes.     Benjamin  Bickley  Rogers.     3  Vols.     Verse  trans. 

(5th  Imp.) 
Aristotle  :  Art  of  Rhetoric.    J.  H.  Freese.    (3rd  Imp.) 
Aristotle  :    Athenian   Constitution,   Eudemlan   Ethics,  Vices 

AND  Virtues.    H.  Rackham.    (3rd  Imp.) 
Aristotle  :  Generation  op  Animals,    a.  L.  Peck.    (2nd  Imp.) 
Aristotle  :  Metaphysics.    H.  Tredennick.    2  Vols.    (3rd  Imp.) 
Aristotle  :  Mbteoroloqica.    H.  D.  P.  Lee. 
Aristotle  :   Minor  Works.    W.  S.  Hett.    On  CJolours,  On  Things 

Heard,  On  Physiognomies,  On  Plants,  On  Marvellous  Things  Heard, 

Mechanical   Problems,    On   Indivisible    Lines,    On   Situations   and 

Names  of  Winds,  On  Mellssus,  Xenophanes,  and  Gorgias.  (2nd  Imp.) 
Aristotle  :  Nicomachean  Ethics.  H.  Rackham.  (6iA  Imp.  revised.) 
Aristotle  :    Oeconomica  and  Magna  Moralu.    G.  C.  Armstrong  ; 

(with  Metaphysics,  VoL  II.).     (3rd  Imp.) 
Aritsotle  :  On  the  Heavens.    W.  K.  C.  Guthrie.    (3rd  Imp.  revUed.) 
Aristotle  :    On   Sophistical   Refutations,    On   Coming   to   be   and 

Passing  Away,  On  the  Cosmos.    E.  S.  Forster  and  D.  J.  Furley. 
Aristotle  :   On  the  Soul,  Parva  Naturalla,  On  Breath.    W.  S. 

Hett.     (2nd  Imp.  revised.) 
Aristotle  :     Organon,    Categories  :     On    Interpretation,    Prior 

Analytics.     H.  P.  Cooke  and  H.  Tredennick.    (3rd  Imp.) 
Aristotle  :    Parts  of  Animals.    A.  L.  Peck ;   Motion  and  Pro- 
gression OF  Animals.    E.  S.  Forster.    (3rd  Imp.  revised.) 
Aristotle  :    Physics.     Rev.  P.  Wicksteed  and  F.   M.  Oomford. 

2  Vols.     (Vol.  L  2nd  Imp.,  Vol.  II.  3rd  Imp.) 
Aristotle  :      Poetics     and     Longinus.      W.     Hamilton     Fyfe ; 

Demetrius  on  Style.    W.  Rhys  Roberts.    (5ίΛ  Imp.  revised.) 
Aristotle  :  Politics.    H.  Rackham.    (4iA  Imp.  revised.) 
Aristotle  :  Problems.    W.  8.  Hett.    2  Vols.    (2nd  Imp.  revised.) 
Aristotle  :    IIhetorica  Ad  Alexandrum  (with  Problems.    Vol. 

XL).    H.  Rackham. 


Absus  :  HiSTOKT  or  Alexander  and  Indica.  Bev.  B.  lUffe 
Robeon.     2  Vols.     (Vol.  I.  3rd  Imp.,  VoL  II.  2nii  Imp.) 

Athenaeus  :  Deipnosophisxab.  C.  B.  Gulick.  7  Vols.  (Vols.  I., 
IV.-VII.  2nd  Imp.) 

St.  Basil  :  Letters.    R.  J.  Deferrari.    4  Vela.    (2nd  Imp.) 

CALLDttACHUS,  Hymns  and  Epigrams,  and  Lycophkon.  A.  W.  Malr  ; 
ARATU8.     G.  R.  Mair.     (2nd  Imp.) 

Clement  op  Alexandru.    Rev.  G.  W.  Butterworth.   (Zrd  Imp.) 

COLLUTHUS.      Cf.  OPPIAN. 

Daphnis  and   Chloe.     Thornley's   Translation   revised   by   J.   Μ 

Edmonds  :  and  Parthenius.    S.  Gaselee.    (4th  Imp.) 
Demosthenes  I :    Olynthiacs,  Philippics  and  Minor  Orations. 

I.-XVII.  and  XX.    J.  H.  Vinoe.     (2nd  Imp.) 
Demosthenes  II :   Ds  Corona  and  De  Falsa  Lboatione.    C.  A. 

Vlnce  and  J.  H.  Vince.    (Srd  Imp.  revised.) 
Demosthenes   ΙΠ :    Meidias,   Androtion,   Aristoorates,    Timo- 

CRATES  and  Aristogeiton,  I.  and  II.    J.  H.  Vince.    (2nd  Imp.) 
Demosthenes  IV- VI :  Private  Orations  and  In  Neaeram.    A.  T. 

Murray.    (Vol.  IV.  2nd  Imp.) 
Demosthenes  VII :    Funeral  Speech,  Erotio  Essay,  Bxordu 

and  Letters.    N.  W.  and  N.  J.  DeWitt. 
Dio  Cassius  :  Roman  History.    E.  CJary.    9  VoK    (Vols.  I.  and  II. 

3rd  Imp.,  Vols.  III.-IX.  2nd  Imp.) 
Dio  Chrysostom.    J.  W.  Cohoon  and  H.  Lamar  Crosby.     5  Vols. 

Vols.  I.-IV.  2nd  Imp.) 
DIODORUS  SlOuLuS.     12  Vols.     Vols.  I.-VL    C.  H.  Oldfather.    Vol. 

VII.    C.  L.  Sherman.    Vols.  IX  and  X.    R.  M.  Geer.    (Vols.  I.-IV. 

2nd  Imp.) 
DiOOKNES  LAERTluS.    R.  D.  Hlcks.    2  Vols.    (Vol.  I.  4ίΛ  Imp.,  Vol. 

IL  Srd  Imp.) 
DiONYSiuB  OP  Halicarnassus  :    Roman  Antiquities.     Spelman's 

translation  revised  by  E.  Cary.    7  Vols.    (Vols.  I.-V.  2tul  Imp.) 
Epiotetts.    W.  a.  Oldfather.    2  Vols.    (2nd  Imp.) 
Euripides.    A.  8.  Way.    4  Vols.    (Vols.  I.  and  II.  7th  Imp.,  Vols. 

III.  and  IV.  &th  Imp.)    Verse  trans. 

Eusebius  :   Ecclesiastical  History.    Kbsopp  Lake  and  J.  B.  L. 

Oulton.    2  Vols.     (Vol.  I.  Srd  Imp.,  Vol.  II.  4th  Imp.) 
GALEN  :  On  the  Natural  Faculties.    A.  J.  Brock,    (ith  Imp.) 
The  Greek  Anthology.    W.  R.  Paton.    6  Vols.    (Vols.  I.  and  II, 

Uh  Imp.,  Vol.  m.  4iA  Imp.,  Vols.  IV  and  V.  3rd  Imp.) 
Greek  Elegy  and  Iambub  with  ttie  Anacrbontea.    J.  M.  Edmonds. 

2  Vols.     (VoL  L  Srd  Imp.,  Vol.  II.  2nd  Imp.) 
The  Greek  Bucolic  Poets  (Theocritus,  Bion,  Mosohus).    J.  M. 

Edmonds.     (7iA  Imp.  revised.) 
Greek  Mathematical  Works.    Ivor  Thomas.    2  Vole.    (2nd  Imp.) 
Herodes.    Ctf.  Theophrastus  :  Characters. 
Herodotus.    A.  D.  Godley.    4  Vols.    (Vols.  I.-III.  4ίΛ  Imp.,  Vol. 

IV.  Zrd  Imp.) 

Hesiod  and  The  Homeric  Hymns.  H.  G.  Evelyn  White.  (7th  Imp. 
revised  and  enlarged.) 


Hippocrates  and  the  Fragments  of  Heracleitus.    W.  H.  8.  Jones 

and  B.  T.  WitWngton.     4  Vols.     (Sri  Imp.) 
Homer  :   Iliad.    A.  T.  Murray.    2  Vols.    (Vol.  I.  7th  Imp.,  Vol.  II. 

eth  Imp.) 
Homer  :  OoyssEY.    A.  T.  Murray.    2  Vols.    (8ίΛ  Imp.) 
ISAEUS.     E.  W.  Forster.     (3rd  Imp.) 
ISOOEATES.     George  Norlin  and  LaRue  Van  Hook.     3  Vols.     (2nd 

Imp.) 
St.  John  Damascene  :  Barlaam  and  Ioasaph.   Rev.  G.  R.  Woodward 

and  Harold  Mattingly.     (Srd  Imp.  revised.) 
JosEPHUS.    H.  St.  J.  Thackeray  and  Ralph  Marcus.     9  Vols.    Vols. 

I.- VII.    (Vol.  V.  Zrd  Imp.,  Vols.  I.-IV.,  VI.  and  VII.  2nd  Imp.) 
Julian.    Wilmer  Cave  Wright.    3  Vols.    (Vols.  I.  and  II.  3rrf  Imp., 

Vol.  III.  2nd  Imp.) 
LuciAN.    A.  M.  Harmon.    8  Vols.    Vols.  I.-V.    (Vols.  I.  and  II.  ilh 

Imp.,  Vol.  III.  3rd  Imp.,  Vols.  IV  and  V.  2nd  Imp.) 
Lycophron.    Cf.  Callimachus. 
Lyra  Graeca.    J.  M.  Edmonds.    3  Vols.    (Vol.  I.  4<Λ  Imp.,  Vol.  II. 

revised  and  enlarged,  and  III.  Urd  Imp.) 
Lyslas.     W.  R.  M.  Lamb.     (2nd  Imp.) 
Manetho.     W.    G.    Waddell :     Ptolemy:      Tetrabiblos.     F.    B. 

Robbins.     (2nd  Imp.) 
Marcus  Aurelius.     C.  R.  Haines.     (4th  Imp.  revised.) 
Menander.     F.  G.  Allinson.     (3rd  Imp.  revised.) 
Minor  Attic  Orators  (Antipuon,  Andocides,  Lycurqus,  Demadbs, 

DiNAROHUS,  Hypereidbs).     K.  J.  Maidment  and  J.  O.  Burrt.     2 

Vols.     (Vol.  I.  2nd  Imp.) 
NONNOS  :  DIONYSIACA.     W.  Η.  D.  Rouse.     3  Vols.     (2nd  Imp.) 
Oppian,  Colluthus,  Tryphiodorus.     a.  W.  Mair.     (2nd  Imp.) 
Papyri.    Non-Literary  Selections.    A.  S.  Hunt  and  C.  C.  Edear. 

2  Vols    (Vol.  I.  2nd  Imp.)   Literary  Selections.   VoL  I.  (Poetry). 

D.  L.  Page.     (3rd  Imp.) 
Parthenius.    Cf.  Daphnis  and  Chloe. 
Pausanias  :  Description  oe  Greece.    W.  H.  S.  Jones.    5  Vols,  and 

Companion  Vol.  arranged  by  R.  E.  Wycherley.    (Vole.  I.  and  III. 

3rd  Imp.,  Vols.  II.,  IV.  and  V.  2nd  Imp.) 
Philo.    10  Vols.    Vols.  I.-V. ;  F.  H.  Ck)lson  and  Rev.  G.  H.  Whitaker. 

Vols.  VI.-IX. ;    F.  H.  Colson.     (Vols.  II.-III.,  V.-IX.  2nd  Imp., 

Vols.  I.  and  IV.,  3rd  Imp.) 
Philo  :   two  supplementary  Vols.    (Translation  only.)    Ralph  Marcus. 
Philosteatus  :    The   Life   of   Appollonius   of   Tyana.     F.   C. 

Conybeare.    2  Vols.     (Vol.  I.  4th  Imp.,  Vol.  II.  3rd  Imp.) 
Philostratus  :     Imagines  ;     Callistratus  :     Descriptions.      A. 

Fairbanks. 
Philostratus  and  Eunapius  :    Lives  of  the  Sophists.     Wilmer 

Cave  Wright.     (2nd  Imp.) 
Pindar.    Sir  J.  E.  Sandys.    (7th  Imp.  revised.) 
Plato  :  Charmides,  Alcibiades,  Hipparchus,  The  Lovers,  Theaqes, 

Minos  and  Epinomis.    W.  R.  M.  Lamb.    (2nd  Imp.) 
Plato  :  Cbatylus,  Parmenides,  Greater  Hippias,  Lbssu  Hippias. 

H.  K.  Fowler.    (Uh  Imp.) 

β 


Plato  :   Euthyphro,  Apology,  Ceito,  Ρηαϊβο,  Phaedku8.    H.  N. 

Fowler.    (ΙΙίΛ  Imp.) 
Plato  :    Laches,   Protagobas,  Mkno,  Euthtdemus.     W.  S.   M. 

Lamb.     (3rd  Imp.  revised.) 
Plato  :  Laws.    Rev.  B,.  G.  Bury.    2  Vols.    (Srd  Imp.) 
Plato  :   Lysis,  Symposium,  Gorgias.    W.  R.  M.  Lamb.    (5ίΛ  Imp. 

revised.) 
Plato  :    Eepublio.    Paul  Shorey.    2  Vols.    (Vol.  I.  6th  Imp.,  Vol. 

IL  «A  Imp.) 
Plato  :    Statesman,  Philebus.    H.  N.  Fowler ;    Ion.    W.  B..  M. 

Lamb.     {4th  Imp.) 
Plato  :  Theaetetus  and  Sophist.    H.  N.  Fowler.    (4iA  Imp.) 
Plato:     Timabus,    Critias,    Clitopho,    Menexenus,    Epistulae. 

Rev.  R.  G.  Bury.    (3rd  Imp.) 
Pltjtaech  :    MORALIA.     14  Vols.     Vols.  I.-V.    F.  C.  Babbitt ;    Vol. 

VI.    W.  C.  Helmbold  ;   Vol.  X.    H.  N.  Fowler.    (Vols.  I.- VI.  and 

X.  2nd  Imp.)    Vol.  XII.    H.  Chemiss  and  W.  C.  Helmbold. 
Plutarch  :   The  Parallel  Lives.    B.  Perrin.    11  Vols.    (Vols.  I., 

II.,  VI.,  Vn.,  and  XL,  3rd  Imp.    Vols.  III.-V.  and  VIII.-X.,  2rui 

Imp.) 
P0LYBIU8.    W.  R.  Paton.     β  Vols.     (2nd  Imp.) 
Procopius  :  History  op  the  Wars.    H.  B.  Dewing.    7  Vols.    (Vol.  I. 

Srd  Imp.,  Vols.  II.- VII.  2nd  Imp.) 
Ptolemy  :  Tetrabiblos.    Cf.  Manetho. 
Quintus  Smyrnaeus.    a.  S.  Way.    Verse  trans.    (Srd  Imp.) 
Sextus  Empirious.    Rev.  R.  G.  Bury.    4  Vols.    (Vol.  I.  Srd  Imp., 

Vols.  II.  and  ΠΙ.  2nd  Imp.) 
Sophocles.    F.  Storr.    2  Vols.    (VoL  L  ICMA  Imp.,  Vol.  II.  Gth  Imp.) 

Verse  trans. 
Strabo  :   Geography.    Horace  L.  Jones.    8  Vols.    (Vols.  I.,  V.,  and 

VIII.  Srd  Imp.,  Vols.  II.,  III.,  IV.,  VI.,  and  VII.  2nd  Imp.) 
Theophrastus  :    Characters.     J.  M.   Edmonds.     Herodes,   etc. 

A.  D.  Knox.    (Srd  Imp.) 
Theophrastus  :    Enquiry  into  Plants.     Sir  Arthur  Hort,  Bart. 

2  Vols.     (2nd  Imp.) 
Thccydides.    C.  F.  Smith.    4  Vols.    (VoL  I.  ith  Imp.,  Vols.  II.,  III., 

and  IV.  Srd  Imp.  revised.) 
Tryphiodorus.    C!f.  Oppian. 
Xenophon  :  Cteopasdia.    Walter  Miller.    2  Vols.    (Vol.  I.  4th  Imp., 

VoL  II.  Srd  Imp.) 
Xenophon  :    Hellenica,    Anabasis,    Apology,    and    Symposium. 

C.  L.  Brownson  and  O.  J.  Todd.    3  Vols.    (Vols.  I.  and  III.    Srd 

Imp.,  VoL  IL  4ίΛ  Imp.) 
Xenophon  :    Mxuorabilia   and   Oeconomicus.     B.   C.   Marchant. 

(Srd  Imp.) 
Xenophon  :  Sobipta  Minora.    E.  C.  Marcliant.    (2nd  Imp.) 


IN  PREPARATION 


Greek  Authors 

Aristotle  :  History  of  Animals.    A.  L.  Peck. 
Callimachus  :  Fragments.    C.  A.  Trypanis. 
Plotinus  :  A.  H.  Armetrong. 


Latin  Authors 

St.  Augustine  :  City  of  God. 

Cicero  :  Pro  Sestio,  In  Vatinium. 

Cicero  :    Pro  Caelio,  Db  Provinciis  Consulakibus,  Pro  Balbo. 

J.  H.  Freese  and  E.  Gardner. 
Phaedrus  :  Ben  E.  Perry. 
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